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NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS
AND A NEW APPROACH FOR SOLVING THE SMOOTH
MULTIOBJECTIVE FRACTIONAL CONTINUOUS-TIME

PROGRAMMING PROBLEM*

ALEKSANDAR Jovi¢

Abstract: In this paper, the multiobjective fractional continuous-time programming problem with in-
equality constraints is considered. We investigate the optimality conditions for this problem under weaker
assumptions than in [34], Necessary optimality conditions are obtained under a suitable constraint qualifica-
tion and a certain regularity condition without convexity/concavity assumptions. It is important to highlight
that the assumptions of convexity/concavity on objective and constraint functions in [34] are stronger than
the assumptions in this paper. Here, there are no assumptions of convexity/concavity for deriving necessary
optimality conditions. Also, the constraint qualifications and a certain regularity condition presented in this
paper are much less restrictive and easier to verify than the constraint qualifications given in [34]. This
means that the necessary optimality conditions, set in this paper, are obtained under the weakest possible
assumptions that are known to date. The already achieved results in the area of multiobjective fractional
continuous-time programming are improved and more generalized in this paper. Also, we provide several
examples to illustrate our results.

Key words: continuous-time programming, multiobjective fractional continuous-time programming, opti-
mality conditions
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Introduction

It is well known that multiobjective programming has significant applications in various
fields, such as economics, operational research, machine learning, mechanical engineering,
electric power systems and chemical engineering. In the past several decades, multiobjective
programming problems have been subjected to numerous investigations. The main reason
being their heavy usage in the aforementioned fields. For more multiobjective optimization
applications, the reader is referred to [26, 24, 27].

Continuous-time programming problems have been introduced in [5]. This work was
extended and built upon by Tyndall [29], who gave rigorous treatment to the scalar linear
continuous-time programming problems. Since then the theory of scalar and multiobjective
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continuous-time programming has been intensively investigated and a large number of opti-
mality conditions and dual models have been established. Unfortunately, it should be noted
that the validity of some results in the field of scalar and multiobjective continuous-time
programming was questioned in [2]. In the aforementioned paper, a transposition theorem
in the infinite-dimensional spaces is developed under a suitable regularity condition.

One of the earliest papers in the field of multiobjective continuous-time programming is
the paper by Singh [25] . In that paper, the author presented dual models for smooth
continuous-time programming problems, under generalized convexity/concavity assump-
tions. In [11], using the concept of Karush-Kuhn-Tucker invexity, the authors studied the
relationship of the multiobjective continuous-time programming problems with some related
scalar problems. Also, they showed that Karush-Kuhn-Tucker pseudoinvexity is a necessary
and sufficient condition for a vector Karush-Kuhn-Tucker solution to be a weakly efficient
solution. In [22, 21], the authors introduced a nonsmooth multiobjective continuous-time
programming problem and established the optimality conditions and duality theorems un-
der generalized convexity assumptions on the functions involved. In [10, 19], the authors
have established optimality conditions and duality theory for multiobjecitve continuous-
time programming problem with inequality constraints where the objective and inequality
constraint functions are preinvex in their second argument. In [23], the authors studied the
relationships between vector variational inequalities and multiobjective continuous-time pro-
gramming problems under generalized invexity assumptions. In that paper, the authors also
obtained optimality conditions for multiobjective continuous-time programming problems
and variational-like inequalities problems. Unfortunately, the results in the aforementioned
papers are not valid. See [2, 13, 14].

Finite-dimensional multiobjective fractional problems have been studied in [7, 6, 4, 15,
17, 28, 31, 30, 16]. Multiobjective continuous-time programming has been the subject of
numerous research endeavours, as stated in the previous paragraphs. Unfortunately, the
same can not be stated for multiobjective fractional continuous-time programming problems,
which is why the main focus of this paper is presenting a new approach for solving the smooth
multiobjective fractional continuous-time programming problem. Also, in the present paper,
necessary and sufficient optimality conditions are derived.

A brief overview of the previous work, in the field of study of the multiobjective fractional
continuous-time programming problems, will be provided, nevertheless, for more information
on the subject the reader is referred to [34, 35, 36]. In [35], necessary and sufficient saddle-
point and stationary-point-type proper efficiency conditions are established for a class of
continuous-time multiobjective fractional programming problems, defined in Sobolev space,
with convex operator inequality, affine operator equality constraints and nonnegativity con-
straints. In [36], both semiparametric and parametric saddle-point-type and stationary-
point-type necessary and sufficient proper efficiency conditions are established for a class of
nonsmooth continuous-time multiobjective fractional programming problems, defined in the
Banach space, with Volterra-type integral inequality and nonnegativity constraints.

In [34], the author has considered a smooth case, defined in the Banach space, with the
assumptions of convexity/concavity and nonnegativity constraints. Based on the concept
of properly efficient solutions, the author has also established optimality conditions and
parametric duality models.

Here, a more general multiobjective fractional continuous-time programming problem
with inequality constraints under weaker assumptions comparing to the assumptions in [34]
is considered. Necessary optimality conditions are obtained under a suitable constraint qual-
ification and a certain regularity condition without convexity/concavity assumptions. The
fundamental tools for deriving these conditions are a transposition theorem, given in [2] and
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results from [20]. It is important to emphasize that the hypotheses of convexity /concavity on
objective and constraint functions, for example in [34] or [36], are stronger than the assump-
tions in this paper. Here, there are no assumptions of convexity/concavity for obtaining
necessary optimality conditions. Also, it should be highlighted that in the aforementioned
papers, the nonegativity of the function z(-) on the interval [0,T] is required, while this is
not required in our paper. Also, the constraint qualifications and a suitable regularity condi-
tion presented in this paper are much less restrictive and easier to verify than the constraint
qualifications given in [34] or [36]. This means that the necessary optimality conditions, set
in this paper, are obtained under the weakest possible assumptions that are known to date.

The layout of this paper is as follows. Some definitions are presented in Sect. 2. In
Sect. 3, the necessary optimality conditions are obtained. Also, an illustrative example is
provided to indicate the usefulness of these conditions. In Sect. 4, the sufficient optimality
criteria is established under concavity and generalized concavity assumptions.

Preliminaries and Statement of Problem

Let us consider the following multiobjective fractional continuous-time problem :

- fA f(r,v(r))dr _ (fA fi(m,o(r))dr fA fk(T,’U(T))dT)
fA 9(7—7 U(T))dT fA g1 (7—7 U(T))dT T fA gk(Tv U(T))dT

st. hi(r,o(r)) 20, ie€I={1,...,m} ae. in A,

v(+) € Loo(A;R™).

m
(MFCTP)

Here, by Loo(A;R™) we denote the Banach space of all n-dimensional essentially bounded
Lebesgue measurable functions defined on A = [0,7] C R with the corresponding norm
| |l defined by

v(*)|lo = max esssup |v;(7)].

o) = maxess sup vs(r)

Further, fj,gj,hi : AxR* - R, j € J={1,...,k}, i€ I, are given functions. If v, u € R,
the following convention will be used:

) v=p <= vj=pu; j=1,...k,
() vEep <= v;<pj, j=1,...k,
(i) v < p <= v< pand v #p,
(iv) v<p <= v;<pj, j=1,...,k,
(v) v £ p is the negation of v < p.
All integrals are given in the sense of Lebesgue and B denotes the open unit ball centered

at the origin in R™. Also, all vectors in this paper are column vectors. Here, R’i denotes
the positive orthant of R¥. Let

® = {v(-) € Loo(A;R™) : A(1,v(7)) 20 ae. in A}
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be the set of feasible solutions of (MFCTP). For v(-) € ®, we also assume that

/ f(ry,v(1))dr =20 and / g(7,v(r))dr > 0. (2.1)
A N

Let € >0, 9(-) € ® and w = fi I

valid:

€ R%. Suppose the following assumption (A) is

(A) e f(r,-), g(7,-) and h(7,-) are continuously differentiable on o(7) + B for almost
every T € A;

e f(-,v), g(-,v) and h(-,v) are Lebesgue measurable for each v, h(-,v(-)) is essen-
tially bounded in A for all v(-) € Lo (A, R™);

e 3K >0, 3 H > 0such that ||Vf;(7,0(7)) —w;Vg;(r,0(7))| = K,
(IVh;(r,o(T)|| £ H, ae. in A, jeJ icl.

Definition 2.1. [8] A feasible solution o(-) of (MFCTP) is said to be an efficient solution
EMFCTP (a weak efficient solution WEMFCTP) of (MFCTP) if there is no other v(-) € ®
such that

Ju I o()dr _ Jy f(ro(r)dr

Jag(mo(@))dr = [, g(r,0(r))dr

(fA frv()dr _ [u f(r0(7)dr >
[ag(ru(r))dr = [y g(r.0(r))dr

The definition below can be seen as a continuous-time version of the definition in [18].

Definition 2.2. [18] Let € > 0. A feasible solution 9(-) of (MFCTP) is said to be a locally
efficient solution LEMFCTP (a locally weak efficient solution LWEMFCTP) of (MFCTP)
if there exists a neighborhood

N(@(), €) = {v(-) € Loo(A;R™) : v(7) € 0(T) + €B, ae. in A}
such that 0(-) is an EMFCTP (WEMFCTP) on ® N N(9(-),€).
Obviously, an EMFCTP is necessarily a LEMFCTP. Also, a WEMFCTP is a LWEM-

FCTP and a LEMFCTP is a LWEMFCTP. Let b > 0 and 9() € ®. Let I(7) = {i € I :
0 < hi(r,0(1)) £ b}, for each 7 € A and

() = { 1,4 € I(r)

0, otherwise.

In the sequel, we consider cones in L. (A;R™). For more details about the cones and
calculating dual cones in the theory of extremal problems, the reader is referred to [12]. Let
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9(-) € ® be such that (A) is satisfied for some € > 0. Let b > 0. Define:
To(o()) = {a-) € Lo (ATR™) : 3 ()} C &, {an} C Ry L0,

lim v, () = 9(-), ¢(-) = lim U"()”()},

45(0()) = {<<-> € L&) s [ (VA0 7C(r)

_ Jafi(r0(m))dr

T ratmar V4 FNE) ar >0 } i€

F(0(-) = {C(') € Loo(AsR™) 2 hy(7,0(7)) + 67 (1) Vhi(7,0(7)) "¢ (1) 2 0,
1€1 ae. in A},

where Tg(0(-)), A;(0(-)), j € J and Fy(0(-)) denote Bouligand tangent cone (see [9]), the
cone of ascent directions and the feasible direction cone at ©(-) in the continuous-time con-
text, respectively. Also, we give continuous-time versions of Mangasarian-Fromovitz and
Slater constraint qualification.

Definition 2.3. The constraint qualification (MFQ) is satisfied at 9(-) € @, if there exist
C(-) € Loo(A;R™) and b > 0 such that

Vhi(r,o(r) (t) =2 B, i € Ii(r) ae. in A (MFQ)
for some 8 > 0.

Definition 2.4. Assume that h;(7,-) is a concave almost everywhere in A, i € I. We say
that (SQ) is satisfied, if there exists 7j(-) € ® and b > 0 such that

hi(T,0(1)) Z B, i € I(7) ac. in A (SQ)
for some 8 > 0.

Remark 2.5. In [20], the authors showed that the constraint qualification (SQ) is a sufficient
condition for (MFQ) under an additional concavity assumption.

The following convention will be used:
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Necessary Conditions

We will be following the similar approach as in [20] to prove the following crucial lemma.

Lemma 3.1. Let 9(-) € ® be a LEMFCTP (LWEMFCTP). Assume that (A) and (MFQ)
are satisfied at ©(-). Then,

k
Fp(0(-) N () A (0(-) = 0. (3.1)
j=1
Proof. Auxiliary functionals F} : Lo (A;R") = R, j € J, are defined by

Ja fi(r,0(7))dr
Ja9i(m0(7))dr

We will suppose that (3.1) is not true. Let Fp(9(+)) N ﬂf 1 A;(0(-)) # 0. Then, Proposition
3.2. [20] implies that

R = [ (fju,vm) - 0,70 )

k
Ta(0() N0 (1) Aj(0() # 0.
j=1
Consequently, there exists ((+) € Lo, (A;R™) such that

/ Ve (r,o(r)T¢(r)dr > 0,. / Veér(r, o(m) T ¢(r)dr > 0,
A

() = tim ) =00

n—00 ay,

where X

Ja fi(m 0(r))dr
fA g; (7, 0(7))dr
and {v,(-)} is a sequence in the feasible set, such that lim,,_,oc v, (-) = 9(-). Also, {@,} is a
sequence of positive numbers converging to 0. Let Cy > 0. Then, there is Ny > 0 such that

on(-) = ()

o2

&i(m0(r)) = fi(7,0(1)) = gi(r,0(7)), j € J,

- C(')H < Co, Vn 2 Ny

o0

and ||¢(+)]|ec = C1. If hypothesis (A) is satisfied, functionals

v )):/Agl(T,v(T))dﬂ...,Fk(vc)):/Aék(m(f))dT

are Fréchet differentiable. By construction of £; and by the Mean Value Theorem (see [1, 3]),
there is A € (0,1) such that

J @)~ g ar

. / & (7, vn(7)dr (3.3)
A

:/AV§j(T,(1—/\)vn(T)—l—)\@(T))T (vn(7) = 0(7)) dr, j € J.



NSOC AND A NEW APPROACH FOR SOLVING THE SMFCTP 447

Note that lim,, o ((1 — XN)v,(+) + A0(+)) = 9(+). Further, there exists N; > 0, such that
V& (1, (1 = Nop (1) + Ao(7)) || = K, ae. in A, Vn2= Ny, je
Setting N := max{Ny, N1}, we have for j € J,
IVE (1,(1 = Nvp (1) + A0(7)) | £ K ae. in A, Vn 2 N.
Also, we obtain

Uy (1) — 0(7)

A

oalr) =) _

78

+ M £C, ¥n= N, ae. in A,

where ¢ = Co + C1.  Consider the sequences {7, () e AR (7)), where
(2N © Leo(A;R™) and

Vi (7) = V& (1, (1 = Mg (1) + )\@(T)))T M, jeJ, ae. in A.

Qp

For B = C - K we obtain

v (1) — 0(7)

(S ol

Yn = N,VjeJ, ae in A

< B,

V& (1, (1= Xon(7) + A0(7))) ‘

and

lim 44(r) = lim V&, (7. (1= Aen(r) + Ao(r)))" 2220

n—oo (a7
= V¢(r,9(1)T¢(r), Vi€
Lebesgue Dominated Convergence Theorem and (3.2) imply

lim / VE; (7, (1 = Nwn (1) + Ao(r)) " () = 0(7)
A

n—oo an

= /A lim V& (7, (L= Nvn(7) + Ao(r))” Unlr) = 0(7) )

(677

:/A ij(r,@(T))TC(T)dT >0, VjeJ

Therefore,

/A VE (7, (1= Na(7) + Xi(7))) " on(T) = 0(7)

Qn

dr >0, Yj € J, (3.4)

for all sufficiently large n. Hence, for all j € J, (3.3) and (3.4) imply

—n /A V& (7, (L= Ava(7) + Ao(7))" %;W)
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so that
/ &i(m,on(r))dr >0, VjeJ (3.5)
A
for all sufficiently large n. By construction, inequality (3.5) can be rewritten as
Ja fi(r,0(7))dr ,
fi(T,05(7)) — F2—————0; (T, v (7 dr >0Vj e J, 3.6
[ (stronto) = pL T o) (55)
for all sufficiently large n.
Put X p
oo Ja bt
Ja gi(m0())dr

Then, inequality (3.6) can be rewritten as
J (e vatr)) = g ()
T
:/ fi(myon(7))dr — 711/ g; (T, 0,(7))dT >0 Vj € J,
A 0
for all sufficiently large n. Previous inequality implies

[a i{rvno)dr [y £ o@r
Ta oo~ Taamae ~ e

for all sufficiently large n. Thus, ©(-) is not locally (weak) efficient solution of (MFCTP).
Thus, the proof is complete. O

Let ¢ € R™, 9(-) be a locally efficient solution for (MFCTP) and suppose that (A),
(MFQ) are satisfied at 9(-) and

bi(r.0) = - /A (V£5(r,0(r))TC — oy Vs (r,0(r))7C) dr, j €

6i(7,¢) = — hi(7,0(7)) — 82 (1) Vhi(r, 0(7))T¢, i €I,

where [y S (i)
" A ’7'7’0 T T k
w= fA g(T,0(7))dr € Ry
Let
¢i(1,¢) <0, j€J,
$i(1,¢) = 0,i €, (3.7)
¢ eR",

be a system corresponding to the problem (MFCTP), K = J U I, and
I(r,) = {i+ 6i(7,0) = max 6u(r, )}, T €A, (ER™

Definition 3.2. (Regularity condition [2]) We say that the regularity condition (RC) is
satisfied at 0(-), if there exist 0(:) € Loo(A;R™), reals R = 0 and a > 0 such that for almost
every 7 € [0,1],

VCeR", [C—o(7)| Z R, Je=e(r,() €R™, [le =1 :

(Ocgi(r,¢),e) Z o Vi € I(7, (). (RC)
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Now, we give necessary optimality conditions for (MFCTP), using preceding Lemma and
new tool presented in [2].

Theorem 3.3. Let 0(-) € ® be a LEMFCTP (LWEMFCTP). Suppose that (A), (MFQ)
and (RC) are satisfied at 0(-). Then, there exists (A, 4(-)) € A X Loo(A;R™) such that the
following conditions are satisfied:

T o(r —fA 7))dr : T, 0(T
(vm )= (PrrTE) Vet >>> )
+a(r)IVh(r,5(1)) =0 ae. in A,

a(r)Th(r,0()) =0, a(r) =20 ae. in A. (3.9)

Proof. By Lemma 3.1, we have that there is no ((-) € Loo(A;R™) such that system
(3.7) is consistent. Then, by Theorem 1 [2], we have that there is a nonzero function
(@10); -+ @r()s 1 () fim () € Loo(A;REF™) with ¢(7) # 0 for some j € J (7 € A ),
such that

S 65(r / (V£5(r, (7)) 7€ — 1, g5 (, (7)) 7C)

jeJ

+Z,u, ( i ))+5b( YWh (T,ﬁ(r))TC) <0, V¢ €R™ ae. in A.

i€l

Setting ¢ = 0, we obtain ), ; f1;(7)hi(7,9(7)) =0 a.e. in A. Since 9(-) € ®, we have that
the opposite inequality is also satisfied. Therefore,

fi(m)hi(m,0(7)) =0, i € I, ae. in A. (3.10)
Hence
S 0ir) [ (VH o)) = 055507, 00)6(r)

A (3.11)
+ 3 ()N (r)Vhi(r,8(7))T¢(1) £ 0 ae. in A.

icl

Integrating (3.11) on A, we obtain

/ (Z% / ij(r,@(r))Tg(r)—wjvgj(r,@(r))Tg(r))dr) dr

jeJ
+ /) (Z (700 () V(7 ,@<T>>T<<T>> dr 0,
el

S [ eitriar / (V55(r6(0)7C(r) = 1,V (7, 6(1) (7)) dr

jeJ

/ (Z u(r e ,@<T>>T<<r>> dr < 0.

i€l
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Setting
D; :/ @;(T)dr 20, j € J, (3.12)
A

with at least one strict inequality in (3.12) (according to the assumption ¢;(7) # 0 for some
j € J), it follows

/A D i (Vo) C(r) = @;Vg;(r,0(7)T¢(r)) | dr

jeJ

(3.13)
/ (Z fii (1 (T,@(T))Tg(7)> dr <0.
icl
Now, dividing all terms in (3.13) by >, ; ¢; > 0 and defining
A=Y ai(T)ZM, jed iel, TeA, (3.14)
ZjeJ Y; ZjeJ V;
we have
T
/. SN (VA 80) — 5700 + LI hmole)) | g
S 0 V((+) € Lo (A3 RY).
Since (3.15) is valid for all {(-) € Loo(A;R™), we obtain
Z}j(ij(T,@(T)) w; Vg, (T, 0( JrZuZ (1)) =0 ae. in A,
JjeJ i€l
ie.,
3 . Ja fi(m0(r))dr A )
N (Vi IV ASRASES ol v ES
jez-:f ’ ( B2 = gy atmar 400 (3.16)
+ (1) Vhi(r,6(7)) =0 ae. in A
iel

Hence, (3.8) holds and (3.14) implies that A € A. Also, (3.10) and (3.14) imply (3.9). O

Here, there are no hypotheses of convexity/concavity for obtaining necessary optimal-
ity conditions. It is important to highlight that the hypotheses of convexity/concavity on
objective and constraint functions in [34, 36] are stronger than the assumptions in this paper.

From Remark 2.5 we obtain the following necessary conditions for (MFCTP).

Theorem 3.4. Let 9(-) € ® be a LEMFCTP (LWEMFCTP). Assume that (A), (RC) are
satisfied at 0(-) and h;(T,-) is a concave almost everywhere in A, i € I. If (SQ) is satisfied,
then there exists (A, 4(-)) € A X Loo(A;R™) such that (3.8)-(3.9) are satisfied.

Corollary 3.5. The conditions (3.8)-(3.9) of the Theorem 8.3 (Theorem 3.4) are also nec-
essary for ©(-) to be an efficient solution of (MFCTP).
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Let us consider the following example.

Example 3.6.
max 01 e Mdr fol (2 - UQ(T))dT
Jo er2dr "y (20a(r) + 303(r) + 5 ) dr
(peTp) 27T 2e(n) —ui(r) —u(n) 20 ae in (0,1,

1]
—27 + 205(7) — v3(7) + vy (1) 2 0 a.e. in [0,1],
v1(T) —v2(7) =27 20 a.e. in [0,1]

v(-) € Loo([0, 1; R?).

9

It is obvious that for almost every 7 € [0, 1], ©(7) = (01(7),02(7)) = (27,0) is an EMFCTP,
=1, Wy = 2 and Ij(7) = {1,2,3} for b = §. It can be easily verified that for almost
every T € [0,1],

Vi) = () Tae i) = () amom = (7).

@T) ,Vhy(r,0(7)) = (‘%) , Vha(r,9(7)) = (;) :

Vhs(r,8(7)) = (_11) .

Vga(r,9(7))

a.e. in [0,1] and B = 1. Tt follows Vh(,o(7))T¢(r) = B, i =1,2,3,

Take (1) = 5

SHIVCRSIN
v

a.e. in [0,1]. Thus, the constraint qualification (MFQ) is satisfied. Now, show that (RC) is
satisfied. Let ((1,(2) € R? and for almost everywhere in [0, 1],

$1(7,¢) = 1 + G2, ¢2(7,¢) = 2¢1 + 5C2, ¢3(7,¢) = ¢1 — 2(¢2,
¢4(7,¢) = —C1 — 2¢2, ¢5(7,¢) = —C1 + Co.

Define the following sets:

Ay = {(¢1,¢2) e R?: %Q +¢ 20, Zﬁ + (2 2 0},

1
Az ={(¢1,¢) e R?: ;Cl +G =0, ¢ =0},
Ay ={(¢1,6) €R*: (1 £0, ¢ S0},
3
As ={(¢1,¢2) e R?: ZCI +G =0, (2 =0}
It can be easily verified that for ((1,(2) € int A;, Z(7,¢) = {i} a.e. in [0,1], ¢ = 2,3,4,5

and U?:z A; = R%. We have that 2 ¢ Z(7,¢) for ((1,¢2) € int (A3 U Ay U A5). For (¢1,(2) €
int(As U As), Z(1,¢) = {2,5} a.e. in [0,1]. For (¢1,{2) € int(Ax U A3z), Z(7,¢) = {2,3}
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a.e. in [0,1]. Further, we consider the system

¢1(7-7 C) =(1+( <0,
$2(7,¢) =2¢1 + 5¢ < 0,
#3(7,¢) =C¢1 — 26 0,
Ga(1,0) == (1 — 2 £ 0, (3.17)
¢5(1,¢) == ¢+ 20,
¢ e R%

Regularity condition (RC) is checked with = (0,0), R 2 0, & = 75 and for almost every
T€0,1],

(i) e=e(r,¢) = (=32, —2) for (C1,(2) € int (A3 U Ay U A5),
(ii) e =-e(1,¢) = (0,1) for (¢1,¢2) € int (A2 U A5) or ((1,(2) € int As, and
(i) e =e(7,¢) = (12, 39) for ((1, (o) € int (A2 U Ag).

We have that necessary optimality conditions are satisfied for A\; = 1, Ay = 0, 4(7) = 1,

ta(7) = % and a3(7) = g a.e. in [0, 1].

We conclude that the constraint qualifications (MFQ), (SQ) and regularity condition
(RC) are much less restrictive and easier to verify than the constraint qualifications given
in [34] or [36].

In the following example, we will show that the necessary conditions may not hold
without constraint qualification (MFQ).

Example 3.7.
(fo (1—v2(7)) dT’ fol (r—v(r))dr >
MF CTP) Jyer®dr [+ v2(r))dr
—03(7) 20 a.e. in [0,1],
v(:) € Loo([0,1]; R).
It is obvious tha:c for almost every 7 € [0,1], 9(7) = 0 is an EMFCTP, @1 = 1, @, = § and
Ii(t) = {1} for b > 0, where hy(7,v(7)) := v2§_|)_ ]; (1, 0(7)) == 1 —0%(1), g1(T,v(7)) =

e?(7) fa(r,o(7)) == 7 —v(7) and go(1,v(7)) :

almost every 7 € [0, 1],

Vfi(r,9(r)) =0, Vg1 (r,0(7)) =1, Vfo(r,0(7)) = —1, Vgao(r,9(7)) =0, Vhy(r,0(r)) = 0.

(7). It can be easily verified that for

Therefore, we conclude that constraint qualification (MFQ) is not valid for all F(-) €
Lo([0,1);R™) and 8 > 0. Further, the condition (3.8) in the function 9(r) = 0 can be
rewritten as

A1+ A =0.

But, on the other hand, . .
M+ =1,

and such a A = (;\17 5\2) does not exist. Therefore, the necessary conditions (3.8)-(3.9) are
not satisfied.
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Sufficient Conditions

The next results establish sufficient optimality conditions for (MFCTP). The proofs of these
results will be based on the concavity/ convexity and generalized concavity assumptions
imposed on the functions involved. In the following, we will use the basic properties of
concave/convex and quasiconcave functions.

Theorem 4.1. Assume that there exist 6(-) € ® for (MFCTP) and (A, a(-)) € AT x
Loo(A;R™) such that the following conditions are satisfied:

’ U fA—T) T,0(T
+iai(r )TVh( @( ) =0 ae. in A,

a(t) h(r,0(1)) =0, 4(r) 20 ae. in A. (4.2)

If the function f(r,-) is concave almost everywhere in A, g(t,-) is convex almost everywhere
in A and a(t)Th(r,-) is quasiconcave almost everywhere in A, then o(-) is an EMFCTP.

Proof. Suppose that 0(-) is not EMFCTP. Then there exists 9(-) € ® such that
Sa fi(,0(7)) fAfJT o(7))dT

fA g] 7 (T fA g] o)) dr =wj, VjeJ, (4.3)
and
I filr,o(r))dr [ film,o(7))dr B for some i
Jaoimotdr ~ Jyamatmar ~ 0 <7 4
So, (4.3) and (4.4) can be rewritten as
[ ity =gy ar 20, Wi € g (45)
and
/A (fi(7,0(7)) — tbaga(r, B())) dr > 0, for some i € . (4.6)
Since A € AT, (4.5) and (4.6) imply
5 [ (oo = gy otm) dr 20, Vi€ g (4.7)
A
and
5\i/ (fi(r,0(7)) — Wsgs(T,0(7))) dr > 0, for some i € J. (4.8)
A
From (4.7) and (4.8) we have
Z)\ / (fj(r,0(1)) —w;g;(T,0(7))) dr > 0. (4.9)

jeJ

Since #(-) € ® and (4.2) holds, we have

Zaz(r) )= ZUL (r,0(7)), Vo(-) € ®, a.e. in A. (4.10)

el i€l
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Since @(7)Th(r,-) is quasiconcave almost everywhere in A, (4.10) yields

Zﬁi(T)Vhi(T,f)(T))T(l_)(T) —0(1)) 20Vo(-) € D, ae. in A. (4.11)
iel
Then, (4.1) and (4.11) imply
> (Vi o(r) = Vg (r, 0(n)" (0(r) = 0(r)) S0 Va() € @, ae. in A.
jeJ
Since, w 2 0, f;(7,-) and —g;(7,-) are concave almost everywhere in A, it follows that
>N (Fi(r) = 1iigy(T, )
jeJ
is concave almost everywhere in A. Therefore,

Zj‘j (fj(r,0(1)) — w;g;(T,( Z)\ (fj(r,0(1)) —wjg;(T,0(7))) £ 0, a.e. in A.
jeJ jeJ

(4.12)

Integrating (4.12) on A, we have

Z)\/ (fi(1,0(1)) — w;gi(r,0(r dT—Z/\/ (fi(r,0(1)) —w;ig(r,o(r)))dr £ 0,

JjeJ jEJ
ie.,
S5 / (f;(r, 8(r)) — tby5(r, 0(r))) dr < 0.
jeJd
This inequality contradicts (4.9). Therefore, 9(-) must be an EMFCTP. O

Example 4.2.

e (fol (2+27’—v2(7')) dr fol (2+7’v(7’))d7’>
fol ev(T)dr ’ fol (1 +v2(7))dr
(MFCTP) v(t) 20 ae. in [0,1],
T+1—wv(r)20 ae. in [0,1],
v(+) € Lo ([0, 1]; R).

Let fi(7,v(7)) := 2427 —0%(7), g1 (7, v(7)) := €7, fo(1,v(7)) := 24+7—0v(7), ga(T,v(T)) :
14+02(7), hi(1,v(7)) := v(7) and ho(7,v(7)) := 74+1—v(7). Note that A = ()\1, )\2)
o(1) = 0, 4(r) = (41(7),12(7)) = (2,0) a.e. 7 € [0,1], satisfy sufficient conditions
(4.2). Also, fi(7,-), fa(7,+), 91(7,+), 92(7,+), h1(7,+) and ho(r,-) satisfy all the assumptions
of Theorem 4.1. Hence, we conclude that ©(7) is an EMFCTP.

(3:3):
(4.1)

Theorem 4.3. Assume that there exist 0(-) € ® for (MFCTP) and (A a(-)) € At x
Loo(A;R™) such that the following conditions are satisfied:

~ T
\r <Vf(ﬂ o) —e (LT vy w»)
+a(r)TVh(r,9(7)) =0 a.e. in A,

(4.13)
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a(r)Th(r, () =0, 4(1) 20 ae. in A. (4.14)

If the function AT (f(T,') 7611\)Tg(7_,')) is pseudoconcave almost everywhere in A and
a(T)Th(r,") is quasiconcave almost everywhere in A, then o(-) is an EMFCTP.

Proof. Suppose that 9(-) is not EMFCTP. Then there exists o(-) € ® such that

Ja il 0(7)) fAfJT T))T_w_ .
e 2 T e = W e 19
and
fA fi(r,0(7))dr fA fi(r,0(7))dr — . for some i
Jsoim o~ Jyaronar 0t <7 (16)
So, (4.15) and (4.16) can be rewritten as
[ (o) =gy ar 20, v € g (4.17)
and
/A (fi(r, (7)) — Wwg;(7,0(T))) dr > 0, for some i € J. (4.18)
Since A € A, (4.17) and (4.18) imply
PPy / (f;(1,0(7)) — w;g;(r, (1)) dr > 0. (4.19)

jeJ

Since 9(-) € ® and (4.14) holds, we have

> ii(r)hi(r,0(1)) 2 Y i(T)hi(r,0(7)), Vo() € @, ae. in A (4.20)

el i€l
Since 4(7)Th(r,-) is quasiconcave almost everywhere in A, (4.20) yields

Zﬁi(T)Vhi(T,f}(T))T(’E(T) —9(r)) 20Vo(-) € P, ae. in A. (4.21)
i€l
Then, (4.13) and (4.21) imply
D (V5(70(7) = ;¥ g(r, 6(n)" (0(r) = 0(7)) S0 Vo() € @, ae in A.
jed
Since, AT ( f(r,) —ewTg(r, )) is pseudoconcave almost everywhere in A, we have
Zj\j (fi(r,0(1)) — w;g; (7, v( Z)\ (fi(1,0(7)) —w;g;(7,0(7))) £ 0, a.e. in A.

JjeJ JjeJ
(4.22)

Integrating (4.22) on A, we have

ZA/ (f;(1,0(7)) = bjg; (7, o(T dT—Z)\/ (f;(,0()) — jg;(1,0(7))) dr £ 0,

jeJ jedJ
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ie.,
PRV / (f5(7,0(7)) = ;g;(, 0(r))) dr < 0.
=
This inequality contradicts (4.19). Therefore, 9(-) must be an EMFCTP. O

We also derive sufficient conditions for (MFCTP), where A € A.

Theorem 4.4. Assume that there exist 0(-) € ® for (MFCTP) and (A, a(-)) € A x
Loo(A;R™) such that the following conditions are satisfied:

[ f(ra(r)dr\ " e
( s~ ( NI T) vt <>>> o
+a(t)IVh(r,9(T)) =0 a.e. in A,
a(r)Th(r, (1)) =0, 4(r) 20 ae. in A. (4.24)

If the function f(,-) is concave almost everywhere in A, g(t,-) is convex almost everywhere
in A, a(t)Th(r,-) is quasiconcave almost everywhere in A and AT (f(r,-) — ew?g(r,")) is
strictly concave almost everywhere in A, then o(-) is an EMFCTP.

Proof. Suppose that 9(-) is not EMFCTP. Then there exists 0(-) € ® such that

J G5 =gy (ratr) dr 20, v € g (425)
and
/A (fi(r,9(7)) — ;gi(T,0(7))) dT > 0, for some i € J. (4.26)
Since A € A, (4.25) and (4.26) imply
ppY / (f;(1,5(7)) — w;g;(,8(7))) dr = 0. (4.27)
JjeJ
From 7(-) € ® and (4.24), we obtain
Zﬁi(T) ) 2 Zuz hi(r,0(1)), Yo(-) € ®, a.e. in A. (4.28)
iel icl

Since 4(7)Th(r,-) is quasiconcave almost everywhere in A, (4.28) yields
Zﬁi(T)Vhi(T,’lA)(T))T(Q_)(T) —9(1)) 20, Yo(-) € @, ae. in A. (4.29)
iel

Then, (4.23) and (4.29) imply

> (V£(7,0(r) = Vg5 (r, ()" (0(7) = 9(7) S0 V() € @, ae. in A,
JjeJ
Since A € A, @ > 0 and dies S\j(fj (1,-) —w;g;(7,-)) is strictly concave almost everywhere

in A, it follows

Z;\j (fi (7, 0(7)) = ;g;(7, v( Z)‘ (fi(r,0(7)) — ;g;(7,0(7))) <0
jed jed (4.30)

a.e. in A.
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Integrating (4.30) on A, we obtain

ZA/ (fj(r,0(7)) —w;gi(r,0(7)))dr <O0.

JjeJ
This inequality contradicts (4.27). Therefore, ¥(-) must be an EMFCTP. O
Example 4.5.
- <f0< >)dT Jo (1= v(r))dr >
JoerDdr [ (L4 03(r))dr
(MFCTP) (T )2 0 a.e. in [0,1],

% —v(1t) 20 ae. in [0,1],
U() S Loo([ovl]’R)

Let fi(r,v()) := 2 = v*(7), gu(7,v(7)) = ”(T) fa(m,0(7)) = 1 = 0(7), ga(7,0(7)) =
1+ v%(7), hi(T, ) = v(7) and ho(1,v(7)) := 5 —v(7). Note that A\ = ()\1,)\2) (0,1),
(1) = 0, a(r) 1( ), (7)) = (1, 0) a.e. T [O 1], satisty sufficient conditions (4.23)-
(4.24). Also, fi(r, 2(7,)y g1(7,4), g2(T, ), hi(7,-) and ha(T,-) satisfy all the assumptions
of Theorem 4.4. Hence, we conclude that 0(7) is an EMFCTP.

2 —
v(?
), f

Theorem 4.6. Assume that there exist 9(-) € ® for (MFCTP) and (\,a(-)) € A x
Loo (A;R™) such that the following conditions are satisfied:

T
v (wwv» (L) wmw)

Jas( (4.31)
+a(r)IVh(r,9(1)) =0 a.e. in A,
a(r)Th(r, (7)) =0, 4(r) 20 ae. in A. (4.32)

If the function AT (f(T, ) —ewTg(r, )) is quasiconcave almost everywhere in A and
(1) h(r,) is strictly quasiconcave almost everywhere in A, then o(-) is an EMFCTP.

Proof. Suppose that 9(+) is not EMFCTP. Then there exists 9(-) € ® such that

fA fi(r,o(r))dr S fA fi(r,o(r))dr

Jagi(mo(r))dr = [, g;(7,0(7))dr =t V1€ (4.33)
and
Sa fi(ro(m))dr [ fi(r, 0(7))dr . for some i
Jaomodr ” Jyatm oz 7 (434
So, (4.33) and (4.34) can be rewritten as
[ o) — gy i) ar 20, ¥ € g (435)

and
/A (fi(7,9(7)) — W;gi(7,0(7))) dr > 0, for some i € J. (4.36)
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Since A € A, (4.35) and (4.36) imply

LY / (fi(m,0(7)) = w;g;(7,0(7))) dr = 0. (4.37)

JjeJ

Since 9(-) € ® and (4.32) holds, we have

> i(r)hi(r,0(r)) 2 Y i(T)hi(r,0(7)), Vo() € @, ae. in A (4.38)

i€l iel
Since (1) h(r,-) is strictly quasiconcave almost everywhere in A, (4.38) yields

Zﬁi(r)Vhi(T,ﬁ(T))T(ﬁ(T) —9(7)) >0Vo(:) € D, ae. in A, (4.39)

icl

for all ¥(-) € ® such that ¥(7) # 9(7) a.e. in [0,T]. Then, (4.31) and (4.39) imply

> X (Vi(ri(r) — 1 Vg;(r,9(7)" (8(r) — (7)) <0 Vo(-) € ®, ace. in A

jeJ

Since, AT ( f(r,) —ewTg(r, )) is quasiconcave almost everywhere in A, we have

Z;\j (fi(1,0(1)) —w;g; (7, v(7T Z)\ (fi(r,0(1)) —wjig;(r,0(7))) <0, a.e. in A.

JjeJ jeJ
(4.40)

Integrating (4.40) on A, we have

Aj | (fi(r,0(1)) — g (7, 9(7))) dr — Aj | (fi(m0(7)) —jg, (T, 9(T))) dr <0,
A g =h ), g

ie.,

Z)‘ / (fj(r,0(7)) —w;gi(r,0(7))) dr < 0.

jeJ

This inequality contradicts (4.37). Therefore, o(-) must be an EMFCTP. O

Conclusion

This paper has presented the optimality conditions and a new approach to smooth mul-
tiobjective fractional continuous-time programming. The necessary conditions have been
obtained without convexity assumptions. What was not under the paper’s intention are
duality results of the initial nonsmooth problem and developing its optimality conditions
without convexity assumptions. To this end, the necessary and sufficient conditions in this
paper are good starting points.

Numerical methods for linear fractional continuous-time problem have been proposed
n [33, 32]. Also, there does not exist a numerical algorithm to solve the multiobjective
fractional continuous-time programming problem. This could possibly be a significant path
for some future work.
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