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Abstract: Dual quaternion matrices have been frequently used in multi-agent formation control. However,
many fundamental results on dual quaternion matrices have not been thoroughly explored in the literature.
In this paper, we first address the concept of spectral norm of dual quaternion matrices. Then, we introduce
a von Neumann type trace inequality and a Hoffman-Wielandt type inequality for general dual quaternion
matrices, where the Hoffman-Wielandt type inequality characterizes a simultaneous perturbation bound on
all singular values of a dual quaternion matrix. Particularly, we also present two variants of the above two
inequalities expressed by eigenvalues of dual quaternion Hermitian matrices. Our results are helpful for
further studying dual quaternion matrix theory, algorithmic design, and applications.
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Introduction

As one of the core parts of Clifford algebra or geometric algebra, dual quaternion is originally
introduced by Clifford [7] in 1873, and it has been a long historical topic in the mathematics
community. Mathematically, dual quaternion is an 8-dimensional real algebra isomorphic
to the tensor product of quaternions and dual numbers. In mechanics, the dual quaternions
give a neat and succint way to encapsulate both translations and rotaions into a unified
representation for rigid transformations in three dimensions. In recent years, with the rapid
developments of artificial intelligence, dual quaternions have been successfully applied to
the areas of automatic control, computer vision and bioengineering, such as robotics control
[9, 18, 25, 29, 31] and 3D computer graphics [2, 6, 26], neuroscience [15] and biomechanics
[21], to mention just a few. More interestingly, we notice that dual quaternion matrices play
important roles in multi-agent formation control [24]. In 2011, Wang [28] originally raised
this issue. In an unpublished manuscript, Wang, Yu and Zheng [30] first introduced three
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classes of dual quaternion matrices for studying the multi-agent formation control, namely
relative configuration adjacency matrices, logarithm adjacency matrices and relative twist
adjacency matrices. Most recently, Qi and Luo [23] showed that dual quaternion Hermitian
matrices have very nice spectral properties. They showed that an n x n dual quaternion
Hermitian matrix has exactly n right eigenvalues, which are all dual numbers and are also
the left eigenvalues of this Hermitian matrix. Thus, we may simply call them eigenvalues of
that Hermitian matrix. This Hermitian matrix is positive semi-definite or positive definite if
and only if these n dual number eigenvalues are nonnegative or positive in the sense of [22],
respectively. Moreover, the minimax principle and generalized inverses of dual quaternion
matrices were studied in [17], and the singular values of dual quaternion matrices and their
low-rank approximations also were studied [16]. Then, Qi, Wang and Luo [24] showed that
the relative configuration adjacency matrix and the logarithm adjacency matrix are dual
quaternion Hermitian matrices. These dual quaternion matrices have important applica-
tions in multi-agent formation control, and the related spectral and positive semi-definite
properties pave the way for us to study stability issues of the multi-agent formation con-
trol problem. The recent work in [24] builds a bridge for the research on dual quaternion
matrices and multi-agent formation control. Furthermore, Cui and Qi [8] proposed a power
method to compute eigenvalues of a dual quaternion Hermitian matrix, and applied it to
the simultaneous location and mapping problems.

It is well-known that the von Neumann trace inequality [27] (see also [20]), which bounds
the inner product of two matrices via the inner product of their singular value vectors,
is the key inequality for the analysis of spectral functions, and plays a pivot role in the
developments of low-rank matrix approximation theory and low-rank optimization, e.g.,
see [12]. Since quaternion matrices have many applications in engineering [4, 5, 10, 14],
the related spectral theory has been received considerable attention in recent years [32,
33, 34]. Particularly, to derive quaternionic proximity operators for trace-norm regularized
optimization problems arising from audio separation, Chan and Yang [3] first proved that
the von Neumann trace inequality still holds for quaternion matrices. As a combination of
dual numbers and quaternions, dual quaternion matrices have been applied to multi-agent
formation control [24]. In theoretical aspects, however, the existence of zero divisors, i.e.,
infinitesimal dual quaternion numbers makes analysis on dual quaternion matrices difficult.
In the literature, it is unknown whether the von Neumann trace inequality still holds for
dual quaternion matrices. To answer such a question, we first introduce the spectral norm
for dual quaternion matrices in this paper. Then, we present a von Neumann type trace
inequality for dual quaternion matrices, which then paves the way to establish a Hoffman-
Wielandt type inequality characterizing a simultaneous perturbation bound for all singular
values of a general dual quaternion matrix. It is worth pointing out that, when the dual
quaternion is reduced to the quaternion, the von Neumann inequality obtained in this paper
is exactly the one presented in [3], but our proof method is completely different from the
way used in [3], even in the case of quaternions. Moreover, considering the application of
dual quaternion Hermitian matrices in multi-agent formation control, we also discuss the
above two inequalities for dual quaternion Hermitian matrices. We believe that our results
will enrich the theory of dual quaternion matrices, and be of benefit to further study of dual
quaternion matrices, algorithmic design, and applications.

This paper is divided into five sections. In Section 2, we present some preliminaries on
dual numbers, quaternions, dual quaternions and dual quaternion algebra. In Section 3, we
introduce the concept of the spectral norm for dual quaternion matrices, which is exactly
the largest singular value of the involved dual quaternion matrix. In Section 4, we present a
von Neumann type trace inequality for dual quaternion matrices. In Section 5, we consider
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the extension of the well-known Hoffman-Wielandt inequality to dual quaternionic versions.
Finally, some concluding remarks are drawn in Section 6.

Preliminaries
Dual Numbers

Let R and R denote the field of the real numbers and the set of the dual numbers, respectively.
A dual number g € R has the form ¢ = ¢s; + gine, Where g5 € R is called the real part or
the standard part; ¢, € R represents the dual part or the infinitesimal part of ¢; and e
is the infinitesimal unit satisfying € # 0 and €2 = 0. Particularly, if the standard part
gst of q is nonzero, i.e., g4 # 0, we say that ¢ is appreciable; otherwise, we say that ¢ is
infinitesimal. Note that the infinitesimal unit € is commutative in multiplication with real
numbers, complex numbers and quaternion numbers (see Section 2.2). The dual numbers
form a commutative algebra of dimension two over the reals.

Now, we recall the recently introduced total order for dual numbers in [22]. Given two
dual numbers p = pst + Din€, ¢ = st + Gin€ € R with Dst, Din, Gst, Gin being real numbers, we say
that ¢ < p if either gt < pst, Or gt = Pst and Gin < Pin, ¢ = P if ¢t = Pst and gin = pin, and we
say that ¢ < p if either ¢ < p, or ¢ = p . Consequently, if ¢ > 0, we say that ¢ is a positive
dual number; and if ¢ > 0, we say that ¢ is a nonnegative dual number. In what follows, we
denote the set of nonnegative and positive dual numbers by Ry and R, ., respectively. For

given p = pst + Pin€, ¢ = gst + gin€ € R, we have
P+ q=Dps+qst + (Din + Gin)e, PG = Pstlst + (Pstdin + PinGst €. (2.1)
Following the definition in [22], the absolute value of ¢ = gt + ¢in€e € R is defined by

| lgst| 4+ sgn(gse)gine,  if gt # O,
g _{ |ginl € otherwise, (2.2)

where ‘sgn(-)’ represents the sign function, that is, for any u € R,

1,if u >0,

sgn(u) = 0, if u =0,

—1,if u<O.
For a given dual number ¢ = g¢s + gin€, if ¢ is appreciable, then ¢ is nonsingular and
¢ ' =g — g2 qinge te. If ¢ is infinitesimal, then ¢ is not nonsingular. If ¢ is nonnegative

and appreciable, then the square root of ¢ is still a nonnegative dual number. If ¢ is positive
and appreciable, we have
Gin

€.
2\/Gst

Va = Vs + (2.3)

In particular, we have \/q = 0 when ¢ = 0.
Below, we recall a proposition introduced in [17].

Proposition 2.1. Let p,q € R. Then, we have the following conclusions.

(a). Ifp,q € I?&+, then pq € I@+.

(b). Ifp,q e ]IA%_H and at least one of them is appreciable, then pq € I@.H.
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(¢). If p>0, then |p| = p; otherwise, |p| > p.

(d). If p is appreciable, then |p| = \/pi2

(e). If p,q € ]/lé_H_ and are both appreciable, then \/pq = \/D\/q.

(f). Ifqe I@++ and is appreciable, then p — q € f&r implies \/p — \/q € @Jr.

Quaternions

Denote by Q the four-dimensional vector space of the quaternions over R, with an ordered
basis, denoted by e,i,j and k. A quaternion ¢ € Q has the form ¢ = gpe + ¢11 + ¢2j + ¢sk,
where qg, q1,¢2 and g3 are real numbers, i,j and k are three imaginary units of quaternions,
which satisfy

2=j2=k2=ijk=-1, ij=-ji=k, jk=-kj=i, ki=-ik=j.

For notational simplicity, we will omit the real unit e and denote ¢ € Q as ¢ = g9 + 11 +
q2j + qsk in the subsequent discussions.

For a quaternion ¢ = go+¢1i+g2j+gsk, we call Re(q) := go and Im(q) := q1i+g2j+gsk the
real and imaginary parts, respectively; the conjugate of ¢ is given by ¢ := qo — 11— g2j — q3k
and the norm of ¢ is defined by |q| := /3¢ = \/a2 + ¢; + ¢3 + ¢3. In particular, a quaternion
is called imaginary if its real part is zero. Given two quaternions p = pg + p1i + p2j + psk
and ¢ = qo + ¢11 + g2 + g3k, it is easy to verify that

Pq + qp = pq + qp = 2(poqo + P1q1 + P2q2 + P3G3)- (2.4)

However, we shall notice that the multiplication of quaternions satisfies the distribution law,
but is noncommutative. In fact, Q is an associative but non-commutative algebra of four
rank over R, called quaternion skew-field [32].

Throughout this paper, we denote by Q™*" the collection of all m x n matrices with
quaternion entries. Specially, Q™! is abbreviated as Q™, which is the collection of quater-
nion column vectors with m components.

Dual Quaternions and Dual Quaternion Algebra

Dual Quaternions

Dual quaternion is a composite concept, which is the combination of dual numbers and
quaternions. Specifically, a dual quaternion ¢ has the form ¢ = gs + gine, where gs, gin € Q
are the standard part and the infinitesimal part of g, respectively. Throughout, we denote
by Q the set of dual quaternions. Recalling the definitions introduced in [1, 6, 13], for any
two dual quaterions p = ps + pin€ and ¢ = ¢st + gin€, the addition and multiplication between
them are defined by

P+q= (pst + gst) + (Pin + in)e
and
Pq = Pstqst + (pinqst + pstqin)ea

respectively. It is easy to see that @ is a ring with respect to the two binary algebraic
operations defined above. The conjugate of q is ¢ = st + Gine. It is easy to see that q7 = gq
for any ¢ € Q [22]. Similar to dual numbers, if ¢ # 0, then we say that ¢ is appreciable,
otherwise, we say that g is infinitesimal. We can derive that ¢ is invertible if and only if ¢
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1

is appreciable. In this case, we have ¢~' = g’ — ¢ GinGe €, Where g = Get/|gst|?. The

magnitude of ¢ € @ is defined as

st + (qstQin+QinQSt)67 if g £ 0,
2|C]st|

|ginl€, otherwise,

lq| == (2.5)

which is a dual number by (2.4). Notice that such a definition immediately reduces to the

absolute function (2.2) when ¢ is a dual number, i.e., ¢ € HA%, and it is exactly the magnitude
of a quaternion when ¢ € Q.

Dual Quaternion Algebra

Denote by @m the set of all dual quaternion vectors with m components. For any two
m-dimensional dual quaternion vectors x = (21,%2,...,Zm) , ¥ = (y1,¥2,---,Ym)  and a
dual quaternion o € Q, we define

T

)

X+y=(1+y1,224+ Y2, T+ Ym) | and xa = (zr0,220, ..., Trp)

which is called the right multiplication of x € @m and a € @ It is easy to verify that @m is
an m-dimensional vector space over QQ, with respect to the addition and right multiplication
defined above.

Definition 2.2 ([17]). Let 2 := {u(l), u®, . u(s)} C @m. We say that = is right linearly

independent, if for any aq, s, ..., a5 € @,
u(l)a1+u(2)a2+...+u(s)a8:0 = 0412012:'“:043:0-

As a result of Definition 2.2, we can see that, if = is right linearly independent, then
u® is appreciable for every i = 1,2,...,s. For given u = (uy,ug,...,uy)" and v =
(v1,v2, ..., 0y) " in @m, denote by (u,v) the dual quaternion-valued inner product, i.e.,
(u,v) = > Bu,. It is easy to see that (u, va+wp3) = a(u, v)+3(u, w) and (u,v) = (v,u)

for any u,v,w € @'” and o, 8 € @ Ifue @m is appreciable, then (u,u) is an appreciable
positive dual number.

Definition 2.3. Let u,v € @m be appreciable. We say that u, v are orthogonal if (u, v) = 0.
An n-tuple {u®™ u®, ... u®} c Q™, where all u®, u®, ... u® are appreciable, is said
to be orthogonal if (u®,u¥)) = 0 for i # j, and orthonormal if it is orthogonal and
(u® udy =1fori=1,2,...,s.

Denote by Q™" the set of m x n dual quaternion matrices. Then A = (aij) € Qmxn
can be written as A = Ag + Aine, where Ag, Ay € QM*™ are the standard part and the
infinitesimal part of A, respectively. If Ag is nonzero, ie., Agq # O, we say that A is
appreciable, otherwise, we say that A is infinitesimal. For given A € Q™*", the transpose of
A is denoted as AT = (aj;), the conjugate of A is denoted as A = (a;;), and the conjugate
transpose of A is denoted as A* = (a;;) = AT. It is obvious that AT = AJ + A]le,
A = Ag + Ajpe and A* = A% + Afe. In this paper, a square matrix A € @me is called
nonsingular (invertible) if AB = BA = I,,, for some B € @mxm. In that situation, we denote
A~! = B. Moreover, a square matrix A € @me is called normal if AA* = A* A, Hermitian
if A* = A, and unitary if A is nonsingular and A=! = A*. We have (AB)"! = B~tA1if A
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and B are nonsingular, and (A*)~! = (A=1)* if A is nonsingular. We say that A € Qm*™
is unitary, if A satisfies A*A = I,,,. It is obvious that A is unitary, if and only if the set
consisting of column (row) vectors form an orthonormal basis of Q™ i.e., it is orthonormal
and any vector in (@m can be written as a right linear combination of this set. Similarly, we
say that A € Q™**(s < m) is partially unitary, if A satisfies A*A = I;. From Definition 2.2,
it is easy to see that, the right linear independence of the involved vector set = is essentially
that Ax = 0 has a unique zero solution in Q", where A = [u®,... u®] € Q"**. For given
A = (aij) € Q"™ the trace of A, named trace(A), is defined as

trace(A4) = Z aii, (2.6)
i=1

which is a dual quaternion. R R
As defined in [23], for a dual quaternion matrix A € Q™™ if there exist a A € Q and
an appreciable x € @m such that
Ax = x\, (2.7)

then we say that )\ is a right eigenvalue of A, with x as an associated right eigenvector. If
A is a dual number, then we have
Ax = dx, (2.8)

i.e., Ais also a left eigenvalue of A. In this case, A is simply called an eigenvalue of A, and x
an associated eigenvector. In particular, it was shown in [23] that an m x m dual quaternion
Hermitian matrix has exactly m dual number eigenvalues.

For given A = Ag + Aine = (a;5) € Q™™ the Frobenius norm of A, which is a dual
number, is defined by

Do layl it Ax#0, (2.9)

lAllF =\ & &

| Ain || Fe, otherwise.

Clearly, the Frobenius norm of a matrix is actually the f2-norm of the vectorization of that
matrix. Most recently, Ling et al. [17] proved a dual quaternion version of Cauchy-Schwarz
inequality, which can be stated as follows.

Proposition 2.4 (Cauchy-Schwarz inequality on @m) For any u,v € @m, it holds that
[ullz]lv]lz = [{u, v} € Ry,
that is, [(u, v)| < [[all2]|v]|2-

As a consequence of (2.9) and Proposition 2.4, for given A € @mxn and x € @",
regardless of whether Ax is appreciable or not, it can be verified that |Ax|2 < || 4| r|/x]2-

Proposition 2.5. Suppose that U € @mxn 1s partially unitary, and x € @” Then
1Ux]|2 = [|x]|2- (2.10)

Proof. Suppose that x = xg + xjn€ is appreciable. It follows from (2.9) that

n
Il =D lzif* = x"x.
i=1
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On the other hand, let U = Uy + Uine. A direct calculation leads to UgUs = I,,. Then, the
standard part of Ux is Ugxg # 0, i.e., Ux is also appreciable. Consequently, by (2.9) again,
we have
|Ux|2 = (Ux)*(Ux) = x*U*Ux = x*x.

Hence, ||[Ux||2 = ||x||2 in this case.

Now, we assume that x is infinitesimal, i.e., X = xj,e. Then Ux = UgXjne, which means
that Ux is also infinitesimal. We have ||Usxin||2 = ||Xin||2 since UiUs = I,,. Then by (2.9),
we still have ||[Ux||s = ||x||2 in this case. O

Proposition 2.6 ([22]). For any u = ug + ujne € @m with ug # 0, it holds that

(Ust, Win) + (Win, Ust)
2|ust (|2

[allz = |lusll2 + (2.11)

Spectral Norm of Dual Quaternion Matrices

We begin this section with recalling the following two theorems for dual quaternion matrices.

Theorem 3.1 ([23]). Let A = A + Aine € @me be a Hermitian matriz. Then, there

exists a unitary matrix U € @’”X"L and a diagonal matriz 3 € @me such that A = UXU™,
where
¥ :=diag(A(A4), A2(A), ..., A\ (4)), (3.1)

where A1 (A) > Ao (A) > -+ > M (A) are dual numbers. Counting possible multiplicities \;,
the form X is unique.

It is obvious that \;(A) is the ith largest eigenvalue of A, with u(®) as an associated eigen-
vector, where u(” is the ith column in U. When A is Hermitian, since A (A), A2(A), ..., A (A)
are dual numbers, from (3.1) and (2.4), it is easy to see that

m

aiiZE )\ ul]ul] § )\ uzjuij7

which implies that

PILEDIRVEID PL ZA a3 =373, (4). (32

since |[u|y = 1. Hence, if A is Hermitian, we have trace(A) = trace(UAU*) for any
unitary matrix U € Qm>™.

Theorem 3.2 ([23]). For a given A € @mX", there exist two dual quaternion unitary
matrices U € Q™*™ and V € Q"*"™, such that

¥ O

a-v| G O]MV’

(3.3)

where ¥y € Rt is a diagonal matriz, taking the form Sy = diag(o1(A),...,00(A),...,0:(A)),
r <t < s:= min{m,n}, o1(A) > o2(4) > --- > 0.(A) are positive appreciable dual

numbers, and or11(A) > op42(A) > -+ > 01(A) are positive infinitesimal dual numbers.

Counting possible multiplicities of the diagonal entries, the form ¥; is unique.
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We call form (3.3) the singular value decomposition (SVD) for dual quaternion matrix
A, and call o1(4),...,0.(A),...,04,(A) and possibly o, 11(A) =--- =04,(4) =0 (if t < s)
the singular values of A, where ¢t and s correspond to the appreciable rank and the rank of
A, respectively.

For given A € Q™*", the spectral norm || 4|2 is defined by

Az =  max [|Ax]|2. (3.4)

x€Qn, [|x[|2=1

Notice that ||A]|2 is induced by the £3-norm on dual quaternion vector spaces and hence is
a matrix norm. In addition, by (3.4), we have

[Ax([2 < [|All2]lx]]2 (3.5)

for any appreciable x € @” The following proposition shows that, similar to the common
complex matrix situation, ||A]|2 defined by (3.4) is exactly the largest singular value of A.

Proposition 3.3. Let A € Q™*". It holds that ||Al|s = 01(A), where o1(A) is the largest
singular value of A.

Proof. Let A= UXV™ be a singular value decomposition of A, in which U and V' are unitary,
¥ = diag(o1(A),...,05(A4)) with 01(A4) > -+ > 05(A) > 0 and s = min{m,n}. It follows
from (3.4) and Proposition 2.5 that

[All = max [|EVx]
x€Q, |Ix[2=1
= max Xyl

yeQr, [Vyll2=1

= __max
yeQr, llyllz=1

< _max
yeQ™, llyll2=1

= 01 (A)7

where the inequality comes from items (a), (¢) and (f) of Proposition 2.1. However, | Ay||2 =
01(A) for y = ey, hence ||A|l2 > 01(A). Therefore, we conclude that ||A|l2 = o1(A) and
complete the proof. O

von Neumann Type Trace Inequality

In this section, we extend the well-known von Neumann trace inequality to dual quaternionic
versions. Because R is a total order space in the meaning of total order stated in Section
2.1, unless otherwise specified, we have, for p,qg € R, p < ¢ if and only if ¢ —p € Ry. We
start this section by introducing the following concept for dual numbers.

For given dual numbers z1,zo,...,z,,, we use &1,Zs,..., T, to denote these numbers
arranged in non-ascending order of magnitude. If the two sets of dual numbers x1, xa, ..., Ty,
and y1,¥o, ..., Ym satisfy the relations

- - N <t +go+---+9s forl<s<m-—1,
T1+ T2+ +$s{:g1+g2+...+@s for s = m,
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we write (z1,T2,...,Tm) < (Y1,Y2,---,Ym) for simplicity. For example, (5,3,3) < (5,5,1),
and it is similar for dual numbers x; and y;.

The following lemma is an extension of Lemma in [19] to the case of dual numbers. Due
to the introduction of the total order “>" in R it has similar properties to the set of real
numbers. For example, if a,b € R+ implies a + b € RJr and ab € R+ Although the proof of

this lemma is similar to the way used for the unique lemma in [19], we give a proof for the
completeness of this paper.

Lemma 4.1. Let {x1,22,...,Zm}, {¥1,Y2,.- - Um} and {z1,22,...,2m} C R. Suppose
1 Z T2 Z Z Tm Z O; Y1 Z Yo Z Z Ym a'nd (2'1;227~-~7Zm) =< (y17y23"'7ym)' Then

it holds that
Z Tz < Z TiYi. (4.1)
i=1 i=1

Proof. Forany 1 <k <m,let Yy =y1 +y2+ -+ uyr and Zy = 21 + 22 + -+ + 2. Then,
by virtue of hypothesis, we have Z; <Y}, for k =1,2,...,m. Consequently, it holds that

m m
E Tpzp < E Tr ik
=1 k=1

= n141+ Zxk(zk — Z—1)

k=2
m—1
(xk — Tht1)Zk + TmZm

k=1
m—1

< () — Tpy1)Yi + T Yo
k=1
m

- Y
k=1

The proof is completed. O

Lemma 4.2. Let A = (a;5) € Qm*™ be a Hermitian matriz, and let the eigenvalues Xi(A) of
A be arranged so that A\1(A) > Xa(A4) > -+ > M\u(A). Then, for any given positive integer
k < m, the sum Zle Xi(A) is the maximum of Zle(x(i))*Ax(i), when k orthonormal
vectors x () (i=1,2,...,k) vary in @m. In particular, we have

k k
Za“‘SZAi(A), k:1,2,...,m. (42)
i=1 i=1

Proof. By Theorem 3.1, there exists a unitary matrix U € @me such that
U*AU = diag(A1(A), A2(A), ..., An(A)),

which implies Au® = u®X;(A) for i = 1,2,...,m, where u® is the ith column of U. Since
UU* = I, it holds, for any x7) € Q™, that

0 — yUrx) — zm: a® ((u(i))*x(j)> _ zm:um (x@) u®).
1=1 =1
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Since A € @me is a Hermitian matrix, all \;’s are dual numbers. Consequently, we have

m

(x0)* Ax@) = Z)\i(A)’<X(j),u(i)>‘2
=1

k
= ()Y 1D a4+ (Ni(A) = Ak(A)| (), a2
i=1 i=1
+ D u(A) = M) (xD u)
i=k+1

Hence, when [|x()||y = 1, we obtain

k
(60 AxD < A (A) + D u(A) = () =D, D),
i=1

since

S, a2 = (DY TURD = (x D)%) = Dy =1

i=1

as well as \;(A) < A\g(A) for i = k+1,...,m. By this, it holds that

k % .
D =) AxD) < Y TA(A) DD (Ai(A) = Me(A)[(xD), u@) 2
J=t j=1 j=1i=1
k k k
= ST + S A) = M (A4) S [(x D u®) 2
Jj=1 i=1 =1
which implies
k k &
D Ni(A) =Y xD) AxD =D (A) = Ak(4)) = YD (Ai(A) = Ak(A)) [(xD, u®) 2
=1 Jj=1 j=1 i=1 j=1
k k
= 370 (4) = M(4) {1 — 3 @, )| }
Jj=1 i=1
>0,
since \;(A) > \g(A) for j =1,2,...,k and
- ~ =~ ~~
Z‘ () u(l (X(J))*UU*X(J) < HUU*HQHX(])Hg < HX(J)”g _ 1,

i=1
where U = [u(l), e u(k)] On the other hand by taklng x) =ul) for j =1,2,... k, it is
easy to verify that Zle Mi(A) = Zle( )Y+ AxU

Notice that a;; € R fori= 1,2,...,m, since A is Hermitian. In particular, by taking

xU) = e;, where e; is the jth column in I,,, it is easy to see that (4.2) holds. Therefore, we
obtain the desired result and complete the proof. O

Hereafter, we recall a lemma that can be found in [17, Theorem 4.10].
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Lemma 4.3 ([17]). Let A € QM ™ and H = (A*+A)/2. Let o1(A) > 02(A) > -+ > o (A)
be singular values of A, and let \y(H) > Mo(H) > -+ > A\ (H) be the right eigenvalues of
H. Then, it holds that

)\1(H)<0'1(A), i:1,2,...,m.

With the above preparations, we now state and prove the von Neumann type trace
inequality for dual quaternion matrices. Here, we prove the dual quaternionic von Neumann
inequality by a unified way, which is applicable to the quaternionic case and is completely
different with the proof given in [3].

Theorem 4.4. For any A, B € @an’ it holds that

trace(A*B + B*A) <2 i 0;(A)o;(B), (4.3)
i=1

where s = min{m, n}, and o1(A) > 09(A) > --- > 05(A) and 01(B) > 03(B) > -+ > 04(B)
are singular values of A and B, respectively.

Proof. Without loss of generality, we assume m < n. Let A = UX4V™* be the SVD of A,
where ¥4 = diag(c1(A), 02(A),...,0m(A)). It is obvious that A* = VX U*, since all o;(A)
(1 =1,2,...,m) are dual numbers. Consequently, we have

V*(A*B+ B*A)V = S C + C*%y,

where C = U*BV € @an. It is easy to see that

trace(A* B+B*A) = trace {V*(A*B + B*A)V} = trace(X }C+C*T4) = Z oi(A)(cii+¢u),

i=1

where ¢;; is the ith diagonal element of C' and ¢; is the conjugate of the dual quaternion
number ¢;;.
Now, we prove

Zai(A)(Cn‘ +Ci) <2 Zai(A)Ui(B)~
Let
C

(n—m)xn

D = (d”) = |: O :| + [C*,Onx(n_7,L)].

It is obvious that D € @"X" satisfies D* = D, i.e., D is a dual quaternion Hermitian matrix.
It is obvious that d;; = ¢y + ¢ for any i = 1,2,...,m. Applying Lemma 4.2 with A = D,
we obtain

k

k k k k
D (citei)=> di <Y N(D)<2Y 0i(C) =2 o0i(B), k=1,2,...,m, (44)
i=1 i=1 i=1 =1

i=1 =

where the second inequality comes from Lemma 4.3 and the fact that o; { 0 ¢ } ) =
(n—m)xm

0;(C) for i = 1,2,...,m, and the last equality is due to the fact 0;(C) = o4(B) for i =

1,2,...,m since U,V are unitary. Finally, since o;(4) >0 for i = 1,2,...,m, by (4.4) and

Lemma 4.1, we obtain the desired conclusion and complete the proof. O
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Proposition 4.5. Let A € @an_ We have

max trace(A*X + X*A) = 2201
XEU@’"LX’H 7 1

where Q™" = {X € Q™" | XX* = I,,} and 0;(A) is the i-th singular value of A for
1 <4< s=min{m,n}.

Proof. Without loss of generality, we assume m < n. Let A = UXAV* be the
SVD of A, where ¥4 = diag(01(A),02(A4),...,0m(A)). Denote X = USV*, where S =
Uiy O (n—m)] € Qm*". It is obvious that XX* =1I,and 0;(X)=1fori=12,...,m
Moreover, it is clear that A* = VX U*, since all o;(A) (i = 1,2,...,m) are dual numbers.
Consequently, it is easy to see that

¥ X XA 0 _
trace(A* X 4+ X*A) = 2trace (V [ mx(n—m) } V*)
( ) O(n—m)Xm O(n—m)x(n—m)
= 2trace($4) =2 _ 0i(A)

=1

YA Omx(n—m) :| is
" . . . . Otn—m)xm O(”fm)x(”*m.)

Hermitian. Finally, by combining the above discussion and Theorem 4.4, we obtain the
desired result and complete the proof. O

where the second equality follows from the fact that {

Due to the application of dual quaternion Hermitian matrices in multi-agent formation
control, we below present a variant of the von Neumann inequality expressed by eigenvalues
of dual quaternion Hermitian matrices.

Theorem 4.6. Let A, B € @me_ Suppose that both A and B are Hermitian. We have
2> Xi(A)Am—ip1(B) < trace(AB + BA) <2 " \i(A)Xi(B),

i=1 i=1
where A1 (A) > Xa2(A) > -+ > A (A) and A1 (B) > Aa(B) > -+ > A\ (B) are the eigenvalues

of A and B, respectively. In particular, the above inequality holds when A, B € Q™*™ are
Hermatian.

Proof. Since both A and B are dual quaternion Hermitian matrices, we know that
Ai(A),\i(B) € R for i = 1,2,...,m. By Theorem 3.1, there exists a unitary matrix
U € Qm*™ such that A = USU* where & = diag(A1(A4), A2(A), ..., Am(A4)). Let C :=
(cij) = U*BU. It is clear that C is a dual quaternion Hermitian matrix, which implies
Ci; € R for i = 1,2,...,m. Moreover, we have

trace(AB + BA) = trace(U(XC + CZ)U*) = trace(SC + CL) =23 Ai(A)cii.  (4.5)

i=1

Since C' is Hermitian, by Lemma 4.2 and (3.2), for every k = 1,2,...m — 1, it holds that

k k k m m

=1 i=1 i=1 =1
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since A\;(C) = X\;(B) for i = 1,2,...,m. Consequently, by Lemma 4.1, we have
D XilA)eis <Y N(A)X(B),
i=1

=1

which implies, together with (4.5), the desired right inequality holds.
Since A\;(—B) = —\j—i+1(B), by replacing B in the proved right inequality with —B,
we obtain the left inequality. O

Hoffman-Wielandt Type Inequality

In this section, we are concerned with the Hoffman-Wielandt type inequality for dual quater-
nion matrices.

First, by Theorem 4.4, we have the following theorem, which is also a generalization of
the well-known Hoffman-Wielandt type inequality [11] in C™*™, and characterizes an upper
bound for all singular values simultaneous perturbation of a dual quaternion matrix.

Theorem 5.1. Let A, B € Q™*". If A— B is appreciable, then it holds that
lo(A) —o(B)ll2 < [|A = Blr, (5.1)
where s = min{m,n}, o(A) = (01(A),...,0,(A)" and o(B) = (61(B),...,04(B))" with

01(A) > 09(A) > -+ > 04(A) and 01(B) > 09(B) > -+ > 04(B) being the singular values
of A and B, respectively.

Proof. Let A =UX,V* and B = XYY ™ be the SVDs of A and B, respectively. Under
the condition A — B being appreciable, we divide our proofs into two cases.

If 0(A) — o(B) is infinitesimal, then A — B being appreciable implies
IA = Bllr = [|Ast = Bl + de

for some § € ]I/éJr by Proposition 2.6. Clearly, it follows from the fact ||Ast — Bst||lr > 0
that (5.1) holds.

If 0(A) — o(B) is appreciable, then we only need to prove
3 lo(d) ~ o B < |4 - B3,
i=1
which is equivalent to
ZS:U?(A) _2282‘71'(‘4)01'(3)"'252 0i(B)* < || A||% — trace(A* B+ B*A) +||B||%. (5.2)
i=1 i=1 i=1

Recalling the fact that Y .;_, 07(A) = ||A[|% and }_;_, 04(B)? = || B||}, we immediately
prove (5.2) with the employment of Theorem 4.4.

To sum up, we obtain the desired conclusion and complete the proof. O
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Remark 5.2. Notice that, if A, B € Q™*", it is obvious that Theorem 4.4 holds. Therefore,
if both A and B are either quaternions or infinitesimal, Theorem 5.1 holds. In fact, in the
case that both A and B are infinitesimal, we claim that 0(A) and o(B) are both infinitesimal,
and (0(A))in = 0(4in) and (o(B))in = O’( n). Consequently, we have

lo(A) = a(B)ll2 = [[(a(A))in = (o(B))inll2€ = llo(Ain) = o(Bin)ll2€

and
[A = Blr = [|Ain — Binl| re.

Hence, we only need to prove ||o(Ain) — 0(Bin)ll2 < ||Ain — Binl|F, which can be proved by
applying Theorem 4.4 with A = A;, and B = B;,. The conclusion for the case A, B € Qm*"
can be proved similarly.

Remark 5.3. From Theorem 3.2, we know that the standard parts of the singular values
of a dual quaternion matrix are exactly the singular values of the standard part of that dual
quaternion matrix. Hence, If both A and B are appreciable, but A — B is infinitesimal,
i.e.,, Aq = Bg # O, then o(A) — o(B) is infinitesimal. In this case, the desired inequality
(5.1) becomes |[(6(A) — 0(B))inll2 < ||Ain — Bin||r. However, we do not know whether this
inequality still holds, and leave it as an open question for one of our future concerns.

As mentioned in Remark 5.3, the infinitesimal part of dual numbers makes the analysis on
dual quaternion matrices is difficult, and Theorem 5.1 holds under the condition that A — B
is appreciable. Below, we are concerned with whether the Hoffman-Wielandt inequality still
holds for dual quaternion Hermitian matrices when removing the condition A — B being
appreciable.

We first show the quaternionic Hoffman-Wielandt inequality.

Proposition 5.4. Let A, B € Q™*". Suppose that both A and B are Hermitian. We have
[ACA) = A(B)|l2 < [|A = Bl|r,

where )\( )= (A(A), .., A (AT and A(B) = (A1(B), ..., A (B)) T with A1 (A) > Mo (A) >
<o > Am(A) and )\1(.8) Ao(B) > -+ > An(B) being the eigenvalues of A and B, respec-
tively.

Proof. Since trace(A?) = ||A||% = ||A(A)]|3 and trace(B?) = ||B||% = ||A\(B)||3, it follows
from Theorem 4.6. O

Now we state and prove the following theorem, which indicates that the Hoffman-
Wielandt type inequality for dual quaternion Hermitian matrices still holds even if A — B
is infinitesimal.

Theorem 5.5. Let A, B € @mxm, If both A and B are Hermitian matrices, then we have
[ACA) = A(B)l2 < [|[A = Bl|F, (5.3)

where )\( )= (A(A), .., A (AN T and A(B) = (A1(B), ..., A (B)) T with A1 (A) > Xa(A) >
s > A (A) and )\1(3) A2(B) > -+ > A\u(B) being the eigenvalues of A and B, respec-
tz’vely.

Proof. Firstly, since both A and B are Hermitian, we know that A(A), \(B) € R™. We
divide the proofs into two cases: (a) A — B is appreciable, and (b) A — B is infinitesimal.
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In the case (a), since [[A(A)||3 = ||A||% and |A(B)||3 = ||B||%, regardless of whether
A(A) — A(B) is appreciable or not, by Theorem 4.6, we can prove (5.3) in a similar way to
the proof of Theorem 5.1.

We now prove the desired inequality (5.3) for the case where A — B is infinitesimal.
In this case, both A and B must be appreciable or infinitesimal at the same time, since
Ag = Bg. If both A and B are infinitesimal, i.e., A4 = Bg = O, then the inequality (5.3)
becomes

JO(Ain — ABinll2 < 1 4in — Bl (5.4)

since M(A) = A(Ain)e and A\(B) = A\(Bi,)e. Consequently, since both A, and Bj, are Hermi-
tian, by Theorem 4.6 again, we know that the inequality (5.4) holds.

If A and B are appreciable Hermitian matrices at the same time, i.e., Agq = Bg is
a nonzero quaternion Hermitian matrix, then by quaternion matrix theory, there exists a
unitary matrix S € Q™*"™ such that

SAS* =D+ Ce and SBS* =D + Ge,

where C = SA,,S*, G = SB,,S*, D = SAqS* = diag(Ai11ly,, Aolk,, ..., A\l ). Here,
A1 > Ay > -+ > A, are real numbers, I, is a k; x k; identity matrix, and Y ;_, k; = m.
It is obvious that ||Aj, — Bin||% = ||C — G||%. Notice that both C and G are quaternion
Hermitian matrices. Let

Cll 012 e Cl’r Gll G12 e Gl’r
C* 022 T 027" I G22 e G27"

C = _12 ) ] and G = .12 . . R
Cfr C;T e CTT Tr G;r e GTT

where C;; and G;; are quaternion matrices of same adequate dimensions, and Cj; and Gy;
are Hermitian for ¢ = 1,2,...,r. Since C;; and G;; are Hermitian, there exist real numbers
Aig = > N, and g1 > o0 2> g, for i =1,2,... 7, such that

Cyi = Usdiag (Ni1, -+, Nik,) U and Gy = Vidiag (i, 5 pak,) Vi's i=1,---,r. (5.5)

7

It is obvious that A; ; and p; ; are the jth largest eigenvalues of C; and G; respectively, for
i=1,2,...,r. From the proof precess of Theorem 4.1 presented in [23], we know that

)\<A)in = ()\1,17 . -7)\17161;)\2,1’ . '7A2,k27 . '7)‘7‘,17 . -7)\T7k,,~)T

and
)‘(B)in = (/’Ll,la Y LW RN H R BRI 0 5 PRI LA PR 7/’LT,]€7~)T

Consequently, it holds that

T k,
IAA)in = AB)inl3 = DD i — gl

i=1 j=1
r

< Z Cii — Gl
=1

< D Y NG - Gyl
i—1 j—1

= [|C-G%

= ||Ain - Bin”%v
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where the first inequality comes from Proposition 5.4 with A = Cy; and B = Gy; for i =
1,2,...,7. Hence, we obtain ||A(A)in — AM(B)inllz2 < ||Ain — Binl|r, which implies ||A(A) —
A(B)|l2 < ||A — B||r by (2.9), since A(A)st = A(B)st and Agy = Bst. We obtain the desired
result and complete the proof. O

(6] Conclusion

In this paper, after introducing the concept of spectral norm for dual quaternion matrices, we
extended the well-known von Neumann trace inequality to general dual quaternion matrices.
Using the proposed trace inequality, we further obtained a Hoffman-Wielandt type inequal-
ity, which characterizes the distance between two dual quaternion matrices A, B € Qm*"
being larger than the distance between their respective singular values. Such an inequality
can also be regarded as a simultaneous perturbation bound on all singular values of a gen-
eral dual quaternion matrix. Furthermore, we also proposed two variants of the above two
inequalities expressed by eigenvalues of dual quaternion Hermitian matrices. In particular,
we proved that the Hoffman-Wielandt type inequality still holds even if A — B is infinites-
imal. As a new area of applied mathematics, there are many problems worth exploring to
enrich the theory of dual quaternion matrices, such as optimal low-rank approximations and
applications of dual quaternion matrices in the fields of data analysis, computer science and
intelligent control.
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