A2 Py, 4,

“ Yokohama Publishers

Aol /SSN 1349-8169 _ONLINE JOURNAL

Yok, %

THE SEQUENTIAL QUADRATIC PROGRAMMING FOR
SYMMETRIC PARETO EIGENVALUE COMPLEMENTARITY
PROBLEM*

LIN Zuu, YUAN Lerf AND JiaxiN XIE

Abstract: In this article, a sequential quadratic programming (SQP) algorithm framework is proposed to
solve the symmetric Pareto Eigenvalue Complementarity Problem (EiCP). In the algorithm framework, the
search direction can be constructed by solving a quadratic programming subproblem in each iteration, and
the precise step size can be obtained to ensure the reduction of the penalty function. Moreover, the global
convergence of this algorithm is discussed. In order to improve the computational efficiency, a simple SQP
algorithm is recommended to the large symmetric Pareto EiCP. Various numerical results of the symmetric
Pareto EiCPs are reported to illustrate the efficiency of the proposed algorithms.
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Introduction

The Eigenvalue Complementarity Problem (EiCP), arising in various areas of applied math-

ematics [25, 23, 24], is also called the cone-constrained eigenvalue problem. It reduces to

the classical eigenvalue problem when the cone K coincides with the whole space R™. The

Pareto EiCP corresponds to the case when the cone K coincides with the nonnegative cone
", which consists in finding a scalar A € R and a vector x € R’ \ {0} such that

x>0, (A-=AB)z>0, z'(A—-AB)z=0, (1.1)

where A, B € R"*" are given matrices and B is positive definite. A wide variety of applica-
tions in science and engineering require the numerical calculation of Pareto EiCP, such as
dynamic analysis of structural mechanics systems, frictional contact problems in mechan-
ics, and so on [15, 16, 19, 20, 28, 13]. In the recent literature [27], it is proposed that the
similarity between connected graphs can be measured by the complementarity eigenvalues
of the adjacency matrix. Two distinct graphs G and H are viewed as highly similar if they
share a large number of complementarity eigenvalues.
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The scalar A and the nonzero vector x satisfying system (1.1) are respectively called a
Pareto eigenvalue and an associated Pareto eigenvector of the given matrix pair (A, B). The
set

(A, B) ={X € R | (A x) solves (1.1) for some nonzero vectors x € R’} }

consisting of all Pareto eigenvalues is called the Pareto spectrum of (A, B). It is well known
that Pareto EiCP always has a solution since it is equivalent to a Variational Inequality
Problem with a continuous function on the ordinary simplex [5]. The number of Pareto
eigenvalues may grow exponentially with the order of the problem [25, 21, 3, 26]. Therefore,
it is not easy to solve the Pareto spectrum for medium and large scale instances. Similar
to linear or nonlinear complementarity problems, the Pareto EiCP can be reformulated as
an equivalent system of nonsmooth equations by using nonlinear complementarity functions
(NCP- functions), and then semismooth Newton’s method can be applied to solve Pareto
EiCP [2, 1]. This kind of Newton-type method is efficient for solving the Pareto EiCP in
general. However, these algorithms may fail in many instances.

This paper is concerned with the symmetric Pareto EiCP, that is, the matrices A and B
are symmetric, and B is positive definite. From a computational point of view, the symmetric
Pareto EiCP is easier to solve. In addition, a large number of documents mention that each
stationary point of the following nonlinear programming problem is the solution of symmetric
Pareto EiCP [22, 14, 11, 4].

zT Az

mingepn  f(2) = Zr5% 192
s.t. x € Q, (1.2)

where Q = {x |z > 0,eT2 = 1} and e € R" is a vector of ones. Among them, the equality
constraint e’z = 1 is to ensure 2 # 0. As expected, a number of nonlinear programming
algorithms [18] can be used to solve the symmetric Pareto EICP by computing a stationary
point of (1.2). In particular, some descent algorithms have been proposed for solving (1.2) by
constructing a feasible descent direction [22, 11]. For example, the canonic steepest ascent
method was slightly modified in [22] to solve the symmetric Pareto EiCP and the feasible
direction at each step is the projection of the negative gradient on the nonnegative cone R’ .
The difference of convex function (DC) programming [14] may also be useful for computing a
solution of the symmetric Pareto EiCP for large-scale instances. For the spectral projected
gradient (SPG) method proposed in [11], the feasible descent direction with the spectral
choice line search parameter is projected onto the compact set €2 in each step. Combining
the idea of the SPG method and the block active set method described in [6], a block active
set algorithm with spectral choice search direction (BAS) was proposed in [4]. Compared
with the SPG algorithm, the BAS algorithm determines an exact optimal step size along the
direction of the block active set algorithm in each iteration, and its efficiency has been proved
by a large number of calculation results. Recently [10], a solution of symmetric Pareto EiCP
can be computed as a stationary point Z of the quadratic programming problem:

(1.3)

where \ = gzg‘; The alternating direction method of multipliers (ADMM) [10] and a
sequential partial linearization (SPL) algorithm [7] are used to obtain an EiCP solution by
solving the quadratic programming problem (1.3). In the numerical experiments in [10, 7],
it can be found that the ADMM algorithm may be too slow for some instances, while

the SPL algorithm performs better. In [12], a new sequential fractional linear quadratic
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program (FLQP) algorithm was proposed for computing a solution of symmetric EiCP, as
this problem is equivalent to the computation of a stationary point of a fractional quadratic
program on the simplex.

The sequential quadratic programming (SQP) method has proved highly effective for
solving nonlinear programming problems with smooth nonlinear functions in the objective
and constraints [18, 17, 9, 8]. The idea of the SQP method is to use a series of quadratic
programming subproblems to solve the nonlinear programming problem, and the constraint
condition of each quadratic programming subproblem is the linearization of the constraint
condition in the original problem. In addition, the search direction can be constructed by
solving the quadratic programming subproblem in each iteration. In this paper, we attempt
to apply the SQP method for solving the symmetric Pareto EiCP, and make certain changes
to the SQP method.

The structure of the paper is as follows. In Section 2, the detailed description of the
SQP algorithm for solving the symmetric Pareto EiCP including the algorithm framework
and important basic properties. At the end of this section, we will discuss the exact line
search that ensures the reduction of the objective function. The global convergence of this
algorithm is shown in Section 3. In Section 4, a simple SQP algorithm is introduced, and
an effective method for solving the quadratic programming subproblem in each iteration is
introduced. Numerical experiments are given in Section 5, and some conclusions and future
work are introduced in the last section to conclude this article.

Notation : S" represents the set of n order symmetric matrices, S’ represents the set of n
order symmetric positive definite matrices.

The SQP Method for Symmetric Pareto EiCP

The sequential quadratic programming algorithm

In this section, we present an SQP algorithm framework for solving the symmetric Pareto
EiCP. Currently, the nonlinear programming problem (1.2) is usually used as the optimiza-
tion model for solving the symmetric Pareto EiCP. However, the objective function f(z) in
(1.2) is a generalized Rayleigh quotient. It is not an easy task to construct an appropriate
quadratic programming subproblem in each iteration. In addition, the objective function
in the optimization problem (1.3) contains the parameter A, which is unknown at the be-
ginning. To avoid the above problems, we consider the following quadratic programming
problem:
mingern  f(z) = 227 Az
st.  1zTBx =1, (2.1)
xz > 0.

The Lagrangian function of the optimization problem (2.1) can be formulated as:
1 1
Lz, A\ 2) = §xTAm - )\(§xTBx —1)— 2T, (2.2)

where the scalar A € R and the vector z € R’ are respectively the Lagrange multipliers
of the equality and inequality constraints in (2.1). Obviously, the stationary point of this
problem satisfies the Karush-Kuhn-Tucker conditions:

(A= AB)zx = z,
z>0,z>0,
=0 (2.3)

%ITBI —1=0.
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It follows from (2.3) that (A, x) is a solution of the symmetric Pareto EiCP.

In this section, we introduce the SQP method to compute a stationary point of the
quadratic programming problem (2.1). The key of Algorithm SQP is to construct a sub-
problem at the current point and obtain the search direction by solving the subproblem.
Next, we construct the following subproblem at the current iteration point xj:

mingere g (d) = %dTMd + (Axzy)Td

st.  af Bd+ 3af B, —1=0, (2.4)
d+ Tr 2 07

where M is a symmetric positive definite matrix. Obviously, the quadratic programming
subproblem (2.4) is strictly convex function. Generally speaking, the symmetric positive
definite matrix M is usually an approximation to the Hessian of the Lagrangian function (2.2)
in the sequential quadratic programming algorithm and the matrix M of each subproblem
is different. The Lagrangian Hessian matrix of the problem (2.1) is A — AB. Therefore,

the most straightforward idea is that we can find an appropriate value N to approximate

T
x:TBa:k is a good strategy, which is similar to

Algorithm SPL. But it is difficult to guarantee that the matrix M = A — N B is positive
definite. Solving non-convex subproblems becomes the hard part of the problem. In addition,
if the matrix M is updated with iterations, we can hardly guarantee that it is bounded. We
need a trade-off between a good update strategy and a good subproblem. In this paper, we
fix the symmetric positive definite matrix M in the objective function (2.4) and analyze its
convergence. This strategy not only reduces the difficulty of solving the subproblem, but
also ensures that the matrix M must be bounded. We describe the selection of the matrix M
in detail in Section 5 of the paper. Below, we present the basic properties of the quadratic
programming subproblem (2.4).

the Lagrangian multiplier A\. Choosing N =

Theorem 2.1. Define the penalty function as
1
P,(z):= f(z)+ U|§$TB.'L‘ -1y, (2.5)

where o > 0 is the penalty parameter. If the current iteration point x > 0 and xy, # 0, then
the quadratic programming subproblem (2.4) is well defined. Let dy, be the solution of (2.4),
then we have

1. di is a descent direction of the penalty function Py(x) at xy, as long as 0 > |Ag|, where
Ai € R is the Lagrange multiplier of the equality constraint in (2.4),

2. zp + adg > 0 for all a € [0,1],
3. if di, = 0, then x, is a stationary point of (2.1), and vice versa.

Proof. 1If the feasible set is nonempty, there exists a unique solution of the quadratic pro-
gramming subproblem (2.4) due to the quadratic programming subproblem (2.4) is strictly
convex [18], that is, it is well defined.

Let yi := Buxy, since the current iteration point xp > 0 and zj # 0, then there exists at
least one component (yi); > 0, otherwise it contradicts the fact that x;‘gyk = xmek > 0.

Define d € R™, where the elements satisfy

1.7 1 . .
@, — { B @), =i
7(xk)j7 J # 2.
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It follows that d + zr > 0 and

*ykd Zyk
1 n
2$kyk+1 Z

j=1

1 1
= —ia:{yk +1= —533{31% +1,

which means that d belongs to the feasible set of (2.4), i.e., the quadratic programming
subproblem (2.4) is well defined.

(i) Let p(«) := Py(xx + ady). From the continuity of the penalty function P,(z) defined
in (2.5) and the convexity of the absolute value function, we have

Pg(wk-‘radk)—P(,(:L'k)

<p/ (@)]a=0 = limg_o+
hrnoz~>0Jr

(A{,Ck)Tdk + o limg,_,o+

(03
f(ertady)—f(zr)+o| 3 (@p+ady)” B(zr+ady)—1|—o| iz} Bxr—1|

o
|%a:zB:ck71+aa:,€Bdk\ \2:% Bz —1|

IN

|a(}a¥ Bay—1+af Bdy)+(1—a)(3a¥ Bax—1)|—| 3ol Bay—1]

di + o limg,_,o+

(Azp)”
(Ax)Tdy, + o limg o+
(A{Ek)Tdk — 0 | 1 Bxk -1 ‘ .

(1=a) (3ol Bay—1)|—| Lol Broy—1|

(2.6)
The solution dj, satisfies the Karush-Kuhn-Tucker conditions:
Mdy, + Az, = M\, Bxy, + Zks
Zk 203 dk+1’k 207
(2.7)

Z%(dk =+ xk) =0,
el Bdy, + 2l Bz, —1=0,

where the scalar A\;, € R and the vector 2z € R?} are respectively the Lagrange multipliers
of the equality and inequality constraints in (2.4). It follows from (2.7) that

(Al‘k)Tdk = —dszk + /\kl‘gBdk + Zdek

. r 1, (2.8)
= —dkMdk—Zk Jik—‘r)\k(l— §kaxk).
Substituting (2.8) into (2.6), we obtain
<p/(a)|a:0 < dkMdk — 2z Ty, — )\k( kaxk —1)—o| fa:kak -1
(2.9)

< —dkMdk—Zk xp — (0— | by |) | §l‘kak—1 |

Since the matrix M is symmetric positive definite and 27z > 0, we have gal (@)]a=0 <0
as long as 0 > |A\g|. Hence, dj, is a descent direction of the penalty function P,(z) at xy for
given penalty parameter o > |A\g|.

(ii) Since the solution dj, satisfies the Karush-Kuhn-Tucker conditions (2.7), then the
assertion clearly holds by zp > 0 and =y + di > 0.
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(iii) If the solution dj = 0, then the Karush-Kuhn-Tucker conditions (2.7) reduces to
(2.3), which implies xj, is a stationary point of (2.1) and the corresponding Lagrange mul-
tiplier Ag is a Pareto eigenvalue of (1.1).

Conversely, let xj, be a stationary point of (2.1), then there exist A\ € R and nonnegative
vector z € R™ satisfy the Karush-Kuhn-Tucker conditions (2.3), i.e.,

Az = \pBxy + 2,

zp 2 0,z > 0,
. (2.10)
2 =0,

%w{Bwk —1=0,

which implies dy, = 0 € R is a Karush-Kuhn-Tucker solution of (2.7). Moreover, $a7 Bx), =
1 yields that dj, = 0 is a feasible solution of (2.4). Hence dj, = 0 is also the unique solution of
(2.4) due to the fact that the quadratic programming subproblem (2.4) is strictly convex. [

Theorem 2.1 shows that the solution of the quadratic programming subproblem (2.4)
can be considered as a search direction in each iteration, and the solution of (2.1) may be
found along this direction. Consequently, we can establish the SQP algorithm framework
for solving symmetric Pareto EiCP.

SQP: Sequential Quadratic Programming Algorithm

1. Initialization

(a) Give the symmetric matrix A € S", and B € S} is symmetric positive definite;

(b) Choose a symmetric positive definite matrix M € S} and a penalty parameter
o >0;

(¢) Choose a positive tolerance ¢, the initial iteration point ¢ > 0 and z¢ # 0, and
set k= 0.

2. Iteration

Step 1. Find the unique solution dj of (2.4);
Step 2. If ||dg||2 < ¢, then stop; otherwise, go to step 3;
Step 3. Compute a step size ay, € [0, 1] such that

P, (xr + apdy) = or<nah<11 Py (), + ady);

Step 4. Let xx4+1 = xx + ardy, k = k + 1, and return to step 1.

For the sequence {x} generated by the SQP algorithm, the assertion (2) in Theorem 2.1
shows the iteration point x > 0 for all k£ as long as the initial point zg > 0 and zy # 0.
Since the penalty function P,(z) is nearly quadratic, we attempt to compute the exact step
size ay, in step 3 of the SQP algorithm at the end of this section.
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The exact step size

For the iteration point xj and the solution dj of (2.4), we denote 7, := 1 — %xmek and
CE = %d;{Bdk for simplicity, then we have

p(a) = Py (x + ovdy)
= f(zrx+ady) + 0| %(xk + ady) ' B(zy + ady) — 1 | (2.11)
— %:L{A:ck + %azdzAdk + a:cfAdk +o| R 4+ T — T |
Obviously, the function ¢(«) is continuous, that is, the optimization problem in step 3 of

the SQP algorithm is well defined.

Theorem 2.2. Let x; and di be generated by the SQP algorithm. Suppose di # 0 and
o > p, where p is the spectral radius of matrizc B~ A, then the exact step size ay, is selected
by the following rules:

(i) when 1 > 0, the exact step size ay, in step 3 can be determined by
1u /Lf 1< 5}(2’
o = 6k, Zf 5% <O < 1, (2.12)

(ii) when 1, < 0, the exact step size ay, in step 3 can be determined by

17 Zf 1 S 5ka
ap = ) (2.13)
5k7 Zf O < 1,
where
ngdk + 0Tk 1 —Tk + / 7']? + 4ep Ty
O = T o 5k = . (2.14)
dk (A—I—O'B)dk 2cp,

Proof. Note p(«) is also a piecewise smooth function which is determined by the quadratic
function
q(@) := cpa® + Tha — T, (2.15)

(i) when 75, > 0, the quadratic equation g(«) = 0 has two distinct roots:

1 *Tk+\/T;§+4Cka 2 *Tk*\/7'13+40k7k
0 = and 6 = . (2.16)

2cy 2cy,

Obviously,

Tk — /T ¥ degmy <0 = =73, + /T2 < =73, + /72 + degTy (2.17)

—Tk + /T H AT < =Tk + £/ TE + derTi + (2¢1)?
= =7 + /(T + 2cx)? (2.18)

= —Tr + (Tk + QCk)
ZQCk.

and
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It follows from (2.16), (2.17), (2.18) that 67 < 0 < §; < 1 and the function () within
the interval [0, 1] can be reformulated as

(@) { %ozzdg(A + oB)dy, + a(zF Ady + o) + %z{Azk —oT1,, 6 <a<l,
pla) =

azdg(A —oB)di + a(fodk —oT) + %x{Amk ‘o1, 0<a< 5%.
(2.19)
If the penalty parameter satisfies ¢ > p, then the matrices A + 0B and A — 0B are
respectively positive definite and negative definite, which means that the function p(«)
within the interval [0, d}] is concave and within the interval [4},1] is convex. Since d

is a descent direction, the function ¢(«) is monotone decreasing in the interval [0, 6}].
B z} Ady 4oy
df (A+oB)dy,

N

Since dy, = is the unique minimizer of the quadratic function

1 1
iazdf(A + O’B)dk + Oz(:L‘{Adk —+ O’Tk) + 53]{143316 — 0Tk,

then we provide the formula (2.12) for aj, by comparing three scalars 1,y and 0;.

(ii) when 7, < 0, we first discuss the quadratic function g(«) defined in (2.15) in two
cases:

(A1) If —4cp < 7, <0, then g(a) > 0 for all @ € R;
(A2) If 7, < —4cy, then 6} and 67 in (2.16) are the solutions of the equation g(a) = 0,

and
—Tk — A/ TE +4ckTi > —TK — \/TE + derTi + (20k)?

= —Tk — V(T + 2¢x)? (2.20)
= —Tk — |Tk + 20;€|

= 20k~

From the above inequalities (2.20) and (2.16), we can get 1 < §7 < 4}, which
implies that ¢(a) > 0 for all « € [0, 1].

Hence, the function ¢(«) within the interval [0,1] for the case that 7, < 0 can be
reformulated as
1 1
ola) = §a2d{(A +oB)dy + a(zi Ady, + o) + §x£z4xk —omp, 0<a<l. (2.21)
Since the function ¢(«) is convex, we can provide the formula (2.13) for oy by comparing
the scalar 1 with the minimizer §y. O

Global Convergence of the SQP Algorithm

In this section, we focus on the global convergence of the SQP algorithm. The convergence
of the classical sequential quadratic programming algorithm has been discussed in much lit-
erature. However, the proposed algorithm is different from the classical sequential quadratic
programming algorithm in the construction of the subproblems and the selection of the step
size. The following theoretical proof is inspired by [29, Theorem 12.2.3].
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Lemma 3.1. Let the sequence {di} be generated by the SQP algorithm and the penalty
parameter o satisfies o > max{|Ag|, p} for all k, where Ay, is the Lagrange multiplier of the
equation (2.7), p is the spectral radius of matriz B~YA. If there is an infinite set K with
[|dill2 > n >0 for any k € K, then there exists a positive constant 7j such that

APy := Py(ap41) — Py(x) < -7, VkeK.

Proof. From the second part of the article, we know that the matrices M and A + 0B
are symmetric positive definite matrices, the matrix A — o B is the negative definite matrix.
Obviously, there are constants m, > 0, mo > 0, m3 > 0, and my4 > 0, such that the following
inequality

dig Mdy, > mu|dgll3 > man?,  d (A+ o B)dy, < mol|dy|l3,

(3.1)
di (A= oB)dy, < —mg||dil3 <0, df Bdy, < my||de|l3

holds for all k € K.
Theorem 2.2 shows that we can make P, (z11) = Py(zr + agdy) = ming<a<1 Po(xr +

ady;) by choosing the exact step size ay, so we investigate the upper bound of A P, according
to Theorem 2.2.
(i) When 74 > 0, we investigate the following three cases according to (2.12):
(B1) If ay = 1, then it follows from (2.19), (2.8) and 1 < ¢, that

1
AP, = §d§€ (A + oB)dy, + 2 Ad), — o7k
1 1

§ *(E?Adk — =0Tk
2 2 . (3.2)
= —id{Mdk — iz,{xk - 5(0 — )Tk
<Lt
s §m17] .
(B2) If ay, = dk, then it follows from (2.19), (2.14) and (2.8) that
_ Ll T B
AP, = 2(5kdk (A + oB)dy, + 0 (xy, Ady, + o71) — 207
1 T 2
_ L Adeton)®
2 dl(A+oB)dy
1
= §5k(z£Adk +o7) — 207
1 1 1
= *iékdgMdk - §5kszxk + §5k(0 + /\k>7_k — 20Tk <33)
1 1
< —§5kd£Mdk + 5(0 + >\k)7—k — 207y

1 1
= —§5kd{Mdk - 5(a — )Tk — 0Tk

1
S —§5km1772 — 0Tk
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(B3) If ay, = 4}, then it follows from (2.19), (2.14) and (2.8) that
1
AP, = 5(5;)%1{@1 — 0B)dy + 04 (2} Ady — o1,)
1
= 5(5;)%{@1 — oB)dy, + 6t (—dF Mdy — 27w — (0 — M) i)
< %(5;)%{@ — oB)dy, — 0Ld} Md,
(—=Tk + /77 + degTi)?d (A — 0 B)d, L
T - 6kdk: Mdk
4dek Bdk

< 7(77‘]@ —+ \/7‘,? +4ck7'k)2m3

- depmy

— &tman?.

(ii) When 7, < 0, we investigate the following two cases according to (2.13):

(C1) If o = 1, then it follows from (2.21), (2.8) and 1 < §, that

1
APy 5d{(A +oB)dy, + xf Ady, + o7y,

IN

1 1

1 1 1
= _§dgMdk — 52{%}@ + 5(0 + )\k)Tk
< —lme.
- 2
(C2) If a, = Oy, it is clear that

B x;{Adk + o7
dI'(A+ oB)dy,
_ d%Mdk + Z]{:Z?k — (0' + /\k)Tk'
df' (A+ oB)dy,
dF Mdy,
~ dF(A+oB)dy
my

> —.
ma

S =

It follows from (2.21), (2.8) and 0 < d; < 1 that

AP, = %5,361{ (A+ oB)dy + 0 (xF Ady, + o13)

_ 1 (z Ady, + o71,)?
2 dl(A+oB)dy

1
= 55]0(;6{14(1;6 -|—O'Tk) (37)

1
< -6 2
>~ 9 EMman

2,2
m
<M
2m2
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In the following, we focus on the cases (3.3) and (3.4) with 7, > 0. First, we discuss the
case ai = 0. Define K; := {k | ax = 0,k € K}. If their exists a positive constant n; > 0
such that 7, > n; > 0 for any k € K, it means the upper bound of APy in (3.3) can be
updated as

AP, < —omn;. (3.8)
If there exists an infinite subset Q1 C K7, such that limxeq, 7, = 0. According to Theorem
k— oo
2.1, we have
50— dEMdy, + 2zFay — (o + M)
dT'(A+ oB)dy,
> d{Mdk - 207k
~ dI'(A+oB)dy

my — 2z 0T (39)
1™ Ta, 277k
ma

n
ma

mi — %O’T}c

The second inequality in (3.9) dues to the fact that o + Ay < 20 by o > |A\g|. Hence, we

have

. omy — %O’Tk
lim 6, > lim —M——

T
_m (3.10)
Coma
>0,

which means that there exists a 77; > 0 such that 6 > 77/2 > 0 for any k € Q1. Consequently,
the upper bound of APy in (3.3) can be updated as

1.
AP, < —577277117727 Vk € Q. (3.11)

For the case oy = 6}, we define Ko := {k | ay, = 0},,k € K}. If there exists an infinite
subset P; C K3, such that limxer, 7, = 0. According to formula (3.4) and (2.12), we have

k— o0
_ 2 2m-
AP, < _( Tk + Tk + 4dcpTr)*ms —5%7711772
degpmy (3.12)
< —&pman?.
By (3.10) and (3.12), we get
AP, < —n;me, Vk € P;. (3.13)
Otherwise, we may assume that there is a constant 77:/), > 0 such that

1>7>n>0, VkeKs. (3.14)

If ¢ is bounded by a constant 77;, ie.,

Ny >cp >0, VkeK,, (3.15)
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we have
51 —T + «/T,f + 4cp T
2cp
QTk
Tk + \/TE + 4ck Ty
2
> T (3.16)
T + \/TIS + dep + (2Ck)2
Tk

Tk + Ck
M3
1+m,

Y

Therefore, we obtain

AP, < - (—Tk + /77 + 4cgTi)?ms

4ckm4
< —8pman’ (3.17)

— (5,im1772

_77/37”1772
1+m;

If ¢; is unbounded, i.e., there exists a constant

L2+ /4 (ny)? =0

77 !
’ (n3)°

such that ¢, > min{ck,n;} for all k € K5. Consequently, we partition Ky into two parts
KQ = Kll LJI(127 where

Kllz{k€K1‘0<Ck§U;}, Klgz{k€K1|Ck>7’]/5}7

then the inequality (3.4) can be reformulated as

’

2
AP, < 7”131“7 . ke Ky, (3.18)
and
AP, < _(Tg + 2¢cp T — Tk\/Tlg —|—4ck7'k)m3
b= 2cmy
< _ ((n3)? + 2cxms — VI + deg)ms
- 2cmy
3.19
< — (g, - VAT ma o
- 13 2¢p my
< _773m3’
- 2my
for k € Kys.

Combining the above discussion, we conclude that there exists a positive constant

1, 1y pgmn? pgman® ngms min?
= a 9 e 3 7 R) 5 > 0 320
7 = mind gman’, o7y, 5man 14, 1+, 2my oy | (3.20)
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such that
Py(2k41) < Po(ak) — 1, Vk € K.

O

Lemma 3.2. Let {xx} and {dy} be the sequences generated by the SQP algorithm, the
penalty parameter o satisfies o > max{|\g|, p} for all k, where Ay, is the Lagrange multiplier
of the equation (2.7), p is the spectral radius of matrit B~YA. Then the sequence {xy} is
bounded and for all k > 1

2 8 Azg + o|zd Bxy — 2| + 20}
)\min (B> ’ )\min (A + UB) ’

I 2y, [13< max{

where A\pin(A) denotes the smallest eigenvalue of the matriz A.

Proof. From Theorem 2.1, dj, is a descent direction of the penalty function P,(z). And since

P(Ik+1) = Pa-(.’L’k + Oékdk) = OISI]O%ISII Po-("L’k + Oédk),
we have P(zg41) — P(xg) <0 for any k. Therefore, we can obtain

k
0< Z[Pg(xi) — Py (zit1)]

= Py (20) — Po(wrs1) (3.21)

s
I
o

1 1 1 1
= ingxO + 0'|§.73ng$0 -1/ = §xf+1Axk+1 - U|§mf+1Bxk+1 —1J.

It is easy to get

1 1 1 1
§z£+1Axk+1 + cr|§x£+1B:ck+1 -1 < ingxo + a|§ngxo —1].

The following discussion is divided into two situations:

(Cl) If %$£+1B$k+1 —-1< 0, then || Th+1 ||%S ﬁ(m,

1 1 1 1 1
(c2) If §z£+1Bxk+1 —1>0, then 5:17{+1Axk+1 +o§x£+13xk+1 < 51:0TA$0 +a\§ngx0 -

1|+ o,
T T
5 xph Azxg + o|zy Brg — 2| + 20
< . 3.22
s e (322)
In summary, the sequence {x} is bounded. O

Now we proceed to establish convergence of the proposed algorithm.

Theorem 3.3. Let {xy} and {dy} be the sequences generated by the SQP algorithm and the
penalty parameter o satisfies o > max{|\g|, p} for all k, where Ay, is the Lagrange multiplier
of the equation (2.7), p is the spectral radius of matriz B~*A. If Z is an accumulation point
of the sequence {xy}, then T is a stationary point of the minimization problem (2.1).
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Proof. From Lemma 3.2, the sequence {z} is bounded. It can be assumed that there exists
a subsequence that converges to . That means there is an infinite set of K such that
lim x = Z. (3.23)

keK(
k—oo

Since {z1} and {dj} are sequences generated by Algorithm SQP, then x; and dj, satisfy the
Karush-Kuhn-Tucker conditions (2.7). Next, we analyze the sequence {dj}.
If
lim ||dg|l2 =0, (3.24)
kEK(
k— oo

without loss of generality, we can assume that

lim Ay =X, lim 2z = 2, (3.25)
keEK( keEK
k— oo k— o0

where A, zj are the Lagrange multipliers of the equality and inequality constraints in (2.7).
By taking limits as k — oo along the infinite subset Ky in (2.7), then we have

AZ = \BZ + z,
sr=0 (3.26)
Tz =0, '
327Bz —1=0.
Thus, T is the stationary point of the minimization problem (2.1).
If
|ldkll2 = n >0, Vk € Ko, (3.27)
where 7 is a constant. By Lemma 3.1, it is easy to get
Pa(xk-i-l) Spa(xk)fﬁa VkGKo.
Therefore, we can be obtained
Z n < Z [Pa(xk) - PO'(karl)]
keKy keKy
o0 (3.28)
< D Po(ar) = Polzhg)]-
k=1
Since
lim P,(zx) = Py(Z), (3.29)
k—o0
it can be derived
> 1< Pomy) — Po() < 0. (3.30)
keKo

From the above formulas (3.30) and 7 > 0, we know that Ky is a finite set. It contradicts
the assumption that Ky is an infinite set. This means that hypothesis (3.27) is not true.
Therefore, it can be seen that every accumulation point of {zy} is a stationary point of the
minimization problem (2.1). O

If the sequences {xy} and {dj} generated by Algorithm SQP satisfy Theorem 3.3, The-
orem 3.3 shows the accumulation point Z is a stationary point of the minimization problem
(2.1), ie., T is a Pareto eigenvector of the symmetric Pareto EiCP (1.1) and \ is the
corresponding Pareto eigenvalue.
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A Simple SQP Algorithm for Symmetric Pareto EiCP

In the previous parts of the paper, we have explained in detail how to choose the precise step
size and proved the global convergence of the SQP algorithm. Moreover, the search direction
can be obtained through the convex quadratic programming subproblem (2.4), which can
be solved efficiently by operating the MATLAB function “quadprog”. However, it requires
more computing time to solve the quadratic programming subproblem for the large-scale
symmetric Pareto EiCP. Next, we will propose a better way to solve the subproblems. In

addition, we will compare these two methods in the final numerical experiment.
Theorem 3.3 shows that the global convergence holds for any symmetric positive matrix

M in (2.4), and we can choose the matrix M as an n x n diagonal matrix, i.e.,

mingegr  gx(d) = %dT@d + (Azy)Td
st. afBd+ izl Bxy —1=0, (4.1)
d+ zp > 0,

where O is a diagonal matrix with positive diagonal elements. In this paper, we refer to
(4.1) as a simple quadratic programming subproblem, and in this section, we used a simple
method to solve (4.1) to achieve the purpose of improving the iterative efficiency.

Theorem 4.1. Let dj, be the solution of the simple quadratic programming subproblem (4.1)
and 6; > 0 be the ith diagonal element of ©. The ith component of dy can be expressed as

(d ) %,()\]CB.?;‘}c — Al‘k)i, )\k(Bl’k)i > (Axk)l — ei(l‘k)i, (4 2)
k)i = .

S Ne(Bay)i < (Axe)i — bi(wn)s,
where A, is the Lagrange multiplier of the equality constraint in (4.1).

Proof. The solution dj and the Lagrange multiplier A\ of the simple quadratic programming
subproblem (4.1) satisfy the Karush-Kuhn-Tucker conditions (2.7) with M = O, so for each
component of the corresponding vectors we have

0i(dr)i = (AeBxy — Azy)i + (21)is
(2k)i = 0, (dy +z1); >0, (4.3)
(Zk)i(dk + xk)i = 0.

Let u; := (A Bz — Axy);, then (dg); = ei(ul + (2k):). Next, we discuss the following two
cases:

(C1) If u; > —0;(wr)i, ie., Ae(Bay)i > (Awg); — 0i(wx);, then
0;(dr + x1); = ui + (21)i + 6i(xr)s > (21)i >0,

which yields (di +xx); > 0 since 6; > 0. Furthermore, we immediately have (z);(d +
x); = 0 by taking (zx); = 0.

(C2) If u; < —0;(xg)i, i.e., \g(Bxr); < (Azg); — 0;(xk);, then

i
1
(di)i = —(z1)i = 97(“1 + (21)i),

which leads (d + zx); = 0 and (zx); = —0;(xg); — u; > 0.
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We provide the result by concluding the above two case. O

From Theorem 4.1, we know that the di in (4.2) can be regarded as a function dg(Ag)
about the variable A\ and dy = di(Ag) satisfies the equality xdek + %x%Bmk —1=0. To
this end, we first give the bounds on the Lagrange multiplier A in the following conclusion.

Theorem 4.2. Let \; be the Lagrange multiplier of the equality constraint in (4.1), then

min {W | (Bxy): > o} < A < max{As, Ag, As), (4.4)

where

I BO YAz, —L2T Bz Tr)i—0i(Tk)i
Bxi| O Y Az | +1 - L2T B
As = k.| (Bimk' Iy - (4.6)
mln{i‘gi L | (Bzg)7 # 0}

Proof. Define the index set
N = {Z ‘ )\k(Bxk)l > (Al’k)l — Gl(xk)l}, R = {Z | )\k(BSCk)Z S (A(Ek)l — Gl(mk)z},
then the set N is nonempty. Otherwise, we have A\yBx, < Axp — xp, it follows from

(4.2) that dy = —xj. Substituting it in the the equality x} Bdj + %xfok —1=0, we

get —%xmek = 1, which contradicts to the fact that the matrix B is symmetric positive

definite.
If (Bzy); <0 for all ¢ € N, then we have

Z(dk)i(Bxk)i < - Z(xk)i(Bxk)i

iEN iEN
due to (di); > —(xy); for all i € N. Consequently, we have
T L r
x3, Bdy + 5%k Bxi —1

= Y (@B — (@) Ba)i + yaf Bay 1

iEN i€ER
L (4.7)
<= (wr)i(Bap)i — Y (wx)i(Br)i + 5k By — 1
iEN i€ER
1
= *?L’EBﬁk -1
<0,

which contradicts to 2 Bdy, + 22T Bz, — 1 = 0. Hence, there at least exists an index 4 such
that (Bxy); > 0 and \g(Bxy); > (Azxg); — 0;(xk)q, i€,

Ar > min {W | (Bxy); > 0}.
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On the other hand, it follows from (4.2) that
1
xt Bdy + §$£Bxk -1

= (dr)i(Bzx)i — > _(wx)i(Bay)i + %J;ZBa:k -1

iEN i1ER
1 1
= E f()\kB(Ek — AA(Ek)Z(BLL'k)z — E (xk)z(Bxk)l + *{,C{Bl'k -1
0, : 2
i€EN i€ER
= 0.

So the A\; can be formulated as
D ieN G%(Bxk)i(A:ck)i + > iern(Bry)i(zr)i +1 - %xfok
ZieN Q%(Bxk)g .
Below we make assumptions about the index set R:
(i) The set R is the empty set, i.e., Ay Bz > Az, — Oxy. It follows from (4.2) that
d=M\©O"'Bx; — 0 1Az,
xdek + %mexk —1= )\kackTB@_lek — x;;FB@_lek + %xfBﬁck —1=0,

a:ZB@_lAwkfészmk+1
zzB@*lBazk .

A =

(4.8)

then we can get A\ =

(ii) The set R is nonempty, there exists ¢ such that Ay (Bzy); < (Axg); — 0i(xg)i.
(a) 3 (Bzxg); >0, i € R, we have

(Azy); — 0i(zr)i (Azg); — 0i(zk);

Ap < < Buy,); > 0}
(b) Vi € R, (Bxg); < 0, we have
\, < D ieN %(Bxk)i(Axk)i +1- %xfB:ﬂk
- Sien 3. (Bzy)?
i€EN 0; k)i
- YieN Q%(Bxk),-(Amk)i +1-— %x{sz
- . Bzxi)?
min{ E20L | (Buy)? # 0}
< Yien - |(Ba)il [(Azw)il + e g7 |(Baw)il [(Azy)s| +1 — a7 Bay
- min{ P2 | (Bay)? # 0}
_|Bap|©7 Az + 1 - 12T Bay,
B . Bxy)? )
mm{% (Bzg)? # 0}
Thus, the proof is completed. O

From the range of \;, in (4.4), we can easily get the desired A, which satisfies the equality
m{Bdk()\k) + %x{Bwk — 1 = 0 by the bisection method. Consequently, we can establish
an algorithm for the symmetric Pareto EiCP by solving the simple quadratic programming
subproblem (4.1).

SSQP: Simple Sequential Quadratic Programming Algorithm
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1. Initialization

a) Give the symmetric matrix A € S”, and B € S7} is symmetric positive definite;

b) Choose a diagonal matrix ©® € R™ " with positive diagonal elements and a
penalty parameter o > 0;

¢) Choose a positive tolerance e, the initial iteration point z¢ > 0 and z( # 0, and
set k= 0.

2. Iteration

Step 1. Find the solution dj, of the subproblem (4.1) by the formula (4.2) and the bisection
method;

Step 2. If ||dg|l2 < ¢, then stop; otherwise, go to step 3;

Step 3. Compute a step size oy € [0, 1] by (2.12) and (2.13);

Step 4. Set xp1 = xf + apdy, k =k + 1, and return to step 1.

Numerical Experiments

In this section, we will provide important details for the implementation of the proposed
algorithm and describe how to set up the numerical experiments. Finally, we discuss their
numerical performance for computing complementary eigenvalues. All computations have
been performed on a personal computer with Intel(R) Core(TM)i7-8700 CPU. The algo-
rithms have been implemented in MATLAB environment.

Implementation details

The most indispensable part of the SQP algorithm is the choice about the symmetric positive
definite matrix M. Different choices of M may result in different numerical performance.
As mentioned in the second part of the article, the matrix M we selected in this paper is
a fixed approximate positive definite matrix, which is different from the classical sequential
quadratic programming algorithm. In our numerical experiments, we test the proposed SQP
algorithm with three kinds of choices about the matrix M and the corresponding algorithms
are respectively named SQP(G), SSQP(D), and SSQP(I) for convenience, i.e.,

At p, Aesm,

1. SQP(G):M:{ L e
) diag(A+pid), AeS",

2. SSQP(D) : M = { ding(A). Acsn

3. SSQP(I) : M =1,

where p1 = pa + 0.01, pa is the spectral radius of matrix A, I is the identity matrix and
diag(A) is the diagonal part of matrix A.

As mentioned in the previous parts of this paper, the critical step of the SQP and SSQP
algorithms is to determine the search direction dj, by solving the convex quadratic program-
ming subproblems (2.4) and (4.1) in each iteration, respectively. In numerical experiments,
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the MATLAB function “quadprog” is used to solve the subproblem (2.4) of the SQP(G)
algorithm. In the SSQP(D) and SSQP(I) algorithms, the solution dj of each simple sub-
problem (4.1) is obtained from the explicit expression (4.2), where the bisection method is
required. We set the stopping tolerance of the bisection method with e = 1079,

As shown in Theorem 3.3, we should choose the penalty parameter o such that ¢ >
max{|A|, p} for all k to ensure the global convergence of the SQP algorithm. However,
it is not easy to give a proper penalty parameter o in practical computations due to the
obstacles in the way of estimating an upper bound about the Lagrange multiplier \; for all
k. Moreover, the SQP algorithm would tend to get worse with the increase of the penalty
parameter o, so it is inappropriate to choose a large penalty parameter in computational
practice. Indeed, the Lagrange multiplier \; is an approximation of a Pareto eigenvalue of
the symmetric Pareto EiCP, and as well known that the Pareto eigenvalues are less than
p, which means that the Lagrange multiplier \; will be no larger than p for the sufficient
large k in iteration. In the numerical experiments, we set o9 = p + 0.01 and then update
o = max{og, | \x|+0.1} as the algorithm iterates. We find that o = max{p+0.01, |A;|+0.1}
and remains almost constant in the later iterations.

To analyze the effectiveness of the SQP and SSQP algorithms, we also solved the test
problems by using the BAS algorithm in [4], the SPL algorithm in [7] and the sequential
FLQP algorithm in [12]. Here we briefly explain that the BBP algorithm is applied in
the sequential FLQP algorithm (FLQP). The initial point is the canonical vector e®, where
s = argmax{r;|i = 1,...,n}, r; = min{a;;b;; — a;;b;;|j = 1,...,n} [4]. For the test problems,
the tolerance value for terminating these algorithms is ||dg||2 < 107% unless otherwise noted,
and the maximum number of iterations is 100000. Here is a brief explanation, when the
matrix A is an indefinite matrix, we obtain the Pareto eigenvalue of matrix pair (A4, B) by
solving the matrix pair (A+ p1 B, B) in the SPL and FLQP algorithms, where p; = p4+0.01
and p4 is the spectral radius of matrix A. This ensures that the matrix A + p; B is positive
definite.

In the tables below, we use the following notations:

e n: the order of the matrix.

e \: computed Pareto eigenvalue.

IT: number of iterations required by the corresponding algorithm.

CPU: computational time in seconds.

Dualfeas = min{w; : ¢ = 1,...,n}, where w; are the components of the vector w =
Ax — ABzx at the computed solution of the Pareto EiCP.

e x: the maximum number of iterations has been reached.
e —: the algorithm has not converged after running for more than 300 seconds.

In addition, the boldface numbers are the best performance in time.

Convergence performance

In this subsection, we report the convergence performance of Algorithms SQP(G), SSQP(D),
SSQP(I), FLQP, SPL, and BAS for solving the test problems. In order to test the feasibility
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of our algorithms, we first test a small problem. In this example, we set

4 -7 0 O 1 0 00
-7 =2 6 0 01 00
A= 0 6 2 -1’ B = 0 010
0o 0 -1 0 0 0 01

We arbitrarily choose a non-zero and non-negative initial vector, such as z¢ = [0,0,1,0]%.

We obtain
0

0
0.5412
1.3066

by using Algorithms SQP(G), SSQP(D) and SSQP(I) respectively. By further concrete

computations, we have

Az*) =—0.4142 and z* =

Az* — \(z*)Bzx* = 3'26172 ,

0

which means that A(z*) and z* are the Pareto eigenvalue and eigenvector of this problem.
This also proves that the algorithm we proposed is effective. The matrix pair (A, B) has
three non-zero Pareto eigenvalues with A\; = —6.6158, Ay = —0.4142, and A3 = —0.2048,
respectively. In addition, we set the initial vector as = rand(4,1) and test it randomly
one hundred times. The Pareto eigenvalue we found in 83 experiments was A\ = —6.6158,
while the Pareto eigenvalue found in the other 17 experiments was Ay = —0.4142. We can
find out different eigenvalues by different initial vectors. But most cases will get the same
eigenvalue. The number of occurrences of eigenvalue A3 = —0.2048 is zero. This is because
our algorithm is a descent algorithm that prefers to solve for the minimum of the objective
function. If we want to solve for other eigenvalues, the initial vectors need to be carefully
designed.
Test problem 1, 2, 3 and 4 are generated by setting A as follows:

A=Q"DQ,

where @) € R™*" ig an orthogonal matrix obtained from the QR decomposition of a random
matrix, and D € R™*" is a diagonal matrix, where diagonal entries d; is a random generated
number. We set matrix B = I or B = CTC + I, where C € R"*" is a random matrix with
full rank. We choose diagonal entries d; € (1,1000) in Test Problems 1. Test Problems 2, A is
a random produced positive definite matrix with d; € (1,1000) and B = I. Test Problems 3,
A is a random produced positive definite matrix with d; € (1,1000) and B = CTC +I. Test
Problems 4, A is a random generated symmetric indefinite matrix with d; € (—100, 1000)
and B = I. For Test Problems 5, B is the identity matrix and A is a symmetric positive
definite matrix from the Harwell-Boeing collection.

It is well known that the program “fmincon” in MATLAB can also solve the problem
(2.1). To better appreciate the efficiency of our proposed algorithms, we use “fmincon” as
a benchmark to solve Test problems 1. We considered n = 20, 50, 70, 100, 150. It can be
seen from Table 1 that the program “fmincon” in MATLAB can solve the problem (2.1)
well in the low-order case. When the order of the problem exceeds 100, it is difficult to
get an accurate solution, as shown by the values given in the column “Dualfeas”. From
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Table 1: Performance of algorithms for solving Test Problems 1.
B=1
n 20 50 70 100 150

A 3.0210e+01 1.0643e+02 1.1159e+02 1.5952e+02 1.2151e+02
fmincon Dualfeas -7.0392e-05 -2.6635e-05 -4.3204e-05 -7.0511e-05 -3.4524e4-00
CPU 3.0000e-02 1.4600e-01 1.8600e-01 3.7500e-01 1.3470e+00

A 3.0210e+4-01 1.0643e+02 1.1159e+02 1.5952e+02 1.2091e+02
SQP(G) Dualfeas -1.6251e-05 -5.4845e-05 -8.1087e-05 -5.9668e-05 -3.3822e-05
CPU 2.5000e-02 5.0000e-02 4.0000e-02 2.4900e-01 4.2000e-01

A 3.0210e+-01 1.0643e+02  1.1159e+02  1.5952e+02 1.2091e+02
SSQP(D) | Dualfeas -1.4942e-04  -2.0205e-04  -2.2208e-04  -1.6912e-04  -1.3276e-04
CPU 3.0000e-03 1.0000e-02 1.0000e-02 1.0000e-02 2.0000e-02

A 3.0210e+4-01 1.0643e+02 1.1159e+02 1.5952e+02 1.2091e+02
SSQP(I) Dualfeas -2.6364e-07  -3.6758e-07 -3.0330e-07  -2.0569e-07 -1.0911e-07
CPU 1.4300e-01 2.1000e-01 2.6000e-01 5.5100e-01 7.1700e-01

B=CTC+1I

A 7.1620e-02 2.0291e-02 7.0364e-03 3.3512e-03 2.3627e-03
fmincon Dualfeas -6.3280e-05 -4.1203e-02 -4.6145e-01 -2.4257e-01 -2.5792e-01
CPU 5.3000e-02 7.3000e-02 3.5700e-01 5.3100e-01 1.4750e+00

A 7.1620e-02 9.7273e-03 5.1241e-03 2.7958e-03 1.4851e-03
SQP(G) Dualfeas -9.7893e-05  -3.0917e-05 -2.0608e-06  -4.3515e-07  -1.0827e-06
CPU 1.0000e-02 2.0000e-02 1.0000e-02 2.0000e-02 3.0000e-02

A 7.1620e-02 9.7273e-03 5.1241e-03 2.7958e-03 1.4851e-03
SSQP(D) | Dualfeas -2.3715e-04  -1.5511e-04  -1.7208e-04  -1.4218e-04  -1.1456e-04
CPU 1.2700e-01 2.4700e-01 5.0000e-02 3.0000e-02 7.0100e-01

A 7.1620e-02 9.7273e-03 5.1241e-03 2.7964e-03 1.4861e-03
SSQP(I) Dualfeas -9.2069e-05  -8.9468e-05 -4.8748e-05  -2.3514e-03 -6.5100e-04
CPU 7.0200e+00  7.6920e+00  7.9870e+00  1.3836e+01 1.5209e+01

the benchmark results in Table 1, we can know that our proposed algorithms have good
performance.

Next, we compare the convergence performance of Algorithms SQP(G), SSQP(D),
SSQP(I), BAS, SPL and FLQP by four Test problems. We set the matrix A = QT DQ, where
Q € R109%100 j5 an orthogonal matrices obtained from the QR decomposition of a random
matrix, and D € R100%100 5 5 diagonal matrix with diagonal entries A\; > Ay > - - - > Aiq0,

and the ¢th is

An—it1 = A100 + ;7_11()\1 — /\100), 1=1,2,...,n.
Obviously, the matrix A is symmetric positive definite if Ajg9 > 0, and A is symmetric
indefinite if A; > 0 and Ao < 0. In addition, we set the matrix B = I or B = CTC + 1,
where C' € R190X100 i5 5 random matrix.

A is a symmetric positive definite matrix with the maximum eigenvalue A\; = 1000 and
the minimum eigenvalue Ajgpp = 1 in Figure 1. In Figure 2, A is a symmetric and indefinite
matrix with the maximum eigenvalue A\; = 100 and the minimum eigenvalue A1p9 = —50. In
each figure, we plot the curves of the norm dj of the testing methods versus the number of
iteration steps. These figures clearly show that Algorithm SPL, Algorithm FLQP, Algorithm
SQP(G), and Algorithm SSQP (D) require fewer iterations in the computation than the other
algorithms. Algorithms SPL, FLQP, SQP(G), and SSQP (D) show relatively smooth norm
curves, whereas Algorithms SSQP(I) and BAS are oscillatory, and the convergence behav-
iors are erratic. Algorithms SQP(G) and SSQP(D) show better convergence performance
than the SSQP(I) algorithm because the corresponding convex quadratic programming sub-
problems (2.4) and (4.1) contain more information about the original constrained quadratic
programming subproblem (2.1).
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B=1 B=CT'C+1
T T E T T T T

T T T T 3
BAS i BAS 1
SPL 102 ¢ SPL 4
102 FLQP i FLP | ]
SQP(G) SQPG) |
SSQP(D) b SSQP(D) | |
SSQP(l) SSQP() |3

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
iterations iterations

Figure 1: A is a symmetric positive definite matrix with A; = 1000 and A9 = 1.

B=1I B=CTC+1

3 3

BAS i BAS i

10? SPL 102k s |1
FLQP i FLQP ]

SQP(G) SQP(G) | |

SSQP(D) 3 ssapP(D) | 1
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Figure 2: A is a symmetric indefinite matrix with A\; = 100 and A1gg = —50.

The numerical results of various test problems with different sizes are displayed in Tables
2, 3, and 4 to compare Algorithms BAS, SPL, FLQP, SQP(G), SSQP(D), and SSQP(I). In
most cases, there is more than one solution to the Pareto EiCP, and these algorithms search
from different directions, so sometimes the algorithms may find distinct Pareto eigenvalues.
As discussed in [4, 7, 12], the BAS, SPL, and FQLP algorithms can effectively solve the
symmetric Pareto EiCP problem. From these numerical experiments, we can find that the
SSQP(D) algorithm is also effective in solving the symmetric Pareto EiCP problem and
has some advantages over other algorithms in terms of solution speed. In Table 3, all the
algorithms perform well except for the SSQP(I) algorithm. The BAS algorithm performs
well when the order of the matrix is low. We can observe that the FLQP algorithm and the
SQP(G) algorithm perform poorly when matrix A is indefinite. The FLQP and SQP(G)
algorithms fail to converge after running for more than 300 seconds when the matrix order is
2000. In Table 5, the SPL and SSQP(D) algorithms effectively solve the problem, although
the SQP(G) and SSQP(I) algorithms do not perform well in some cases.

From Table 1 to Table 5, it is easy to see that the SSQP(D) algorithm and the SPL
algorithm perform better among all the algorithms. To better understand the proposed
algorithm, we test the performance of the SSQP(D) algorithm and the SPL algorithm at
smaller stopping tolerance values. In Table 6, we test the performance of the SSQP(D)
and SPL algorithms under Problem 1, where the termination tolerance is ||dx|s < 1078,
As can be seen from Table 6, the SSQP(D) algorithm also finds high-quality solutions.
Since the SPL algorithm solves the subproblems by the block principal pivoting algorithm,
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Table 2: Performance of algorithms for solving Test Problems 2.

n 50 100 200 500 700 1000 2000
A 8.8601e+01 1.2850e+02 1.2572e+02 1.1043e+02 1.1788e+02 1.2895e+02 1.1539e+-02
BAS 1T 21591 * 11536 * * * *
Dualfeas -7.3983e-08 -1.8990e-06 -1.0591e-07 -4.3928e-05 -4.2302e-05 -3.0565e-05 -2.4376e-05
CPU  3.2300e-01 3.2860e+00 3.9400e-01 7.7180e+400 1.0273e+401 1.6513e+401 1.5606e+-02
A 8.8601e+4-01 1.2850e+02 1.2572e+02 1.1042e+02 1.1787e+402 1.2895e+4-02 1.1538e+02
SPL 1T 32 75 84 148 126 273 340
Dualfeas -3.1165e-05 -3.5395e-05 -2.3875e-05 -2.0791e-05 -1.6995e-05 -1.8233e-05 -1.2027e-05
CPU  4.0000e-02 2.0000e-02 6.7000e-02 8.0300e-01 1.2210e+400 4.6640e+400 2.2764e+01
A 8.8601e+01 1.2850e+02 1.2572e+02 1.1042e+02 1.1787e+02 1.2895e+402 1.1538e+02
FLQP 1T 30 69 79 134 121 268 327
Dualfeas -3.3252e-05 -3.6368e-05 -2.5940e-05 -2.0870e-05 -1.8083e-05 -1.8177e-05 -1.1975e-05
CPU  5.9000e-02 2.4300e-01 5.9000e-01 3.1120e+00 6.3160e4+00 2.4954e+01 1.3897e+02
A 8.8601e+01 1.2850e+02 1.2572e+02 1.1042e+02 1.1787e+402 1.2895e+4-02 —
SQP(G) 1T 34 73 173 674 382 1243 —
Dualfeas -3.7160e-05 -3.5969e-05 -3.5028e-05 -2.2816e-05 -1.8878e-05 -1.9240e-05 —
CPU  3.8000e-02 1.4700e-01 7.7700e-01 2.1382e+01 2.4922e+401 1.7126e+02 —
A 8.8601e+01 1.2850e+02 1.2572e+02 1.1042e+02 1.1787e+02 1.2895e+02 1.1538e+-02
SSQP(D) 1T 113 187 257 716 426 1136 1546
Dualfeas -1.5975e-04 -1.4199e-04 -1.2460e-04 -9.4285e-05 -8.7055e-05 -7.2075e-05 -5.2841e-05
CPU 8.0000e-03 1.0000e-02 2.0000e-02 1.3600e-01 1.7600e-01 3.5300e-01 3.2590e-+00
A 8.8601e+4-01 1.2850e+02 1.2572e+02 1.1042e+02 1.1787e+402 1.2895e+4-02 1.1538e+02
SSQP(I) 1T 3039 3629 3564 3874 4053 3876 4509
Dualfeas -2.7264e-07 -6.6573e-08 -2.4043e-07 -3.0016e-08 -1.0093e-07 -1.2692e-07 -8.1915e-08
CPU  2.9800e-01 6.5500e-01 8.0900e-01 1.4530e+00 2.1840e+400 2.9770e+400 1.1139e401

which is a direct method, it has an advantage over the SSQP(D) algorithm in terms of
solution accuracy. In addition, the SSQP (D) algorithm loses some information when solving
the subproblem with a diagonal matrix instead of the Hessian matrix of the Lagrangian
function, which also causes a loss in the quality of the solution. The SSQP(D) algorithm
still has advantages in the speed of computation when extremely high-quality solutions are
not required.

In summary, the SSQP algorithm can solve the symmetric Pareto EiCP efficiently.
In some instances, the SQP(G) algorithm requires fewer iterations but takes more time
than the SSQP(D) algorithm, mainly because the SQP(G) algorithm pays too much on
the solution of the subproblem. The SSQP algorithm uses (4.2) to obtain the solution of
the simple subproblem (4.1), thus reducing the computation time. When matrix B is the
identity matrix, although the SSQP(I) algorithm obtains a higher quality solution, it costs
more time. The SSQP(D) algorithm combines the advantages of Algorithm SQP(G) and
Algorithm SSQP(I) to solve the problem quickly and efficiently. When extremely high-
quality solutions are not required, the SSQP(D) algorithm has advantages over existing
algorithms.

(6] Conclusions

In this paper, a sequential quadratic programming (SQP) algorithm framework is proposed
for symmetric Pareto EiCP. The algorithm framework is to determine the search direc-
tion by a sequence of quadratic programming subproblems and a new approximate solution
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Table 3: Performance of algorithms for solving Test Problems 3.

n 50 100 200 500 700 1000 2000
A 1.3871e-02 2.6722e-03 7.9018e-04 1.0975¢-04 5.8905e-05 3.0448¢-05 7.3462e-06
BAS IT 84 73 70 197 93 254 197
Dualfeas -1.8737¢-04 -9.6869¢-05 -8.8549¢-05 -3.1552¢-04 -8.1174e-05 -2.7185e-04 -1.6257e-04
CPU  1.0000e-02 4.0000e-03 2.2000e-02 2.8000e-02 2.8000e-02 1.5600e-01 7.2000e-01
A 1.3871e-02 2.6722e-03 7.9018e-04 1.0975¢-04 5.8905e-05 3.0448¢-05 7.3462e-06
SPL IT 17 13 12 10 10 9 9
Dualfeas -1.8494e-05 -2.2241e-06 -1.2181e-06 -9.5447e-08 -4.4485¢-08 -2.0345e-07 -3.0967e-08
CPU 1.0000e-02 1.1000e-02 6.7000e-02 1.3700e-01 3.1200e-01 5.1100e-01  2.3060e+00
A 1.3871e-02 2.6722e-03 7.9018e-04 1.0975¢-04 5.8905e-05 3.0448¢-05 7.3462e-06
FLQP IT 15 9 9 6 6 6 6
Dualfeas -9.5200e-06 -1.5879¢-06 -3.2868e-07 -4.6977e-07 -1.4867¢-07 -3.0152¢-08 -1.6739¢-09
CPU  2.0000e-02 3.4000e-02 8.2000e-02 2.4200e-01 4.3100e-01 9.0000e-01  3.7150e+00
A 1.3871e-02 2.6722e-03 7.9020e-04 1.0988¢-04 5.8978¢-05 3.0547e-05 7.4065e-06
SQP(Q) IT 10 11 11 12 12 12 12
Dualfeas -3.6021e-05 -2.7197e-07 -2.7036e-06 -1.8458e-05 -1.6095¢-05 -2.3437e-05 -2.1149e-05
CPU  1.3000e-02 2.5000e-02 9.9000e-02 2.7500e-01 6.3500e-01 1.3070e-+00 6.3920e+00
A 1.3871e-02 2.6722e-03 7.9019¢-04 1.0975e-04 5.8908¢-05 3.0451e-05 7.3478e-06
ssqp(py| 1T 289 4889 2146 63 60 55 39
Dualfeas -1.9180e-04 -1.0813e-04 -9.4621e-05 -6.0933e-05 -6.0775e-05 -4.8960e-05 -4.0279¢-05
CPU  2.7200e-01 7.2400e-01 5.1500e-01 1.8000e-02 4.1000e-02 6.0000e-02 1.7700e-01
A 1.3871e-02 2.6724e-03 7.9085¢-04 1.0982¢-04 5.8909¢-05 3.3961e-05 —
IT * * * * * * _
SSQP(I)
Dualfeas -6.9910e-05 -7.4194e-04 -1.8153e-03 -3.5793e-04 -1.7450e-04 -2.4797e-03 —
CPU  8.0280e+00 1.4048e+01 1.7484e-+01 3.1096e+01 4.1766e+01 9.4249e+01 —
Table 4: Performance of algorithms for solving Test Problems 4.
n 50 100 200 500 700 1000 2000
A 7.3288¢401 4.0515e+01 -1.6021e+00 5.2221e+00 2.0878e¢+01 1.1873e+01 1.0936e-+01
Dualfeas -1.8012e-07 -5.7355¢-05 -6.3618¢-05 -1.3631e-05 -3.2646e-05 -5.0957¢-05 -2.6534e-05
CPU  1.4590e+00 3.2640e+00 3.8680e-+00 7.8790e+00 1.0375¢+01 1.6538e+01 1.5602e+02
A 4.8601e+01 4.0515e+01 -1.6034e+00 5.2221e+00 2.0875¢+01 1.1869e+01 1.0932e-+01
SPL IT 299 633 236 543 1099 717 824
Dualfeas -3.3402¢-04 -2.1729¢-04 -1.9630e-04 -1.4881e-04 -1.4104e-04 -1.2635¢-04 -8.1778e-05
CPU  4.7000e-02 1.6600e-01 1.7400e-01  2.4800e+00 7.3120e+00 9.8240e+00 5.2964e+01
A 4.8601e+01 4.0515e+01 -1.6034e+00 5.2221e+00 2.0875e+01 1.1869e+01 —
FLQP IT 285 628 226 543 1095 713 -
Dualfeas -3.3766e-04 -2.1786e-04 -2.1473e-04 -1.4676e-04 -1.4125¢-04 -1.2668c-04 —
CPU  4.4400e-01  2.0090e+00 1.4190e+00 1.1881e+01 4.7843¢+01 6.4447e+01 —
A 7.3288e+01 4.0515e+01 -1.6034e+00 5.2221e+00 2.0875e+01 1.1869e+01 —
SQP(Q) IT 290 727 263 997 1498 871 -
Dualfeas -2.8018e-04 -2.2346e-04 -1.7544e-04 -1.7642e-04 -1.4517e-04 -1.2889e-04 —
CPU  3.9000e-01 1.4890e+00 1.0470e+00 2.5866e+01 8.3413¢+01 1.0989e+02 —
A 7.3288¢+01 4.0515e+01 -1.6034e+00 5.2221e+00 2.0875e+01 1.1869e+01 1.0932e+01
ssqp(py| 1T 384 971 366 1329 2036 1173 1746
Dualfeas -3.7961e-04 -2.9850e-04 -2.7256e-04 -2.5001e-04 -2.0455¢-04 -1.5590e-04 -1.4793e-04
CPU  1.3000e-02 5.5000e-02 2.1000e-02 2.0500e-01 3.8600e-01 4.4100e-01 3.3310e+00
A 7.3288¢+01 4.0515e+01 -1.6034e+00 5.2221e+00 2.0875e+01 1.1869e+01 1.0932e+01
ssqp() | 1T 2988 2057 3058 3563 3747 4816 4151
Dualfeas -3.5169e-07 -6.4331e-08 -2.1290e-07 -3.9688e-08 -9.0270e-08 -2.7804e-08 -3.6852e-08
CPU  2.6200e-01 5.2400e-01 6.7800e-01  1.3540e+00 2.0150e+00 3.2540e+00 1.0255¢+01
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Table 5: Performance of algorithms for solving Test Problems 5.

Problem BCSSTK02 BCSSTKI19 BCSSTK26  GR_30_30 PLAT362
n 66 817 1922 900 362
A 6.5918e+00  1.1979e+14 1.0355e+09  6.1463e-02 2.6173e-06
SPL 1T 19 2 1 8 36

Dualfeas -2.4058e-06 -1.2614e+4-01  -3.4983e-04  -2.4725e-09  -6.8982e-10
CPU 6.0000e-02  3.5000e-02 9.2000e-02 4.8000e-02 4.1400e-01

A 6.5918¢+00  1.1979+14  — 6.1463e-02  —
SQP(G) IT 19 28 - 13 -
Dualfeas -1.3010e-05  -7.2316e-01  — -1.1955¢-06  —
CPU  1.4100e-01  2.0720e+00 — 4.1500e-01  —
A 6.5918¢+00  1.1979%e+14  1.0355¢+09  6.1463¢-02  2.6173¢-06
SSQP(D) T 1296 1 2 318 4980

Dualfeas -1.6292e-03 -1.9531e-03 -3.6320e-06 -7.1320e-07  -5.2154e-09
CPU 8.3000e-02 5.0000e-03 1.8000e-02 6.3000e-02 3.9300e-01

A 6.1532e+00  1.1979e+14 — 6.1463e-02 2.6180e-06

SSQP(I) IT 71758 * — 164 15972
Dualfeas -9.7936e-08 -2.5025e+01  — -7.6827e-08  -2.1574e-08
CPU 7.8550e400  5.3890e+00 — 3.7000e-02 6.9100e-01

Table 6: Performance of algorithms for solving Test Problems 1.

B=1
n 100 200 500 700 1000 1500 2000
A 9.4374e+01 1.2376e+02 1.0922e+02 1.1268e+02 1.1606e+02 1.2580e+402 1.1834e+02
SPL 1T ke 98 133 252 284 407 615
Dualfeas -2.6474e-07 -1.8047e-07 -1.7129e-07 -2.0534e-07 -1.5573e-07 -1.3007e-07 -1.2227e-07
CPU  2.3000e-02 9.2000e-02 7.5200e-01 1.7660e+00 4.5160e+00 1.4022e+01 3.6240e+01
A 9.4374e+401 1.2376e+02 1.0922e+02 1.1268e+02 1.1606e+02 1.2580e+02 1.1834e+02
SSQP(D) 1T 285 342 549 1131 1265 1989 2390
Dualfeas -1.2425e-06 -8.9861e-07 -8.4537e-07 -8.9346e-07 -6.7249e-07 -5.3137e-07 -5.0757e-07
CPU 1.5000e-02 3.0000e-02 9.6000e-02 2.3800e-01 4.0500e-01 1.8030e+00 4.3690e+00
B=CcTC+1I
A 2.8766e-03  7.0960e-04 1.2524e-04 6.9109e-05 3.0008e-05 1.1868e-05 7.7352e-06
SPL IT 15 14 12 12 11 10 10
Dualfeas -3.5973e-08 -1.1712e-08 -1.4812e-09 -2.1534e-10 -3.3410e-10 -6.0960e-10 -4.3131e-10
CPU 1.0000e-02 2.0000e-02 1.4000e-01 2.7100e-01 6.0400e-01 1.2030e+00 2.1850e+00
A 2.8766e-03  7.0960e-04 1.2524e-04 6.9109e-05 3.0008e-05 1.1868e-05 7.7352e-06
SSQP(D) 1T 1671 1228 113 195 97 91 89
Dualfeas -9.7200e-07 -8.8125e-07 -6.8473e-07 -6.1439¢-07 -4.7135e-07 -4.2485e-07 -3.6926e-07
CPU 2.7800e-01 2.0000e-01 4.7000e-02 7.9000e-02 1.0900e-01 2.5500e-01 4.0300e-01

can be obtained along this search direction with the exact step size. The global conver-
gence analysis for the SQP algorithm framework is presented. The SQP algorithm seems
to be competitive to the existing algorithms from numerical results. In order to further
improve the computation efficiency, a kind of simple choices about the quadratic program-
ming subproblems is introduced in practice, and various numerical results illustrate that the
corresponding simple SQP algorithm (SSQP) is quite efficient for the solution of the large
symmetric Pareto EiCP.

The key of the SQP algorithm framework is to construct a series of suitable quadratic
programming subproblems. The computational efficiency of the SQP algorithm is closely
related to the selection of the symmetric positive definite matrix M, which has been con-
firmed by a large number of numerical experiments. This article mainly focuses on the fixed
matrix M, so in our future research, we will consider using a series of suitable symmetric
positive definite matrices to promote the SQP algorithm proposed in this article.



604

L. ZHU, Y. LEI AND J. XIE

References

[1]

2]

S. Adly and H. Rammal, A new method for solving Pareto eigenvalue complementarity
problems, Comput. Optim. Appl. 55 (2013) 703-731.

S. Adly and A. Seeger, A nonsmooth algorithm for cone-constrained eigenvalue prob-
lems, Comput. Optim. Appl. 49 (2011) 299-318.

J.-B Baillon and A. Seeger, New results on Pareto spectra, Linear Algebra Appl. 588
(2020) 338-363.

C.P. Bras, A. Fischer, J.J. Judice, K. Schonefeld and S. Seifert, A block active set
algorithm with spectral choice line search for the symmetric eigenvalue complementarity
problem, Appl. Math. Comput. 294 (2017) 36-48.

C.P. Brés, M. Fukushima, J.J. Judice and S.S. Rosa, Variational inequality formulation
of the asymmetric eigenvalue complementarity problem and its solution by means of
gap functions, Pac. J. Optim. 8 (2012) 197-215.

L. Fernandes, A. Fischer, J.J. Judice, C. Requejo and J. Soares, A block active set
algorithm for large-scale quadratic programming with box constraints, Ann. Oper.
Res. 81 (1998) 75-95.

M. Fukushima, J.J. Judice, W. de Oliveira and V. Sessa, A sequential partial lineariza-
tion algorithm for the symmetric eigenvalue complementarity problem, Comput. Optim.
Appl. 77 (2020) 711-728.

P.E. Gill, W. Murray and M.A. Saunders, SNOPT: An SQP Algorithm for Large-Scale
Constrained Optimization, SIAM Rev. 47 (2005) 99-131.

N.I-M. Gould and P.L. Toint, SQP Methods for Large-Scale Nonlinear Programming,
in: IFIP Conference on System Modeling and Optimization. 1999.

J.J. Judice, M. Fukushima, A. Iusem, J.M. Martinez, and V.Sessa, An alternating
direction method of multipliers for the eigenvalue complementarity problem, Optim.
Methods Softw. 36 (2021) 337-370.

J.J. Judice, M. Raydan, S.S. Rosa and S.A. Santos, On the solution of the symmet-
ric eigenvalue complementarity problem by the spectral projected gradient algorithm,
Numer. Algorithms 47 (2008) 391-407.

J.J. Judice, V. Sessa, and M. Fukushima, Solution of fractional quadratic programs
on the simplex and application to the eigenvalue complementarity problem, J. Optim.
Theory Appl. (2022) 545-573.

J.J. Judice, H.D. Sherali, .M. Ribeiro and S.S. Rosa, On the asymmetric eigenvalue
complementarity problem, Optim. Methods Softw. 24 (2009) 549-568.

H.A. Le Thi, M. Moeini, T. Pham Dinh and J.J. Judice, A DC programming approach
for solving the symmetric eigenvalue complementarity problem, Comput Optim Appl.
51 (2012) 1097-1117.

J.A.C. Martins, S. Barbarin, M. Raous and A. Pinto da Costa, Dynamic stability of
finite dimensional linearly elastic systems with unilateral contact and Coulomb friction,
Comput. Methods Appl. Mech. Engrg. 177 (1999) 289-328.



[16]

(28]

[29]

THE SEQUENTIAL QUADRATIC PROGRAMMING 605

J.A.C. Martins and A. Pinto da Costa, Stability of finite-dimensional nonlinear elas-
tic systems with unilateral contact and friction, International Journal of Solids and
Structures. 37 (2000) 2519-2564.

W. Murray, Sequential quadratic programming methods for large-scale problems, Com-
put. Optim. Appl. 7 (1997) 127-142.

J. Nocedal and S.J. Wright, Numerical Optimization, 2nd ed, Springer Ser. Oper. Res.
Financ. Eng. 2006.

A. Pinto da Costa and J.A.C. Martins, Computation of bifurcations and instabili-
ties in some frictional contact problems, in: FEuropean Conference on Computational
Mechanics. 2001.

A. Pinto da Costa, J.A.C. Martins, I.N. Figueiredo and J.J. Judice, The directional
instability problem in systems with frictional contacts, Comput. Methods Appl. Mech.
Engrg. 193 (2004) 357-384.

A. Pinto da Costa and A. Seeger, Cone-constrained eigenvalue problems: theory and
algorithms, Comput. Optim. Appl. 45 (2010) 25-57.

M. Queiroz, J.J. Jidice and C.H. Jr, The symmetric eigenvalue complementarity prob-
lem, Math. Comp. 73 (2004) 1849-1863.

P. Quittner, Spectral analysis of variational inequalities, Comment. Math. Univ. Car-
olin. 27 (1986) 605—629.

R.C. Riddell, Eigenvalue problems for nonlinear elliptic variational inequalities on a
cone, J. Funct. Anal. 26 (1977) 333-355.

A. Seeger, Eigenvalue analysis of equilibrium processes defined by linear complemen-
tarity conditions, Linear Algebra Appl. 292 (1999) 1-14.

A. Seeger, Cone-constrained eigenvalue problems: structure of cone spectra, Set-Valued
Var. Anal. 29 (2021) 605-619.

A. Seeger and D. Sossa, Measuring similarity between connected graphs: the role
of induced subgraphs and complementarity eigenvalues, Graphs Combin. 37 (2021)
493-525.

A. Seeger and M. Torki, On eigenvalues induced by a cone constraint, Linear Algebra
Appl. 372 (2003) 181-206.

Y.X. Yuan and W.Y. Sun, Optimization Theory and Method, Science Press, 2007.

Manuscript received 15 February 2022
revised 23 July 2022, 5 November 2022
accepted for publication 7 December 2022



606 L. ZHU, Y. LEI AND J. XIE

LiN ZaU

School of Mathematics

Hunan University, Changsha 410082, P.R. China
E-mail address:zhulin@hnu.edu.cn

YUAN LEI

School of Mathematics

Hunan University, Changsha 410082, P.R. China
E-mail address: yleimath@hnu.edu.cn

JIAXIN XIE

LMIB of the Ministry of Education

School of Mathematical Sciences

Beihang University, Beijing 100191, P.R. China
E-mail address: xiejx@buaa.edu.cn



