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Abstract: We introduce a new class of the second-order cone coupled constrained variational inequality
(SOCCCVI) problem in this study. Based on the coupled constraints, this problem can be considered
as a special minimization problem. The augmented Lagrange method is initially established to solve the
SOCCCVI problem, and its global convergence theorem is shown by employing the saddle point inequality
of the Lagrange function for the minimization problem. Moreover, we use the semi-smooth Newton method
to solve the inner issue contained in the augmented Lagrange method. The numerical results are reported
to verify the efficiency of the augmented Lagrange method for solving three SOCCCVTI problems with 2000
variables.
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Introduction

In this paper, we are interested in solving the second-order cone coupled constrained
variational inequality, which is to find z* € ) satisfying

(F(z%),y —2") >0, YyeC, (1.1)
where the set C' is finitely representable as
C={yeQl—gla"y) K"}

and (-,-) denotes the Euclidean inner product, F': " — R, g : R” x R* — ™, Q C R" is
a convex closed set and
KM =KK™ x M2 x .- x K™Mr,

P

where mq,mao,...,m, > 1, >> m; = m, and each K™ is a second-order cone whose di-
i=1

mension is m;. It is noted that the constraints of the form —g(z,y) € K™ relate both the

parameters and the variables, which are called coupled constraints. We will refer to (1.1) as

the second-order cone coupled constrained variational inequality (SOCCCVI) problem.
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The presence of coupled constraints makes these problems more difficult to solve, but
they arise in many fields of mathematics. Among these are economic equilibrium models
(see for instances [17,23]), n-person games (see for instances [12,20,27]), the multicriteria
decision making models (see for instances [14,18]), quasi-variational inequalities (see for in-
stance [5]), two-level programming (see for instance [1]) and so on. This has attracted the
attention of specialists in researching those issues. Yet, there are few papers on approaches
for solving variational inequalities with coupled constraints. One of the most well-known
sources for a comprehensive numerical examination of variational inequality and complemen-
tarity problems is the book by Facchinei and Pang [10]. However, the variational inequality
problems with coupled constraints were not addressed in this book.

Let us recall the definition of the second-order cone as follows.

The second-order cone (SOC) in R (n > 1), also called the Lorentz cone or the icecream
cone, is defined as

K" = {(z1;2)|z1 € R,z € R" L, 2y > || 2|} (1.2)

If n =1, K™ is the set of nonnegative reals 1. Hence the problem (1.1) in Antipin [2] is a
special case of our second-order cone coupled constrained variational inequality (SOCCCVT)
problem.

Several academics have been interested in the second-order cone constrained variational
inequality in recent years, see for examples [21,22,28-30]. Neural network methods based
on the Karush-Kuhn-Tucker (KKT) conditions of second-order cone constrained variational
inequalities or programming issues are primarily deployed in [21, 22,28, 29] to solve the
relevant problems. In Sun and Zhang [30], a modified Newton method with Armijo line
search is shown to achieve global convergence with a local super linear rate of convergence on
the second-order cone constrained variational inequality problem under specific assumptions.

Arrow and Solow [4] used the augmented Lagrange function for the first time in their
analysis of the differential equation method for equality constrained optimization problems.
Hestenes [13] and Powell [24] pioneered the augmented Lagrange method for equality con-
strained optimization problems, which was later extended to nonlinear programming with
equality constraints by Buys [8] and Rockafellar [26]. Bertsekas [6] provided further devel-
opment of the augmented Lagrange method for dealing nonlinear optimization issues. The
idea of the augmented Lagrange method was applied by Antipin [2] to solve variational
inequalities problems with coupled constraints.

In this paper, we use the idea of augmented Lagrange method to solve the SOCCCVI
problem (1.1) and report numerical results of the proposed method for solving three SOC-
CCVI problems with 2000 variables. Actually, the SOCCCVI problem can always be con-
sidered as a special minimization problem due to the coupled constraints, so we can convert
the SOCCCVI problem (1.1) into several different equivalent formulas by using the saddle
point inequality of the Lagrange function and the characteristics of projection operators.
To build the augmented Lagrange method and demonstrate its convergence for solving the
SOCCCVI problem, we need to use fundamental notions and characteristics of the second-
order cone K™, which can be found in Bonnans and Shapiro [7]. We apply the semi-smooth
Newton method to provide an approximate solution to the inner problem contained in the
augmented Lagrange method, making the proposed method implementable and quick.

The paper is organized as follows. In Section 2, we present some preliminaries pertaining
to the second-order cone and symmetric functions. Due to the coupled constraints, the
SOCCCVI problem can be viewed as a special minimization problem, so we convert it
into a saddle point problem and obtain the equivalent forms based on the characteristics of
projection operators in Section 3. In Section 4, we establish the augmented Lagrange method
and prove its global convergence theorem for solving the SOCCCVT problem (1.1). Finally,
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in Section 5, the numerical results are reported to confirm the efficiency and quickness of
the augmented Lagrange function method for handling several SOCCCVI problems.

Preliminaries

The projection operator to a convex set is quite useful in reformulating the SOCCCVI
problem (1.1) as an equation. Let C be a convex closed set, for every xz € R"™, there is a
unique Z in C such that

[ — 2| = min{||z —y[| | y € C}.

The point & is the projection of x onto C, denoted by Il (z). The projection operator
o : R — C is well defined over R™ and it is a nonexpensive mapping.

Lemma 2.1 ([19]). Let H be a real Hilbert space and C' C H be a closed convez set. For a
giwven z € H, u € C satisfies the inequality

(u—z,v—u)>0, Yvedl,
if and only if u — o (2) = 0.

Next, we introduce the projection operator Ilxgn : R* — K™ and K" is the second-order
cone (SOC) defined (1.2) in R™.

In this paper, || - || is the lo norm. For any z = (z1;Z),y = (y1;7) € R x R" 71, we define
their Jordan products

zoy = (a"y; T + 217). (2.1)

Denote 22 = z oz and [|z| = Va2, where for any y € K™, /y is the unique vector in K"
such that y = /y o \/y.
It follows from [11] that each z = (z1;Z) € R x R~ admits a spectral factorization,
associated with ", of the form
T = Plﬂ(l) + P2M(2),
where p1, p2 and p™, u® are the spectral values and the associated spectral vectors of x
given by

pi = z1 + (—1)"| 2|,

1 (. iz .
u(z) _ 2 < L (71) IE >a it 0,
(15 (-1)'w), if z=0,
for i = 1,2, with w being any vector in R"~! satisfying ||w|| = 1. If Z # 0, the factorization

is unique.
For z € R™, its factorization is as follows

x = A (x)er (z) + Ao (x)ea (),
then the projection of x onto K™, denoted by Ilxn, can be represented in the following.

Men = M (z)] 1 () + [A2(2)] 4 c2(2),
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where [A;]+ = max{0, \;},i = 1,2. We can calculate it as follows.

(1) ) it ol <l
H n(x) = . _
< x, it Jjaf < o
0, if ||z|| < —21

Importantly, ITicn (+) is semi-smooth over R™, see for instance [9]. In the following, we denote
Iiem (+) = Hiema (+) X Myema () X+ -+ X Iemp (+) in solving the SOCCCVI problem (1.1).
Now we recall the results about symmetric and skew-symmetric functions from Antipin

13].

Definition 2.2 ([3]). A function g from 2™ x R™ into R™ is said to be symmetric on " x R"
if it satisfies the condition

g(z,y) =g(y,z), YzxeR", VyeR" (2.2)

Properties of symmetric functions are investigated in [3], we list two of them in the
following.

Property 2.1 ([3]). The matrices of gradient-restrictions of vector symmetric function g
with respect to variable x and y onto the diagonal of the square 2 x ) are identical. That is

V;/rg(a:,x) =V, g(z,x), VreQ. (2.3)

Property 2.2 ([3]). The operator 2V, g(z,y)|=, is potential operator and coincides with
the gradient of the restriction of the symmetric function g to the diagonal of the square
Q x Q, that is,

2V;g(x,y)|m:y =V'g(z,z), YreQ, WYyeQ. (2.4)

At the end of this section, we recall the definition of semi-smooth mappings. For a
mapping G : R" — R™, we denote by JG(z) its Fréchet-derivative at « € R". Let D¢ be
the set of Fréchet-differentiable points of G in R"™. The Bouligand-Subdifferential of G at
x € R", denoted dpG(x), is

OpG(z):={H e R™" . H = klim JG(z") 2" € Dg, 2" — x}.
—00

And the Clarke’s generalized Jacobian of G at z is the convex hull of dpG(x), that is,
0G(z) = conv{0pG(x)}.

The semi-smooth property of mappings was introduced by Qi and Sun [25] to develop
nonsmooth Newton method. Moreover, Kummer [15,16] made a great contribution to the
study of semi-smooth functions, respectively. We adopt the definition given by [10], which
is equivalent to the original definition in Qi and Sun [25].

Definition 2.3 ([10]). Let G : " — R™ be a locally Lipschitz continuous mapping. We
say that G is semi-smooth at a point x € R" if

(i) G is directionally differentiable at x; and

(ii) for any Az € R and H € IG(z + Az) with Az — 0,

G(z + Az) — G(z) — H(Az) = o(||Ax]]).
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Transformations of the SOCCCVI Problem

In this section, the second-order cone coupled constrained variational inequality problem
(1.1) can always be viewed as the minimization of the function f(y) = (F(z*),y — z*) on
the set C = {y € Q| — g(z*,y) € K™} and f(y) > 0. Define the Lagrange function

E(x*ayap> = <F($*)7y_$*>+<p79($*ay>>7 Vy€C7 VpEICm7

where x* is the solution to the SOCCCVI problem (1.1). And y,p are the primal and dual
variables. Since z* is the minimum of f(y) on 2, the pair (z*,p*) is a saddle point of
L(x*,y,p), i.e., according to the saddle point theorem, satisfies the system of inequalities

L(z*, z*,p) < L(x*, z*,p*) < L(z*,y,p*), Vye, VpeKm. (3.1)

This system can be represented in somewhat different manner as
z* € argmin{(F(z*),y — 2*) + (p*, g(x*,y))|y € N}, (3.2)
p* € argmax{(p, g(z*,z%))| p € K"}.

There are other equivalent representations of system (3.2). Assuming that g(z,y) is
differentiable with respect to y for any x, we rewrite system (3.2) as
( F(z*) + Vyg(z*, 2" )p*,y —2*) >0, VyeQ, (3.3)

(p—p*,—g(z*,2*)) >0, Vpe K™ '

By using Lemma 2.1, the above system of variational inequalities is represented in the

form of operator equations as
v = Ta(e® - a(F(a) + Vgl 2")p")) -
p* :H’Cm(p* +Olg(l'*,$*))7

where IIg(+) and g (+) are the projection operators of any vector onto the set  and the
second-order cone K™ defined in (1.1), respectively, o > 0 is step-length parameter.

System (3.3) can be transformed as follows. The first inequality in this system can be
represented as

( F(z*),y —z*) + (p*, V;—g(x*,x*)(y —z*)) >0, Yye (3.5)

Next, taking into account the key property (2.4) of symmetric functions and convexity
of vector-valued function g componentwise, we have following expression of the second term
in the first inequality of (3.3) as

<p*7V;9(x*,w*)(y—x*)>=%<p*,VTg(x*7w*)(y—w*)>§ P, 9(y,y) — g(z*,2%)). (3.6)

Finally, we can rewrite the first inequality of (3.3) in the form

(F(z*),y —z*) + (0", g(y,y) — g(z*,2%)) >0, VyeQ,
(p—p*, —g(x*,2*)) >0, VpeKm™.

[N

(3.7)

Thus, the second-order cone coupled constrained variational inequality problem (1.1)
reduces to the system of variational inequality (3.7).

Remark 3.1. When the vector-function ¢ is symmetric and differentiable with respect to
y for any z, the transformations (3.2)-(3.4) are equivalent from each other by using the
properties of the projection operators. Moreover its restriction g(x,y)|s=, on the diagonal
of the square 2 x Q is a convex function, (3.2)-(3.4) can be changed into (3.7).
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The Augmented Lagrange Method

Now we construct the augmented Lagrange method to solve the SOCCCVI problem (1.1),
it can be stated as follows.

Let 2! € ,p' € K™ be the initial estimated solution and Lagrange multiplier. Assume
that the k—th iteration approximation (z*,p*) are known, then the next approximation
(xF+1 p*+1) can be determined by

a* ! € argmin{ g [ly — 2| + aM (@ y,pb) |y € QF,

4.1
PPl = iem (PF + ag(z® 1 2%+1)), a > 0, (4.1)

where , 1
M(z,y,p) = (F(2),y = 2) + [T (p + ag(z, y)II? - EHPH2 (4.2)

is the augmented Lagrangian function for problem (3.1).

Note that z**1 appears in both the left side and the right side of (4.1), thus (4.1) are
implicit equations. It is an important issue for solving such implicit equations.

From (4.1), x**1 is the minimum point. We can calculate system (4.1) as the following
equivalent variational inequalities:

(@ — 2% + a(F @) 4+ Vg (o Iem (p* + ag(u ),y —2F1) >0, vy eQ, (4.3)

and
(p"tt —pF —ag(uf ), p—pFty >0, Vpe K™, (4.4)

where u**! represents (zF*+1, xF+1).
Next we demonstrate the convergence of the augmented Lagrange method for solving
the SOCCCVI problem (1.1).

Theorem 4.1. Let the solution set of the second-order cone coupled constrained variational
inequality problem (1.1) be nonempty, the function F be a monotone operator, the vector-
function g be symmetric and differentiable with respect to y for any x, moreover its restriction
9(z,y)|z=y on the diagonal of the square  x Q be a convex function, Q& C R™ be a convex
closed set and o > 0. Then, the sequence {x*} constructed by the augmented Lagrange
method (4.1) converges to a solution of the second-order cone coupled constrained variational
inequality problem (1.1).

Proof. Setting y = z* in (4.3) and taking into account the second equality of (4.1), we obtain
(@1 — % 4 a(F(2F1) + V,yg(ub)phtly, o — 251y > 0.
From the above inequality, we have
(@t —af 2" =2 4 alF (@), 2" = ™) 4 a(Vyg(uf M 2t — M) > 0. (45)
Using (3.6) and the convexity of g(x, z), the last term in (4.5) can be expressed as
1

PV g (@ M) = S VT g @ - )

2
1 k+1 * * k+1 (46)
S @ g, 2") = g(u™).

IN

(4.6) together with (4.5) deduce that
a

<1‘k+1 _ xk,x* _xk+1> + a< F({E’H—l),x* _ xk+1> + >

(™ g(a* %) = g(WFh)) 2 0. (4.7)
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Setting y = ¥ in the first inequality in (3.7) yields that
* * 1 * * *
(F(z"), et = a%) + S (o7, g(a"*, 2h) = (", 27)) > 0. (4.8)
Summing (4.7) and (4.8), we deduce that
<xk+1 _ xk,w* _ xk+1> 4 a< F(Z.k:+1) _ F(x*),m* _ xk+1>

« * * *
+5 (0 =T g(a”,2") — g(uh ) > 0.

(4.9)
Setting p = p* in (4.4), in view of (p**1, g(z*,2*)) < 0 and (p*, g(x*,2*)) = 0, we have
1 * « * * *
S =Nt =) = Do) — g(a",27),p" = pH) 2 0. (4.10)

Noting that F(z) is a monotone operator, we summing (4.9) and (4.10). Thus we obtain

* 1 *
<$k+1 _ ajk,.’L‘ _ $k+1> + §<pk:-‘,-1 _pk’p _pk+1> > 0.

By using the identity for arbitrary x1,x2 and x3

o1 = @3)1? = ||y — wo|” + 2(x1 — w2, w2 — w3) + [z — 23],

which implies that
1 2 1 2 2
(w1 = 22,2 —3) = Sllwr — wsl* = S [llv1 — @s|* + 22 — as]]. (4.11)
By using (4.11), we get that
1 « 1 "
la** — 2*? + §Hpk+1 =P [l = )? §||pk+1 —p*|?
1 *
< fla* =22 + S lp* = P

(4.12)
Adding the left and right sides of equation (4.12) from k = 0 to k = N yields that

N N
xk+1_xk2+1 L k)2 i NAL +1 N4l o2
,;H I 2;)”29 PP+ | |+ 51 =] 1
< la® — a2+ 21° "I
(4.13)
This inequality implies the boundedness of the trajectory {(x%,p‘) : i = 1,2,...,},
namely

1 1
||£UN+1 _x*HQ 4 §||pN+1 _p*”? < ||.’EO o SU*H2 4 5”]90 _p>|<||27

and also the convergence of the series

oo o0
SR =P < oo, 3B - pIP < oo
k=0 k=0

Therefore, ||zFt — 2*||2 — 0, ||p*¥*! — p¥||2 — 0 as k — oco. Since the sequence (z*, p*)
is bounded, there exists an element (2’,p’) such that =% — 2’ and p* — p/, as i — oc.
Moreover

[ — a2 0, - R 0,
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Considering (4.3) and (4.4) with k = k; for all i — oo and passing to the limit as produces
(F(2") + Vyg(@',a")p',y — ') 2 0,p" = Tlem (p" + ag(a’, 2")),

<_g($/a l’/),p - p/> Z 07 Vp € K.
Since these relations coincide with (3.3), we have 2’ € Q and p’ € K™ satisfies
o’ € argmin{(F(z'),y — ') + (p/, g(z', y))|y € 2},
p’ € argmax{(p,g(z',z"))|p € K™}.

Therefore, the above expressions coincide with (3.2) and (3.3). It follows from Remark
3.1 that any accumulation point z’ of the sequence {2*} is a solution to the second-order
cone coupled constrained variational inequality problem (1.1). Thus the sequence {z*}
constructed by the augmented Lagrange method (4.1) converges to a solution of the second-

order cone coupled constrained variational inequality problem (1.1). This completes the
proof. U

Numerical Experiments

In this section, we discuss the case when 2 = R™ in the second-order cone coupled
constrained variational inequality (SOCCCVI) problem (1.1). The augmented Lagrange
method (4.1) for this case can be reduced to

a0 (5.)
P =Tlem (p* + ag(uFth), a >0, '

where
G*(z) = 2 — 2F + aF(z) + aV,g(z, 2)m (p* + ag(z, 2)).

Since the projection mapping Ixm (+) is semi-smooth, G¥(-) is also semi-smooth. Thus
the system (5.1) is semi-smooth. Suppose that any element in G*(2**1) is nonsingular and
x¥ is quite close to 2F*1, then the semi-smooth Newton method can be employed to solve
the first equality in (5.1).

Newton Method ([25])

Step 1: Set £° = zF and j = 0.

Step 2: If G¥(¢7) = 0, stop at 2! = ¢J.

Step 3: Select an element H’ € 9G*(¢7). Solve a solution d/ € R to the equation
GHE + Hid? = 0.

Step 4: Set ¢/t =¢7 4@ and j = j + 1 and go to Step 2.

Remark 5.1. In practice, the stopping criterion G*(¢7) = 0 in Step 2 is usually replaced
by ||G*(¢7)]| < € for some accuracy €y > 0.

In this case, we use Newton method for finding an approximate solution to the k—th
inner problem by setting ¢! = & when the following condition is satisfied

IG*(E)]] < eo-
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We adopt the following condition as a stopping criterion for the augmented Lagrange

method
ri = [|F(@*) + Vyg(a®, 2")pk|| < e

Our numerical experiments are carried out in Matlab R2019a running on a PC Intel
Pentium IV of 3.10 GHz CPU and with 8G RAM. Numerical results of three examples are
summarized in Table 5.1, Table 5.2 and Table 5.3, where n denotes the dimension of the test
problem, K denotes the second-order cone which is defined in (1.1), & denotes the number
of outer iterations for solving the test problem, “Time” represents the CPU-time in second
to reach the termination condition.

Example 5.2. Consider the SOCCCVI problem
((N+ M)z*,y—z*) >0, VyeR®, —glz*,y) ek, (5.2)

where g(z,y) =x +y € K" CR™, N and M are positive semidefinite matrices.
In this example, o = 0.5 is used and at the j—th Newton iteration H’ has the form

H =1, +a(N+M)+aB’.

In this case, we have u = p + 2az = (u;,u) € K*. That is, u; € R! and @ =

(ug,u3,...,u,) € R"L. Then we can compute B’ in the following
a,  fu| < all,
Bi, = q2a, ] <w,
0, Jull < —u.

The first column B/, of B for i = 2,3,...,n is calculated by

Us

a“ﬂ”’ ‘u1| < ||’Z_L||,
B}, =40, [all < ua,
0, Izl < —uq.

The first row B{k of BJ for k=2,3,...,n is as follows

o, Jua| < lal],
B{k =140, ||ﬂ|| < uq,
0, all < —ua.

The diagonal elements B{i of BJ for i = 2,3,...,n can be computed by

a(l+ LIH T \3)7 |u1| < Hﬂ||7

la
By, = 2, lla]| < wu,

0, lla]| < —uy.
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—Q

UL U UL
fal® >

ur| < [lal;

lall < ui,

la]] < —uy.

Table 5.1 demonstrates the numerical results of the augmented Lagrange method (5.1)
for solving the SOCCCVT problem (5.2).

Table 5.1. Numerical Results of the SOCCCVI Problem (5.2)

n K k Time Tk €0 €1
200 | K100 % kI00 119 | 6.421875e+00 | 9.864113e-03 | 1075 | 1072
400 | K200 % 1290 20 | 2.955313e+01 | 6.802632¢-03 | 1078 | 1072
800 | K0 x 100 120 | 1.489063e+02 | 9.987015e-03 | 1070 | 1072
1200 | K890 x fCB00 121 | 7.424063e+02 | 5.123815¢-03 | 1070 | 1072
2000 | CT000 5 1000 191 [ 2.009469e+03 | 6.645142e-03 | 1075 | 102
Example 5.3. Consider the SOCCCVI problem
(P(P+Q)z*,y—z*) >0, VyeR", —g(z*,y)ekm, (5.3)

here ¢g(z,y) = x oy, which is the Jordan product of = and y defined in (2.1). P and Q are
positive semidefinite matrices.

In the numerical implementation of this example, o = 0.5 is used and at the j—th Newton
iteration H7 has the form as follows

H) =1, +aP(P+Q)+aB’.

In this case, we have u = p + axz o x=(uy,u) € K" That is, u; € R! and @ =

(ug,uz,...,u,) € R"~1. BJ can be calculated in the following
1 n
_ ui _
5(”“” +ur) +a 231 H:;”xlxia lur| < [|af,
i
Bl =19 1(1a 2022 2l <
sUlall +u1) + 2aa7, l[all < u,
0, all < —us.
The first column Bg1 of B’ for i =2,3,...,n is as follows
1 u uf n i _
2L+ apus + aqgrzazs + oL+ @ — Ep)ai — o X At Jul <l
J
Ba= 3 (1 i) + 20u;, lall < i,

0, all < —u.
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The first row B, of B/ for k =2,3,...,n can be evaluated by

11+ Tanue + oxizy + oz 3, |ul < ||af,
B, = %(1+W)uk+2am1xk, llall < uq,
0, la| < —us.

We can calculate the diagonal elements BJ of BJ for i =2,3,...,n as follows

2
i

11+ Tar) + a‘ﬁ]"”xf +a(l+ i — ez, ] <l
Jj _ _
Bl = 4 (1l + ) + 20125, Jal < s,
0, la]] < —us.

The other elements of Bfk of BJ for i,k =2,3,...,n and i # k can be computed by

H“szxk auuuhgk T1Z4, |u1| < H’HH,
B, = o, Jal <,
0, a]l < —us.

Table 5.2 shows the numerical results of the augmented Lagrange method (5.1) for solving
the SOCCCVI problem (5.3).

Table 5.2. Numerical Results of the SOCCCVI Problem (5.3)

n K k Time T €0 €1
200 | K100 % 100 121 [ 2.575625¢+00 | 9.680187¢-07 | 1072 | 107
400 | K200 x 200 124 | 1.859375e+01 | 6.663238¢-07 | 1072 | 1078
800 | K0 x K0 130 [ 1.293750e4+02 | 7.049868¢-07 | 1079 | 1079
1200 | /COO0 % CB00 136 | 5.042344e+02 | 8.376350e-07 | 1072 | 10°°
2000 | K000 5 1000 [ 56 [ 3.395703e4+03 | 9.972165¢-07 | 1072 | 1075

Example 5.4. Now we consider the last SOCCCVI problem

<(E*,y—.’IJ*> 2 07

VyeR

where g(xz,y) is defined by the following

—g(x

yie*t + ze”t

g(z,y) =

ynewn + Ty eyn

*y) €K,

In this experiment, o = 0.5 is used and at the j—th Newton iteration H’ has the form

as follows

HI = 1+, + aB?
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In this case, we have u = (uy, %) € K. That is, u; € R! and 4 € R~ L. We calculate
that u; = p; + 2ax;e® and ¢; = (1 + x;)e® for i =1,2,...,n. We get that

sUlall +w)ere™ +act,  |w| < |l
B, = Sl + w)ere™ +2act, ] < wi,
0, ]| < —us.
We can compute the first column Bgl of BJ for i =2,3,...,n in the following
apdreicr,  Jur] <|lall,
B}y =10, lall < u,
0, lall < —us.

The first row B{k of BJ for k=2,3,...,n can be calculated by

aftecr,  lur| <l
Bj; =40, | < ui,
0, la]] < —us.
The diagonal elements BY; of B7 for i = 2,3,...,n as follows
L1+ fuicie™ +a(l+ = M2, Ju| <l
Bil = %(1 + H%H Juicie®t + 2ac?, lla]| < wug,
0, ]| < —us.

We can compute the other elements of ng of BJ for i,k = 2,3,...,n and i # k in the

followin,
& MU U, -
QTG CiCks Jua | <l
ng = Ov Ha” < uq,
0, o] < —u.

Table 5.3 expresses the numerical results of the augmented Lagrange method (5.1) for
solving the SOCCCVI problem (5.4).

Table 5.3. Numerical Results of the SOCCCVI Problem (5.4)

n K k Time Tk €0 €1
200 | K100 x K00 123 [ 7.328125¢4+00 | 6.701724¢-04 | 107 | 1072
400 | K200 x 200 [ 24 | 2.343750e4+01 | 6.677153¢-04 | 1075 | 1073
800 | KT00 x 00 [ 25 [ 1.191719e+02 | 7.934865¢-04 | 1075 | 103
1200 | KCB90 x KOO0 126 | 3.642750e+02 | 8.302493e-04 | 107 | 1073
2000 | ACT000 5 xCT000 [ 98 [ 1.715453e+03 | 7.134481e-04 | 1075 | 103
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The above-mentioned numerical experiments demonstrate the practicality and effective-
ness of the augmented Lagrange method for solving second-order cone coupled constrained
variational inequality (SOCCCVI) problem.

(6] Conclusions

In this paper, we initially propose a new class of the second-order cone coupled con-
strained variational inequality problem, which is an extension of the problem (1.1) in An-
tipin [2]. Unlike previous neural network methods for addressing the second-order cone
variational inequality, the augmented Lagrange method is constructed for the first time to
handle the SOCCCVI problem. Based on the characteristics of the coupled constraints, this
problem can be transformed into a saddle point problem. Then several equivalent transfor-
mations of the primal SOCCCVI problem can be carried out by using the properties of the
projection operators. By using the above transformation, the augmented Lagrange method
for the SOCCCVI problem is constructed. Furthermore, we obtain the global convergence
theorem for the augmented Lagrange method to solve the SOCCCVI problem. At last, we
give three numerical examples which show the effectiveness and speediness of the augmented
Lagrange method for solving SOCCCVI problems.
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