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Abstract: In this paper, we propose relaxation inertial projection algorithms for solving monotone vari-
ational inequality problem in Hilbert space. Each iteration of this algorithm only needs to calculate the
projection onto a half-space once. The weak convergence and convergence rate of the algorithm is proved
under the mapping is Lipschitz continuous and monotone. Further, by introducing a contraction mapping, a
strong convergence algorithm is given for solving the monotone variational inequality. Numerical experiments
are also manifested to show the efficiency and advantages of the proposed algorithms.
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Introduction

The variational inequality problem, denoted by VI(C, F), is to find a point 2* € C such
that
(F(z"),z —2") >0, Yo € C, (1.1)

where F' is a mapping from a Hilbert space H into itself, C' is a nonempty closed convex
subset in H. The solution set of VI(C, F') is denoted by SOL(C, F).

Variational inequality theory plays an important role in many fields, such as transporta-
tion, mathematical programming, economics, and others[2, 20, 21, 32]. As an effective
numerical method for solving VI(C, F), projection method has been widely concerned by
many authors. When projections onto C' can be efficiently computed, the classical gradient
projection method [13, 8, 22, 33, 12] and its variants are usually the prominent choices of
algorithms for solving (1.1), due to their ease of implementation.

Projections onto C', however, are not necessarily easy to compute. For example, C is
an ellipsoid and the other concrete instances that arise in applications, see [10, 14]. In
this case, we mainly consider C' := {z € H|c(z) < 0}, where ¢ : H — R is a convex func-
tion. Fukushima [11] proposed relaxed projection algorithm for solving variational inequality
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problem, which projection to the feasible set C' was replaced with projection to a half-space
Cr = {x € H|c(xg)+{c(x), z—x)) < 0}. Under the mapping F' is Lipschitz continuous and
strong monotone, the convergence of the algorithm is proved. In order to relax the strong
monotonicity of F', Censor [12] proposed relaxed subgradient extragradient algorithm, which
one projection to half-space C} was replaced with twice projection to half-space. However,
the convergence of [12] is an open question. Combining the inertial technique with [12],
Cao and Guo [5] proposed the inertial subgradient extragradient method, and proved the
convergence of the algorithm. But, in [12], the step size A is determined by a constant
which is depends on the solution of VI. He and Wu [16] proposed another way to relax
the strong monotonicity of F', which is called the subgradient extragradient method. The
difference between [16] and [12] is that, in [12], the second projection onto Cj is replaced
by a projection onto T}, which is another half-space containing C. In order to speed up the
convergence rate of algorithms, in recent years, some scholars have combined the inertial
method with these subgradient extragradient projection algorithms, see [18, 7, 27, 28].

In fact, strong convergence results of algorithms are more valuable than weak ones
in practice, it is necessary to study strong convergence of algorithms. By introducing a
contraction mapping, some scholars proposed strong convergence algorithms, as shown in
[30, 31, 9, 26]. As far as we know, most of the algorithms for strong convergence are based
on computing the projection onto the set C'. Recently, [6] proposed a strong convergence
algorithm for solving the monotone variational inequality, which needs to computing the
projection onto the half-space C} twice in each iteration.

In this paper, we propose an relaxation inertial projection algorithm for solving the vari-
ational inequalities. In this algorithm, each iteration only needs to calculate the projection
onto the half-space C once, thus reducing the number of projections of previous algorithms,
and the selection of parameters is no longer dependent on the solution of the variational
inequality. The weak convergence and convergence rate of the algorithm is proved under
the mapping F' is Lipschitz continuous and monotone. Further, by introducing a contrac-
tion mapping, a strong convergence algorithm is given for solving the monotone variational
inequality. Finally, we give some numerical examples to show the efficiency of our algorithm
over some other algorithms in the literature.

Preliminaries

Let H be a Hilbert space with inner product and norm denoted respectively by (-,-) and
|||, C be a nonempty closed and convex subset of H. Let N* and R be the sets of positive
integers and real numbers, respectively. The weak convergence of {xk};zloo to x is denoted
by xx — x as k — 400, while the strong convergence of {xk}:zloo to x is denoted by
x — « as k — +oo. In addition, we denote [t]4+ by max{¢,0}.

Definition 2.1. Let C be a nonempty closed convex subset of H and F : H — H be a
mapping. Then
(i) F is said to be L-Lipschitz continuous on C, if there exists L > 0 such that

[1F(z) = F(y)ll < Lllz —yl|, Yz ,y € C.

If L €[0,1), F is said to be contraction mapping.
(ii) F is said to be monotone on C' if

(F(z) - F(y),z —y) 20, Vz ,y € C.
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Definition 2.2. A function ¢ : H — R is said to be weakly lower semicontinuous (w-lsc) at
x € H, if x, — x implies ¢(x) < lkim inf e(xy). We say c is weakly lower semicontinuous on
— 400

‘H, if for each x € H, c is weakly lower semicontinuous at x.

Definition 2.3. A function ¢ : H — R is said to be Gateaux differentiable at x € H, if
there exists an element, denoted by ¢/(z) € H, such that

lim c(x 4+ tv) — c(x)
t—0 t

= (v,d(z)), Yv € H,
where ¢/(z) is called the Gateaux differential of ¢ at z. We say ¢ is Gateaux differentiable
on H, if for each x € H, ¢ is Gateaux differentiable at x.

If ¢ is a convex function and Gateaux differentiable at =, we have that c(y) > c(x) +
((z),y — x), for any y € H, see [19].

Definition 2.4. Let C' be a nonempty closed convex subset of H. The normal cone to C
at z € C is a multi-valued mapping defined by

Ne(z):={£ e H|(¢,z —x) <0, Vz € C}.

Definition 2.5. Let T : H — 2" be a multi-valued mapping defined on H and the following
two conditions hold:
(i) T is monotone, i.e.

(u—v,x—y) >0, VueT(x),veT(y).

(ii) the graph G(T') := {(x,u)|u € T(x)} of T is not properly contained in the graph of
any other monotone operator, i.e. for every (z,u) € H x H,

(z,u) € G(T) & (Y(y,v) € G(T)) (x —y,u—v) > 0.
Then T is called a maximal monotone mapping.

Let C be a nonempty closed convex subset of H. For each point = € H, there exists a
unique element in C, denoted by Px(x), such that

|z = Pe(o)]| < llz —yl, vy € C.

The mapping Pc : H — C is called the metric projection, which has the following properties:
Lemma 2.6 ([3]). Let C be a nonempty closed convex subset of H. Given x € H, then

(i) (Pe(x) - o,y — Pe(x)) > 0, Wy € C.

(i) [Pe(z) —yll* <z —yl* — |l — Po(@)|*, Yy € C.

The following lemmas are crucial for the proof of our convergence theorems.
Lemma 2.7 ([3]). For all z, y € H, the following equality holds:
laz + (1 = a)yl* = allz]* + (1 = a)[ylI* - a(l — )|z — yl*, Yo € R.

Lemma 2.8 ([17]). Assume that the solution set SOL(C,F) of VI(C,F) is nonempty.
Given x* € C, then x* € SOL(C, F) if and only if either
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(i) F(z*)=0, or
(ii) z* € OC and there exists a positive constant 1 such that F(z*) = —nc' (x*).
Lemma 2.9 ([1]). Let {¢ox}, {ar} and {0} be sequences in [0, +00) such that

“+ o0

Prt1 < ok + ar(Pk — Pr-1) + Ok, Z(Sk < +00,
k=1

and there exists a real number o with 0 < ay, < o < 1, for all k € NT, Then the following
results hold:

“+ o0

(i) kgl[sﬁk — Q1]+ < +00;

*

(i) there exists ©* € [0,400) such that lim @ = p*.
k—4o00

Lemma 2.10 ([24]). Let C be a nonempty closed conver subset of H. Let F : H — H be a
monotone and Lipschitz continuous mapping. Define

T(r) = {5“’ e e

Then T is mazimal monotone and 0 € T'(x) if and only if x € SOL(C, F).

Lemma 2.11 ([23]). Assume that C' is a nonempty subset of H and {xy} is a sequence in
‘H such that the following two conditions hold:

(i) Ve e C, lim |z — x| ewxists;
k— 400

(i) every sequential weak cluster point of {xy} belongs to C.
Then {xy} converges weakly to a point in C.

Lemma 2.12 ([25]). Let {®} be a sequence of nonnegative real numbers, {sx} be a sequence

+oo
in (0,1) such that " s = +oo and {Q} be a sequence of real numbers. Suppose that
k=1

Dpi1 < (1—sg)Pp + 5%, VE>1.

If limsup Q; <0 for every subsequence {®y,} of {®x} satisfying iminf(Py, 1 — Px;) >0,
j—r+oo JrFoo

then klim [OTRES

Weak Convergence Algorithm
In this paper, the nonempty closed convex set C' is defined as the
C = {x € H|c(z) < 0}.
We always assume that the following conditions are satisfied:

Assumption 3.1. The solution set SOL(C, F') is nonempty.
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Assumption 3.2. The mapping F' : H — H is monotone and L-Lipschitz continuous on
H.

Assumption 3.3. The function ¢ : H — R satisfies the following conditions:
(i) ¢(z) is a convex function;
(ii) ¢(z) is weakly lower semicontinuous on H;

(ili) c(x)is Gateaux differentiable on H and ¢/(z) is a Lq-Lipschitz continuous mapping on

H;
(iv) there exists a positive constant M’ such that ||F(z)|] < M'||c/(x)]|, for any = € 9C,
where 0C' denotes the boundary of C.
Algorithm and Convergence Analysis
The following describes the framework structure of the algorithm:

Algorithm 3.1 (Weak convergence algorithm for (1.1)). Initialization: Choose zg, 1 €
Hand o >0, vy€(0,1), M =MLy, pe(0,1), « €[0,1).

Iterative Steps: Calculate x 1 as follows:

Step 1. Given the iterates z,_1 and zi(k > 1), Set

wi = 2k + ap(Tr — Tr—1),

where

. 1 . .
ap = mln{m,a}, if Tk #xk717
«, otherwise.

Step 2. Construct the half-space
Cy = {x € H|c(wk) + (' (wi),x — wi) < 0}. (3.1)

Compute
yr = Po, (wr — A F(wy)),
where A, = o'*, with [ is the smallest nonnegative integer [ satisfying

(@) IF (wr) = F(yn)l* +2Mon lw — yiell* < pllow — yell. (3-2)

If yi, = wy then stop. Otherwise, go to Step 3.

Step 3. Calculate the next iterate,
Tr+1 = Yk + Ae(F(wi) — F(yx))-
Set k + k+ 1 and go to Step 1.

Remark 3.2. One can see that for each ¥ € N*, C C C) in Algorithm 3.1. In fact, for
each € C, c(zk) + (¢ (x), x — z) < c(z) < 0.

Remark 3.3. In Algorithm 3.1, by the definition of {ay}, the following conclusions hold:
(i)0<ar<a<l, VkeNt;

i) AM 0 b5l — 2<Jrooi My; i — 2=90
(ii) 1>0, > agller —xpal] < 30 < My lim ogl|lag — 21| = 0.
k=1 k=1 k—+oo
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Remark 3.4. Suppose that Assumption 3.2 holds, then the line search (3.2) is well defined.
In fact, from v € (0,1), we have that there exists [ such that 02L2(7!)%2 +2Mo~! < p?. This
implies that
(@72 IIF (W)= F (P, (wk — oy Fwa)|I* + 2Man wy, — Pey (wk — o7 F(wi))|®
< (0*L*(Y')? + 2Mav')||lwy — Po, (wi — o7 F(wp))|1?
< pllwr, = Py (wi — o' F(wi)) 1.

In the following analysis, we assume that Algorithm 3.1 always generates infinite se-
quences. In fact, if Algorithm 3.1 terminates with in finite steps, i.e., there exists kg, such
that Y, = wk,, then yg, = Po, (Yo — ko F(Yko)), Which means yy, is a solution of VI(C, F").

First, we give the following lemma, which plays a crucial role in the proof of the conver-
gence of Algorithm 3.1.

Lemma 3.5. Suppose that Assumption 3.1, 3.2 and 3.3 hold. Let {xy},{wr} and {yr} be
sequences generated by Algorithm 3.1. Then for all x* € SOL(C,F) and k € N*, we have

lrer = 2 < flow —2™)* = (1= 1) loon — ]|
Proof. From the definition of xy41, we obtain

2kt — 2°)1* = llye + M (Fwr) = F(yr)) — «*|?
= |lyr — 2 |I* + 22X (F(wk) — F(yr), ye — ) + AL F (wi) — F(yw)|?
= |lyx — wil|® + 2(yx — wi, wi — %) + [Jlwp — z*|?
+ 206 (F(wi) — Fyr), ye — %) + il F(wi) — F(y) |1
= [lyx — wi | + 2(yx — Wi, Wi — Yr) + 2(Yk — Wiy Yk — ) + [Jwr — 2|
+ 206 (F(wi) — Fyr), ye — %) + Ail| F(wi) — F(y) |1 (3.3)
= flwr — 2" = llwr — yill® + 2{wr — AeF (k) — Yrs * — yi)
+ 206 (F (), * — yie) + AR F (wi) — F(yw)||?

()
< o — 2|2 = llwn = g ll® + 20(F (), 2* — ye) + XN F(wi) — F(yn) |1

(v)
< lww = 27 = llwr = yull® + 20(F(27), 2™ = yi) + AIF (wi) = Flyw) I,

where (a) follows from the definition of yi, Lemma 2.6(i) and z* € SOL(C,F) C C C Cy,
and (b) holds because of the monotonicity of the mapping F'.
If F(z*) =0, according to (3.3), we have

lzpr1 — 21 < ww — & [1* = llown — yell® + AZNE(wr) = Fye)|I?
(c)
< o — 2| = flww = yrll* + p?lwr — yil?
= flww — 2™ 1* = (1 = @) lwr = will?,

where (¢) holds because of (3.2).

If F(z*) # 0, from Lemma 2.8, we get 2* € 9C and there exists a n > 0 such that
F(z*) = —nc/(z*). Using Assumption 3.3(iv), we deduce that n < M’. From the convexity
of ¢, we obtain

c(yr) = c(@”) + ("), yp — %) = (' (@"),yp — 27) = <—%F(w*),yk — %),

—
=
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where (d) follows from z* € 9C. This implies that (F(z*),2* — yx) < nc(yx). Using the
convexity of ¢ again,
c(wr) > e(yr) + (c'(yr) we — Yn)-
Therefore,
c(yr) < e(wr) = (' (yk), wr — yi)
(e

2 (¢ ) wn — ) — () — i)

= <C'(Wk) - Cl(yk)vwk — k)
< e (wr) = ¢ (yr) lllwr — il
< Lyflwr — ykll?,

where (e) holds because of y; € Ck. Thus, (F(z*),2* — yx) < nclyr) < nLyllwr — i) <
M'Ly||wg — yx||* = M||wk, — yx||?. Finally, from the relation (3.3), we get

ke = @)1 < e =271 = llwn = yill® + 206 M l|wr = yell* + XEF (wr) = F ()|

()
< ek — 2* 1 = llow — yell® + 12 lwr — yrll?

= flwn = 2" 1* = (1 = @) lwr = wil1?,
where (f) holds due to (3.2). This completes the proof. O

Lemma 3.6. Suppose that Assumption 3.1, 8.2 and 3.3 hold. Let Cy be as shown (3.1).
Assume that {\;} is a positive real number sequence and {(wg,yr)} is the sequence that
satisfies yr = Po, (wp — AeF'(wr)). If there exists a subsequence {wy,} of {wr} such that
wg; =1 €H and jEToo lwk, — Y&, = 0, then & € SOL(C, F').

Proof. Due to yx, € Cy; and the definition of Cy, we have
c(wr, ) + (¢ (wk, ), yk, — wi,) < 0.
Then, using the Cauchy-Schwartz inequality,
e(wr,) < ¢/ @i llllwe, = v -

Since wy, — & and lim |lwg, — yx, || = 0, we get {wy,} and {y, } are bounded and
Jj—+oo

Yk; — Z. (34)

According to Assumption 3.3(iii) and the boundedness of {wy; }, we can deduce that {c’(wy;)}
is bounded, so there exists My > 0 such that ||c/(wg;)|| < My for all k;, and then

c(wr,;) < Malwr, — yg, |-
From the weakly lower semicontinuous of ¢, we get

() < ljlinigof C(wka‘) < jEIJPoo M2||wk7j — Yk, | =0,

which means & € C. Now, we turn to showing & € SOL(C, F). Define

T(z) = {g(x) + Ne(z), z Z g’
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where N¢ () is the normal cone of C at . We know from Lemma 2.10 that T is a maximal
monotone mapping. For arbitrary (x,u) € G(T), we have u € T(z) = F(z) + N¢(z).
Equivalently,

(u—F(x),z—z) <0, Vz € C.

Setting z = &, we get

and then
(w,2 —3) > (F(z),z — &)
= (F(z),2 — yx,) + (F(2), yr, — )
= (F(x) = F(yx,;), & — y;) + (F(yx;) — Fwi;), T — Yg,) (3.5)
+ (F(wr,) @ — Yr,) + (F (@), y6; — F)

D (Fln,) — Flon, )z — ) + (F(n, )z — y,) + (F(a), s, — 2,

where (g) holds due to the monotonicity of F'. By the definition of y;, and Lemma 2.6(i),
we have
(ykj — wg; + )\kjF(wkj),a: — ykj> >0, Vz € ij.

Since C' C C;, we can deduce
1
(F(wr; ), T — yr,;) > E(wkj—ykj,x—ykj>, Vz € C. (3.6)
Combining (3.5) and (3.6), we obtain

(w2 — &) > (Fyr,) — F(wr;),® = Yr;) + ~—(Whk; — Yy T — Yr;) + (F(2), 98, — T)

1
Ak

J

1 .
2 = 1F (k) = F(wn)lllle = yrll = 5= lloor; =y Ml = g 1+ (F (), = 2)
J
1 A
> —Lllwr; = yn e =y, | = 3= lwon; = wm,llllz = yi, | + (F(2), yr, — 2).

Ae.

J
(3.7)
By virtue of |lwg, — yx, || — 0, the boundedness of y; and (3.4), taking j — 400 in (3.7), we
have
(u,x — ) > 0.
Then by the maximality of T, we know 0 € T(Z). Thanks to Lemma 2.10, we have & €
SOL(C, F). O

Theorem 3.7. Under Assumption 3.1, 3.2 and 3.3, the sequence {x} generated by the
Algorithm 3.1 converges weakly to a point in SOL(C, F).

Proof. For any z* € SOL(C, F'), we have

(R)
ks = 2" < g — 2|

= |lzk + ar(@r — zp-1) — 2|2

= (1 + ) (@y — a*) — gz —27)|?
D (1 + ap)llax — 2*I? — arller-t — @ [* + (1 + a)arlex — i |

()

< o — 2| + x|l — 21 = llze—1 — 2*[1?) + (1 + @)ooy — zp—1 |,
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where (h) holds because of Lemma 3.5 and u € (0, 1), (i) follows from Lemma 2.7, and (j)
holds due to Remark 3.3(i). Letting oy := ||z — z*||? and §y, := (1 + a)ag||zr — z_1]|%, by

+oo
Remark 3.3(ii), we have Y §; < 4+00. Applying Lemma 2.9, we obtain kliI-iI-l lzn — %2
k=1 — 100
exists and

+oo

D Ml — 2" = lep—r — " |*]s < +oo.
k=1

Therefore, the sequence {zj} is bounded and

I = llow—1 = 2|*]+ = 0. (3-8)

1m Ti. — T
k
B? t’lle deﬁIllthIl Of a’k? we get

2 2 o (B) 2 @
0 < |lwk — 2xl|” = agllor — zp—1l]” < - opllor — 2p—1]|” = 0 (B = +00),

where (k) holds because of Remark 3.3(i) and (1) follows from Remark 3.3(ii). And then we
obtain

lwr — xk]| = 0 (k — +00). (3.9)

This implies that the sequence {wy} is bounded thanks to the boundedness of {z;}. We
also have

(m) . R
0< (1= p)wr —gwl® < lwr =" = lopsr — 27|

(n) . .
=2 (1 + a)llow — 2*)* — anflzn—y — 2|2

+ (14 aw)agllzr — ze—1l® = |2er — 2|

(©) )12 12 2
< llwe — 2% = [Jopgr — 277 + (1 + a)aullar — x|
*H2

+ag(|lok — 2 = [lzg—1 — 2%

<l = 2P = |z — 2% + (1 + @alloe — 21 |?
+ g fllzk — 2 = flax-s — 272y B0 (k> +00),
where (m) follows from Lemma 3.5, (n) holds due to the definition of {wy} and Lemma 2.7,

(0) follows from Remark 3.3(i) and (p) holds thanks to Remark 3.3(ii) and (3.8). Thus,
lwr — yill = 0 (B = +00). (3.10)

Due to the boundedness of {x}, there exists a subsequence {xy,} of {x}} such that x;, —
T € H. Since (3.9), we also have wy, — T (j — +00). Combining (3.10) with Lemma 3.6,
we get T € SOL(C, F).
Therefore, we prove that:

(i) For any z* € SOL(C, F), kgrfoo lor — x*|| exists;

(ii) Every sequential weak cluster point of {z)} belongs to SOL(C, F).
By Lemma 2.11, the sequence {zj} converges weakly to an element of SOL(C, F'). This
completes the proof. O
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Convergence rate of Algorithm 3.1

In this section, we establish the convergence rate of Algorithm 3.1. Our result is based on
wy # yr. Otherwise, yi, is a solution of VI(C, F).

Theorem 3.8. Suppose that Assumption 8.1, 8.2 and 3.3 hold. Let the sequences {x}, {wk}
and {yr} be generated by Algorithm 3.1. Then for any z* € SOL(C, F), there exist constants
Ms, € > 0 such that the following estimate holds:

) 1—a)|lzy — 22 + [||lx1 — z*||? = ||zo — 2*||?]+ + M.
i o 7 < A=l = a2 [l =P — oo = 2| + M.
1<i<k e(l—a)k

Proof. Letting e satisfies 0 < € < 1 — pu? thanks to 0 < g < 1. Then,

q)
s — o7 € e~ 2 = (1= )l — el (3.11)

< flwk — 2|1 — €llwy, — yxl%,
where (¢) follows from Lemma 3.5. Therefore,

elwr =yl < llwe — 2| = lorsr — 2"

(r) * *
= (1+ag)lloe — 27)? — anller—r — 2 + (1 + aw)ollae — 21|

= [|zrr — 2"
*HZ

< llwk = 2 = ks — 27 + awllae — 271 — o1 — 2*[*)+

+ (14 ow)agllzr — ze—1

S
)

< lok — 21 = [lzrer — 2 1* + ofllze — 2*° — |lze—1 — z*]1%)4
+ (14 )agllzr — ze—1]?,

where () holds because of the definition of w; and Lemma 2.7 and (s) follows from Remark
3.3(1). Letting Yy, := ||z — 2*||? and Ay := (1 + a)ag||zr — zx_1]|?, we obtain

ellwg — yrll®> < Tk — Tha1 + [ Th — Tio1]e + Ag.

Hence, we have

k k k k
EZ lws —wil|* < Z(Tz = Tiy1) + QZ[Ti = Tia]y + Z A
i=1 i=1 i=1 i=1
) k
<Yy —Thyr + QZ[Ti — Y]+ + Ms
i=1
(u) b
< T+ OdZ[Tz — Ti_1]+ + M3 (3.12)
i=1

k
=T1+a) [Tip = Tily + oY1 = Yols — o Trpr — Taly + M
i=1

k
<Ti+a) [Tig =Yy +[T1 = Toly + M,

i=1
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where (t) follows from Remark 3.3(ii) and M3 = (1 4+ a)M; and (u) holds due to Y11 > 0.
On the other hand, by (3.11), we get
ka1 — %[ < Jloow — 272
= (Lt ag) |z, — a*|” = arllee—1 = 2> + (1 + ar)an o, — 2|
< o = "1 + aw(lo — 27 |1* = Non-1 — 2™1?) + (1 + aw)allor — zp-1 ]
< llok = 272 + afllzr — 2™ = foe-1 = 2P]+ + (1 + a)aglor — 2.
or equivalently:
Tip1— T < oL — Troa]y + Ag.
Therefore,

k
[Tis1 — Tils < aTh — Tioaly + A < [Ty — Tolt + Zai_lAkHﬂ‘-

i=1

Then, we have

+o0 +00 +oo k
Z[Tk+l - Tyl < Zak[Tl —Tol+ + Z ZazilAk—&-l—i
k=1 k=1 k=1 i=1

a 1 I

11—«

[Tl - TO]Jr + mkz_lAk

le’ 1
[Tl — To}_;,_ + 17M3
-«

1-a
In light of (3.12) and the above inequality, we have

k
> llwi =il < Ta +al;

=1

(07

1
[T1— Yo+ + mMzs) +[T1 = Yol4 + M3

-«
a2 —a+1 1
=T+ ——"1 — Yol + ——M;3
l—« 11—«

1

1
<Y+ ——[T1—Toly + ——M;
l-a l1-a

1 1
= [lay — 2" + m[”xl —a*)? = Jlwo — =¥ )P4 + EM?"

which implies

. 1—a)||lzr — 2|2 + [||lz1 — 2*|| = ||lzo — z*||?]4+ + M5
i s 7 < A= @ =2+ [l =12 — oo = 5" [P + My
1<i<k e(l —a)k

This completes the proof. O

Strong Convergence Algorithm

In this section, we give a strong convergence algorithm for (1.1). Let f : X — H be a
contraction mapping with a coefficient p € [0, 1), then we introduce the following algorithm:
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Algorithm 4.1 (Strong convergence algorithm for (1.1)). Initialization: Let xo, x1 € H
and 0 > 0, v € (0,1), M = M'Ly, p € (0,1), a > 0. Choose three positive sequences
{er} € [0,400) and {Br} C (0, 1) satisfying

“+o0 +oo
kgrfw Br = 0, ;ﬁk = +00, ];Ek < +o00, &k = o(B).

Iterative Steps: Calculate x;11 as follows:
Step 1. Assume that xj_1, zp € H for each k > 1, Set
Wi = T + (T — Tp—1),
where

3 Ek 3 .
aj = {mm{ e @ 2k # 2k

a, otherwise.
Step 2. Construct the half-space
Cy = {x € H|c(wg) + (' (wi),z — wy) <0}

Compute
yr = Po, (wr — A F(w)),

where A\, = oy'*, with [}, is the smallest nonnegative integer [ satisfying
(@)1 (wi) = Fly)ll” +2Mor[loy — yil® < p®llor — yil*.

If yi, = wy then stop and yi € SOL(C, F). Otherwise, go to Step 3.

Step 3. Compute
26 = Yk + M (F(wr) — F(yr))-

Step 4. Calculate the next iterate,

Tpy1 = B f(zk) + (1 — Br) 2.
Set k < k+ 1 and go to Step 1.
Remark 4.2. In Algorithm 4.1, the following conclusions hold:

() Jim 8w — o] = 0

(ii) 3My >0, %Hﬂ?k — 1] < My.

Indeed, by the definition of {ay}, we have ay||xr — xx—1]] < ef for all k, which implies that

(e . €
ZElag — ap1| < lim - =0.
B

lim =
k——+oco Bk

k——+o0

Thus (i) and (ii) hold.
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Remark 4.3. By the similar argument of Remark 3.4, we have that the line search is well
defined.

We still assumed that Algorithm 4.1 generates infinite sequences. First, we introduce
the following lemma. The proof of this lemma is the same as that of Lemma 3.5 and Lemma
3.6. Here we omit it.

Lemma 4.4. Suppose that Assumption 3.1, 3.2 and 3.3 hold. Let {z}, {wr} and {yr} be
sequences generated by Algorithm 4.1. Then the following results hold:

(i) llzw — 2% < llw — ¥ = (1 = p?)Jwe — wll?, V2* € SOL(C, F), k € N*.
(ii) If there exists a subsequence {wy,} of {wr} such that wy, — & and lim |lwg, —yr, || =
Jj—+oo
0, then 2 € SOL(C, F).
Next, we show that the sequences generated by the Algorithm 4.1 is bounded.

Lemma 4.5. Suppose that Assumption 3.1, 3.2 and 3.8 hold. Let f : H — H be a con-
traction mapping with a coefficient p € [0,1). Then the sequences {z}, {wi}, {zx} and
{f(zk)} generated by Algorithm 4.1 are bounded.

Proof. Let x* € SOL(C, F), we have

()
2k — 2| < oo — 27|

= llzk + ar(zr — 28-1) — 27|

. a
<z — || + B - *:HSCk — xp_1]| (4.1)

B
(w) .
< ok — [ + BrMa,

where (v) follows from Lemma 4.4(i) and p € (0,1), and (w) holds due to Remark 4.2(ii).
From the definition of xx11, we have

lzk1 — 2| = [|Bef (2x) + (1 — Bi)z — a7
(z)
< Billf(z) — 2*[| + (1 = Bi)l|zs — 27|
(y)
< BellF () — F@)|+ Bell F @) — | + (1 = B |2k — 27|
< Bupllzn — || + Bell f(a*) — || + (1 = Ba) |24 — 27|
— (1= (1= p)Bi)llz — 2°[| + Bell (&) — 2*|

(2)
< (1= (1 =p)Br)([lex — ™| + BeMa) + Bill f(27) — 27|

€ - B~ 4 B+ ) — )
=1 =1 =p)Bp)ller — 2"+ (1 - p)ng‘l + I1f () — 2|

(1-p)
My + || f(=*) —w*ll}

< max{||xzx — =",

(1)
< max(lleg - o°], L=,
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where (x) and (y) hold by the triangle inequality, (z) folllows from (4.1), and (a;) holds due
to p € [0,1) and B, € (0,1). Therefore, {zy} is bounded.

Using (4.1), we also have {z;} and {wy} are bounded thanks to the boundedness of {x}
and {B;}. Moreover, {f(x)} is bounded by the fact that f is a contraction mapping. This
completes the proof. O

Then, we give the following two lemmas which are important to the proof of strong
convergence of Algorithm 4.1.

Lemma 4.6. Suppose that Assumption 3.1, 3.2 and 3.3 hold. Let f : H — H be a contrac-
tion mapping with a coefficient p € [0,1) and {Bx} be defined in Algorithm 4.1. Then for all
x* € SOL(C, F), there exists M5 > 0 such that

(1= )l = ynl® <l — 2*|* = llzgsr — 2| + BeMs, Vk € NT.
Proof. According to x* € SOL(C, F) and the definition of x1, we have

lonss — a2 = [Bef (2) + (1 = Bi)zn — a2

(b1)
< Bl f(zr) — ¥ + (1 = Br)llzr — 2|17

< Brllf (1) = F@)I+ 1 (%) = &™) + (1 = Be)llz — ™12

< Brlpllze — 2| + (&) = 2*[)* + (1 = Bi)ll2 — 2™

< Brlllzr — 21+ (=) = 2*[)* + (1 = Br)llze — 2|

= Billze — 217 + Be(@llze — 2" f (@) — 2™ + | f (=) — 2"1*)

+ (1= Be)llar — 2™

< |z — 2|1 + BrMe

(e1)

< lww =21 = (1= @) lwr — yiell* + Br Mo

(d1)

< (low = 2"l + BeMa)® = (1= p*)lwr — yxl* + BuMo

<l = a1 + Be Mz — (1= ) wr, — yn|* + BrMe,
where (b) follows from Lemma 2.7, (¢;) holds due to Lemma 4.4(i), (dy) holds thanks to
(41), Mg := sup {2]|z — 2*[|[ f(z*) — =*|| + || f(z*) — 2*||*} and M7 := sup {2M}]lxx —

keN+ keN+t
x*|| + B M2}. By the boundedness of {x;} and {z;}, we get Mg € (0,+00), My € (0,+00).
Letting M5 := Mg + M7, then
lwrsr = 2** < o — 2| = (1 = p®)llwr — yxll® + B Ms.
Therefore, we get
(1= gl = ynl® < llo = 2% = llznpr — 27| + BeMs.

This completes the proof. O

Lemma 4.7. Under the conditions of Lemma 4.6, there exists Mg > 0 such that

[2r1 — 2% < (1= (1= p)Br)llzr — z*|1> + (1 — p)Br

MS Qg 2 * * *
'(17;)'@”%_%71”4‘@“(55 ) — ", wpp1 — T7)).
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Proof. For all * € SOL(C, F), we have

[@rg1 — 2 [* = [1Bef (zk) + (1 — Br) 2k — x|
=118 (f (zx) — f(&*) + (1 = Br)(zk — &) + Be(f(z*) — )|
(e1)
< Be(f (zr) = f(2)+ (1 = Br) (zk — ) [IP4+28k(f (2*) — 2% wpy1 —2¥)
(f1)
< Billf(ze) = FE) P+ = Bi)llze — 2P 4281 (f (2*) — 2™, xpqr —2*)
< Brp Nz — 2P +(1 = Be)llae — 2|2 +28(f(2*) — 2¥ 21 —2™)  (4.2)

(91)
< Brpllze — 217 + (1= Be)llze — 2*|1° + 26k (f (z*) — 2%, Tpg1 — ¥)

— (1= (1= )82k — "2 + 280 (F(a) — & wan — 2°)
21— (1= 2B llwe — 2" 1P + 2Bu(f(a®) — " wps — 2,

where (e1) holds according to ||z 4+ y||* < ||z|* + 2(y,z + y), (f1) follows from Lemma 2.7,
(g91) holds due to p € [0,1), and (k1) holds because (4.1). According to the definition of wy,
we deduce

we — %> = |2k + oz — Tp1) — 27|

= |k — &*||” + 20 llex — 2| [len — zr-a ]| + af |z — zea .
Combining (4.2) and the above equality, we obtain

e — 217 < (1= (1= p)Be) (s — * 2 + 20z — g — 2] + 0 i — )
+ 28k (f (™) — 2™,z — =*)

(i1)
2 (1= (1= Bl — 21 + 2l — 2 ew — zaa ]| + odllax — x|

+ 28k (f (™) — 2™, xp1 — 2¥)
= (1= (1= p)Bu)llar — z*|* + arllar — zp-1ll Qllzx — 2| + arllzr — ze—1])
+ 2B, (f(2") — 2, wpq1 — 27)

(J1)
< (L= (= p)Be)llee — 2| + allzr — zp-all2llzr — 2| + alley — zi-1])

+ 20k (f (™) — 2™,z — =¥)
<=1 =p)Bu)ller — =P +orllzr — wr—1|Ms+281(f(¢*) — 2%, 2p 41 — 2¥)
= (1 =1 =p)Bu)llwr —z*IP+(1 — p)Be

M (67 2 * * *
(=, g len =l + @) — e - a)),

1-p B

where (1) holds because S, € (0,1) and p € [0,1), (j1) follows from 0 < ap < « and
Mg := sup {2||zr — z*|| + a||zr — 2x—1||}. Since {zx} is bounded, we know Mg € (0, +00).
keNt

1

This completes the proof. O
Finally, we prove the strong convergence of Algorithm 4.1.

Theorem 4.8. Suppose that Assumption 3.1, 3.2 and 3.3 hold. Let f : H — H be a contrac-
tion mapping with a coefficient p € [0,1). Then, the sequence {xy} generated by Algorithm
4.1 converges strongly to an element x* € SOL(C, F), where +* = Psorc,r)(f(x*)).
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Proof. Letting @y, := ||z —2*||%, sx := (1—p)Br and Qy, := %—’;-%ka—xk_lﬂ%—%(f(m*)—

¥, 41 — x*), by Lemma 4.7, we obtain that

D1 < (1= 5) P + 558,

“+o0
where s, € (0,1) and > s = +o00. In order to prove &) = ||z — 2*|| — 0, by Lemma
k=1
2.12, we only need to show limsup €, < 0 for every subsequence {®y,} of {®;} satisfying
j—+oo

l.imjnf(fI)k].H — ®,) > 0. For this, suppose that there exists a subsequence {|zx, — 2|} of
J—+o0 N

{||zr — *||} such that

lim nf (|, 1 — 2] — 25, —2"[) > 0. (4.3)
J—+oo

Thus,

0 < limsup(1 — p?)Jwr; — v, ||
j—+oo
(kl) . * 12 * (|12
< timsupfllas, — a2 — fleiy 1 — 12 + B, M
j——+oo
< limsup||ay, — :c"‘||2 — kaj—&-l — :r*||2] + lim B, Ms
; ' Jj—+oo

Jj—-+oo
— _1 : ) K12 o * (|2
lim inf{|zg, 41 — 27| — Jlok, — 277
= —liminf[([lag, 11 — 2| = llzg, — 2" D ([Jor; 12 — 27 + llzg, —27])]
J—-+oo
(1)
<0,

where (k1) follows from Lemma 4.6, and (I;) holds due to (4.3) and the boundedness of
{z}. This implies that
dim (Jwr; — yk, || = 0. (4.4)
J—-+oo

Therefore,

”ij — Wk, ” = Hyk]‘ + )\kj (F(wk'j) - F(yk])) — Wk, ”
: (4.5)

(ml .
< lyry — @iy |+ Ay [1F(wry) = Fyr,)ll =70 (G = +00),

where (mq) holds due to (4.4) and Lipschitz continuity of F'. Furthermore, according to the
definition of xj1, A lirf Br = 0 and the boundedness of {f(zx)} and {zx}, we get
—+00
k1 = 2 | = 118 f (ziey) + (L= B, )2y — 205 | = By I1f (20;) — 20l = 0 (5 = +00). (4.6)
From the definition of wy, we obtain

)

(6779 (n
lwr; =2k, | = |2k, +ar, (T, — Tk, —1) =Tk, || = 5kj'71_\|$kj—xkj—1|| =0 (j — +00), (4.7)

J

where (n;) follows from the boundedness of {5} and Remark 4.2(i). Therefore, we have

kaj+1 - xkj” < ||xk7j+1 - szH + szj — Wk; ” + ||w7€j — Lk ” —0 (.7 - +OO)7 (48)
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Since the sequence {zy,} is bounded, it follows that there exists a subsequence {zy, } of
{x1, } converging weakly to a point Z € H such that
limsup(f(z*) — 2%, 2y, —2%) = lim (f(z") — 2", 2, —2%) = (f(z") — 2", 2 —2%). (4.9)
j—+oo 11— 400 v
From (4.7), we obtain wy, — Z (i — +00). Combining (4.4) and Lemma 4.4(ii), we get
Z € SOL(C, F). Therefore,
Mg Oék;j 2

||.’Ekj - mk_,’*l” + ip(f(l'*) — (E*7£L'k].+1 e {E*>)

lim sup 0, = limsup
jotoo j%+oo(1_P Bk,
@ = limsup(f(a*) — 2, 2p, 41 — 77)

— P jo+oo

2
< limsup(f(z*) — 2%, ok, 41 — k) + limsup(f(z*) — 2%, zx, — 2")
L=p jotoo L=p jotoo

(12)

limsup(f(z*) — 2™, zg;, — ™)
P jotoeo
2

Y -

(r1)

< 0,

where (01) holds because of Remark 4.2(i), (p1) follows from (4.8), (¢1) holds according to

(4.9), and (r1) is true in view of * = Psor(c,r)f(z*), T € SOL(C, F) and Lemma 2.6(i).

In view of Lemma 2.12 we have klil;l_l |lxx — z*|| = 0. This completes the proof. O
— 400

Numerical Experiments

Numerical experiments will be presented in this section to illustrate the performance of our
proposed methods. All programs are written in Matlab R2019a and performed on a PC
Desktop Intel(R) Core(TM) i5-6200U CPU@2.30GHz 2.30GHz, RAM 4.00GB.

Example 5.1. Consider the linear mapping F(x) = Kx. The feasible set C C R™ is an
ellipsoid in R™ defined as

C:={zecR": (z—d)TP(x—d) <r?,
where K and P are positive definite matrices, d(# 0) € R™ and r > 0.

Define ¢ : R® — R by c¢(z) = 1[(z — d)T P(z — d) — r?], then C is a level set of ¢, i.e.,
C ={z € R": ¢(zx) <0}. It is easy to verify that ¢/(z) = P(z — d). Obviously,

I'(x) = W) = 1P(x = d) = P(y — d)|| = [|1P(z = y)| < | Pll[lx = yll, Yo,y € R™.

So, ¢/(x) is a || P||-Lipschitz continuous mapping, i.e., Ly = || P||. We use Apax and Apin to
represent the maximum and minimum eigenvalues of P, respectively. Then,

Aminllz — d|)? < (@ — d)TP(x — d) < Aax|| — d||?, Vo € R™.

Note that (z — d)T P(x — d) — r? = 0 holds for all x € C, we have

L <lr—d] < —

Amax VAmin

, Vx € 0C.
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Therefore, we get

W@l _ K] 1Kz = dl + 14D KV Amax(r + vV Amin1d]])
l@I - P@=dl = Awwllz—df A

IIlln

, Vo € 0C.

This implies that

||K|| V AIII&X(T + V )\Inin”dH) )

M = ~
I§ninr
Hence, we obtain
P K max min d
ot = a7, = WPUKIN R+ VAl

)\Izrlln
We compare [16, Algorithm 3.4],[15, Algorithm 1] with Algorithm 3.1, and use their
corresponding parameters as following. The numerical experimental results are shown in
Figure 1.
1. [16, Algorithm 34]: 0 =1, p=0.9, v =091, Dy = ||lzx — yx||-
2. [15, Algorithm 1]: € =1,n=2, 6 =0.99, v = 1.5, Dy = ||z — yx|.
3. Algorithm 3.1: 0 =5, y=0.1, £ =0.9, « =0.6, Dy = |lwr — Y/

Figure 1: Numerical results of Example 5.1, n = 100, zy = x; random.

24, Algorithm 3.4
. seaeean 23, Algorithm 1| |
Algorithm 3.1

10 20 30 40 50 60 70 80 90 100
Number of iterations

Example 5.2. Consider H := L?[0,1] with inner product

1
(x,y) ::/0 x(t)y(t)dt,

o] == / POROE

Define a mapping F' : H — H by F(z(t)) = max{0,z(t)},Vz € H. Denote by C[0,1]
the continuous function space defined on the interval [0,1] and choose an arbitrary fixed
v € C[0,1]. Let C :={x € H : ||px| < 1}. Tt is very easy to verify that C is a nonempty
closed convex subset of H. In particular, if we choose ¢(t) =1, Vt € [0, 1], then C becomes
the unit closed ball of H, i.e., C ={zx e H : ||z]| < 1}.

and induced norm

Define ¢: H — R by c(z) = £ (|l¢z||* — 1), Vo € H, then c is a convex function and C'is
a level set of ¢, i.e., C = {z € H : c(x) < 0}. Also, it is easy to see that c is differentiable on
H and ¢/ (z) = %z, Vo € H. In addition, for any z,y € H we have

¢/ () = W)l = 9@ = )| < (mazx o))l = yll,
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thus ¢ is a (max |¢(t)|)2—Lipschitz continuous mapping, i.e., L1 = (max_ |¢(¢)])%.
te[0,1] te[0,1]

In practical calculation, we choose p(t) :=e™*, Vt € [0,1]. Then we get L; = 1. Define

~Ja(t), ifx(t) >0
() = {0, if 2(t) < 0.

We deduce that

le@I ezl = (min [o@))2[l]
t€0,1]

[Fal _ lz+ @Ol ] 2

So we have M’ = e2. Hence, we obtain M = M'L; = €2.

For weak convergence algorithms, we compare [16, Algorithm 3.4], [15, Algorithm 1]
with Algorithm 3.1. The respective parameters are consistent with those in Example 5.1.
The numerical experimental results are shown in Figure 2.

Figure 2: Numerical results of Example 5.2, xg = 21 = 20e™.

10 20 30 40 50 60 70 80 920 100
Number of iterations

For strong convergence algorithms, we compare [29, Algorithm 3.2], [4, Algorithm 5.1]
with Algorithm 4.1. Note that [29, Algorithm 3.2] and [4, Algorithm 5.1] are difficult to
implement because it seems not easy to find the explicit expression of projection operator
Pc. So, here we use the technique proposed in this paper, that is, to replace C' with Cj
in k — th step iteration. We call [29, Algorithm 3.2] and [4, Algorithm 5.1] with C} the
relaxed-Algorithm 3.2 and relaxed-Algorithm 5.1, respectively. The parameters are
shown below and the numerical experimental results are shown in Figure 3.

1. relaxed-Algorithm 3.2: T=a =1, p=0.9, B = I%H? ex =P, f(z) = 3z, Dy =
[E—

2. Algorithm 4.1: 0 =5, vy =0.1, u = 0.9, a = 0.6, f}, = ﬁ er = B2, f(z) =

S, Dy = [lwe — yi|-

10

@ Conclusion

In this paper, we present relaxation inertial projection algorithms for solving monotone
variational inequality problem in Hilbert space. In these algorithms, each iteration only
needs to calculate the projection onto the half-space C once, thus reducing the number of
projections of previous algorithms, and the selection of parameters is no longer dependent
on the solution of the variational inequality. Besides, the step size can be selected in some
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Figure 3: Numerical results of Example 5.2, xo = z1 = 20e™.

10% T

=== Relaxed-Al

igo
Algorithm 4.1

10 20 30 40 50 60 70 80 90 100
Number of iterations

adaptive ways, which means that we have no need to know or to estimate the Lipschitz
constant of the mapping. Hence, we improve and extend some recent results in the literature.
In order to ensure the convergence of algorithms, Assumption 3.3(iv) is needed. Sometimes,
this condition is not easy to verify, so how to weaken or remove this condition will be an
interesting question.
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