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Abstract: The aim of this paper is to investigate the difference gap (for brevity, D-gap) functions and global
error bounds for an abstract class of elliptic variational-hemivariational inequalities (for brevity, EVHIs).
Based on the optimality condition for the concerning minimization problem, the regularized gap function
for EVHIs is proposed under some suitable conditions. Accordingly, we establish the D-gap functions for
EVHIs in terms of these regularized gap functions. Furthermore, we provide global error bounds for EVHIs
by virtue of the regularized gap functions and the D-gap functions. An application to contact mechanic
problem is given to illustrate our main results.
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Introduction

The target problem in this article is a class of generalized variational inequalities and the
main tool is the D-gap function. We start with briefly recall and review these two notions.
In 1976, Auslender [1] introduced the gap function as a valuable tool for solving variational
inequalities via associated optimization problems. A gap function defined by

p(z) = sup(p(2),z — v),
veED

where z € D C R™, p: R — R"”, and (-,-) is the scalar product in R™. The function p
satisfies the following conditions:

(i) p(z) >0, for all z € D,
(ii) z* is a solution to the variational inequality (VI) of finding z* € D such that
(p(z"),v—2") >0, for all v € D

if and only if 2* € D and p(z*) = 0.
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fCorresponding author.
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A disadvantage is that the gap function p is non-differentiable in general. To conquer this
drawback, in 1992, Fukushima [7] originally proposed a new gap function for VI in the
following form:

Pa(2) = sup{(p(2), z — v) — allz — v||*},
veD
where e > 0. The function p,, is finite valued and differentiable as long as the mapping p is
differentiable, and it is called the regularized gap function. Then, Peng [35] provided the no-
tion of the D-gap (where D stands for “difference”) function which leads to an unconstrained
optimization reformulation of the VI. Another D-gap function derived from the difference
of two regularized gap functions, given by Yamashita and Fukushima [43], is as follows:

dap(2) = Pa(z) —ps(2) (0 <a<p).

Note that d,g is also a gap function for VI. Peng-Fukushima [36] developed a global error
bound result for variational inequalities in terms of D-gap functions using the strong mono-
tonicity assumption. Error bound explores the upper estimation of the distance between
an arbitrary feasible point and the solution set of a certain problem. So, it has been crit-
ical in analyzing the convergence of iterative methods for solving variational inequalities.
Therefore, the D-gap function and error bounds have been investigated for various kinds of
equilibrium problems and variational inequalities, see e.g., [2,3,16,17,21,22,25,26, 38|.

On the other hand, it is well known that the theory of hemivariational inequalities is
an extension of variational inequalities. This theory was introduced by Panagiotopoulos
for dealing with various problems of mechanical problems with nonconvex and nonsmooth
energy potentials, and based on the concept of the Clarke generalized gradient for locally
Lipschitz functions, see e.g., [33,34]. Variational-hemivariational inequality is a general-
ization of hemivariational inequality which includes both convex and nonconvex potentials.
This theory has been extensively investigated by many authors in various directions, and it
has found different applications in engineering, mechanics, especially in nonsmooth analysis
and optimization. Recent existence results for some types of variational-hemivariational in-
equalities can be found, in e.g., [20,27,29,31,32,37], the stability in the sense of convergence
and the well-posedness, in e.g., [13,24,28,41,44,45], the gap functions and error bounds, in
e.g., [8,15,19,40] and the computational issues have been addressed in, e.g., [9,12].

Although D-gap functions have turned out to be efficient mathematical tools to establish
error bounds for various variational inequalities and equilibrium problems, until now, there is
no contribution which deals with D-gap functions for variational-hemivariational inequalities.
Based on the motivation, in this paper, we develop the D-gap function and global error
bounds for an abstract class of elliptic variational-hemivariational inequalities (for brevity,
EVHIs). Firstly, we provide the regularized gap function introduced by Fukushima [7] for
EVHIs under some suitable conditions based on the optimality condition for the concerning
minimization problem. The D-gap function for EVHIs in terms of regularized gap functions
is established. Furthermore, we also give some global error bounds for EVHIs by virtue
of the regularized gap function and the D-gap function. Finally, the theoretical results are
applied to a contact mechanic problem. To sum up, the contribution of this work and its
relation to previous literature is depicted in Figure 1.

The rest of this paper is structured as follows. The basic notations and definitions
that will be used throughout the study are presented in Section 2. We also introduce an
abstract class of elliptic variational-hemivariational inequalities and provide their existence
under some imposed hypotheses on the data. In Section 3, we investigate the regularized gap
function and the D-gap function for EVHIs. In Section 4, we establish global error bounds for
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Figure 1: Tllustration of the developments regarding different kinds of gap functions, regularized
gap functions and D-gap functions.

EVHIs by virtue of the gap functions considered in Section 3 under some suitable conditions.
Finally, an application to a contact problem is proposed in Section 5 to illustrate abstract
results in the paper.

Preliminaries and Formulations

Let E be a normed space with its topological dual E*. We denote by ||-|| g the norm on E and
(-, ) the duality pairing of E and E*. For two normed spaces F and Z, L(E, Z) denotes the
space of all linear continuous operators from E to Z. We recall some fundamental concepts
that will be used in the sequel. For more details, please refer to [4-6,30].

Definition 2.1. A function o: £ — R := RU {400} is said to be
(a) proper, if g Z 4o0;
(b) convex, if o(tu + (1 —t)v) < to(u) + (1 —t)o(v) for all u, v € E and t € [0, 1];

(c) lower semicontinuous at ug € F, if for any sequence {u,} C E such that u, — ug, it
holds o(up) < liminf o(uy,);

(d) upper semicontinuous at ug € E, if for any sequence {u,} C E such that u,, — g, it
holds lim sup o(u,) < o(up);

(e) lower semicontinuous (resp., upper semicontinuous) on E, if g is lower semicontinuous
(resp., upper semicontinuous) at every ug € E.

Definition 2.2. An operator G: E — E* is said to be:
(a) bounded, if G maps bounded sets of F into bounded sets of E*;

(b) Lipschitz continuous, if there exists a constant lg > 0 such that

IGv — Gu||g+ <lg|lv — u||g for all u,v € F;
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(¢) pseudomonotone, if G is a bounded operator and for every sequence {u,} C F con-
verging weakly to v € E such that lim sup(Gu,,, u, — u)g < 0, we have

(Gu,u —v)p < liminf(Gu,,u, —v)g, forall veE.

Definition 2.3. Let #: E — R be a proper, convex and lower semicontinuous function. The
convex subdifferential 9.0: E = E* of 0 is defined by

9:0(u) = {w* € EB* | (w*, v —u)p < O(v) —f(u) forall ve E} forall ueckE.

An element w* € 0.0(u) is called a subgradient of # at u € E. Given a bifunction h: E x
E — R, we will denote by 0>h the convex subdifferential of A with respect to the second
component.

Definition 2.4. A function ¢o: E — R is said to be locally Lipschitz, if for every u € F,
there exist a neighbourhood A of v and a constant [, > 0 such that

lo(v1) — o(va)| < luflvr —vallp for all vi,ve € N.

Given a locally Lipschitz function ¢: E — R, we denote by ¢%(u;v) the Clarke generalized
directional derivative of g at the point u € E in the direction v € E defined by

t —
Ousv) = Timsup oy +tv) — oy)
y—u, t—07F 3
The generalized gradient of p at u € E, denoted by do(u), is a subset of E* given by
do(u) = {¢* € E* | 0°(u;v) > (¢*,v)p for all v € E}.

For convenience, some basic and useful results of the generalized gradient and directional
derivative of a locally Lipschitz function are collected in the following lemma, see, e.g., [4,
Proposition 2.1.1].

Lemma 2.5. Let E be a real Banach space and o: E — R be a locally Lipschitz function.
Then, the following assertions hold.

(i) For each u € E, the function E > v+ o°(u;v) € R is finite, positively homogeneous,
subadditive and Lipschitz continuous.

(ii) The function E x E > (u,v) — 0% (u;v) € R is upper semicontinuous.
(iii) For every u, v € E, it holds
0" (u;v) = max {(¢,v)5 | ¢ € Do(u)}.

Next, we recall the existence and uniqueness result of solutions for uniformly convex
optimization problems.

Definition 2.6 (see [23]). A function go: E — R is said to be uniformly convex if there
exists a continuously increasing function 7: R — R such that 7(0) = 0 and that for all
u,v € F and for each ¢ € [0, 1], we have

o(tu+ (1 =t)v) <to(u) + (1 = t)e(v) = t(1 = )7 ([lu — v[)[u = v].

If (1) = k7 for k > 0, then p is called a strongly convex function.
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Lemma 2.7 (see [42], Chapter 1, Section 3, Theorem 9). Suppose that W is a nonempty,
convezr and closed subset of a reflexive Banach space E, o: E — R is a uniformly convex
and lower semicontinuous function. Then the optimization problem

min o(u)

has the unique solution u* € W.

Throughout the paper, unless otherwise specified, for each ¢ € {1,...,k}, let E be a
Hilbert space and E'p, Ey, be Banach spaces, W C E and Kp C Ep. In addition, let
G:E - E* §: F - Ep, v;: E — Ey, be operators, P: Kp x Kp — R, T;: By, - R
be functions and f € E*. We now consider the abstract elliptic variational-hemivariational
inequality:

Problem 2.1. Find u* € W such that

k
(Gu v —u) g + P(6u,6v) — P(6u”, 6u™) + Y 17 (yu™; 70 — yiu™) = (frv —u)p

=1

for all v € W.

To proceed, the following hypotheses are imposed on the data of Problem 2.1.
$(G) : For the operator G: E — E*,

(a) G is Lipschitz continuous, i.e., there exists g > 0 such that

|Gvr — Gua|lg- <lgllv1 — v2llE, Vvi,v2 € E;

(b) G is strongly monotone, i.e., there exists mg > 0 such that

<g’U1 — gUQ,’Ul — U2>E > mg||v1 — U2||2E7 Vvl,’Ug c k.

$H(P) : For the function P: Kp x Kp — R,
(a) for each u € Kp, P(u,-): Kp — R is convex and lower semicontinuous;
(b) there exists ap > 0 such that
Plur,ve) — P(ur,v1) + Plug,v1) — P(ug, va)

< apllur — usl|gp |lv1 — v2llEp, VUi, u2,v1,v2 € Kp.

H(T) : For each i € {1,...,k}, for the locally Lipschitz function Y;: Ey, — R,

(a) [I€lley, < co+crllvlley,, Yo € Ex,, § € 9T4(v) with some co, ¢ > 0;
(b) there exists Ly, > 0 such that

T (w1300 — v1) + Y (wa; vy — v2) < Ly,

wy — w2 gy, |1 — V2| Ex, (2.1)

for all w1y, ws,v1,v9 € E’ri.
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S

(W) : W is a nonempty, closed and convex subset of F with 0 € W.

S

(K) : Kp is a nonempty, closed and convex subset of Ep with §(W) C Kp.

S

(0) : For the operator § € L(E, Ep), there exists cp > 0,

16025 < cpllv]e-

$(y) : For each i € {1,...,k}, for the operator v; € L(E, E¥,), there exists cy, > 0,
Ivivller, < cxvle.
2(f): fekE
Hlconst.) :
mg — apcp — zk:LTicgri > 0.
i=1

Remark 2.8. (i) It is easily seen that $(G)(b) implies that G is pseudomonotone.
(ii) If wy = vy, wg = vg, then the condition (2.1) reduces to

YO(v1;v0 — v1) + T (vg; 01 — v9) < Ly, |lvg — ng%Ti, Yy, v € Ev,.

The following example illustrates that the case where the hypotheses H(P) and H(T) are
satisfied.

Example 2.9. For each i € {1,2},let By, =Ep =E =R, Kp =[0,1], P: Kp x Kp = R
and T;: Ey, — R be the functions defined by

2
P(u,v) = > —|—3uv and T;(u) = {

(%—i)uQ—&—iu ifu>0

0 if u < 0.

It is not difficult to show that the condition $(P)(a) holds. For any u1,uz,v1,v2 € Kp, we
have

P(ul, ’UQ) — P(ul, 1}1) + P(’UQ, ’1)1) — P(UQ, 1)2)
1
= —= (ulvg — ulvf + u2vf — uwg)

3

= g(vl +v2)(u2 — ul)(vl — ’UQ)
14
< §|U1 — ug|vy — val,

which implies that the condition $(P)(b) is satisfied with ap = 4. Thus, H(P) is valid.

On the other hand, it is obvious that for each i € {1,2}, T; is a locally Lipschitz
nonconvex function. Moreover, its generalized gradient and Clarke generalized directional
derivative are given by

(1—-2i)u+1i ifu>0
0T (u) =< [0,1] ifu=0
0 if u <0,
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and
(1—-20)ud+id  ifu>0
Y9 (u;d) = { max{0,id} ifu=0
0 ifu<0
for all d € R and ¢ € {1,2}.

Hence, |w| < i+ (2i — 1)|u| for all w € 9T;(u) and u € R and ¢ € {1,2} and so the
condition $(T)(a) holds with ¢y = i,¢; = 2i — 1 for ¢ € {1,2}. Furthermore, we also obtain

YO (wy;v0 — v1) + T (wo; v1 — va) < (20 — 1)|wy — wal|vy — vo
for all wy, wa,v1,v2 € R and so the assumption $(Y)(b) holds with Ly, = 2i—1 for i € {1,2}.
By slightly modifying the arguments in [10,31], we obtain the existence and uniqueness
result for Problem 2.1.

Theorem 2.10. Assume that the assumptions H(G), H(P), H(T), HOWV), H(K), H(5), H(7),
H(f) and H(const.) hold. Then Problem 2.1 has a unique solution.

We point out that there are various problems investigated in the literature which are
included as special cases in Problem 2.1.

Special case (a): When k =1, T1 = T and 1 = -y, Problem 2.1 is equivalent to the following
class of variational-hemivariational inequalities studied by Han et al. [12]:

Problem 2.2. Find v € W such that
(Gu,v — u)g + P(6u, 0v) — P(6u, d0u) + YO (yu;yv — yu) > (f,v —u)g, Yo € W.

Special case (b): When T; = 0 for all ¢ € {1,...,k}, Problem 2.1 reduces to the following
variational inequality considered in Hung and Tam [18]:

Problem 2.3. Find u € W such that
(Gu,v — u)g + P(du, 6v) — P(du,du) > (f,v —u)p, Yv e W.

Special case (c): When k = 2, P = 0, Problem 2.1 has the below form, which was introduced
by Han et al. [10].

Problem 2.4. Find u € W such that

(Gu,v —uyp + Y] (ru;nv — yu) + ¥ (rou; y2v — You) > (f,v —u)g, Vv €W.

Different Gap Functions

In this section, we construct the gap functions in the regularized form of the Fukushima type
for Problem 2.1 using some suitable conditions. Furthermore, based on these regularized
gap functions, the D-gap function for Problem 2.1 is established. Since the existence of
solutions have been considered in Theorem 2.10, we always assume that the solution set of
Problem 2.1 is nonempty.

First, we propose the exact definition of gap functions of Problem 2.1 as below.
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Definition 3.1. A real-valued function m: W — R is said to be a gap function for Problem
2.1, if it satisfies the following properties:

(a) m(u) >0 for all u € W.
(b) u* € W is such that m(u*) = 0 if and only if «* is a solution to Problem 2.1.

For each w > 0, let the function =, : W x W — R be defined by

Zu,f(u,v) = (Gu — f,v — u) g + P(6u, 6v) — P(du, bu)
k w )
)Y (s viv — yiw) + 5”1} —ul|%-

i=1
Lemma 3.2. For each i € {1,...,k}, suppose that Y;: Eyx, — R is a locally Lipschitz
function and y; € L(E, Ev,). Then, the function @;: Evy, X By, = R defined by
@i(ui,vi) = 17 (ug; v — uy) (3.1)
satisfies the following properties:
(i) For each u; € Ey,, the function v — @;(u;, v;v) is continuous and convex;

ii) For each u € W, 0a2(w; 0vi)(u,v) Cv: 02X, (vsu; viv —vsu), where v : Ef — is the

ii) Fe h W, 0 *0 Y h Fi B — E* is th
adjoint operator to v; and @; o y; denotes the composition of the function p; with the
operator ~y;, for alli € {1,... k}.

Proof. (i) It follows from the property (i) of Lemma 2.5 and +; € L(FE, Ev,) for all i €
{1,...,k}.

(ii) Using the chain rule for generalized subgradient in [30, Proposition 3.37(ii)] with the
condition v; € L(E, Ev,) for all i € {1,...,k}, we obtain that

B2(pi ©7i) (u,v) C 7, Dapi (v, viv) = 7029 (viw; viv — yiu)
forallie {1,...,k} and u e W. O

Lemma 3.3. Suppose that all the assumptions of Lemma 3.2, H(P)(a), HOWV) and H(f)
hold, and 6 € L(E,Ep). Then, for each u € W and w > 0 fized, the optimization problem

in =, 7 (u, 2
min Z,, f(u,v) (3:2)

attains a unique solution vy, r(u) € W.

Proof. For each i € {1,...,k}, by the condition $(P)(a) and Lemma 3.2(i), we achieve
that functions v — Y9 (y;u; ;v — yu) and v — P(du, dv) are convex for all u € W. Then,
it is easy to prove that the function Z, s(u,-) is a strongly convex function for all u €
W. Furthermore, functions v — Y9 (y;u;y;v —yu) and v — P(du,dv) are also lower
semicontinuous for all w € W. Hence, the function Z,, f(u,-) is lower semicontinuous for
all uw € W. Tt follows from the condition (W) that W is a nonempty, closed and convex
set. Thus, applying Lemma 2.7, the minimization problem (3.2) attains a unique minimum
vy, r(u) € W, for any u € W and w > 0 fixed. O

The optimality condition for the minimization problem (3.2) are described as follows.
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Lemma 3.4. Suppose that all the assumptions of Lemma 3.8 hold. Then, for each u € W
and w > 0 fized,

(Gu =+ w(o,f(u) —u),v = vy 7 (u)) g + P(0u, 6v) = P(6u, bvy, 5 (u))
k
+ Z Y9 (viu; Yiv = Yive 5 (w) > 0, (3.3)

i=1
holds for all v € W, where v, ;(u) is a unique solution of the problem (3.2).

Proof. For each w € W and w > 0, let v,, s(u) be a unique solution of the problem (3.2).
Hence, using the chain rule for generalized subgradient in [30, Proposition 3.35(ii) and
Proposition 3.37(ii)], Lemma 3.2(ii) and the optimality condition for the problem (3.2)
(see [14, Theorem 1.23]), one has

0 e aQEw,f(uvvu@f(u))
C Gu = [ + 02(P 0 0)(6u, v, 7 (u))
k

+ D 021 0 7i) (U, Vo, (1)) + w (v, () — w)
i=1

C Gu— f+6"02P(u, dvy, f(u))
k
+ 30D (it it p (1) — i) + w (v, (1) — ),
=1

where ¢; is defined by (3.1), 6*: B — E* and v;: Ef — E* are the adjoint operators to &
and v;, respectively for all ¢ € {1,...,k}. This implies that there exist z € 0aP(du, dv., f(u))
and (; € o (Yitt, Vi, g (w)) = 027 (Yitt; Yive, f (u) — 7iu) such that

k
f—Gu—w(vy ¢(u) —u) :6*z—|—2%*§i. (3.4)

i=1

For each i € {1,...,k}, since 6* and +} are adjoint operators to § and ~;, respectively, it
follows from (3.4) that for all v € W,

(=Gu+t f = w(vw,f(u) —u),v —vef(u)) g
k
= <5*Z7U - Uw,f(“))}; + Z <7;‘k§iav - Uw,f(u»E
k
= (z,0v — 5Uw,f(u)>E + Z (Girviv — 'Yivw,f<u)>E
< P(6u,dv) — P(du, dv,, r(u))

k
+ Z (i (viw, viv) — @i(Viw, Yivw,f ()
i=1

= 7:(5;, 5v) — P(6u, vy 7 (u))

k
+ ) (09 (raw; viv — yiw) = Y9 (vi; Yiv, g (u) — yiw))
=1
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< P(6u, 6v) — P(du, bvy,f(u)) + i YL (yiw; v — Yive, £ (1)),
i=1
that is,
(Gu — [+ w(vy, f(u) —u),v — vy ¢ (u)) 5 + P(0u, v) — P(du, vy, ¢ (u))
+ zk: 9 (yiu; viv — Yive, £ (1)) > 0.
i=1
Thus, for each v € W, the inequality (3.3) holds for all v € W. O

Now, we consider the function F, r: W — R defined by
Fuo,j(u) = sup {=Ey r(u,v)}
veEW

:*.wa'; = —E, s Yw . :
dnf Eu,r(u,0) (s v 5 (1) (3.5)

In what follows, the function F, ¢ is called to be a regularized gap function of Problem 2.1.
We shall assert that 7, ; is a gap function of Problem 2.1.

Theorem 3.5. Suppose that the hypotheses H(P)(a), H(YT)(b), HOWV), H(K) and H(f) hold,
and § € L(E,Ep), v; € L(E,Evy,) for alli € {1,....,k}. Then, for any w > 0, the function
Fu,p is a gap function for Problem 2.1.

Proof. (a) For all u € W, we have

Fuop(u) = sup{=Ey r(u,v)}
veEW
_E%f(ua u)

= (f — Gu,u —u)g — P(du, 6u) + P(éu, du)

k
-3 ) -
=1

k
=—> 1Y (viu;05,) = 0.
i=1

(b) Suppose that u* is a solution of Problem 2.1. From (3.5), we have

Fop(u') = sup {=Ey s(u",v)}
vEW

= 5 (u*, v (u)). (3.6)

Moreover, since u* is a solution of Problem 2.1, we obtain

(Gu™ — fve (") —u™)g + P(0u”, dvy, s (u*)) — P(ou™, 0u™)
K
) (i yive p (wF) — yiut) > 0. (3.7)

i=1

It follows from the result of Lemma 3.4 that

(Gu* = [+ w(vo,r (W) —u’),u" — vy j(u”)) g
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+ P(du*, 0u™) — P(0u™, dv, r(u*))
k
+ D70 (yau s i — Yiv p (u”)) > 0. (3.8)

i=1
Combining (3.7) and (3.8), thanks to the assumption $H(Y)(b), we get
—w|v, g () — | = 0.

This implies that
[ Ve, (u*) — w3 <0,

and so u* = vy, ¢(u*). Therefore, it follows from (3.6) that F, ¢(u*) = 0.

Conversely, for any z* € W, we assume that F,, ;(u*) = 0. This implies —Z,, s(u*,v) <0

for all v € P, ie., Z, s(u*,v) > 0 for all v € P. Since E, s(u*,u*) = 0, u* solves the
following convex minimization problem

11}21‘/1\1} Eo,f(u”,v).

Using the optimality condition for this problem, we have 0 € 022, r(u*,u*). From similar
arguments to those used in the proof of Lemma 3.4 with fixed first argument of the function
E.,f, we obtain that for each v € W,

k
f=Gut =52+ ¢
i=1
where z* € P (du*,du*) and (F € Oap;(y;u*;v;u*) for all i € {1,...,k}. Then, for all
veW,

(=Gu" + f,v—u")p
k

= (52— + Y (G — U
=1
k

= (2", 6v —du")p + Z (G viv —yiu®) g
i=1
k

< P(6u”,dv) — P(6u”, 6u”) + Z (i (viu™;viv) — @i(yiu’; viu™))
i=1

k
= P(ou*, dv) — P(du™, du™) + Z (19 (yu*; viv — yu*) — Y9 (vu*; 0,))
i=1

k
= P(éu™, év) — P(du™,du”) + Z YO (ysu*; yiv — yiu®),

i=1
that is,
(Gu™,v —u™) g + P(0u*,dv) — P(0u", du")

k

+ 3Tty — aut) 2 (fov—ut)
=1
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which implies that u* is a solution of Problem 2.1. Thus, F,, ¢ is a gap function for Problem
2.1. O
Next, we will establish the D-gap function for Problem 2.1 by using the regularized gap
functions of the Fukushima type given above. To this end, let the regularized gap function
Fu,f be defined by (3.5). Now, we will consider the function CDZW: W — R defined by

D (1) = Fo g (u) = Fp,p(u) (3.9)
where p > w > 0. Then, we obtain the following property of the function @f:’ o

Lemma 3.6. Suppose that the hypotheses of Theorem 3.5 hold. Then, for any p > w > 0,

we have
2

p_w©£,p(u) < Ju = vo p (w)]||, (3.10)

Ju— Up,f(u)HzE =
for allu e W, where

Vo, ¢ (u) = argmin =, ¢(u,v) and v, ¢(u) = argmin =, ¢(u,v).
vEW vEW

Proof. By the definitions of the gap functions F,, ¢, F, ; and the function D . we see that

w,p?
Df () = sup {—Z, s (u,v)} — sup {—Z, s (u,v)}
veW veEW
< =B f (U ve,p (w)) + Zp 1 (u, v, ()

_r ; d Hu — v%f(u)HQE.

Thus, the right-hand-side inequality in (3.10) holds. Similarly, we obtain the left-hand-side
inequality in (3.10). O

Theorem 3.7. Suppose that the hypotheses of Theorem 3.5 hold. Then, for any p > w > 0,
the function @Z,,p defined by (3.9) is a gap function for Problem 2.1.

Proof. (a) Tt is clearly follows from (3.10) that @v]:,p(u) >0, for all u € W.

(b) Suppose that u* is a solution of Problem 2.1. It follows from Theorem 3.5 that F,, f(u*) =
Fp.p(u*) =0 and so Df, ,(u*) = 0.

Conversely, for any u* € W such that @I)’p(u*) = 0. From (3.10), we have u* = v, ¢(u*).
Applying Lemma 3.4 with v = u* and w = p, we have,

(Gu* — f,v —u*) g+ P(ou*, 6v) — P(du*, du*)
k
+ ) L) (iwts viv — i) = 0,
=1

for all v € W, which implies that v* is a solution of Problem 2.1. Thus, Df)’p is a gap
function of Problem 2.1. O

Remark 3.8. (i) As discussed in the introduction, no work has been established on D-
gap functions for variational-hemivariational inequalities. As a result, our Theorem 3.7
is new.

(ii) Furthermore, using a formulation of the optimality condition in Lemma 3.4, the
method of proof in Theorem 3.5 for the regularized gap function F,, r considered to in-
vestigate the D-gap function @f)’ , for EVHIs is different from the corresponding results
on regularized gap functions in [8,15].
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Global Error Bounds

In this section, we construct some global error bounds for Problem 2.1 given by the regu-
larized gap function 7, ¢ and the D-gap function D{; , considered in Section 3.

Lemma 4.1. Let u* € W be the unique solution to Problem 2.1. Assume that the hypotheses

5(G), H(P), H(Y), HOWV), H(K), H(5), H(v), H(f) and $H(const.) hold. Then, for each
u €W, we have

ZQ +p+ Zf:l LTic?Ti

: ||
mg — apc% — Zi:l L’ric%i

u—u|e < — v (W) & (4.1)

Proof. For each u € W, since v, s(u) € W and u* € W is a solution of Problem 2.1,

(Gu* — fov,p(u) —u*)p + P(ou”, 0v, ¢ (u)) — P(du™, du™)
k

+ 3 (yiuts yivp, g (u) — yiu*) > 0. (4.2)
i=1

Moreover, we add (3.3) with w = p,v = u* and obtain
(Gu = f =+ pvp,p(u) = u),u” = vp () g + P(0u, 6u”) — P(du, 6v, 5 (u))

k
+ 30 (yius yiut — v, g (w) > 0. (4.3)

i=1
Combining (4.2) and (4.3) yields

0 <{(Gu* — Gu, v, (u) —u*)
+ P(Ou", 60,5 (w)) = P(Ou*,6u") + P(Su, 0u”) — P(0u, 60,1 (1)

k
+ > [0 vivg £ () = viu) + Y (yiu; viu® — vivp £ (w)]
=1
+p{vpp(u) —u,u” — v, f(u)) g - (4.4)

Since G is Lipschitz continuous with the constant Ig and the condition $(G)(b) holds, we
have

(Gu" = Gu, vy, (u) —u") g
= (Gu™ — Gu, v, ¢(u) —u)p — (Gu* — Gu,u* —u) g
<lgllu—u*llplu = v, (w)llz — mglu - u|%. (4.5)
Moreover, we also obtain
p{vp.p(u) = u,u”™ — v, () g
= p () =u,u” =)+ p (vp, (1) = u,u — v p(u)) g
(

)
< pllvp,s () = ullsllu” = ullp = pllvg.r(u) — ull
)

< pllvp.f(u) —ullpllv” —ulle. (4.6)
Using the conditions (P)(b) and $() lead to
P(ou”,dv, f(u)) — P(ou*, du”) + P(du, du™) — P(du, dv,, r(u))
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< aplldu” — 0ul| gy ||0vy, f (1) — 0™ Ep

< apcpllu” —ullf + apcpllu” — ullpllu — v,y ()| & (4.7)
For each i € {1,...,k}, by the conditions $(Y)(b) and $(v), we have
L7 (w570, (1) — yiw*) + L7 (viws yiw™ — 5ivp,5 (w))

< Ly, [lviv® — viul By, [17i0p,£ (w) — 0" || Bx,

< Ly, Ju* = ullf + Ly, c&, |l = ull pllu — vy (u)] - (4.8)

From (4.4)—(4.8), we have

k
R e [

i=1

k
< (lg +p+ ZLLC%i> lu—u*[|ellu —vp,f(u)&-

i=1

This implies that

lg +p+ Zf:l LTiczTi

2 k 2
mg — apcp — Y i L, ey

lu —w*||p < [u =, ()| -

Thus, the inequality (4.1) holds. O

From Lemma 4.1, we get the following global error bound for Problem 2.1 by using the
regularized gap function of Fukushima type F,, .

Theorem 4.2. Let u* € W be the unique solution to Problem 2.1. Assume that the hy-
potheses of Lemma 4.1 hold. Then, for each u € W, we can get the following global error
bound by the gap function F, ¢ for Problem 2.1:

lo+w+SF Ly 2 2
SRRl Zl—lk T [ EF (). (4.9)
mg —apch — Ly, V@

lu— | <

Proof. For any u € W, taking v = u in (3.3), we have

(Gu — f 4+ w(vy,f(u) —u),u — vy r(u)) p + P(ou, du) — P(du, vy, r(u))
k
+ ) (i vt — v, g (u)) > 0.

i=1
Equivalently,
(G~ F.vg () = ), — B, v () + PG, du)

k

w
+ DT (s i — v, g (w) = 3 [l = v (w) [
i=1

w
> 2l = v ()3,
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which implies that
= w 2
~Eup (V0 () 2 5 flu = vo p (W) (4.10)

It follows from (3.5) and (4.10) that

2
i v sl < | 2 Foy ) (411)
From taking p = w in (4.1) and (4.11), we obtain

lg+w+ Y1, Ly, e, 2
fumlp < —2F i e Py )
5 k 2 ’
mg — apCp — § i=1 LquCT,; w

Thus, the inequality (4.9) holds. |

Without using the Lipschitz continuity of G, we can also provide an error bound for
Problem 2.1.

Theorem 4.3. Let u* € W be the unique solution to Problem 2.1. Assume that the hy-

potheses H(G)(b), H(P), H(Y), HIW), H(K), H(0), H(v) and H(f) hold. Then, for each
w>0,ueW, for any w > 0 satisfying

k
2 2 w
mg — apcp — g Ly, cy, — 3 > 0,

i=1

e — |l < L JFo (). (4.12)

2 k 2
\/mg —QpCp — Zi:l LTiCTT; -3

Proof. Let u* € W be the unique solution to Problem 2.1. Fix an arbitrary v € W, it
follows from the definition of F,, ; that

one has

Fu,p(u) = sup {=Ey f(u,v)}
vEW

> —Eu 5 (u,u”)

= (f — Gu,u* —uw)g + P(bu, 0u) — P(du, ou™)
k
* w %2
_ZT?(%u;%u —yiu) — §Hu—u |- (4.13)
i=1
Since u* is a solution to Problem 2.1, we have
(Gu* — fiu—u")g + P(du™, du) — P(du*, du*)

k
+ 3 (i — yiut) > 0. (4.14)
=1

The condition $(G)(c) implies that

(f =Guu" —u)p = (Gu* = fu—u")p
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= (Gu* — Gu,u* —uyp

> mglu — w2 (4.15)
It follows from the conditions $(P)(b), H(T)(b), H(4) and $H(v) that
— [P(du, 0u™) — P(du, du) + P(du*, 0u™) — P(du*,d)]

k
- Z [0 (yiw; yiuw™ = yiw) + T (viu*s viw — yiu®)]
=1

k
> —apllou” —dullh, — D Ly, [viw” —youlg,,
=1

k
> — (apc%—FZLTicQTi) lw — u*||%. (4.16)

i=1
Having in mind relations (4.14)—(4.16), it follows that

k
(f = Gu,u™ — u)p + P(du, 6u) — P(6u, du*) = Y TP (ysu; yiu* — yiu)
1=1

k
> (mg —apch — ZLTngn) lu —u||%. (4.17)
i=1

Combining (4.13) and (4.17), we have

k
(mg — apc% — ZLTiCQT,; — o;) Hu — u*||2E < Fu, ().

i=1
Then, the desired inequality (4.12) follows. O

We conclude this section with the global error bounds for Problem 2.1 associated with
the D-gap function.

Theorem 4.4. Let u* € W be the unique solution to Problem 2.1. Assume that the hy-
potheses of Lemma 4.1 hold. Then, for each u € W, we can get the following global error
bound by Z‘Dofi,p for Problem 2.1:

lg+p+>F  Ly,c& 2
Ju—ullp < —e Pt i Irich, L (). (4.18)
mg —apch — 3 iy Ly,cy Vp—w

Proof. The inequality (4.18) is a consequence of (3.10) and (4.1). O

Remark 4.5. (i) By Remark 3.8 (i), the error bound for Problem 2.1 in Theorem 4.4
with respect to the D-gap function @{; p 18 new.

(ii) On the other hand, the new error bounds in Theorem 4.2 and Theorem 4.3 via the reg-
ularized gap function F,, s extend to the corresponding results in [8,15]. Furthermore,
Theorem 4.2 and Theorem 4.3 also extend to the error bound studied in Proposition
3.4 of [39] for strongly monotone variational inequalities.
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Application to Contact Mechanics

The contact model will be described in this section, together with its variational formula-
tion, which demonstrates the applicability of the abstract results presented in the previous
sections. The physical setting and notation are as follows.

An elastic body occupies an open, connected and bounded set © in R! (I = 2, 3) with
Lipschitz continuous boundary I' divided into three disjoint measurable parts 'y, I's and
I's with meas(I';) > 0. The body is fixed on I'; and in contact on I's with a foundation.
Moreover, it is in equilibrium under the action of a surface traction of density f, on I'y and
a volume force of density f, in 2.

Let S! be the space of second order symmetric tensors on R!. Denote by 7 = (1i5) € st
and v = (v;) € R!, where 4,5 € {1,...,1}. Let v = (1;) be the unit outward normal vector on
the boundary T and @ = (z;) for a generic point in Q UT. Unless stated otherwise, denote
0 by the zero element of R! and S', and the summation convention over repeated indices is
used. The inner products and the Euclidean norms on R! and S are given by

UV = U, |ul| = (u-w)?, forall u=(u),v=/(v;) €R:

o-r=oyty |l =(r-T)} forallo= (o) €S’ T = (m;) €5

For a vector field v, v, := v - v and v, := v — v,V denote the normal and tangential
components of v on I'. Also, the normal and tangential components of the stress field o on
the boundary are denoted by o, := (6v) v and o, := ov — o,v. For the stress and strain
fields, we shall use the Hilbert space V = L?(£;S!) with the canonical inner product

(o, T)v ::/aij(m)nj(:n)dx, o,TeV
r
and the associated norm | - ||y. The function space for the displacement field is defined by

E:={v=(v)e H(QR)|v=0aconT}.

It follows from an application of Korn’s inequality and meas(I';) > 0 that E is real Hilbert
space endowed with the inner product

(u,v)g = /Fe(u)e(v)dac, u,v € E,

and the associated norm || - || g, where € represents the deformation operator defined by
e(v) = (g (v)), €ij(v) = % Yo e V.

We shall use Div to denote the divergence operator given by

Dive = (0ij,;) = (2?)
J

and the same symbol v for the trace of a function v € H(€; R!) on I'. By the Sobolev trace
theorem, we have
[ollz2ramy < I0llll0]les Vo € B,

where ||§]| is the norm of the trace operator §: F — L?(I's;R!). With the aforementioned
discussions, we revisit the following formulation of contact problems considered in [9,11,12].
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Problem 5.1. Find a displacement field w: Q — R! and a stress field o: © — S! such that

o = Me(u) in Q, (5.1)
Dive + f, =0 in €, (5.2)
u=0 on I'y, (5.3)
ov = f, on I'y, (5.4)
v S b 1% 14 S 03
wSg ot on T, (5.5)
(uy, —g)(0n + ) =0, ¢ € 0h,(u,),
loell < Aban), —or = Ni(uw) i r £, onls.  (56)

The elastic constitutive law is described in (5.1), where M: Q x S! — S’ denotes the
elasticity operator and satisfies the following conditions:

(a) there exists L > 0 such that for all e1,e5 € S, a.e. x € Q,
[M(z,e1) — M(z, €2)[| < Lmller — e2;
(b) M(-,€) is measurable on Q for all € € §'
with M(zx,0) = 0 for a.e. © € (;
(c) there exists maq > 0 such that for all e,,e5 € S, a.e. z € Q,
(M(z,€1) = M(x,€2)) - (1 — €2) > mmller — e

Equation (5.2) represents the equilibrium equation and the classical displacement-traction
boundary conditions are described equations (5.3) and (5.4), where f, and f, are assumed
to satisfy

fo € L*(SuRY),  fy € LA(Ty;RY. (5.8)
We also define f € V* by the relation
<f?'U>V = (an U)Lz(Q;Rl) + (-f27U)L2(F2;RZ) Vo eV. (59>

The contact condition formulated on the surface I's is represented in (5.5), where g: I's — R
describes the thickness of the elastic layer. Assume that

g€ L*(T3), g(x)>0 ae. onTls. (5.10)
Moreover, we define an admissible set K in E as follows:
K={veFE|v,<gonTls}.
For the potential function h,: I's x R — R, we assume
(a) hy(-,r) is measurable on I's for all » € R and there
exists € € L*(I'3) such that h,(-,€(-)) € L}(T'3).
(b) hy(x,-) is locally Lipschitz on R for a.e. x € I's.
(c) there exist ¢, ¢; > 0 such that
|Ohy (x,7)| < €9 + 1|r| for all r € R and a.e. x € T's. (5.11)
(d) there exists Ly, > 0 such that
RO(x, 515710 — 1) + ho(x, 50371 — 12)

< Ly, |s1 — sal|r1 — 7o,

Vri,re, 51,52 € R and a.e. € I's.
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The condition (5.6) represents a version of Coulomb’s law of dry friction, where Ny, : T3 xR —
R, denotes the friction bound which may depend on the normal displacement u,, and we

assume

(a) Np(-,7) is measurable on I's for all r € R.
(b) Np(x,7) =0 for all r <0,
Ny(z,7) >0 for all r > 0, ae. x € Is;
(c) Ny(@,71) = Nyp(,12))(r1 —12) =0,
Vri,ro € R and a.e. « € I's;
(d) there exists Las, > 0 such that
INp(, 1) — Np(x,72)| < Las, |1 — 72|
Vri,ro € R and a.e. € I's.

(5.12)

We refer to [12, 30, 37] for more information and mechanical interpretation of static
contact models with elastic materials. The variational formulation of the contact problem
5.1 is in the following form:

Problem 5.2. Find a displacement field w € K such that

(Me(u),e(v —u))y + /F No(u) - ([[or || = [lurl)ds

+/ hg(uu;vy —uy)ds > / fo:(v—u)dx + fo(v—u)dl
F3 Q F2

for all v € K.

To apply the results presented in the previous sections on Problem 5.2, we let k = 1,
W = K, Ep = L?(I'3;R") with § the trace operator from E to Ep, Ex = Fy, = L?(I'3;R)
with yv = yyv = v, for v € F, and we define

G: E—E*, (Gu,v)p = (Me(u),e(v)),, foru,vekF,
P: L*(T3;RY) x L*(I'3;RY) — R,

P(0u,dv) = / No(uy)||lvr||ds  for u,v € E,
s
T: L*(I'5;R) = R, T(yw) = / hy(v,)ds  for u,v € E,
I's

f=feVvy (f,v>E:/f0-vd:E—|— fo-vdl for u,v € E.
Q

s

It is easily seen that all conditions of Theorem 2.10 are satisfied with mg = ma, lg =
LM, ap = LNb and L'r = L'rl = Lhy.
Let A\ g > 0 and Ay, g > 0 be the smallest eigenvalues of the eigenvalue problem

uck, e(u)e(v)dr =X [ wovdl VoveE,
Q Is

and the eigenvalue problem

uck, e(u)e(w)de =X | wuy,v,dl' Vv eE,
Q I's
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respectively. Then we may take

o \—1/2 _N\—1/2
C'P_/\I,E y CT_)‘IV,E'

Using Theorem 2.10, we can conclude that Problem 5.2 admits a solution. Furthermore,
the smallness condition

La A+ L, A p < mo (5.13)
guarantees that Problem 5.2 is uniquely solvable (cf. [9,11,12]).
Next, for any parameter w > 0, we introduce the function ﬁw fo. K — R defined by
°J 0,2

]?""!fo,z (u) = sup <(Ms(u),s(u -v))y, + /1“3 No(uy) - (JJur|| — |Jv-])ds

VeK

- / RO (u,; v, — uy)ds +/ fo-(u—wv)dx
I's Q
w
+ | fo-(u—wv)dl — ||u—v|2E> . (5.14)
Ty 2
Applying Theorem 3.5, Theorem 3.7, Theorem 4.2, Theorem 4.3 and Theorem 4.4, we

directly obtain the following error estimates with lg = L.

Theorem 5.1. Let u* € K be the unique solution to Problem 5.2. Under the hypotheses
(5.7)—(5.13), the following hold.
(i) For eachw >0, fo € L*(Q;RY) and f, € L*(Ty;RY), F, ., defined by (5.14), is a
’J 0,2

reqularized gap function for Problem 5.2.

(ii) If w > 0 then, for each w € K, it holds

La+w+ L, A p 2

—1 —1 o
mm — Lay Ay g — L, Ay, g V @

lu—u'|lp <

7, fo. ) (5.15)

(iil) If w > 0 satisfying
_ _ w
mam — LA\ — L, ALy — 5>0

then, for each u € K, it also holds
1
\/mM — Ly —In e — %

lu —u|lp <

7, Fo, W) (5.16)

Theorem 5.2. Let u* € K be the unique solution to Problem 5.2. Under the hypotheses
(5.7)-(5.13), the following hold.

(i) For any p>w >0, fo € L2(;RY) and f, € L?(Ty;RY), the function ’}5{3)’2: K—R
defined by
ol =7, w-F5 (W

is the D-gap function for Problem 5.2.
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(ii) If w > p >0 then, for each u € K, it holds

Lym+p+ LA, g 2 afos

[u—u*[g < - -
mmpm — LNb)\l,lE - Lhu)‘lul,E p—w

Remark 5.3. Theorem 5.1 and Theorem 5.2 give the upper bounds of the distance between

an arbitrary displacement field in the admissible set and the unique solution of the contact

problem. Computing the upper bounds in (5.15)—(5.17) is based on the regularized gap

function fw f and the D-gap function @Lf‘}f(u) with depending on the data of the such
J 0,2

contact problem.
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