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Abstract: In this paper, we study the optimality conditions for the stochastic second-order cone constrained
variational inequality problem. The sample average approximation method is used first to approximate the
expected value function and get a approximation problem called SAA problem. The Karush-Kuhn-Tucher
system of SAA problem is studied, and the second-order sufficient condition is further defined. Besides, we
prove that the Jacobian matrix of equation system’s operator is non-singular. Finally, the Newton’s algorithm
is established and two numerical examples are gave, the results prove that the algorithm is effective.
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Introduction

At present, stochastic programming has become one of the research hot spots of scholars,
see [1, 2, 3, 4, 5], [13, 15, 16, 18, 21] and the references therein. As an important branch of
stochastic programming, stochastic variational inequality has many applications in practical
problems. The main methods to solve stochastic variational inequality problem are sample
path optimization method [1], sample average approximation method [2, 3, 4], stochastic
approximation method [5]. The optimality conditions of stochastic variational inequality
are studied in some literatures, see [6, 7, 8, 9]. However, there are few studies on the second-
order sufficient condition of stochastic variational inequality problem. Therefore, based
on our previous research work [17], we generalize the problem and study the optimality
conditions of second-order cone constrained stochastic variational inequality problem.

The stochastic second-order cone constrained variational inequality problem (abbrevd.
SSOCCVTI), which is to find € C, such that

(E[f(z,8)],y —x) = 0,vy € C, (11)
where (-, -) represents the Euclidean inner product, F[f fQ x,&)dP(€) is the ex-
pectation of £, the set C is

C ={z € R"| E[h(z,n)] = 0,-Elg(z,()] € K}, (1.2)

where R™ is a real space with n-dimension, and X is second-order cone with m-dimension.
f(-,€) is local Lipschitz continuous for any &, for each fixed n and ¢, h(-,n) : R" — R,
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and g(-,¢) : R™ — R™ are both continuous differentiable convex functions. &,n,( are
stochastic variables defined in probability space (2, F, P), where F is sigma algebra, P is
the probability measure on €2, and

K=Km x M2 x ... x KM, (1.3)

where ¢ > 1, m; > 1,i=1,2,...,qg and m; + mg +---myg = m. K™ is a second-order cone
with m;-dimension.

Preliminaries

In order to better carry out the research, this chapter gives the basic definitions, properties
and conclusions required for the research.

Clarify the symbols used in this paper first. Given a mapping F : R" — R™, we use
JF(z) and VF(z) to denote the Jacobian and gradient of F, respectively, and JF(z) =
VF(z)T, moreover, V?F(z) means Hessian matrix. Given a sequence {t,} € R, we use
t, | 0 to express {t,} is monotone decreasing and converges to 0. The distance from a point
x to a set K is defined by

dist(z, K) :=inf{||lx — y|||Vy € K}. (2.1)

Besides, we use linK to denote the linear subspace generated by K.
If a subset K™ of R™ satisfies

K™= {z = (z1,72) € R x R™ |y > ||zo]|}, (2.2)

then K™ is called second-order cone with m-dimension.

For any two vectors * = (z1,22) € R x R™ ! and y = (y1,42) € R x R™™L, the
Jordan product is defined by z -y = (z7y, 2192 + 29y1). For any x € R™, 22 = - x,
which belongs to K™. The square root of x € K™ is also well defined, which is denoted
by 2 or \/z, and # = (z2)% or x = (\/z)?, similarly |z| = V2. Besides, for any vector
= (21,22) € R x R™™!, the determinant and trace are defined by det(z) = 23 — ||z2]|?,
tr(z) = 2x1, generally, det(x - y) # det(x)det(y), and only when x = ay,a € R, the equal
sign holds. In addition, a vector = (x1,22) € R x R™~! is called invertible, if det(z) # 0,

and its inverse satisfies 7 - 271 = e,e = (1,0,...,0)7 € R™. It is not difficult to deduce that
—1 _ tr(z)e—x
- det(z) -
Any vector x = (z1,22) € R x R™1, has the spectral decomposition

T

T = plu(l) + pgu@), (2.3)
where p1, p2 are the spectral values, given by
pi =1+ (=1)" ||zl (2.4)
and u™M, u(?) are spectral vectors corresponding to pi, pa, with formulas

1 D)

S(L(=1)'7—=), if 22 #0,
5(1a (_1)110)7 Zf z2 = 0.
for i = 1,2, where w is an arbitrary vector in R™~!, and |jw|| = 1. Obviously, the spectral

decomposition is unique if and only if x5 # 0.
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Proposition 2.1. Any a vector x = (z1,72) € R x R™~ 1, the spectral values are py, p> and
corresponding spectral vectors are u™), u@ | then the following properties hold.

(a) x € K™, if and only if, p1 > 0;

(b) Under the Jordan product, uD, u® are orthogonal, and have the same mode length
1 .
ﬁ, 1.€.,

1
uWu® =0, [[uV) = u?| = —

\/i’
(c) uM, u® have idempotent property under the Jordan product, i.e., uDu(D = @ ;
(d) 22 = p2u® 4 p2u® € K™, and 2> € K™;
(e) If z € K™, then 27 = \/pTu(l) + mu(2), and z2 € K™;
2 2
(f) det(z) = pipa, tr(z) = p1 + pa, [|z]* = 252
The revelent proof see [10], [20].

Definition 2.2. A mapping ¢ : R" x R"™ — R" is called complementary function if and
only if
rekK,yek,zly =0 ¢(z,y) =0. (2.6)

Suppose z has the spectral decomposition as (3), the projection Ixm () of & onto K™ is
iem () = max{0, py }Ju + max{0, ps }u'?.

Actually, plugging in p; and u() given in (2.4) and (2.5), yields

1 X .
5(1 + m)(H@Hvxz)v if |ze] < ||lz2lf,

Hm (x) = (1, 2), l.f 2]l < 21, (2.7)
0 if o2 < —w1.

Lemma 2.3 below gives the derivative of projection IIxm (x). The boundary, interior and
closure of K™, are denoted as bd/™, int/C™ and clC™, respectively.

Lemma 2.3. The metric projection operator Hicm (+) is directionally differentiable at x for
any d € R™, and

Jem (z)d, if € R™M{K™U—-K™},
d, if x €int K™,
d—2uMWTd_uV | if 2 e bdK™\{0},
'jcm (z;d) = b -u Zf ! . 0y (2.8)
0, if € —int K™,
2u®Td)u®, if x € —bdK™\{0},
H]CnL (d)7 Zf Tr = 0'
where
.’I?QT
1] ! B
Jem () = = T2 r |- (2.9)
T I I ToX9
2l T+ I— : 3
2l Nzl |y

Indeed, [uMd"]_ := min{0,uMTd}, uPd"], := max{0,u>Td}.
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Definition 2.4. For a closed set K C R"™ and a point x € K, the relevant cones, which can
be found in [11], are defined by

(1) The tangent cone

, K—=z
Tk(z) = ltlfrolsup . (2.10)
(2) The regular normal cone
Ni(z) = {v € R"| (v,y —2) < o(lly — ), Vy € K}, (2.11)
(3) The normal cone
Ng(x) := lim sup Ng(z). (2.12)
yLM:

Notice that : if K is a closed convex set, then Tk () = cl(K + Rx), Nx(z) = Ng () =
Tk (z)° = {v € K°|{v,x) < 0}, where K° represents the polar cone of K.

Lemma 2.5. The tangent cone and second-order tangent cones of K™ at x € K™ are
expressed, respectively, by

R™, if x €int K™,
Tiem () = 4 K™, if 2 =0, (2.13)
{d = (d1,d2) € R x R™ "[{da, wa) — 1dy <0}, if o € bdK™\{0}.

and
R™, if x € int Tiem (),
T2 (z,d) = { Ticm (d), if =0,
{w = (w1, ws) € R x R™ Y{wy, xa) —wizy < di — ||d2*}, otherwise.
(2.14)

Lemma 2.6 ([22]). Let X1,Xo,..., X, be a sequence of independent and identically dis-
tributed samples taken from random wvariable X, with mean p. Suppose that the moment
generating function M(t) = E[e*Xi] < oo, then for any z > u, the equation holds

1 1O
3 . > = — 1
lim — log P{n E X; >z} 1(2), (2.15)

n—oo n ,
i=1

and the rate function is I(z) = sup,cp{tz — logM(t)}. The lemma is called the Cramér’s
Large Deviation Theorem.

Sample Average Approximation

There are three methods to solve stochastic variational inequality problem (SVIP): sample
path optimization (SPO), sample average approximation (SAA) and stochastic approxima-
tion (SA). In this paper, we adopt SAA method to solve SSOCCVI problem. Some basic
assumptions used in the process of applying the method can be found in [2], the main idea
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is to generate N independent and identically distributed random samples &1, &s, ..., &N, and
use their sample mean function

FW)~iiﬂ &)
x_Ni:I TyGi)y

to approximate expected value function E[f(z,£)].
Definition 3.1. The moment generating function of random variable f(x,&) is defined as
M(t) = E[etf®9)], (3.1)
thus, the moment generating function of f(z, &) — E[f(x,&)] is denoted by
M, (t) = E[etU@-El @8], (3.2)

Assumption 3.1. (a) For any z € C, the moment generating function M, (t) is finite
w.r.t. t in a certain neighborhood of zero;

(b) There is a metric function k : Q — Ry, such that, for any & € Q, z,x € X, there is
£(@,€) = f(2,6)] < k(E)ll2" — al; (3:3)

(c) The moment generating function My(t) = E[e*©)] is finite w.r.t. t in a certain
neighborhood of zero.

Proposition 3.2. Let K C R"™ and X is a compact subset of K. If Assumption 3.1 holds,
then for any € > 0, there are c(e) > 0, B(e) > 0 (independent of N ), such that

Prob{ sup |FN(2) — E[f(z,€)]] > e} < c(e)e NVAE), (3.4)

Proof. By Cramér’s Large Deviation Theorem, we can obtain that for any x € X, ¢ > 0,
Prob{F" (z) — E[f(x,€)] > e} < exp{~NI(e)}, (3-5)
again, by Cramér’s Large Deviation Theorem, we have
Prob{FN (z) — E[f(z,£)] < —¢} < exp{—NI.(—¢)}, (3.6)

thus
Prob{|FN (z) — E[f(z,)]| > €} < exp{—N1I.(e)} + exp{—NIL.(—e)}. (3.7)

The Assumption 3.1(a) satisfies the condition of Cramer’s Large Deviation Theorem, and

I.(2) = fgg{zt —logM,(t)}, (3.8)

denotes the rate function of random variable f(z,&) — E[f(z,£)], then by the definition of
rate function, I (), I.(—¢) are positive for any = € X. The Assumption 3.2(b) illustrates

’

|E[f(z,€)] - E[f(z,6)]| < Lz’ — |, (3.9)



630 L. WANG, M. ZHENG, J. SUN AND H. LIU

where L := E[k(£)] is finite by the (c), and the inequality holds based on the points below:
by law of large numbers, the mean of random variables converges to the expectation with
probability one, hence, when N — oo, the inequality can be converted into

N / N N
|sz($’l - Z xgz S Z gz ||x_ a
i=1 i=1 i=1
equivalently
N
1268 =3 Sl < X Ml —all

On the other hand, | Y, f(2',&) — SN, f(2,&)] < SN, [f(2'. &) — f(x,&)|. Thus, we

need only to proof the inequality below

N
2178 = f 8] < 3 K@l el (3.10)

the condition for the inequality to hold is that Assumption 3.1(b) holds, and the explanation
is complete. Moreover,

[FN (@) = FN(@)] < V()2 — ), (3.11)

where kY (¢) = 5N, k(&). Assumption 3.1(c) indicates that My(t) = E[e'*()] is finite in
a neighborhood of zero, which satisfies the condition of Cramér’s Large Deviation Theorem,
thus, for any L > L, 3\ > 0, such that

Prob{k™N (¢) > L'} < exp{—NA}. (3.12)

In order to proceed further, we define a sequence {Z1,Zs,...,Tps} € X, which satisfies
for any x € X, there is z; (j = 1,2,..., M) such that ||z — z;|| < v(v > 0).

Consider Z; := FN(z;,€) — E[f(z;,€)], j = 1,2,..,M. It is clear that the event
{maxi<;<nr |Z;| > €} is equal to the union of the events {|Z;| > €}, hence

M
Prob{ max, |Z;| > e} < ZProb |Z;| > ¢e), (3.13)
7j=1

combining with (3.7), we achieve

Prob{ max |Z;| > e} < ZProb |Z;| >¢e) < ZZexp{ NIz, (e) Nz, (—¢)]}.  (3.14)

Remark j(z) € argmini<;<a||z—2Z;||. From the definition of the sequence {Z1, Zo, ..., T} €

X, we get ||z — Z()|| < v, for any € X, then

|[FN(z) — E[f(z,€)]] < |FN(z)- FN(%(T))|+|F (Zj@)) — Bl (Zja), )]
+  |E[f(Zj(),€)] — E[f(z, )]l
< KN+ |F (Zj@)) = Elf (Zj2), )| + Lr.
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Now, let v such that Lv = %, i.e., v = 57, then

Prob{sup [F¥ (@) - Elf(w.€)] 2 £} < Prob{k¥w + max [FV(z,) ~ Elf(a,. )l = 7).

reX
(3.15)
moreover, by (3.12), we get

Prob{k™ (€) > g} < exp{—N)}, (3.16)

for some A\ > 0, therefore, combined with (3.14),(3.15),(3.16), we obtain

Prob{sup |F™(2) = E[f(2,€)] > el} < eap{—NA} + Prob{ max |F¥(z;) - E[f(z;,€))| = 7}
rzeX EVAS
M
< eap{=NX} +2 ) eap{~N[L, (3) A Lz, (=)

(3.17)
Since the above choice of the sequence dose not rely on the sample, and both Iz,(5), Iz, (—5)
are positive, the proof is complete.

Second-order sufficient condition and non-singularity theorem

In this section, we use SAA method to transform the SSOCCVI problem into SAA problem
and give the KKT system of the SAA problem. Using the natural residual (NR) function,
we transform the KKT system into an equation system. Based on first-order necessary
condition, we define the second-order sufficient condition of the SAA problem. Finally, the
non-singularity of the Jacobian matrix of the equation system’s operator is proved.

It is known that SSOCCVI problem (1.1)-(1.2) is equivalent to the generalized equation

—E[f(2,8)] € No(z), (4.1)
where N¢(z) denotes the normal cone of the set C' at z, and
Ne(x) = {JoBlh(z,m)] u+ JoElg(z, Q)] Mp € R\ A € K, (A, Elg(z,0))) =0} (4.2)

Thus, the KKT system of (1.1)-(1.2) is

Elh(z,n)] =0, (4.3)
Elg(z,)]" A =0,-E[g(x,)] € K, A € K.

where L(z, p, A) is the Lagrangian function of (1.1)-(1.2), and
L(z, 1, \) = E[f (,)] + Jo E[h(x,m)]" 1+ J» Blg(z, O] A (4.4)

By SAA method, problem (1.1)-(1.2) can be converted into the problem: find 2 € CV,
such that
(y - x)TFN(x) 2 O,Vy € CN7 (45)

and
CN ={z e R"|AWN(z) =0, —¢" (x) € K}, (4.6)



632 L. WANG, M. ZHENG, J. SUN AND H. LIU

where FN(z) = £33N f(2,&), bV (z) = £ZN h(z,m), ¢V (z) = L3N 9(z, ). &, mi
G, @ =1,2,... N, are independent and identically distributed samples of &, n, (. We call
(1.1)-(1.2) the original problem and (4.5)-(4.6) the SAA problem.
Similarly, (4.5)-(4.6) is equivalent to the generalized equation
~FN(2) € Now (), (4.7

and Neow (z) = ~({Jx

RN (2)T i+ Jog™ ()T A € RN € K, (A, gV (z)) = 0}, hence, the KKT
system of (4.5)-(4.6)

is
FN(z) 4+ J.hN ()T p 4 Jog™ (2)TA =0,
N (x) =0, (4.8)
V@) TA=0,1e K, —¢"(x) € K.

To facilitate our research, for each K™, we define

i = {((Eil, Ti2y e ,.’Eimi)T € R™Mi |£E7;1 > ||((EZ'27 - 7ximi) }, (49)
then gV (z)T\ = 0, can be denoted as
9N ()T Ay = 0, A\, € K™ —gpy (z) € K™ i =1,2,...,q, (4.10)

where {)‘mi = (S‘mw;‘mi) € R x Rmi_1|5‘mi > HS‘mLH} and {gnj\w{1 = (grjxl’gn]\fil) € R x
R™ g, = g 13-

Based on the definition of complementary function given in (2.6), the KKT system of
(4.5)-(4.6) can be converted to

LN (, 1, A)
N (@)

O ) = | ONR I Am) | <o, (4.11)
¢]]¥R(_g’r]xq7>\mq)

Further, we choose a semi-smooth natural residual (NR) function in [10], i.e.,

(bNR((L', y) =T — H’Cﬂl (:,C — y), (4.12)
hence, (4.11) is equivalent to
IRCNTON
SN (1) = —hN () —0, (4.13)

—gM(z) — Tc(—g™ (z) = \)

T
where HIC(ng(:C) - )‘) = (H/C""l (7g7jr\/;1 (fﬂ) - >‘m1)T’ R H]C"”q (7.9%(1 (CE) - Amq)T> ) and
for d € R™, Tic(—g™ () — A;d) = diag{Icn, (g, (2) = A dim, )}y

In conclusion, we convert the KKT condition of (4.5)-(4.6) into the equation
ol r(z, 1, A) = 0. Next, we are devoted to exploring the second-order sufficient condition of
(4.5)-(4.6).

Assume that 2* is a local optimal solution of (4.5)-(4.6), the Robinson’s constraint qual-

ification
( VhN (Jf* )T

—VgN(I*)T ) R" +T{OL}><)C(hN(:E*)7_gN(x*)) = Rl X Rma (414)
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holds at x*. The first-order necessary condition is

(FN(x*),d) > 0,Vd € Ten (z*), (4.15)

where
Ton (z*) = {d|VRY (z*)Td = 0,-Vg" (2*)d € Tc(—g" (z*))} . (4.16)
Nen (%) = VRN ()R + {Vg" (z*)A| — X € Ni(—¢g™N (2*))}. For convenience, for z =
(Zmys - 2m,) € R™, we can write Nx(z) := Nimi1(2m,) X Nima (2m,) X - -+ X Nima (2m,,)

and Nicmi (2m;) = {tm, € R™

<umiav - Zmi> < 0},V'U € Kmi,
Definition 4.1 ([12]). The critical cone of set OV at z* is
C(z*) = {d|d € Ten (z*),dLFN (z*)}. (4.17)

Definition 4.2. Let z* be a local optimal solution of SAA problem (4.5)-(4.6) and lagrange
multiplier set A(x*) = {(1,\)} is nonempty and compact . If JF¥(z*) is positive semi-
definite and Robinson’s constraint qualification holds at z*, then the second-order sufficient
condition of (4.5)-(4.6) is

( 5161[13( *){<JmLN(3J*,M,/\)d7 d) — §* (N TR(=g" (z*), =Vg" (z*)"d))} > 0,vd € C(z*)\{0}.
7 (4.18)

where

0, if Xe Ng(—g™(a"),

) (4.19)
400, otherwise.

5" (NTR(=g" (%), = Vg™ ()" d)) = {

Remark 4.3. Since z* is a local optimal solution of (4.5)-(4.6), which implies for any ¢ > 0,
(FN(z*),z —2*) > 0,Yz € B.(z*) n OV, (4.20)

equivalently,
z* € argmin {(FY(z*),2 —2*) |z € B.(z*) nCV } . (4.21)
Moreover, when JF™ (2*) is positive semi-definite, it’s known that (4.21) holds if and only
if
z* € arg min {<FN($*),$ — ")+ <JFN(x*)(x — "),z —z*) |z € B(z*) N CN} . (4.22)

Hence, problem (4.20) is equivalent to

min (FY(@), 2= a") + 5 (TFY @@ —a), @ —at) (4.23

st. xeB.(z*)nCV

where CV = {z € R"|AN(z) = 0,—¢g"(z) € K}. The knowledge needed to prove the
second-order sufficient condition of (4.23) refer to [12].

Theorem 4.4. Assume that (z* p* \*) is a KKT point of (4.5)-(4.6), then JOY 5 (z* p* \*)
s mon-singular if and only if

(i) A(z™) # o
(ii) The second-order sufficient condition (4.18) holds;
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(iii) —A* € intNx(—g™ (z*)) holds;
(iv) The constraint non-degeneracy condition holds, i.e.,

(VhN(m*)T

R™ + 1inTyo, WY (%), =gV (z*)) = R x R™. 4.24

Proof. It is clear that

Jo LN (2,0, N) TN ()T TN ()T

JON o (x, 1, ) = JohN (z) 0 0 , (4.25)
o, 0 D,
where
D1 =~V (@) (I = diag{Tn, (=g (@) = A dm )}y ) (4.26)
Oy = diag{ycm; (=gl (2) = Ay dm, ) Yy (4.27)

To simplify the proof of the theorem, in the following process, we let JON, :=
JON s (z*, w*, N*), JAN = JhN(z*), JgN = JgN(z*), J,LN = J,LN(z*, p*, \*), thus,
we get

dzx JoLNdx + (Jh™M)Tdp + (JgN)TdA
JONR | du | = JhNdx : (4.28)
dA M

where
/ T
, T
+ (diag{Ticn, (=0, = N dm) Y1) X

, T
= —Jgh dv — (diag{Ten, (—gly, = Niysdm)Voy) (—Jgl do = dN)
=—JgNdx — H;C(—gN — X —JgNdx — d)).

(4.29)
Hence, we gain
dx JoLNdz + (JhN)Tdp + (JgN)TdA
JONe ldu | = JhN dx : (4.30)
d\ ~JgNdr — e (—gV — \*; —JgNdx — d)\)
dx
Notice that JOX (z, 1, A) is non-singular means that JON o (z, u\) | du | = 0, is equiv-
d\

alent to dr = 0,du = 0,d\ = 0, for any (dz,du,d\)T € R™ x R! x R™. Firstly, from 2nd
and 3nd of (4.30), we have
{JhNdx =0,

4.31
—JgNde = (=g — N5 —JgNdx — d)). (4.31)
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which means dz € C(z*). On the other side, the first and second formulas of (4.30) mean
(J. LN dx,dz) + (JgNdx,d\) = 0. (4.32)
To continue, we cite the index sets:

*:{'\—gnj\i (%) eint K™, i=1,...,q};

= { | — g,, () € bdlle,gm x*) #£ O}; (4.33)
= {ilgh, (z*) = 0}.
Notice that
C(—gN)={deR"| —JgNd € Tc(—g™)}, (4.34)
and
Tic(—g™) = {d ie B } (4.35)
(ng )Td+JgN d> 0,i€ Z*
Due to AL — g%, then
Am; =0,i € I”
A=A A, = 0(=gN (%), N (2*)),0 > 0,i€ B* 5. (4.36)

Am, €E LK™ i€ Z*
In conclusion
—g (a%) € intK™ i € I*

[=g" =X, = (A= o) (=N, ("), A+ o) (~gh, (7)) ,i € B* (4.37)
Am;, €K™ i€ Z*

Indeed condition (iii) means

C(z*) = {d

since C(z*) is a linear space, we get

(4.38)

JhNd=0,-JgN d=0,i€ Z*
—Jgm.d € Tc(—gm.), (Am,, —Jgh.d) = 0,i € B*

6 (AT (g™, g ) = > Lo ([l Ig,dal|” — [[7gN do|*] . (439)

i€B* mi
Case (1). If i € B*, by (4.30) and Lemma 2.3, we have

fom (—gN = Xo s —J gl dx — dp,)
w?

}Cm

_ 1 1 i N 4.4

5 (o e ) (=Jg da — ) (4.40)
A

(TN da — d,) = ~JgY da,
_(jN
where w; = 7”571;’,"“1'. Now we need to prove dz € C(z*) and

(gh )T Jgh dx

Jg de >
" g,

(4.41)
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From —gJ = [[g. |, we gain
* _UgTJT\L' ~N 1
m; _N = 70—gml )
Jrngi —Ww;
G~ gV
where [jwil| =1, w; = zx+ = Ter - In summary, we gain
N T4 = (1= P, = ——w” + 1T ) = (0,0)
my i il| » Wq l1+o i l1+o i % s U).

By (4.43) and (4.40), we derive
</\:w —Jg,l,\fid@ =0,
which implies dz € C(z*). On the other hand, by (4.40)

Ai(—Jghy dr —dA\p,) = —Jgl dx
& (A — I)(—Jgh dz) = AidAm,

1 1 T ~N
-z SW; —Jg,, dz
e (1, — T 2 _ 2 7’7 m;

(1, )< Wi ool — srgwiwi’ > ( ~Vip,dx )

1 1,.,T 3
— (1. —w.T 5 SW; A,
—( , —W; ) Lo, 1 _ll=ayan T A\ )
27 1+o 2140 7t msg

hence, we deduce

1 11— —JgN dx
(-1, 5ol + =Tl 52Ty (0
2 l+o 21+0 —Jgh dz
equivalently
JG dx
(-l [ ,
—J Gy, dx
thus NN
g ) Jgny dx

1G5,
which implies (4.41) holds.

Case (2). If i € Z*, i.e., g}l (2*) =0, A, € intK™:. It is easy to obtain that
emi (00— Ay —Jg%idx —d\py,;) = —Jg%idx,

which indicates —J gﬁidx =0.

Case (3). If i € I*, i.e., g} (z*) € intK™, A, = 0, which indicates

Wiem, (=g s =Jgl dz — d\p,) = —Jgp, dz — dy,, = —Jg) dz,

thus dA,,, = 0.

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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Combining the above discussion, we acquire dz € C(x*) means
Jgh dx =0,i€ Z*
gN JgN dx = (g )" Jgh dx,i € B*
Further, (4.30) is equivalent to

0 = (dz, J,LNdx + (Jh™) dp + (Jg™)TdN)
= (dz, J,L" dz) — Sicp-(—J g dx,d\n,),

hence, for i € B*

(=Tgm,dz, dm, ) = —JgN dwdm, + (—Vg dz,d\m,)

( m; ) — N
= JgN dz- ”g Ay — (VG dx,d\p, )
T - _ _
_ 7(9"1'1; s (G )T D, — (VG d, Ay, )

N (=N \T _
(o 1B 3, )

LigN do +;(”"mz Jg da

By (4.45), we get

7n1

tw; (—Jgh dz —w;TJgh du - 1+g)71+70( Jgh dx)
B %dAmi~+ sw;TdA,
T\ dwi(dhn, — 2wt dAm,) + 5 dAm

from (4.48) and (4.54), we gain

140
= fw; (—J Jdx + h”]gmldx + 1+Ungld:z:
= 1% (w;(— ngdm)—ngﬁdm

( Jf]N dx—wiTJgﬁ,dw~1_—”> 1+0ngldx

T+o
and .
§wl(d)\mL — mszd/\mz) + 1+gd)‘7m
% (d)\ml + 1+ad)‘m1) Hl_od)\
= 1+U(wld)\ c+ dm,).

By (4.54), (4.55) and (4.56), we get

o
l1+o

(widAm, + dAm,) = (wi(—JgN dx) + Jgh dx),

1+o

which means R ~
WidAm, + dAm, = —0o (w; Jgp dz — Jgh dz).

Notice that B B B
WidAm, + A\, = (I —wjw;T)dA\p,

G @)\ 3

my
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(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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thus, from (4.53), (4.58) and (4.59), we have

N N gﬁi(g%i)T 3
-0 <<—Jgfxidz,w,;(a]§%idx)> — ||J§%idx |2 (4.60)
A - 2 _ 2
=2 S (g, de|* = |73, d=]*)
=6 (AT (—g™; —JgNda))
besides, by (4.60) and (4.32), we have
<chLNda:7 dr) — 6 (A |T;C2(—gN; —JgNda:)) =0. (4.61)

Since the second-order sufficient condition holds, we deduce dz = 0, further, from (4.30) we
reach

VENdp + VgNd\ =0, (4.62)
the third expression of (4.30) and condition (iv) guarantee du = 0, d\ = 0, therefore,
JON » (z*, p*, \*) is nonsingular. O

The algorithm and numerical experiments

In Chapter 4, we have proved the non-singularity of the matrix J®% r(z, 1, A). Based on
this, this Chapter will construct Newton’s algorithm and give two numerical examples to
test the effectiveness of the algorithm.

In order to solve ®X (z, i, A) = 0, define function

V() = 310N ale, e VI (51)

By a simple proof, it can be obtained that under the condition that f(z,€), h(z,n), g(z, ()
are continuously differentiable with respect to z, and J®¥(z,u, A) is non-singular, then
every stationary point of ¥V (z) is a KKT point of SAA problem.

Algorithm 5.1

Step 0 Given 2° = (20, %, \°) € R* x R x R™, let 0 > 0, s > 1, and v € (0,1). Set k := 0;
Step 1 If ¥ = (2, u* A¥) is a stable point of ¥V, stop; otherwise, go to Step 2.
Step 2 Choose an element H* € J®Y ("), and find a direction d* satisfying
SN R (2F) + HFdF = 0. (5.2)
If (5.2) is unsolvable, or does not satisfy the following condition
VN (MTdb < —alld*|, (5.3)
let d* := —VyN (2F);
Step 3 Find the smallest non-negative integer ¢y, let ¢ = ¢j, such that
PN (2P 4 270dR) <N (2F) + 27 N (M) Tk, (5.4)

Let o, =274
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Step 4 Let zFt! = 2% 4 gpd*, k = k + 1, return to Step 2.

Based on Algorithm 5.1, two examples are gave and the experimental environment is
Matlab2018a, Intel Core i5, CPU 2.2GHz. In example 5.1, £ follows a normal distribution
with mean 1 and variance 2. In example 5.2, £ follows an exponential distribution with
A =1. (¢ is a random distribution on the interval [0,1], and sample size N = 1000.

Example 5.1. Consider the optimization problem

1 3
min F(x,§) = (25(95? — 811), §m§ — 219, &(—coszz — x3),£(€" — 224), 73 + 3x5)

st. C={xc R —g(x,() =Cx € K}

(5.5)

Let f(z,&) = VF(x,8) = (§x1 — 4&, 3w — 2,&sinag — €, e — 2€, 225 + 3)T, then the
SSOCCVI problem: find = € C, such that

(Elf(z,8)),y —x) >0, VyeC,

5.6
C = (o € R - Elgla,0) € ). >0
The SAA problem: find z € C, such that
1
N
<Nz.f(xafl)ay7x> > Oa Vy eC )
=t (5.7)

N
Voo e Bl- 3 o(n ) € K7,

i=1

According to the analysis in Chapter 4, The KKT system of (5.7) is equal to ®X (z, p, A) =
0, expressed by

i N 1 N
N [ i S &) - v i G -
PN (@, s A) < SIS e e N a2 ) 0. (5.8)

Select initial point o = (1,0,0,0,0)%, Ao = (1,0,0,0,0)T, let parameters o = 0.01,
v = 0.45. The solution result is shown in Figure 1, and it can be acquired that with the
increase of the number of iterations, the curve trajectory gradually become stable, after the
39th iteration, the optimal solution z* = (4.0000, 0.6667, 1.5634, 0.6931, —1.5000)7" is found,

obviously, z* € K°. Further, denote B := + Zf\il &,
N LN

T
> f(@&) + “’NZQ‘”) A

| X
flz, &)+ NZ Ja:

Jo LN (z, 1, \)

Z\H
-
Il
T

1

Mz

N i=1 =1 (5.9)
B 0 0 0 0
0 3 0 0 0
0 0 Bcoszs 0 0
0 O 0 Be 0
0 0 0 0 2
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By £ ~ N(1,2), and B ~ N(1,
than zero at x*, thus, JxLN(
sufficient condition holds at z*

which means eigenvalues of J, LY (z, u,\) are greater

)
"N
, iy A) is positive definite, which indicates the second-order

4 T p— T T T 5 r ————
T x1 ~ x1
// @ 45| /// x2|
3F / x3 | x3
x4 4r x4 |
/ x5 x5
/ 351
_2r —
3 / [ X 3r
® @
2 / 2
S 1f 525
5] 5]
2 S - 2,
o - S 2r
= / =
0 /
15¢ —
1k
1
05f / I
-2 0

. . . . . I f . . . . I .
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

Times (ms) Times (ms)
Figure 1: Example 5.1 Figure 2: Example 5.2

Example 5.2. Consider the SSOCCVI problem: find z € C, such that
<E[f(l’,£)],y*$> Zoa Vygca

5 5 (5.10)
C={reR[—yg(z,()=Cr ek}
where f(l”,g) = (371 - 5a§2x2 - 2€a 25.’1)3 - 5) 2'734 - 37€ex5 - 2€)T
The SAA problem: find z € C, such that
XN
— . _ > N
(% ;f(x,sz),y ) >0, Wye v,
= (5.11)

N
Vo fre Bl - 1) gl G) € K7,

i=1

Similarly, the KKT system of (5.11) is equal to the following equation

N AN fe) - NN G B
PNp(@, p,A) = ( I_V% Ziléix—ﬂﬁy—%iil G — ) =0. (5.12)

Select initial point zo = (1,0,0,0,0)7, Ao = (1,0,0,0,0)T, let parameters o = 0.01,
v = 0.45. The result is shown in Figure 2, we can get: as the number of iterations in-
creases, the feasible solution keeps going up until it flattens out, at last, the optimal solu-
tion z* = (5.0000, 1.0000, 0.5000, 1.5000, 0.6931)7 is obtained, obviously, * € K°. Denote

N
Y = % Zz’:l gia

N N
1 1
Tl (@1 N) = 5 3 F@,6) + (o D G) ™A
i=1 =1
1 0 0 0 0
0 Y(2™=m2) 0 0 0 (5.13)
0 0 2Y 0 0
0 0 0 2 0
0 0 0 0 Yes
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Due to { ~ Exp(1), then Y ~ N(1, &), obviously, J, L™ (z, 1, ) is positive definite. Hence,
the second-order sufficient condition is satisfied at x*.

[6] Conclusion

The main goal of this paper is to explore second-order sufficient condition for stochastic
second-order cone constrained variational inequality problem. To this end, the following
work has been done. In order to solve the difficulty that the expected value is not easy to
obtain in practice, we first use the SAA method to approximate the original problem as the
SAA problem, and give the rationality. In addition, the Karush-Kuhn-Tucker condition is
derived for the SAA problem and it is transformed into a system of equations ®4 (z, p, A) =
0. Further, the second-order sufficient condition for the SAA problem is explored, and the
non-singularity of J®X »(z, i, A) is proved. In the end, based on the second-order sufficient
condition, we design Newton’s algorithm and apply it to numerical examples, the numerical
results show that the algorithm is effective.
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