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QUANTITATIVE STATISTICAL ROBUSTNESS IN
DISTRIBUTIONALLY ROBUST OPTIMIZATION MODELS*
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Abstract: In distributionally robust optimization (DRO) models, sample data of the underlying exogenous
uncertainty parameters are often used to construct an ambiguity set of plausible probability distributions.
It is common to assume that the sample data do not contain noise. This assumption may not be fulfilled in
some data-driven problems where the perceived data are potentially contaminated. Consequently it raises a
question as to whether the statistical estimators of the optimal values obtained from solving the DRO models
are statistically robust, that is, the differences between the laws of these estimators and their counterparts
based on real data (without noise) are controllable. In this paper, we derive error bounds for the differences
under the Kantorovich metric for two classes of DRO models with applications in machine learning and risk
management.
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Introduction

We consider the following one-stage distributionally robust optimization (DRO) problem
(DRO) minmax Ep[f(z,&)], (1.1)

zeX PeP

where P is an ambiguity set and f : IR"™ x IR¥ — 1R is a continuous function, z is a decision
vector which is restricted to taking values over a specified compact set X C IR™, £ : Q — R*
is a vector of random variables defined over probability space (2, F,P), P :=Po ¢! is the
probability measure on IR* induced by ¢ and Ep|-] is the mathematical expectation w.r.t.
P. In this model, the true probability distribution of ¢ is unknown and the optimal decision
is based on the worst probability distribution from ambiguity set P.

A key component of the DRO model is the ambiguity set not only because it con-
cerns proper use of available information for identifying/approximating the true unknown
probability distribution but also because its structure affects the solvability of the mini-
max optimization problem. In the literature of distributionally robust optimization, various
approaches have been proposed for constructing ambiguity set P depending on available
information structure, see [21, 37] for overviews. Here we consider two popular approaches.
One is to use moment information such as

P = {P e P(RY): EpU(e)] ek } (1.2)
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where ¥ is a random mapping consisting of vector and/ or matrix-valued measurable func-
tions, the mathematical expectation of ¥ is taken w.r.t. each component of U, (@(IR’C)
denotes the set of all probability measures on R* induced by £ and K is a closed convex
cone in the Cartesian product of some finite dimensional vector and/ or matrix spaces, see
Xu et al. [34]. In general, ¥ depends on sample information such as sample mean and sample
variance. The next example explains this.

Example 1.1 (Delage and Ye [2] and So [24]). Consider the ambiguity set

_ _ =.  Epl€ —un]TENEP[E - un] <m
PPl Sy = {Pe 2@ gl IS as)

where v; and 7- are nonnegative constants, puy and X are the sample mean and sample
covariance, & C IR* is the support set of the true probability distribution of £ and H(Z)
is the set of all probability distributions of £ whose support sets are contained in Z (or
alternatively the set of all probability measures on Z induced by mapping &). The ambiguity
set is considered by Delage and Ye [2], further studied by So [24] and used by many others
in different DRO models. By employing the Schur complement, we can easily reformulate
(1.3) in the form of (1.2) with

—XN pn —§
V(&) = V(& un, XN, 71,72) o= (un =T —m , (1.4)
(€ —pn)(€—pn)T —9EN

K = K1 x Kq, where K1 and /3 are cones of negative semidefinite symmetric (k+1) x (k+1)
and k x k matrices, and k is the dimension of &.

In this setup, information on the sample means and sample variances is used to identify
the scope of the true unknown probability distribution. The samples are assumed to be
generated by the true probability distribution of ¢, which means that they are not contami-
nated. The DRO model is mainly concerned with the sample size N. If the sample size can
be arbitrarily large, then one can simply use samples to recover the true probability distri-
bution of £. In practice particularly in data-driven problems, one may not be able to obtain
a large amount of samples and subsequently use the sample mean and sample variance to
construct a set of plausible probability distributions satisfying (1.3).

An important issue which is not paid adequate attention to, in the literature of distribu-
tionally robust optimization, is that the sample data may be potentially contaminated. In
this case pun and ¥y may not approximate the true mean value and the true covariance as
N goes to infinity, which means that the theoretical results of the DRO model in [2, 24, 25]
are not applicable.

Another approach which is used in the literature of distributionally robust optimization is
to use partially available information about the true probability distribution such as samples,
computer simulation or subjective judgement to construct a nominal distribution and then
build an ambiguity set P by including all distributions near the nominal in the sense of
some “distance” such as Kantorovich/Wasserstein distance, semi-distance and divergence
distance [5, 14, 23]. Here we give a simple example.

Example 1.2 (Pichler and Xu [20]). Let Py € #(E) be a nominal distribution constructed
through available sample data. Let

P ={P € 2(2): dy(P, Py) < rn}, (1.5)
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where ry is a positive number,

dig (P, Q) := sup [Er[g(&)] — Eqlg(§)]| (1.6)

is a semi-distance called a metric with {-structure and ¢ is a family of real-valued measurable
functions on Z. Formulation (1.6) subsumes a wide range of metrics in probability theory,
see Rachev [26] or Zolotarev [38]. For the simplicity of terminology, we call it {-metric and
the ambiguity set P (-ball. In the case that

& =49, :={g:R" - R : g is Lipschitz continuous with modulus being bounded by 1},(1.7)

dlg (P, Q) reduces to the Kantorovich metric, denoted by dix x (P, @), where the subscripts
K, k indicate the Kantorovich metric in 2 (IR¥).

In the literature of DRO models, it is often assumed that Py is constructed by samples
without any noise. Under such an assumption, we know that Py converges to the true
probability distribution as N — oo and so does the ambiguity set when ry — 0, see
Esfahani and Kuhn [5] and Shapiro [23]. Like in the previous example, our concern here is
that the samples to be used to construct Py may be potentially contaminated.

Over the past decade, DRO models have found many applications including machine
learning and risk management. Here we list a couple of them.

Example 1.3 (Shaficezadeh-Abadeh et al. [22]). Let X € IR*~! be an input space (e.g.,
information on the frequency of certain keywords in an email) and Y C IR the output space
(e.g., alabel +1 (—1) if the email is likely (unlikely) to be a spam message). The relationship
between an input & € X and an output y € Y is described by a probability distribution P.
To ease the notation, let & denote the input-output pair (z,y) and Z:= X x Y ¢ R* ! xR
the support set of &.

In a supervised learning framework, the true distribution P on X x Y is often unknown
but it is possible to obtain finite input-output data (samples) ¢ = (af,y%) fori =1,..., N
generated by the true distribution P (e.g., a database of emails which have been classified
by a human as legitimate or as spam messages), which are referred as the training data.

Given the training samples & = (z%,4%), i = 1,..., N, the goal of supervised learning is
to find a function h : X — Y to infer an unknown relationship between input x and output
y, which is described by target function f : X — Y such that h solves

inf Ep, [e(h(2), )] (L8)

In this model, Py denotes the empirical distribution constructed through &%, ..., &N, h € H
is known as a hypothesis or a learning model, where H is a hypothesis space, ¢ : RxY — IR
is the loss function which measures the cost of mismatch between each pair of input and
output data by using the hypothesis h instead of the true target function f.

Model (1.8) is to find an optimal candidate function h € H which approximates the
unknown target function f such that the overall expected cost is minimized. Since the op-
timization process is based on training data, it is called a learning model/algorithm. When
a linear hypothesis h(x) = (w,z) with w € IR*™! is used, problem (1.8) only minimizes
the training sample error Ep, [c({w, ), y)] and w may still suffer from a high out-of-sample
error Ep[c({w, x),y)] due to overfitting. The standard remedy to tackle overfitting is us-
ing regularization, such as Lasso regularization [30] and Lo-regularization to consider the
regularized loss Ep, [c((w, x),y)] + cR(w), where cR(w) is an overfitting penalty.
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Shafieezadeh-Abadeh et al. [22] consider a distributionally robust model which is more
principled than regularization,

inf  sup Epc({w,x),y)], (1.9)

Y preB(Py,r)
where the ambiguity set is defined by a Wasserstein ball:
B(Py,r) ={P' € Z(E): dwi(P', Py) <r}. (1.10)
The particular Wasserstein distance that they consider is

II is a joint distribution of £ and &
with marginals Q and Q’, respectively ’

(@) =gt { [ ate ¢ mtag.ag)

where d is a distance in metric space (Z,d) and subscripts W, k indicate the Wasserstein
metric in 2(IR¥). By the Kantorovich-Rubinstein theorem, dlyy i coincides with the Kan-
torovich metric dig, when (E,d) is a metric space, see e.g. [4, page 338], [3, Theorem
11.8.2], [29, Theorem 2]. Our concern here is how the learning model/algorithm works in
the case when the training data are contaminated.

Next, we consider a DRO model in risk management.

Example 1.4 (Guo and Xu [6]). Guo and Xu [6] consider the distributionally robust short-
fall risk optimization model

min ¢

telR

s.t. sup  Ep[l(=£—1t)] < A, (1.11)
P’'eB(Pn,r)

where £ is a random financial position, [ : IR — IR is an increasing utility loss function and
A is the maximum tolerable utility loss. The shortfall risk is the smallest amount of cash to
be injected to the financial position so that the expected loss falls below the specified level.
The DRO model is used because the true probability distribution of £ is often unknown.
The authors propose to use the Kantorovich ball centered at a nominal distribution Py,

B(PN,T):{P/EW(E)Zd|K71<P/,PN) ST}, (112)

for constructing the ambiguity set. Like in the previous example, our concern here is that
the sample data may be contaminated.

There are potentially two ways to tackle the data contamination issue in the DRO models.
One is to investigate the impact of outliers of the random data on the optimal value. This
approach is well known in robust statistics where the impact is characterized by a so-called
influence function and it has been applied to support vector machine by Steinwart and
Christmann [28]. Robust statistics stems from Tukey [31, 32] and Hampel [12, 13] and
has been popularized by others particularly the monographs by Huber [15] and Huber and
Ronchetti [10]. Lecué and Lerasle [18] extend the research by proposing a so-called median-
of-mean (MOM) approach for machine learning models to reduce the impact of the outliers
in the dataset. More recently, Guo and Xu [8] apply the influence function approach to
stochastic generalized equations (SGE) and examine the sensitivity of the solutions of the
SGE w.r.t. a single data perturbation.
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The other is to look into the impact of all contaminated/corrupted data on the statis-
tical estimators of the DRO models rather than merely the outliers. This approach is first
proposed by Cont et al. [1] for investigating qualitative robustness of statistical estimator of
various risk measures derived from empirical data. An important finding out of their analysis
is that statistical estimator of any spectral risk measure including conditional value at risk is
not statistically robust whereas value at risk is. This is primarily because the former is more
sensitive to the perturbation of tail data. Kratschmer et al. [17] find that the robustness
of statistical estimators depends on the empirical data structure. They demonstrate that
if the perceived (contaminated) data are “close” under some fine topology to the real data
(with contamination being detached), the statistical estimators may remain qualitatively
robust. In the more recent developments, Guo and Xu [7] apply the qualitative statistical
robust approach to preference robust optimization models and take a step further to develop
a quantitative approach by using the Kantorovich metric to measure the difference between
laws of the statistical estimators of the optimal values. Wang et al. [33] extend the quan-
titative approach by adopting the Fortet-Mourier metric (including the Kantorovich metric
as a special case) and apply it to study statistical robustness of tail-dependent law invariant
risk measures. Guo et al. [9] apply the latter to machine learning.

In this paper, our focus will be on the second way. This is primarily because in data-
driven problems, decision makers are more likely to be confronted with a situation where
all of the available data are potentially contaminated. The main contributions of this paper
can be summarized as follows.

e First, we derive a general quantitative statistical robustness result for a general esti-
mator which is globally Lipschitz continuous w.r.t. the underlying uncertainty data
(Theorem 2.2) and use it as a template for describing the statistical robustness of the
optimal values of various specific DRO problems.

e Second, we derive quantitative statistical robustness for the optimal value of the DRO
model with ambiguity set having moment structure (1.3). This essentially requires us
to take two steps. One is to demonstrate the local Lipschitz continuity of the ambiguity
set as a set-valued mapping w.r.t. the change of the sample mean, sample covariance
and other parameters under the Slater condition of the moment system. This step is
based on the error bound for the moment system which holds uniformly for all pa-
rameter values in a neighborhood of a certain point where the Slater condition holds.
The second step is to show the global Lipschitz continuity of the optimal value of the
DRO model w.r.t. sample mean and sample covariance. To this end, we consider a
general DRO problem with an abstract ambiguity set and derive the global Lipschitz
continuity of the optimal value of the DRO problem (Lemma 3.1) under the condition
that the ambiguity set is locally Lipschitz continuous w.r.t. data. We then move to dis-
cuss sufficient conditions under which the ambiguity set is locally Lipschitz continuous
(Propositions 3.2 and 3.3).

e Third, by exploiting the quantitative stability of the ¢-ball in [20, Theorem 1], we es-
tablish the Lipschitz continuity of the optimal value w.r.t. independent and identically
distributed (iid) samples and subsequently derive the quantitative statistical robust-
ness of the optimal value of the DRO model with ¢-ball (Theorem 4.1). The statistical
robustness result covers the DRO model with Wasserstein ball in machine learning
(Proposition 4.2).

e Fourth, when the support set is compact, we identify sufficient conditions under which
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the statistical estimator of the DRO version of the shortfall risk with the Kantorovich
ball structured ambiguity set is statistically robust against perturbation of data (Theo-
rem 5.2). This result provides theoretical grounding for the DRO version of the shortfall
risk measure to be applied in data-driven problems with contaminated data.

The rest of the paper is organized as follows. Section 2 presents the sufficient conditions for
the quantitative statistical robustness of general statistical estimator. Section 3 discusses the
Lipschitz continuity of the optimal value function of DRO with moment constraints which
paves the way for the analysis of the quantitative statistical robustness of the corresponding
statistical estimators. Section 4 derives the quantitative statistical robustness of the DRO
with (-ball based on the Lipschitz continuity of the (-ball w.r.t. the center. The result is
applied to the DRO model in machine learning (see Example 1.3). Section 5 focuses on
Lipschitz continuity of the optimal value function of the distributionally robust shortfall
risk optimization model with Kantorovich ball, which guarantees the quantitative statistical
robustness.

Throughout the paper, we use the following notation. By convention, we use RF<k Sk
and S* to denote respectively the space of all k x k matrices, k x k symmetric matrices,
and the cone of negative semidefinite symmetric matrices. We use ||z|| to represent the
Euclidean norm of a vector z in IR¥, and ||A|| := \/tr(ATA) to stand for the Frobenius
norm of a matrix A € IR**¥, where “tr” denotes the trace of a matrix and the superscript
T denotes transpose. For a Banach space X, we write B for the closed unit ball in X. For
aset S C X, intS denotes the interior of S, and d(z,S) := inf,/eg ||z’ — z|| denotes the
distance from a point z € X to a set S C X. For two sets 51,5 C X,

D(S1, Se; d) := sup d(z, S2)
€S

signifies the deviation of S7 from S; under the metric d, and
H(Sy, S2;d) := max{D(S1, S2; d),D(Ss, S1;d)}

denotes the Hausdorff distance between the two sets. Finally we write diam(Z) :=
supg ¢rez [|€ — &'[| for the diameter of = and N for the set of positive integers.

Quantitative Statistical Robustness

Let P € ﬁ(le) be the true probability distribution of random vector & and &', ..., &N the
iid samples generated by P (strictly speaking they are iid random variables generating iid
samples). In practice, &%, ..., &Y may be obtained from empirical data which are potentially
contaminated. Let §~ Lo ,EN be the perceived data which contain noise. Obviously the
samples are not generated by P, rather they are generated by some unknown distribution
Q. If we view £1,..., &N as samples perturbed from ¢, ..., &N, then we may regard Q as
a perturbation of P. Note that neither P nor @ is known. To facilitate the discussion, we
assume that €',..., &N are also independent and identically distributed. Let

1 1 &
PN = N Zagb and QN = N Zégl (21)
i=1 i=1

be the respective empirical distributions, where §,(-) denotes the Dirac probability measure
at point a € =.



QUANTITATIVE STATISTICAL ROBUSTNESS IN DRO MODELS 341

To explain the idea of statistical robustness, let (IR¥)®Y denote the Cartesian product
R x ... xR and B (IRk)®N its Borel sigma algebra. Let P®Y denote the probability mea-

sure on the measurable space ((IRk)®N, B(]f{k)®N) with marginal P on each (IR*, B(IR¥))

and Q®" with marginal Q. Consider a statistical functional 7'(-) mapping from a subset of
M c P(IRF) to R. For each N € N, we write Ty (€1, ..., &N) for T(Py), where N is the set
of positive integers. Notice that Ty maps from (IR’c )®N to IR and provides an estimator for
T(P). Our interest is whether T(Qy) is close to T'(Px) under some appropriate metric for
all N sufficiently large. Here T'(Py) should be understood as the corresponding statistical
estimator when the noise in the samples is detached. If T(Qy) is close to T'(Py), then it
is safe to use T(Qn) as an estimate of T(P) (because we are unable to obtain T'(Py) in
practice).
Let ¢ : R* — [0,00) be a continuous function and

M = {P' e Z(RF): o(t)P'(dt) < oo} .

RF

M‘,f defines a subset of probability measures in Z(IR¥) which satisfies the generalized mo-
ment condition of ¢.

Let P,Q € Z2(IRF) be any two probability measures and PEN, Q&N ¢ 2((IRF)®N),
i.e., the two probability measures on (IRk)®N with marginal probabilities P and @) on R*
respectively. The next lemma establishes a relationship between dlg ((P)®V, (Q)®") and
dix (P, Q) when ¢ is the set of all Lipschitz continuous functions on (IRF)®N with modulus
being bounded by 1

Lemma 2.1 ([7]). Let t := (t',...,tY) € (R*)®N and ¢ : (R*)®N — R be a Lipschitz
continuous function with modulus being bounded by L/N for a fixed constant L > 0. Let ¥
denote the set of all these functions, i.e.,

—

= {¢ C(RM®Y 5 R ‘w(t)

H~>l

N
Z |88 — ||, V¢, e (RF)®N } .

2\“

Then dly (P®N,Q®N) < Ldik (P, Q), where di i, is defined as in Example 1.2.

With the technical result, we are able to derive a bound for dig ((P)®NoTy!, (Q)®NoTx!)
in terms of dix (P, Q).

Theorem 2.2 (Quantitative statistical robustness). Assume that for any N € N

2\“

N
Tn (€. 6Y) = T (€. €M) < ZII@—@H- (2.2)

Let P,Q € ./\/lf, where ¢(t) := ||t||, t € RF. Then
dig1 (PPN o TR, Q%N o Ty') < Ldik v (P, Q) (2.3)
for all N € N.

The result shows that when @ is close to P, the statistical estimator based on the
perceived data Qu is close to the one based on the real data Py uniformly for all N.
This kind of result is first established by Guo and Xu [7] for the statistical estimators of
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the optimal values of preference robust optimization problems and extended by Wang et
al. [33] to risk measures where condition (2.2) is weakened to local Lipschitz continuity
with polynomial rate of growth of the Lipschitz modulus. It is called quantitative statistical
robustness in order to differentiate it from qualitative statistical robustness by Kratschmer et
al. [17] and Cont et al. [1] where the distance between PN oTy! and Q®N oTy,! is measured
by Prokhorov metric or Lévy metric and its relationship with the distance between @) and
P is implicit and qualitative.

Proof. By definition
digy (PN o T, QPN o Tyt

[ s ogiian - [ gy ondt)\
R R

= sup
9geYL

= s | @ [ @ e e
ge%r, |J(RF)&N (RF)®N

where ¢}, is defined in (1.7) and EN = (&,...,&N). For each g € 9, it follows by (2.2)
that

|g(TN(§17""§~N))_g(TN(élv""éN)” < ‘TN(gla""éN)_TN(élw"véN”
LN 5 s
< ﬁ;w—sln, (2:5)

which means that ¢(T(-)) is Lipschitz continuous over (IRF)®N with Lipschitz modulus
being bounded by L/N. By setting 1) = g o Ty and invoking Lemma 2.1, we have
rhs of (2.4) < Ldlk 1 (Q, P).

To complete the proof, it suffices to show the well-definedness of the metric dig i, that is,
for any g(Tn), both f(mk)w\r g(TN(fN))P®N(d£N) and f(mk)ew Q(TN(EN))Q(gN(di) are
well-defined. Let &},..., &Y be fixed. By (2.5),

N
9(Tn(E - EY)) — g(Tnleh @D < 3 Do I~ &l (26)
i=1

Note that inequality (2.5) implies continuity and hence measurability of g(Tn(-)).
For any P € Mﬁ, by using inequality (2.6), and applying Tonelli’s theorem to the integral
f(]Rk)®N g(Tn (EN))PEN (dEN) by switching the order of integration, we obtain

N
EN P®Nd_7\f 1 N £ i iP®Nd_7V
Lo SENE NPV GE) < loT(Eh, - &)+ /m@v;”f 1PN (d€)

L & o .
=T (g @0+ 3 [ - i)
< 00,

where the equality is due to the fact that the integrand depends on (£1,...,&Y) only and
the last inequality holds because [ [|€ — &[|P(d€) < oo for P € Mj. The boundedness
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and measurability ensure the well-definedness of [ pien 9(Tn (EN)PEN (dENY as desired.
A similar conclusion can be drawn when P is replaced by Q. O

Theorem 2.2 paves the way for the statistical robustness of the optimal values of the
DRO models outlined in Section 1. Note that as in Wang et al. [33], it is possible to weaken
condition (2.2) to locally Lipschitz continuity with specified rate of growth of the modulus,
and subsequently derive an error bound under the Fortet-Mourier metric at the right hand
side of (2.3). Here we adopt a simpler version of the quantitative statistical robustness result
so that we may concentrate on other important issues concerning the DRO models.

In the forthcoming discussions (Sections 3-5), we will use Theorem 2.2 as a template to
present the quantitative statistical robustness of the optimal values of the DRO problems.
The basic idea is to derive Lipschitz continuity of the ambiguity sets of probability distribu-
tions w.r.t. change of sample data and subsequently demonstrate the Lipschitz continuity of
the optimal value function (w.r.t. change of sample data).

Statistical Robustness of the DRO Models with Moment Condi-
tions

In this section, we consider the DRO model with the ambiguity set being constructed by
moment conditions:

(DRO-moment) min max Ep[f(z,£)], (3.1)

z€X P'€P(un,EN,r1,72)

where P(un,Xn,71,72) is defined as in (1.3) and is recast here as
k41
P(un,EN,7T1,72) = {Pl € Z(E8) :Ep V(& v, BN, m1,72)] € ( Sk )}, (3.2)

where U (€, un, ¥, V1,72) is defined as in (1.4) and S¥ denotes the cone of all k x k negative
semidefinite symmetric matrices. To facilitate the forthcoming discussions, let us write down
the inner maximization problem separately as

P’EH;J?(}I(R’“) EP’ [f(xvg)] (33)

s.t. P e Plun,XN,71,72).

Let 9(pun, XN, 71,72) and v(z, pn, XN, 71, 72) denote the optimal values of (3.1) and (3.3)
respectively.

To derive the statistical robustness of ¥(un,Xn,71,72), we need to show the Lipschitz
continuity of ¢ w.r.t (¢4,...,6N). Since Y(un,Xn,71,72) is the minimum of function
v(+, N, XN, 71,72) over X, we use classical stability analysis results (see e.g. Klatte [16,
Theorem 1]) to show Lipschitz continuity of v(z, iy, Xn,71,72). This requires us to figure
out sufficient conditions for the Lipscitz continuity of P(un, Xn,71,72) w.r.t. (un, Xn) in
the first place, and then the Lipschitz continuity of uy and Xx w.r.t. (€1,...,&Y). We do
these in the sequel.

Stability of a general minimax DRO problem

We begin by presenting a stability result for an optimization problem with general minimax
structure. Let = C IR* be a compact set, U be a compact set in a metric space equipped
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with norm || - ||y, and g be a continuous function mapping from R" x #Z(E) to IR. We
consider the following general parametric minimax problem:

i . P), 3.4
TR g 0P .

where u € U is a fixed parameter, X C IR" is a compact set. Let v(x,u) := maxpep(u) g(7, P)
denote the optimal value function of the maximization in (3.4) and ¥(u) := minge x v(x, u)
be the optimal value function of problem (3.4). Assume P(u) # @ for each u. Since =
is compact, then P (Z2) is weakly compact, and consequently by the continuity of g and
compactness of X, v(x,u) and ¥(u) are finite valued.

We quantify the impact of arbitrary perturbation of parameter u on the optimal value 9.
To this end, we first investigate the case that parameter u is perturbed in a neighborhood
of 4.

Lemma 3.1. Let u be fized. Assume: (a) g(x, P) is globally Lipschitz continuous in (x, P)
over X X P(2), i.e., there exists a positive constant o1 such that

|g(i‘7]5) —g(j)ﬁﬂ S O-1(||'i_i‘” +d|K,k(P7P))7 Vi‘vi' € X7P7P € ‘@(E)a (35)

(b) P(u) is locally Lipschitz continuous under the Kantorovich metric at i, i.e., there exist
positive constants 0 and oo such that

H(P(a)77?(a)v dlK,k) < 0-2”17’ - aHUv v127 (OIS N(a7 5)7 (36)
where N (4,6) = {u' € U : ||u — /||y <3}. Then

(i) the optimal value function 9(u) is Lipschitz continuous at @, i.e., there exists a positive
constant o > 0 such that

[9(@) — 9(0)| < ol — i, Vi, o € N(a,d);

(ii) if, in addition, (c) P(u) is locally Lipschitz continuous under the Kantorovich metric
at every u € U, i.e., there exist 6, and ol > 0 such that

H(P(a),P(a);dik k) < oblla — dllv, Va,d e N(u,dy), (3.7)

then the optimal value function 9(u) is Lipschitz continuous in u, i.e., there exists a
positive constant o’ > 0 such that

[9(a) — 9(@)| < o'l — @, Vi€ U.

It might be helpful to give some comments about the conditions and the results of the
lemma before presenting a proof. Condition (a) requires g(z, P) to be globally Lipschitz
continuity w.r.t. x and P. This condition is fulfilled when ¢ is the expected value of a
random function, i.e., Ep[f(z,&)] when (i) f(z,€&) is globally Lipschitz continuous in z for
almost every & and the Lipschitz modulus is integrably bounded, and (ii) f(z,€) is globally
Lipschitz continuous uniformly for all z € X, see [20] and references therein. Condition
(b) requires local Lipschitz continuity of the ambiguity set mapping w.r.t. variation of
parameters. This kind of result may be derived when the ambiguity set takes a specific
structure, see [19, 20, 25]. We will come back to this for problem (3.1) in the next subsection.

Lemma 3.1 (i) resembles [36, Theorem 3.1] although the stability result here is derived
for a general ambiguity set P(u). Lemma 3.1 (ii) is about global Lipschitz continuity of
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the optimal value function. Pichler and Xu [20] derive a similar result to Lemma 3.1 (ii)
when the ambiguity set is constructed through ¢-ball, see [20, Theorem 3]. Here we will use
Lemma 3.1 to derive global Lipschitz continuity and subsequently quantitative statistical
robustness of the optimal value of problem (3.4) when the objective function takes a specific
structure, see details in the next subsection.

Proof. The stability results are essentially based on the classical stability results for para-
metric programming (e.g. Klatte [16], Zhang et al. [35]).
Part (i). By the definition of v(z,u), we have

U(iaa) - ’U(i‘,ﬂ) = sup g(f,P) — sup g(j:aP)
PeP(a) PeP(a)
= sup g(jvp) — sup g(,f’ﬁ))+ sup g(.i‘,ﬁ) — sup g(i‘7p)
PeP(a) PeP(a) PeP(a) PeP(a)
< sup _inf |g(&,P)—g(&@ P)|+ sup |g(z,P)—g(&,P)
Pep(a) PEP(d) PeP(a)

< oy sup inf digi(P,P)+ o1z — &
Pep(a) PEP(@)
= ou(D(P(a),P(a);dikr) + |2 — ),
where the second inequality is due to (3.5). Likewise, we can obtain

U(‘%7ﬁ) - U(i‘ﬂ]) < UI(D(P(a)vp(a)§dlK,k) + ||53 - ‘%H)

Combining the above two inequalities and the Lipschitz continuity of P(-) in (3.6), we have

0(@,@) — (@) < oy (HP(@), P(a); dis) + |7 — 2]
< max{o10g,01}([|t — aflv + |7 - 2[]).
The conclusion follows by setting o := max{o102,01}. The Lipschitz continuity of 9(-)

follows from the classical stability results in [16, Theorem 1].
Part (ii). For any @,% € U, since U is compact, we can construct a d-net {u?,... ,uN}
in the compact set U such that

J
{u(A) == (1= Na+ i: A€ 0,1} € [JNW,6,),

j=1

with J < N and U C Uév;l./\/' (u?,6,5). Specifically, we can select an increasing sequence

{/\j}]'»]ill C [0,1] with A\; = 0 and A\;41 = 1, such that for Uy, = (1 - )\])ﬂ + /\j’[b and
u

2; = (1- >\j+1)ﬂ +Ajqt, j=1,...,J, we have

U2,

J
=uy,,, forje[J—1], U[ulj,ugj] = [a,4] and [uy;,ug;] C N, 6,;) for j € [J],
j=1

where we write [J] for {1,...,J} and [a, b] for the line segment connecting a and b. By Part
(i), there exist positive constants o,;, j € [J] such that

’ﬂ(ulj) — 19(U2J)’ S quHulj - u2j HU7 fOI‘j € [‘]}
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Let o/ := max 0,;. Then we have
JE[N]

J J
0@ 9@ < S )~ Ia) < 3 ol — uz, o
= =
= Z%JH L= X))+ A;0) — (1= Ajp1)a+ A d)|o
< max oyli - ally = o'lli — @l (3.5)
j€[N]
for all w,w € U. O

Statistical robustness of problem (3.1)

We now return to discuss statistical robustness of problem (3.1). To ease the exposition, let
uy = (N, BN, 71, 72). Let uf = (10, 8°,49,49) € RF x R¥** x R x IR be fixed and § > 0
be a positive number. Define

NP, 8) = {uN ER" x RF x Rx R : |juy — u°|| < 5} , (3.9)

where we write succinctly [Juy — u®|| for ||un — pO| + |En — 2O + |v1 — 2] + |2 — 5]
Next, we derive the Lipschitz continuity of the optimal value function ¥(uy) =
minge x v(z,un) of Problem (3.1). We do so by applying Lemma 3.1 to the specific prob-
lem (3.1). To this end, we require the Lipschitz continuity of Ep[f(z,£)] and the feasible
set-valued mapping P(-).
Proposition 3.2. Let u® = (1°,%°,79,79) € R* x R*** x R x R be fired. Assume: (a) =
is a compact set, and (b) the Slater condition for the constraint in (3.2) holds for u°, i.e.,
there exists Pyo € P(Z) such that

E%m@wﬂam(iﬂ>, (3.10)

where “int” denotes the interior of a set; (¢) f(x,€) is globally Lipschitz continuous in (z,§),
i.e. there exists a positive constant Ly > 0 such that

[f(2,8) = f(2", &) < Lu(lle — 2"l + [|€ = &'l]), Vo, 2" € X, €§,¢ € E. (3.11)

Then the optimal value function 9(uy) is Lipschitz continuous in uy, i.e., there exist a
positive constants C}‘O >0 and §; > 0 such that

[W(an) — 9(an)| < CF ||y — anl]
for all i, in € N(u,61) with §; > 0.

Proof. We use Lemma 3.1 to prove the result. Thus, it is enough to verify the conditions of
the lemma.

First, Ep[f(x, £)] satisfies property (3.5). By the Lipschitz continuity of f in &, we have
L% (z,) € 9, for all x € X, and consequently

Eslf(Z,8)] —Eplf(@,9)]l = [Eplf(,)] —Eplf(#§I +IEs[f(2,8)] —Eplf(E,8)]l
< Ep[lf(z,8) — f(2,9I + L1 sup Es(9(&)] —Eplg(§)]l
< Li||E — &) + Lidig (P, P),



QUANTITATIVE STATISTICAL ROBUSTNESS IN DRO MODELS 347

where the last inequality is due to (3.11), and this verifies (3.5).

Second, P(uy) satisfies the property (3.6). Since Z is compact, then Z(Z) is weakly
compact. By the Kantorovich-Rubinstein theorem, dlyy ) coincides with the Kantorovich
metric dg , when (Z,d) is a metric space. It follows by [11, Theorem 4] that

dig x(P, P) < diam(2)dipy (P, P), VP, P € 2(E), (3.12)

where diam(Z) := sup; ¢rez [|€ — £'[], and dipy (P, P) :== supgeq [Eplg(§)] —Ep[g(€)]], where
Y = {g ‘R > R:gis & measurable, sup |g(&)| < 1} .
£eE

Next, we estimate dlpy (P, P). We do so by utilizing [36, Theorem 2.1]. For this, we
need to show the Lipschitz continuity of ¥ w.r.t. parameters (uy, Xn,71,72). Let an, iy €
N (u®,d). Observe that

IR &uzv (& an)|l
H NN&] [EN ﬂNf]
= MN Ot -n | - (v =T —h A
f in)(& = an)" = 322N (€ —an)(€ = an)" —AeXN
< { /JN—E]_[ Sy AN — f]H
- (MN ot —m (an =T —n
(€ = an)(€ = in)T = 32N — (€= an)(E = an)T + 522N ||
< =S8+ x4 20N — anll 4| — 5+ Al
+2lélllin — anll + v iy — favigll + 1| = 255 + 422 ]|
< | =N +3n] + 2w — vl 41 =51+l
+2€ian — anll + anllllin — anll + llan iy — il
HAIEN = Snll + [1E8 11152 — 32|
< maX{Wz\ + L4+ [lan] + llanl, ||2NH}H13X{1» €l HIan — an|]
< Cyomax{L, [|€|[}|an — an|, (3.13)

where C,o depends on wug and d, the last inequality follows from the fact that
Fal, 1wl lan ), 1Ex] < Jluoll + 6. By inequality (3.13) and the Slater condition (con-
dition (b)), we have, by [36, Theorem 2.1], that there exist positive constants C,, > 0 and
61 > 0 such that

H(P(an), P(ian);diry) < Cu,llin — x|, Yin, in, € N(u°,61). (3.14)
Combining (3.12) and (3.14), we have
H(’P(fLN), P(fLN), dlK,k) < dlam(E)C'uO HﬂN - ’lAI,NH, (315)

which shows that P(uy) satisfies the property (3.6). The conclusion follows by Lemma 3.1
with O} := max{diam(Z)C,, L1, L1} O

The Slater condition (3.10) plays a crucial role in the derivation of error bound (3.15).
Unfortunately the error bound holds only in a neighborhood of u° which is inadequate for
us to establish the global Lipschitz continuity of v(u). To address the issue, we impose a
stronger condition in the following proposition.
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Proposition 3.3. Assume:(a) =2 is a compact set; (b) the Slater condition for the constraint
in (3.2) holds for every u € Z x {&€7 : € € Z} x {1} x {12}, i.e., there exists P, € P(Z)
such that

Sk+1

Enfculcin( 5 ) MueSxieTice D xiu)xfn) (310

where P (Z) is the set of all probability distributions of & whose support sets are contained
in E (or alternatively the set of all probability measures on Z induced by mapping £); (c) the
condition (c) in Proposition 3.2. Then the optimal value function ¥(uy) is globally Lipschitz
continuous in uy, i.e., there exists a positive constant Cy > 0 such that

[0(in) — I(an)| < Collin — anl|

for all iy, iy € = x {€€T : € € E} x {m} x {12}

Proof. We use Lemma 3.1 (ii) to prove the result. It suffices to show P(up) is locally
Lipschitz continuous under the Kantorovich metric at every u € = x {£€7 : € € Z} x {y} x
{72}. This property is guaranteed by Proposition 3.2 under conditions (a)-(c). Thus the
conclusion follows from Lemma 3.1 (ii). O

Under conditions in Proposition 3.3, we are able to establish the main result of this
section. Let us write &V for (¢1,...,&N), 9(EN) for ¥(uy) and H(EN) for ¥(iy) to indicate

their dependence on E and 5 respectively. Then 19(5) and 1§(§~ ) are two statistical estimators
of the optimal value of (DRO-moment) and we are interested in the difference between laws

of the two estimators, that is, the difference between Q¥ oD(€)~! and PEN 0(€)~1, where
Q@ and P are the probability measures of £ and £ respectively. The next theorem addresses
this.

Theorem 3.4 (Quantitative statistical robustness of model (3.1)). Assume the settings and
conditions in Proposition 3.3. Let 1,72 be fized and P,Q € Mz, where ¢(t) := ||t||. Then
there exists a constant C3 > 0 such that

dica (PP 0971, Q%Y 097 ) < Cydica(P,Q) (3.17)

for all N € N.

Proof. Based on the Lipschitz continuity of ¥(-) in Proposition 3.3, we can obtain the sta-
tistical robustness of the estimator ¥(-) in the following result. By the definition of dik 1,

dig (PN 0971 QBN 0 §71)
[ aopeN ot - [ 0@ o)
R R

T e
~ s / g(D(EN ) PN (dEV) / dDEVNQEN@EY)],  (3.18)
9e9r |/ (2)eN @V

where ¢, is defined in (1.7). To show (3.17), it suffices to show the Lipschitz continuity of
g(D(EN)) and well-definedness of the integrals. Let Ry := ||jin — in|| and Ry := [|[Sn —Sn |-
Then

< Z 1€ — & (3.19)




QUANTITATIVE STATISTICAL ROBUSTNESS IN DRO MODELS 349

and

N
3 € =€ )T = D )€ )

i=1 i=1

(6 = )€ = )™ = (& = i) (€ = )" |

E(ET — &y — fin (@) + finiiy — €€V — &0k — i (€)T + funi

IA
=] -
&MZ

@
Il
—

I
=
WE

s
Il
—

I
=
Mz

(HGIIIIEI EN+IEME — €N+ 20€ NI An — vl + 20 anllIE° — €1

7

+HMNHHMN —anll+ lanlllliar = anl)

N
<y, {20 1€ Vi 20l > (I =€l = )
6 L N
< 7w I Nl 20w 3 1€ €0 (3.20)
Combining inequalities (3.19)-(3.20), we have
1 6 o N
Ryt By < (N oy o {2IE €, ||ﬁN||72||ﬂN||}) 2=l 32D

Since f(z,€) is uniformly Lipschitz continuous in & and g is also Lipschitz continuous with
modulus being bounded by 1, it follows by (3.21) that

‘g(’é(gla s aéN)) - g(@(gla

LED < 9E, L EY) = O(E, LY
[9(ii) — O(in )|
CQ(R1+R2)

Cs oz g
W;ng—sn,

where C3 := Cy 4+ 12C5(||&0|| + diam(Z)), C5 is defined as in Proposition 3.3 and & is some
fixed element in =. R

This means that g(¥(-)) is Lipschitz continuous over (Z)®V with Lipschitz modulus
bounded by Cs, and thus the well-definedness of f(5)®N g(D(EN))PEN(dEN)  and
f(E)®N g(I(EN)Q®N (dEN) can be deduced from Theorem 2.2. The rest follows from Theo-

rem 2.2 by setting T (€1, ...,&N) = 9(¢%, ..., €N) in the theorem. O

IN

IN

Statistical Robustness of the DRO Models with (-Ball

In this section, we consider a DRO model where the ambiguity set is constructed by (-ball
centered at (Qn with some fixed radius 7:

DRO-ball i Ep/ 4.1
(DRO-ball) i L P [f(z, 8], (4.1)
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where

B (Qn,r) :i={P' € Z(Z) : diyy (P,Qn) <r}

and JA = {f(x,-) : x € X}. This corresponds to Example 1.2 with ¢ := 4. Let ¥(Qn)
denote the optimal value of problem (4.1) and ¥(Py) the one with @y be replaced by Py,
that is,

Qn) = min e Ep[f(z, )],

min max Ep/ [f(x,£)].
z€X P'€Bys (Pn,T) P [f( f)]

J(Pn)

Then 9(Qn) and Y(Py) are two statistical estimators of the optimal value of (DRO-ball)
and we are interested in the difference between laws of the two estimators, that is, the
difference between Q®N o 9(Qn) ! and PEN o ¥(Py)~t. We write £V for (¢1,...,€N) and
D(EN) for ¥(Py) to indicate its dependence on £1,..., &N,

Theorem 4.1 (Quantitative statistical robustness of model (4.1)). Assume that f(x,&)
is continuous in x for each fized £ and is globally Lipschitz continuous in & uniformly for
x € X, i.e. there exists a positive constant Ly > 0 such that

sup |f(x,8) — f(x,&")] < Ly|€ = €]], V¢, € B
Let P,Q € MY, where ¢(t) = ||t]|. Then
dix1 (P®N o d3t, Q%N o ﬁj—vl) < Lydig (P, Q) (4.2)
for all N € N.

Proof. We will show (4.2) by applying Theorem 2.2. Thus it suffices to verify the Lips-
chitz continuity of ¥(&%, ..., &N) wart. (&1,...,&N). Since f(z,€) is uniformly Lipschitz
continuous in £ and then Li;l C ¢, which implies that

i (Qn,Qn) < Ly Sup Eg, [h(&)] —Eg, [R(E]I,
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where Qn == & SN, bz and Qn =+ 3N, dz:. We have

é(éla"'véN) 71§(élaa€N) = min 5 sup~ Ep[f(xag)] — min R SupA ]Ep[f(a?,f)]
zeX PeByy (Qn 1) zeX PeBy (QN,T)

< sup < sup Ep[f(z,&)] — sup Eﬁ[f(%f)])

T€X \ PEBy, (Qn,T) PEB# (Qn,r)

<sup  sup _inf |Ep[f(z,&)] = Eplf(z, 0]
€X PEByp (Qn,r) PEB (Qn.T)

<sup  sup inf sup [Ep[h(€)] - Eplh(€)]|

T€X PeBy, (Qn,r) PEBA (Qn.r) hest

= Su}g D(Bﬁfl (@N7r)769f1 (QN’ T>7d|=9f1)
EAS

< SU.E H(Bﬁﬁ (QNv 7“), B (QN7 7")5 dl%‘i)
S

< sup dig (Qn, Q)
reX

<Ly Sup [Eg, [h(E)] = Eg,, [A(E)

where the last third inequality is due to [20, Theorem 1]. By swapping the roles of
D(EL, ... €M) and 9(€Y, ..., &N), we obtain

ﬁ(él,...’éN) _19(517"'751\/) = SEED(B%(Qer)’B%(QNaT>;d|=?f1)

< sup H(Boy (Qn,7), Bor (Qn,7)idlsg)

rzeX

I N

1 Fi _ fi

~ 2 =€,
i=1

and thus N
|7§(€~17~--,€~N) —é(él,...,éN)| < %Z ||€”z _ézH
i=1

This means that J(-) is Lipschitz continuous over (IRF)®N with Lipschitz modulus
being bounded by L;/N. The well-definedness of f(a)@)N g(@D(EN)PEN (dEN)  and
f(E)®N g(D(EN))QPN (dEN) can be subsequently deduced as in the proof of Theorem 2.2.
The rest follows from Theorem 2.2 by setting T (£L,...,&N) = g(d(¢L, ..., €N)) in the

theorem. O

As an application!, we consider the DRO model in machine learning as described in

1This is not a direct application as the ambiguity set is defined in a different manner. However, the
DRO model in machine is essentially under the DRO framework where the ambiguity set is of {-structure.
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Example 1.3:

inf sup Ep/ [c((w, :13>, y)]v (43)
w PIEB(PN,T)

where z€ X cIR* ' and y € Y € R and
B(PN,’I“) = {Pl € 9(5) : dlKJC(P/,PN) S’r}

Note that the Kantorovich ball coincides with the Wasserstein ball B( Py, r) defined in (1.10)
and it is a special ¢-ball [20].

In practice, the perceived sample data may be contaminated which means that they
are not real data generated by the true distribution P, rather they are generated by some

distribution ) which is a perturbation of P. This motivates us to investigate statistical
robustness the optimal value of the DRO problem (4.3). Let

Y(Py) = inf sup Eplec({w,x),y)],
W preB(Py,r)
HQn) = inf sup Epfe({w, z),y)].

W PeB(Qn,r)
We are interested in the difference between laws of the two estimators, that is, the difference
between Q®N 0 9(Qn) "t and PPN o ¥(Py)~L. We can write £V for (¢1,...,¢N) and write
D(EN) for 9(Py) and J(EN) for 9(Qn ) to indicate their dependence on € and € respectively.
Let &(&, w) := c((w, &), y), where & = (x,7), and define 4 := {&(-, w) : we RF 1}

Proposition 4.2 (Quantitative statistical robustness of model (4.3)). Assume that ¢(&, w)
is globally Lipschitz continuous in € uniformly for w € RF™1, i.e. there emists a positive
constant Lo > 0 such that

Snlip |6(&, w) — (&, w)| < La||€ = €|, V€, e E=Xx Y. (4.4)
welRF—1

Let P,Q € M, where ¢(t) = ||t||, t € RF. Then
dica (PP 0971, Q%Y 0971} < Lodlica(P,Q) (4.5)
for all N € N.

Proof. We show (4.5) by applying Theorem 2.2, where the Lipschitz continuity of

19(51, .. .,éN) w.r.t. (§~1, . ,§~N) is needed. Since ¢(&, w) is Lipschitz continuous in £ uni-
formly for w in (4.4), we have % C ¢, which implies that for any P, P € Z(E),
di, (P, P) < Ly sup [Ep[h(§)] — Ep[h(&)]] (4.6)

heYr,
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Analogous to the proof of Theorem 4.1, we have

I(E .. &) =0, &) =inf  sup  Eple((w,2),y)] —inf sup  Epfe((w, ),y)]

w w

PeB(Qn,T) PeB(Qn.r)
< sup ( swp  Eple((wa)y)]—  swp  Eple((w, m>,y>1>
w PeB(QnN,r) PeB(Qn,r)
= sup sup inf (]EP[C(<w’ :II>, y)] - EP [c((w, :L'>7 y)])
w peB(Qu,r) PEB@QN.T)
<sup sup _ inf  sup [Ep[h(£)] — Ep[h(§)]|
w PGB(QN,T) PeB(Qn,r) he s
< sup _ inf Ly sup [Ep[h(§)] = Ep[h(¢)]]

PeB(Qn,r) PEB@n.r)  he9y
= LoD(B(Qn, 1), B(Qn,7); dig 1)
< LoaH(B(Qn,7), BQn,7); dikc k)
< Lodig 1 (Qn, Qn)

RN IR A
=Ly sup | > h(E) - N > h(E)
=1 =1

heYr,

L N
9 ~. A
< E 7 (2

where the second last inequality is due to the Lipschitz continuity of ¢-ball B(-,r) i
orem 1], and the third inequality is due to (4.6). By swapping the positions of ¥(¢!, ..., &V)
and ¥(&L, ..., EN), we obtain

in [20, The-

IE,. V)= D(E, . EY) < DBQw.1), BQn,r)idick)
< L.H B(QN, ), B(Qn,7);dik k)
L2 al N
< HEZ &'l
Summarizing the discussions above, we have
. - . Lo oW - .
(.., EN) =D, WZ 1€ — €.

The above relations mean that 9(-) is Lipschitz continuous over (2)®V with Lipschitz mod-
ulus bounded by Ly/N, and thus the well-definedness of f(5)®N g(D(EN))PEN (dEN) and

Jimyen g(D(EN)Q®N (d€N) can be deduced from Theorem 2.2. The rest follows from Theo-
rem 2.2 by setting T (£1,...,EN) := (€2, ..., &N) in the theorem. O

Statistical Robustness of the Distributionally Robust Shortfall
Risk Optimization Model

We consider distributionally robust shortfall risk optimization model where the ambiguity
set is constructed by Kantorovich ball centered at a nominal distribution Py with some
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fixed radius r

min ¢

telR

s.t. sup  Epli(=&—1)] <A, (5.1)
P’EB(PN,T)

where ¢ € IR, and
B(PN,’/') = {Pl S y(E) : d|K’1(P/,PN) < ’I"}.

In order to investigate the statistical robustness of model (5.1), let ¥(Py) denote the optimal
value of problem (5.1) and ¥(Qx) the one with Py be replaced by Qu, that is,

(P, = min«t: su Ep l(—=€—-1)] < Ap,

(Py) teIR{ PleB(II:?)N,r) pli=E =Dl }

HQn) = min<t: sup Ep[l(=§—¢t)] <A}
telR P'eB(Qn,T)

Then ¥(Py) and 9(Qn) are two statistical estimators of the optimal value of (5.1) and we
are interested in the difference between laws of the two estimators, that is, the difference
between Q®N o ¥(Qxn)~! and PEN o 9(Py)~!. To this end, we need to make the following
assumption.

Assumption 5.1. Assume that

(a) Z is compact;
(b) there exists a point zp < 0 such that [ is strictly increasing over [zg, 00);

(c) A € int range [, where range [ := {I(¢) : t € R}.

Under Assumption 5.1, inequality in (5.1) satisfies the Slater condition, i.e., there exists
a point tp € IR such that
sup Ep:/ [l(—f — tp)] —A<0. (52)
P'eB(P,r)
To see this, notice that since A € int range [, there exists a constant € > 0 such that
A+ (—¢,e) C range . We can then choose a positive constant €1 € (0,¢) such that (A —
€,A —e1) C range [. Consequently, we can find ¢ € IR such that [(f) < X\ —e;. Let
tp := —essinf £ — £. Then
sup Ep/l(—=§ —tp)] — XA <supl(—&—tp) — A
P’eB(P,r) fe=
<I(—essinf —tp) —A=1(t) — A< —¢&;
<0,
which shows (5.2).

Under Assumption 5.1, the optimal value #(Qx) of problem (5.1) has a lower bound
uniformly for all Q. To see this, we note that since [(-) is increasing,

[(—esssup& —t)= sup Ep/[l(—esssupl —t)]< sup Ep/[i(—€—1)].
P'eB(Qn,r) P'eB(Qn,r)



QUANTITATIVE STATISTICAL ROBUSTNESS IN DRO MODELS 355

Let t; := min{t € R:l(—esssup{ —t) < A}. Then the inequality above implies that
HQN) > t; for all Qn. We assert that ¢t; > —oo. Indeed, by Assumption 5.1 (c), there
exists a constant a > 0 such that

I(—esssupé —tp)= sup Ep/[l(—esssupé—tp)]< sup Ep[l(—E—tp)]<A—a.
P'eB(P,r) P'eB(P,r)

Since [(+) is strictly increasing over [zg, c0), we have

lim [ (—esssup¢ —t) = +o0,
t——o0

which implies ¢; > —oo. This shows

I QnN) > t1 > —o0, YQN. (5.3)
Proposition 5.1. Let r be fivzed. Assume: (a) Assumption 5.1 holds, (b) I(-) is a con-
vex function over R, (c) l(-) is Lipschitz continuous over the interval I := [—esssup& —

tp,—essinf & — t1], i.e., there exists a positive constant Ls > 0 such that
|l(2’1) — l(22)| < L3|21 — 2’2|, Vzl,ZQ el. (54)

Then the optimal value function of problem (5.1) is Lipschitz continuous, i.e., there exist
constants 6o > 0 and Cp such that

[9(Qn) = 9(@Qn)| < Cpdik1(Qn, Qn) (5.5)

fOT’ all QN?QN € B(P752)

Proof. We first show that the optimal value ¥9(Qx) also has a uniform upper bound for all
Qn near P. Note that it follows from [20, Theorem 1] that

H(B(QNaT)7B(QN7T);d|K,1) <dig1(Qn,Qn). (5.6)

Let s = {l(—=€§ —t) : t € [t1,tp]}. Then by the Lipschitz continuity of loss function I(-)
(see (5.4)), we have %" C ¥. For any t € [t1,tp],

Csup Epll(=§—t)]—  sup  Ep[l(—=¢—1)]
PeB(Qn,r) PeB(Qn,r)
= _sup  inf  (Epll(=§— )] —Ep[l(—=¢ —1)])
PeB(Qn,r) PEBQN,T)
< s inf sup [Epli(—€—1)] ~Epli(—¢ — )]
PeB(Qn,r) PEB(Qn.T) s
< Ly sup  inf  sup [Ep[h(§)] —Eplh(S)]]
PeB(Qn,r) PEB(Qn,r) hedy
= LsD(B(Qn,7), B@n,7);dlk,1), (5.7)
where ¢, is defined in (1.7). Swapping the positions of Qn and Qu, we have
Cosup Bpli(—¢—1)]—  sup  Epl(—¢—1)] < LsD(B(Qn,7), B(Qn,7);dik ). (5.8)
PeB(QnN,T) PeB(Qn,T)

Combining inequalities (5.7) and (5.8), we obtain for any ¢ € [t1,tp],

s Epli(—6- 01— sup  Epli(—€ — 1)]| < LaH(BQw, ), BQu, )i dlx1). (5.9)
PeB(Qn,r) PeB(Qn,r)
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A combination of (5.6) and (5.9) yields

Csup Epfi(—6—1)]—  sup  Ep[l(—¢ —1)]| < Ladi1(Qn, Qn) (5.10)
PeB(QnN,T) PeB(QnN,T)

for all ¢ € [t1,tp]. It follows from (5.10) and the Salter condition that

sup  Ep/[l(=§~tp)] < sup  Ep[l(={~tp)]+Ladik 1 (Qn, P) < A—a+Ladik x(Qn, P),

PreB(Qn ) PreB(Pr)
and thus
sup Epfl(—€—tp)] <A— 2 <A (5.11)
P'eB(Qn,r) 2

for Qn € B(P,d2) with 02 = 57—, which means tp is a feasible solution of problem (5.1)
with Py being replaced by Qn € B(P, d2). This shows

ﬂ(QN) <tp, VQn € B(P, 62) (5.12)
Combining (5.3) and (5.12), we have
19(@1\[) S [tl,tp], VQN c B(P, (52),

and thus problem (5.1) with parameter Qn € B(P,d2) can be written equivalently as

min t
teft,tp]
s.t. sup  Ep[l(—=€—1t)] <\ (5.13)
P'eB(Qn,T)

Next, we investigate the Lipschitz continuity of the restricted feasible set

P'eB(Qn,r)

FQnN)NT := {te [t1,tp] : sup  Ep/[I(—€ —1t)] S)\}.

Note that the convexity of [ ensures that sup s, ) Epll(—§ =) — Al is convex in ¢. Since
t € F(Qn)NT is equivalent to SUP pep(Gy . Epll(—§ —1)] — A < 0, it follows by Robinson’s
error bound for convex system of inequality (see [27, Section 3]) that

d(t,]:(QAN) N T)

PeB(Qn,r)

< kp rnax{O7 Cosup Ep[i(=€—-1)] - )\}
PeB(Qn,r)
< Kpmax {0, sup  Ep[l(—={—t)] —A— ( sup  Ep[l(=¢—1)] — A) }

PeB(Qn,r)
forallt € F(Qn)NT, where kp = 2(tp—t1)/a, d(t', ") := |t/ —t"|, d(t', A) := infyc [t —t"|,
and thus

D(]—"(QN) ﬂT,.F(QN) NT;d) < kpsup
teT

Csup Epll(=¢—t)]—  sup  Ep[l(—=¢—1)]
PeB(Qn,T) PeB(Qn,m)
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for all Qn,Qn € B(P,d5). Similarly, we have

D(F(QN)NT, F(Qn)NT;d) < kpsup| sup Ep[l(—£—t)]— sup Epll(—€—1)]
teT | PeB(Qn,r) PeB(Qn,r)

for all Qn,Qn € B(P,8,). Combining the above two inequalities and (5.10), we have
H(F(Qn) NT, F(Qn)NT;d) < Cpdix 1 (Qn, Qn) (5.14)

forall Qn, QN € B(P, ), where Cp = kpLs. It follows by [16, Theorem 1] that the optimal
value function of problem (5.1) is Lipschitz continuous, i.e.,

19(Qn) — I(Qn)| < Cpdig1(Qn, Qn)
for all Qn,Qn € B(P,dy). O

The Slater condition (5.2) plays a crucial role in the Lipschitz continuity of the restricted
feasible set-valued mapping F(-) N 7T in (5.14). Unfortunately the latter holds only in a
neighborhood of the true probability measure P which is inadequate for us to establish
“global” Lipschitz continuity of ¥(-). To address the issue, we impose a stronger Slater
condition for the inequality in (5.1). Specifically, we require that for every Q € Z(E), there
exists a point tg € IR such that

sup Ep/[i(—§ —tg)]—A<0. (5.15)
P eB(Q,r)

It is easy to observe that this kind of Slater condition is guaranteed by Assumption 5.1.
We write £V for (51 .. ,EN) and write 19(§N) for 9(Q ) and 19(§N) for ¥(Qn) to indicate

their dependence on § and 5 respectively.

Theorem 5.2 (Quantitative statistical robustness of model (5.1)). Assume: (a) Assumption
5.1 holds, (b) 1(+) is a convex function on IR, (¢) I(-) is Lipschitz continuous over a compact
set, i.e., there exists a positive constant Ls > 0 such that (5.4) holds. Then there exists a
positive constant C' > 0 such that for P,Q € Mf with ¢(t) :=|t|, t € R,

di <P®N 00~ Q%N o 19*1) < Cdig (P, Q). (5.16)

for all N € N.

Proof. Under Assumptions 5.1 and conditions (b) and (c), for any Qn,Qn € 2(Z), since

P () is a weakly compact set under metric dx 1, we can construct a d-net {Q',...,QN}
in Z(2) such that

j
{@n() = (1= N0y +2Qn A€ 0,1]} © U (@7, 8))

with J < N and #(2) C UN Y B(Q7,5%). Similar to the proof of Lemma 3.1 (ii), we can select
an increasing sequence {)\}Jfll C[0,1], with A\; =0, A5, =1, Q1 := (1 - )\j)QN + )\jQN
and Qo, := (1 — ]+1)QN + )\]HQN, j=1,...,J such that

Q2j = Q1j+17 fOI‘j € [j_ 1]7 Qlj’sz € B(QJ765) fOI‘j € [j]a
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where we ert

[J] for {1,...,J}. It follows by Proposition 5.1 that there exist positive
constants Cj, j € [J

J] such that
19(Q1,) — 9(Q2,)| < Cjdik1(Q1,,Qa,), for j € [J].

Let C := max{C;}. Consequently, we have
JE[N]

J
1(Qn) — I(Qn)| [9(Q1;) — Z il 1(Q1y, Q2;)

<
Il
—

1
IN
'Mw

Cidig 1 ((1=2)Qn + XQn, (1 = Xj41)Qn + Aj+1QN)

I
*Mm

<
Il
—

(N1 — A)dik 1 (Qn, Qn)

Il
M«
Q>

-
ol
—

< Nné?;cC’ g1 (Qn, Qn) = Cdlg 1 (Qn, Qn) (5.17)
j

for all Qn,Qn € Z(2). We show (5.16) by applying Theorem 2.2, where the Lipschitz
continuity of ¥(£1,...,&N) wat. (€%,...,€6) is needed. Note that

(. &) =9, ] = [9(Qw) = 9(Qw)|
< COdig1(Qn,Qn)
= C swp [Bq, [9(6)] ~ Eq, [o(®)]

€Y
Ag N 1M
= C - A i
sup N;g(f) N;si(@
e ..

where the first inequality is due to (5.17).
The above relations mean that 9(-) is Lipschitz continuous over (Z)®V with Lipschitz
modulus bounded by C/N, and thus the well-definedness of f(E)®N g(I(EN))PEN (deN) and

f(5)®N g(H(EN))Q®N (dEN) can be deduced from Theorem 2.2. The rest follows from Theo-
rem 2.2 by setting T (¢4, ...,&N) = 19({1, ...,&N) in the theorem. O

(6] Concluding Remarks

In this paper, we study quantitative statistical robustness in distribution robust optimization
models and demonstrate under some moderate conditions that it is safe to use the DRO
models as long as the topological structure of perceived data does not deviate significantly
from that of the real data. Our theoretical results are presented for the optimal values of
the DRO models, it might be interesting to extend them to the optimal solutions. Moreover,
the sample data are assumed to be iid, it might be interesting to explore the case when the
same data are not iid. Finally, it might be interesting to carry out some numerical tests to
verify the established theoretical results, we leave all these for interested readers to explore.
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