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Abstract: In this paper, we study the solvability of a polynomial vector optimization problem under the
weak section-boundedness from below condition. We give a characterization of the weak section-boundedness
from below condition. Under the weak section-boundedness condition, we prove the existence of weakly
Pareto efficient solutions for a convex polynomial vector optimization problem. For the non-convex case, we
prove the existence of Pareto efficient solutions when the convenience, non-degeneracy, and weak section-
boundedness conditions are satisfied.
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Introduction

Throughout, R™ denotes the n-dimensional Euclidean space with the norm || - || and the
inner product (-,-), and R, denotes the non-negative orthant of R". Let

fiofas oo s 9192, gp t RT = R
be polynomial functions. Consider the following polynomial vector optimization problem:
PVOP(K, f) : R% — Mingex f(x),
where f = (f1, f2,..., [s) : R — R? is a polynomial vector-valued function and
K={zeR":¢g1(x) <0,g92(x) <0,...,g,(x) <0}

In what follows, we always suppose that the constraint set K is nonempty.
Recall that a point z* € K is a Pareto efficient solution of PVOP(K, f) if

flx) = f(@") ¢ —RI\{0}, VoeK
and z* € K is a weakly Pareto efficient solution of PVOP(K, f) if
flx)— f(z*) ¢ —int R}, VaeK.
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The Pareto efficient solution set and the weakly Pareto efficient solution set of
PVOP(K, f) are denoted by SOL*(K, f) and SOL*(K, f), respectively. Clearly,

SOL*(K, f) C SOLY(K, f).
When s =1, PVOP(K, f) collapses to the polynomial scalar optimization problem:
PSOP(K, f) : Mingex f(x),

whose optimal solution set is denoted by SOL(K, f).

In 1956, Frank and Wolfe [8] proved that a quadratic function attains its infimum on
a polyhedron provided that it is bounded from below on this polyhedron. This result has
been known as the Frank-Wolfe theorem. Since then, many authors have been focusing on
extensions and generalizations of the Frank-Wolfe theorem. For instance, in 1980, Perold
[25] proved a Frank-Wolfe type theorem for the minimization problem with a non-quadratic
objective function and a nonempty polyhedral constraint set. In 1999, Luo and Zhang [22]
established a Frank-Wolfe type theorem for the minimization problem where the objective
function is quadratic and the constraint set consists of finitely many quadratic inequalities.
In 2002, Belousov and Klatte [2] proved a Frank-Wolfe type Theorem for the minimiza-
tion problem with a convex polynomial objective function and a constraint set defined by
finitely many convex polynomial functions. In 2006, Obuchowska [24] obtained a Frank-
Wolfe type theorem for the minimization problem with a faithfully convex or quasiconvex
polynomial objective function and a constraint set defined by a system of faithfully convex
inequalities and/or quasiconvex polynomial inequalities. Dinh et al. [4] proved a Frank-
Wolfe type theorem for a non-convex polynomial optimization problem under convenience
and non-degeneracy conditions. For more results on Frank-Wolfe type theorems for scalar
optimization problems, we refer the reader to [18, 20, 23, 7, 26] and the reference therein.

Recently, some researchers focused on the study of Frank-Wolfe type theorems for vector
optimization problems. Kim et al. [16] proved the nonemptiness of the Pareto efficient
solution set of an unconstrained polynomial vector optimization problem when the Palais-
Smale condition holds and the objective function has a section bounded from below. Lee
et al. [19] proved that a constrained vector optimization problem with the constraint set
being a closed convex semi-algebraic set and the objective function being a convex vector
polynomial has a nonempty Pareto efficient solution set if and only if its objective function
has a section bounded from below.

Motivated by the above works, in this paper, we investigate Frank-Wolfe type theo-
rems for the polynomial vector optimization problem PVOP(K, f) under a weak section-
boundedness from below condition. The outline of this paper is as follows: In Section 2, we
give the definition and the property of weak section-boundedness from below and recall some
notations and preliminary results. In Section 3, we are devoted to establishing Frank-Wolfe
type theorems for PVOP(K, f) under the weak section-boundedness from below condition.

Preliminaries
In this section, we give some concepts and results that will be used in this paper.

Weak section-boundedness from below

Let C be a nonempty subset of R™ and F': R™ — R?® be a vector-valued function with

F(z) = (Fi(x), Fy(x), ..., Fs(x)).
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Definition 2.1 (See, e.g., [3, 12, 13, 15, 16, 21]). Let A be a subset of R® and ¢ € R*. The
set A((t — R%) is called a section of A at ¢ and denoted by [A]z. The section [A]z is said
to be bounded if there exists a € R® such that

[Al; Ca+R3.

Definition 2.2. A vector-valued function F': R™ — R? is said to be section-bounded from
below on C' if there exists 2’ € C' such that the section [F(C)]p (. is bounded.

Remark that, by definition, a vector-valued function F' is section-bounded from below on
C if and only if there exist 2’ € C' and a = (a1, as, . ..,as) € R® such that

Fi(z) 2 a;

for any = € C satisfying F(z) < F(2') and each ¢ € {1,2,...,s}. In [16], the section-
boundedness from below has been used to derive Frank-Wolfe type theorem for a polynomial
vector optimization problem. In this paper, we consider the weak section-boundedness from
below on C for a vector-valued function F'.

Definition 2.3. A vector-valued function F' = (Fy, Fy,...,Fs) : R® — R? is said to be
weakly section-bounded from below on C' if there exist £ € C' and a € R? such that

F(r)—a¢ —int R}, VreCy,
where C; = {z € C: Fj(x) < Fi(z),i =1,2,...,s}.

Remark 2.4. By definition, section-boundedness from below implies weak section-bounded-
ness from below. The following example shows that the inverse is not true in general.

Example 2.5. Consider the vector-valued function F' = (Fy, F») defined by
Fi(z1,72) = 22, Fa(21,72) = —21

and
C ={(z1,22) € R* : 71 € R, 25 > 0}.

Let 7 = (1,2) and @ = (0,1). Then Cz = {(z1,22) € R® : 13 > 1,2 > x5 > 0}. It is
not difficult to see that (zo,—z1) — (0,1) ¢ — int RZ for any (z1,22) € Cz. Thus, F is
weakly section-bounded from below on C. On the other hand, let y = (y1,y2) € C. By
computation, we have C,, = {(z1,22) € R* : 21 > y1,y2 > 22 > 0}. It is easy to see that Fy
is not bounded from below on Cy. As a result, F' is not section-bounded from below on C'.

Next, we give a characterization for the weak section-boundedness from below on C' of a
vector-valued function F', which plays an important role in proving the existence of Pareto
efficient solutions.

Proposition 2.6. Let F' = (F1,Fy, ..., Fs) : R — R® be a vector-valued function. Then
F is weakly section-bounded from below on C if and only if there exist x* € C and iy €
{1,2,...,s} such that F;, is bounded from below on C.%, where

Cho ={xeC:Fyz) < Fi(z*),i=1,2,...,90 — 1,iop + 1,...,s}.
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Proof. Suppose that there exist z* € C and i € {1,2,..., s} such that F;, is bounded from
below on C’;‘l. Since Cp+ C C;O*, F;, is bounded from below on Cy» = {z € C : Fi(z) <
Fi(z*),i = 1,2,...,s}. Then there exists a;, € R such that F; () > a;, for all x € Cy-.
Let a = (ai,...,as) € R® with a;, = a;,. It follows that F(x) —a ¢ — int RS for any
x € Cpv. As aresult, F' is weakly section-bounded from below on C.

Now assume that F' is weakly section-bounded from below on C'. Suppose on the contrary
that for any «* € C and any j € {1,2,...,s}, we have that F; is unbounded from below on
C?. where

Cl.={xeC:Fx)<Fiz*),i=1,2,...,j—1,j+1,...,s}.

Then there exists a sequence {y,,} C CZ. such that Fj(y,) < —m < Fj(z*) for all suffi-
ciently large m. As a consequence, ¥y, € Cp~ and Fj is unbounded from below on Cy- for
each j. Notice that F}; is unbounded from below on C?. if and only if it is unbounded from
below on Cx.

For j = 1, there exists a sequence {z}} C C,~ such that Fy(z}) < —k for all k. For each
k, consider the following nonempty set

Cor = {x € C: Fi(x) < Fy(a}),i =1,2,...,5}.

Then
Cxi C Oy CC.

Since zj, € C, by assumption, F» is unbounded from below on ka. Then there exists
{23} C C,1 such that

Fy(x?) < —k and Fy(23) < Fy(z}) < —k, Vk.
Similarly, consider the following nonempty set
Cpz ={z € C: Fi(z) < Fi(x3),i=1,2,...,s}.

Then, we have
Cpz CCp CCpe CC,

and there exists {23} C C,2 such that
Fy(x3) < —k, Fy(23) < Fa(22) < —k and Fy(23) < Fi(23) < Fy(xp) < —k, Vk.

Repeating this process, we can obtain that for any z* € C, there exists a sequence {x}}x
such that for all &,
xy 6012_1 ngZ_Q c...cC

2
T

and
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As a result, for any z* € C and any o’ = (a},d),...,a.) € R, there exists a sequence
{z}r C Cy+ such that F(x}) < o’ for all sufficiently large k. By Definition 2.3, let z* = Z
and ¢’ = a. Then there exists a sequence {Z}}; C Cz such that F'(Z}) —a € — int RY. for
all sufficiently large k. This contradicts to the weak section-boundedness from below on C

of F. The proof is completed. O

Remark 2.7. If z* € SOLY(C,F), then F(x) — F(2*) ¢ — int R3] for any € C. Let
z € C. Since Cz C C, we have F(z) — F(z*) ¢ — int R% for any 2 € Cz. So, F' is
weakly section-bounded from below on C. Hence, the weak section-boundedness from below
condition of F' is necessary for the existence of (weakly) Pareto efficient solutions.

Newton polyhedra at infinity, convenience and non-degeneracy

Let N be the set of all natural numbers. Given o = (ay,s,...,a,) € N”, the mono-
mial x7'x5? ... 2% is denoted by z®. For any polynomial h : R® — R, we can write

h(z) =" hax® with hq € R. Now, we recall the definition of Newton polyhedra following
Kouchnirenko and Khovanskii (see [14, 17]).

Definition 2.8 (See, e.g., [4, 5, 6, 10]). A set N' C R} is said to be a Newton polyhedron
at infinity if there is some finite subset P of N™ such that N is equal to the convex hull
of the set PJ{0}. And the Newton polyhedron at infinity A is said to be convenient if it
intersects each coordinate axis in a point different from the origin.

We denote by N, the set of all the faces of A/ which do not contain the origin 0 in R™.
Since the Newton polyhedron at infinity N is determined by the finite set P C N", we can
write N' = N(P). The support of the polynomial h(z) = > hox®, denoted by supp(h),
is a set of all & € N such that h, # 0. For simplicity the Newton polyhedron at infinity
N (supp(h)) is written by M(h). We say that N'(h) is the Newton polyhedron at infinity of
the polynomial k. The polynomial / is said to be convenient if N'(h) is convenient. The
set Noo(h) is defined as the set of all the faces of N'(h) which do not contain the origin 0 in
R™. Let A be a face in N'(h). We write ha(z) = > ca haz® with hy # 0.

Next, let T = (T1,T5,...,Tm) : R® — R™ be a vector polynomial. Let N (T) be the
Minkowski sum N (T1) + N (T2) + -+ + N (T,,). Then N(T) is also a Newton polyhedron
at infinity. We say that A(T) is the Newton polyhedron at infinity of the vector polynomial
T. The set Noo(T') is defined as the set of all the faces of N'(T') which do not contain the
origin 0 in R™. The vector polynomial T is said to be convenient if N'(T;) is convenient for
eachi=1,2,...,m

The following result follows from (iil) and the proof of (ii2) of [4, Lemma 2.1].

Lemma 2.9. Let T = (Th,T5,...,T) : R® — R™ be a vector polynomial. If T is con-
venient, then for any face JANNS J\/ (T), there exists a unique collection of faces Ay €
No(Th), Ay € Noo(To), ..., Ay € Noo(Ty) such that

A=A+ Ay +-+ A,

Let A be a face of N (T ) Again by (iil) of [4, Lemma 2.1], we have the unique decom-
position A = Ay + Ag + -+ + A, where A; is a face of N(T;) for i = 1,2,...,m. The
definition of the non—degeneracy at infinity of a vector polynomial T is given as follows:

Definition 2.10 ([4, Definition 2.3] (also see [5, 11])). Let T = (T1,T5,...,Tm) : R* = R™
be a vector polynomial. T is said to be non-degenerate at infinity if for any face A € N (T)
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and any x € (R\{0})", the rank of matrix Ha is equal to m, where

1%} (T
022y e, 20y (T)a,(2) 0
HA — . . .
1 78(%;)1A’" (x) ... 78(%’;2?”* (z) 0 oo (Tw)a,, (x)

Existence Results

In this section, we derive Frank-Wolfe type theorems for PVOP(K, f) under the weak
section-boundedness from below condition.

Frank-Wolfe type theorem for the convex case

In this subsection, we investigate the existence of the weakly Pareto efficient solutions for
PVOP(K, f) under convexity and weak section-boundedness from below conditions. To do
so, we need the following result.

Lemma 3.1 (See [2, Theorem 3] and [1, Chapter II, Section 4, Theorem 13]). Let T; : R" —
R be a convex polynomial, i = 0,1,...,m. Assume that

C:={zeR":Ti(x) <0,Ta(z) <0,...,Tp(z) <0}
and Ty is bounded from below on C. Then Ty attains its infimum on C.

Theorem 3.2. Assume that f1, fo,..., fs,91,92,...,9p : R* = R are convezx polynomials.
Then f is weakly section-bounded from below on K if and only if SOLY (K, f) is nonempty.

Proof. 7<": The result follows immediately from Remark 2.7.

7=": By Definition 2.3, there exist z € K and a € R*® such that f(z) —a ¢ — int R,
for any © € Kz, where Kz = {x € K : fi(z) < fi(%),i = 1,2,...,s}. Then (f(Kz) —
a)((— int R5) = 0. It follows that a ¢ f(Kz) + int R5. Since f is convex, we can easily
check that the set f(K3)+ int RS is convex. So, by the separation theorem of convex sets,
there exists a € R*\{0} such that

(@, a) <{a,v)

for any v € f(Kz)+ int R%. It is easy to verify that o € R3\{0} and so (a,a) < (a,v’) for
any v’ € f(Kz). Define g, : R™ = R by go(x) = {a, f(z)). Then g, is a convex polynomial
on R™ and is bounded from below on Kj;. By Lemma 3.1, g, attains the infimum on Kj; at
some z* € Kz. We claim that z* € SOLY (K, f). If not, then there exists zy € K such that
fi(zo) < fi(z*) for all i € {1,2,...,s}. Then

ga(x0) = (e, f(x0)) < {e, f(27)) = ga(z")

and g € K; (since 2* € Kj;). This contradicts to z* € SOL(Kz,ga). The proof is
completed. O

Remark 3.3. Recently, Lee et al. derived in [19, Theorem 3.1] a Frank-Wolfe type theorem
for a convex PVOP(K, f) by showing that SOL*(K, f) is nonempty if and only if there
exists zgp € R™ such that f(K)((f(20) — R%) is nonempty and bounded. As a comparison,
we has shown in Theorem 3.2 that a convex PVOP(K, f) admits a nonempty weak Pareto
efficient solution set if and only if f is weakly section-bounded from below on K.
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The following example illustrates Theorem 3.2.

Example 3.4. Consider the convex vector polynomial f = (f1, f2) defined by
fil@y, me) = 27 + 229, fa(w1,22) = —21
and the constraint set K = {x € R?: 21 > 0,22 > 0}. Let Z = (1,0). Then
Kz ={(z1,20) € K : 23 4+ 215 < 1,27 > 1}

It is easy to see that f(z) — (0,1) ¢ — int R% for any 2 € Kz. So, f is weakly section-
bounded from below on K. By Theorem 3.2, SOL" (K, f) is nonempty. Indeed, it is easy
to verify that (0,0) € SOLY (K, f).

The following example shows that Theorem 3.2 may not hold if f is non-convex.

Example 3.5. Consider the vector polynomial f = (f1, f2) defined by
fi(zy,m0) = (120 — 1)* + 323, fo(wy,20) = (129 — 1) + 227
and the constraint set K = R?. Then f is non-convex. For any z = (21, 22) € R?,
K. ={xcR?: fi(x) < (2122 — 1)? + 32}, fo(x) < (2122 — 1)® + 227}

Clearly, f(x) — (0,0) ¢ — int R% for any x € K.. So f is weakly section-bounded from
below on K. On the other hand, SOLY(K, f) = @ because f; > 0, fo > 0, and f(%,n) =
(3%,2) = (0,0) as n — +o0.

n2’n2

Frank-Wolfe type theorem for the non-convex case

In this subsection, we study the existence of the Pareto efficient solutions for a non-convex
PVOP(K, f) when the convenience, the non-degeneracy at infinity, and the weak section-
boundedness from below conditions are satisfied. We first give some lemmas.

Lemma 3.6 ([9, Proposition 13]). Given A € int R and 2/ € K, define g(v) =
i Aifi(x) and Ky = {z € K : fi(z) < fi(2'),i = 1,2,...,s}. If2* € SOL(K.,9),
then z* € SOL*(K, f).

The following result has been established in the proof of [4, Theorem 1.1 ].

Lemma 3.7. Let T' = (Ty, T1, ..., Tyn) : R — R™L be a vector polynomial. Assume that
T’ is convenient and non-degenerate at infinity and Ty is bounded from below on the set

C:={zeR":Ti(z) <0,...,Tn(z) <0}
Then Ty is coercive on C in the sense that

lim min Ty(z) = +oc.
r—oo el ||z||=r
The following result is simple but useful. It gives the translation invariance of the
convenience and the non-degeneracy at infinity of a vector polynomial.

Lemma 3.8. Let T = (T1,Ts,...,Tyn) : R™® — R™ be a vector polynomial. If T is conve-
nient and non-degenerate at infinity, then Ty, = (Th 4+ b1, T2 + ba, ..., Ty, + b)) : R® — R™
is convenient and non-degenerate at infinity for any b = (by,ba,...,by) € R™.



470 D.-Y. LIU, L. HUANG AND R. HU

Proof. Let b = (b1,b2,...,by) € R™. By definition, we have N (T;) = N(T; + b;), i =
1,2,...,m. As a result, T}, is convenient (since 7' is convenient).

Next we show that T} is non-degenerate at infinity. Let A € Noo(Tp). Since N (Ty) =
N(T), we get A € Noo(T). Since Ty, is convenient, by Lemma 2.9, we obtain A = A +
Ay + -+ Ay, where A; € Noo(T; + b;), @ = 1,2,...,m. Since 0 ¢ U™ A;, we have
(T; + bi)a, = (Ty)a,, i =1,2,...,m. Since T is non-degenerate at infinity A € Noo(T), the
rank of the matrix

hﬂg%gﬂ@) o @, 2B gy (T by (2) 0
1 Qgﬁggﬂém(x) o gy Xmtm)an (4 0 oo (T +bm)a,, (@)
is equal to m for any = € (R\{0})". So, T} is non-degenerate at infinity. O

As shown in the proof of Lemma 3.8, the translation invariance of the non-degeneracy
at infinity of a vector polynomial depends on its convenience. The following example shows
that if a vector polynomial is not convenience, then its translation invariance of the non-
degeneracy at infinity may not hold.

Example 3.9. Consider the vector polynomial T' = (77, 7») defined by
Ty (21, 22) = w122 + 1, To(21, 22) = 22 + 1.

Then
N(T1) = co{(0,0), (1, 1)}, N(T2) = co{(0,0), (0,1)}.

It is easy to see that neither 77 nor T are convenient. Next, we check that T' = (11, T5) is
non-degenerate at infinity. Note that

N(T) = N(T1) + N(T2) = co{(0,0), (0,1), (1, 1), (1,2)}.
Then N (T) has five faces as follows:
Ay =cof(1,1),(1,
Ay = co{(O 1),(1,2)} = A+ A2 = co{(0,0), (1,1)} + (0, 1),
:m) A+ A3 =(0,0) + (0,1),
— (1L,2) = AL+ A2 = (1,1) + (0,1),
A5:( 1) = A} + A2 = (1,1) + (0,0),
where the face AJ € N (Tj) for each i = 1,2,3,4,5,j = 1,2. The matrix

2)} = Al + A% = (1,1) + c0{(0,0), (0, 1)},

O(T1) A1 A(T1) A1
e — 21—t (2) za—gpt(x)  (T)ar(@) 0 _
A A(T2) o2 A(T2) p2
1 () w2 (@) 0 (T2) a2 ()

T1T2 T1X2 T1X2 0
0 X9 0 To 41

By similar calculations, we have

Hn — r1xTo x1x2 x1x2+1 0
Az = 0 T2 0 o ’
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0 0 1 0
HA3_(0 X9 0 $2>7

Ha, = T1Ty T1Ty x1z2 O
4 0 T2 0 I9 ’

_ (m1z2 712 T2 O
HAS‘( 0 0 0 1)'

It is easy to see that the rank of matrix Ha, is equal to 2 for any z = (z1,22) € (R\{0})?
and each j =1,2,...,5. Let b= (—1,—1), by similar calculations, we can easily check that
T, is not non-degenerate at infinity.

Theorem 3.10. Assume that G = (f1, fa, .-, [s, 91,92, -, 9p) : R™ = R5TP is convenient
and non-degenerate at infinity. Then f is weakly section-bounded from below on K if and
only if SOL* (K, f) is nonempty.

Proof. 7<": Since ) # SOL*(K, f) C SOL¥(K, f), the result follows immediately from
Remark 2.7.

”=": The conclusion holds trivially when K is bounded. We now assume that K is
unbounded. Since f is weakly section-bounded from below on K, by Proposition 2.6, there
exist 2* € K and g € {1,2,...,s} such that f;, is bounded from below on K%, where

KN ={zeK: fi(z) < fi(z*),i=1,2,... 99 — 1,ig + 1,...,s}.
Recall that Ky« = {x € K : fi(z) — fi(z*) <0,i=1,2,...,s}. Since G is convenient and
non-degenerate at infinity, by Lemma 3.8, we have that G} is convenient and non-degenerate
at infinity, where Gy, = G + b and

b = (7f1(1'*)7 ey 7fi0—1(lj*)a 07 7fi0+1(x*)7 ey 7fs(x*)a 07 ey 0)
By Lemma 3.7, f;, is coercive on K;U As a consequence,
Koo ={z € K32 : fig(2) < fio(a")}

is compact. Let v = (y1,72,...,7) € int R’. Consider the following polynomial scalar
optimization problem:

Since K« is compact, we obtain that the above problem have an optimal solution zy on
K.« By Lemma 3.6, we get xo € SOL*(K, f). The proof is completed. O

Remark 3.11.

(i) Theorem 3.10 can be regarded as a vectorial version of [4, Theorem 1.1] (also see [11,
Theorem 4.3]);

(ii) The assumption that G is convenient in Theorem 3.10 is essential. Indeed, consider
Example 3.5. It is easy to check that the vector polynomial f = (fi, f2) is non-degenerate
at infinity, but not convenient. Furthermore, f is weakly sectioned-bounded from below.
However, SOL*(K, f) = 0.

Next, we give an example to illustrate Theorem 3.10.



472 D.-Y. LIU, L. HUANG AND R. HU

Example 3.12. Consider the vector polynomial f = (f, f2) defined by
fi(zr, x2) = af + 225 + My (21, 32), fo(w1,22) = 2] — 25 + Ma(z1, 22),

where M is a polynomial of degree at most 5 and M is a polynomial of degree at most 3.
The constraint set K is given by

K:{IERQIfg(l'l,QCQ) = 1—xf—2x§ < 0}.

Then
N(fl) = CO{(Oa 0)7 (6’ 0)’ (076)}7N(f2) = CO{(Ov O)’ (470)’ (074)}
and
N (fs) = c0{(0,0),(2,0),(0,2)}.

So f1, fo and f3 are convenient. Next, we need to check that the vector polynomial G =

(f1, f2, f3) is non-degenerate at infinity. It is worth noting that the Newton polyhedra at
infinity of G is

N(G) = N(f1) + N(f2) + N(f3) = c0{(0,0), (12,0), (0,12)}.
Then N, (G) has three faces as follows:
A; = c0{(12,0),(0,12)} = Al + A + A}
= co{(6,0), (0,6)} 4+ co{(4,0),(0,4)} + co{(2,0),(0,2)},
Ay = (12,0) = Ay + A3 + A3 = (6,0) + (4,0) + (2,0),

where the face Ag € N (fj) for each i =1,2,3,5 = 1,2,3. The matrix

A(f1) a1 9(f1) a1
Tt (1) (@) (A)apl@) 0 0
O(f2) a2 O(f2) a2
Hay = | —2 2 (@) m—t@) 0 (R)agle) 0
9(f2) a3 9(f2) a3
T azmlAl () @2 aijl (z) 0 0 (f3)as(z)
62§ 1225 2% + 22§ 0 0
= | 4o —4xi 0 i — a5 0
—2x%  —4a3 0 0 —z? — 213
By similar calculations, we have
628 0 2§ 0 0
Ha,=| 42 0 0 2t 0
—2z3 0 0 0 -—a?
and
0 1225 225 0 0

Ha, = |0 —423 0 —a3 0
0 —4z2 0 0 —2z3

It is easy to see that the rank of matrix Ha,, Ha, and Ha, are all equal to 3 for any
x = (x1,22) € (R\{0})?. By definition, G is non-degenerate at infinity. On the other hand,
f1 is bounded from below on K. By Proposition 2.6, f is weakly section-bounded from
below on K. Hence, SOL*(K, f) is nonempty by Theorem 3.10.
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