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Abstract: We present a primal-dual majorization-minimization method for solving large-scale linear pro-
gramming problems. A smooth barrier augmented Lagrangian (SBAL) function with strict convexity for
the dual linear programming is derived. The majorization-minimization approach is naturally introduced to
develop the smoothness and convexity of the SBAL function. Our method only depends on a factorization of
the constant matrix independent of iterations and does not need any computation on step sizes, thus can be
expected to be particularly appropriate for large-scale linear programming. The method shares some simi-
lar properties to the first-order methods for convex and linear programming problems, but its convergence
analysis is established on the differentiability and convexity of our SBAL function. The global convergence
is analyzed without prior requiring either the primal or dual linear programming to be feasible. Under the
strict complementarity conditions on the solution, our method is proved to be globally linearly convergent,
and a new iteration-complexity result is given.
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Introduction

We consider to solve the linear programming in the dual form
min —bly st ATy <e, (1.1)
y
where y € R is the unknown, b € R™, A € R"™*" and ¢ € R" are given data. Corresponding
to the dual problem (1.1), the primal linear programming has the form

min ¢’z st. Az =b, 2 >0, (1.2)

x
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where © € R™. Problem (1.2) is called the standard form of linear programming. In the
literature, most of the methods and theories for linear programming are developed with the
standard form (see, for example, [33,38-40]). Moreover, it is often assumed that m < n,
rank(A) = m.

The simplex methods are the most efficient and important methods for linear program-
ming before 1980s. These methods search the optimal solution in vertices of a polyhedral set
along the boundary of the feasible region of linear programming. The initial point should
be a so-called basic feasible solution corresponding to a vertex of the polyhedron which may
be obtained by solving some auxiliary linear programming problem with a built-in starting
point. The main computation for a new iteration point is the solution of the linear systems

Bu=a, BTv=d, (1.3)

where u € R™ and v € R are the unknowns, B € R™*™ is a nonsingular sub-matrix of A
and its one column is rotated in every iteration, a € R and d € R™ are some given vectors.
The simplex methods are favorite in most cases since the systems in (1.3) are thought to be
easily solved.

It was discovered in [20], however, that the simplex approach could be inefficient for
certain pathological problems since the number of iterations (also known as the worst-
case time complexity) was exponential in the sizes of problems. In contrast, the interior-
point approach initiated in 1984 by Karmarkar [19] has been proved to be of the worst-case
polynomial time complexity, a much better theoretical property than that for the simplex
methods. Up to now, the best worst-case polynomial time complexity on interior-point
methods is O(y/nlog L) (see, for example, [39,40]).

In general, interior-point methods converge to the optimal solution along a central path
of the feasible polytope. The central path is usually defined by a parameter-perturbed
Karush-Kuhn-Tucker (KKT) system. The system can be induced by the KKT conditions of
the logarithmic-barrier problem

min ¢’z — ,uZlnx,- s.t. Az =b, (1.4)

i=1

where g > 0 is the barrier parameter, z; > 0 for ¢ = 1,...,n (that is,  should be an
interior-point). It is known that the well-defined central path depends on the nonemptyness
of the set of the primal-dual interior-points

Fi= {(mvyvs)‘Ax:ba ATy+S:C, $>0, S>0}

Although there are various interior-point methods, such as the affine-scaling methods, the
logarithmic-barrier methods, the potential-reduction methods, the path-following methods,
etc., all these methods share some common features that distinguish them from the simplex
methods. Distinct from the simplex methods in starting from a feasible point, the interior-
point methods require the initial point to be an interior-point which may not be feasible
to the problem. While the simplex methods usually require a larger number of relatively
inexpensive iterations, every interior-point iteration needs to solve a system with the form

ASTIX ATy =d, (1.5)

where S = diag(s) and X = diag(z). This is generally more expensive to compute than (1.3)
but can make significant progress towards the solution. In particular, as the primal and dual
iterates tend to the solutions of the primal and dual problems, some components of = and s
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can be very close to zero, which can bring about both huge and tiny values of the elements of
S71X and an ill-conditioned Jacobian matrix of the system (1.5) (see [33]). Some advanced
methods for improving classic interior-point methods have been proposed, including the
sparse matrix factorization, the Krylov subspace method and the preconditioned conjugate
gradient method (see, for example, [2,6,8,10,14,15]).

Recently, some first-order methods for solving convex and linear programming have been
presented, see [21,23,29,30] and the references therein. Those methods are mainly augmented
Lagrangian based methods. Since the solved problems may be reformulated in different ways
which result in various augmented Lagrangian function, these methods may be distinct in
the augmented Lagrangian subproblems. For linear programming, by using the alternating
direction minimization, those first-order methods can be free of solving systems (1.3) and
(1.5). More recently, Lin et al. [23] proposed an ADMM-based interior-point method based
on the well-behaved homogeneous self-dual embedded linear programming model [40] and
derived a new iteration-complexity result.

Our contributions.

We present a primal-dual majorization-minimization method on basis of solving linear pro-
gramming in dual form (1.1). In our method, y; (i = 1,...,m) are the primal variables,
and x; (j = 1,...,n) the dual variables. The method is originated from a combination
of the Fiacco-McCormick logarithmic-barrier method and the Hestenes-Powell augmented
Lagrangian method (see [26] for more details on general nonlinear inequality-constrained
optimization). A smooth barrier augmented Lagrangian (SBAL) function with strict con-
vexity for the dual linear programming is derived. Based on the smoothness and convexity of
SBAL function, a majorization surrogate function is naturally designed to find the approx-
imate minimizer of the augmented Lagrangian on primal variables, and the dual estimates
are derived by a step for maximizing a minorization surrogate function of the augmented
Lagrangian on dual variables. Our method can avoid the computation on the ill-conditioned
Jacobian matrix like (1.5) and does not solve some iteration-varying system (1.3) or (1.5)
like the simplex methods and interior-point methods.

Our method initiates from the logarithmic-barrier reformulation of problem (1.1), thus
can be thought of an interior-point majorization-minimization method, and shares some
similar features as [23]. It can also be taken as a smooth version of some non-smooth
methods for linear programming problems, but it does not depend on any projection and
computes more steps on primal iterates. Differing from the fixed-point framework for proving
convergence, based on the smoothness and convexity of our augmented Lagrangian, we can
analyze the global convergence and prove the results on convergence rate and iteration
complexity based on the well developed theories on convex optimization [32].

Our proposed method only needs the factorization of the constant matrix AAT, which
is distinguished from the existing simplex methods and interior-point methods for linear
programming necessary to solve either (1.3) or (1.5) varied in every iteration. Since the
factorization is independent of iterations and can be done in preprocessing, our method
can be implemented easily with very cheap computations, thus is especially suitable for
large-scale linear programming. In addition, our method does not need any computation on
step sizes, which is the other outstanding feature of our method in contrast to the existing
interior-point methods for linear programming. Similar to [23], the global convergence is
analyzed without prior requiring either the primal or dual linear programming to be feasible.
Moreover, under the strict complementarity conditions, we prove that our method can be
of globally linear convergence, and a new iteration complexity result is obtained.
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Some related works.

The augmented Lagrangian methods minimize an augmented Lagrangian function approx-
imately and circularly with update of multipliers. The augmented Lagrangian function
has been playing a very important role in the development of effective numerical methods
and theories for convex and nonconvex optimization problems (see some recent references,
such as [3,4,7,11-13,17,18,23-25]). The augmented Lagrangian was initially proposed
by Hestenes [16] and Powell [35] for solving optimization problems with only equality con-
straints. The Hestenes-Powell augmented Lagrangian method was then generalized by Rock-
afellar [37] to solve the optimization problems with inequality constraints. Since most of the
augmented Lagrangian functions for inequality-constrained optimization depend on some
kind of projection, the subproblems on the augmented Lagrangian minimization are gener-
ally solved by the first-order methods.

The majorization-minimization (MM) algorithm operates on a simpler surrogate func-
tion that majorizes the objective in minimization [22]. Majorization can be understood
to be a combination of tangency and domination. Similarly, we have the minorization-
maximazation algorithm when we want to maximize an objective. The MM principle can be
dated to Ortega and Rheinboldt [34] in 1970, where the majorization idea has been stated
clearly in the context of line searches. The famed expectation-maximization principle [31]
of computational statistics is a special case of the MM principle. So far, MM methods have
been developed and applied efficiently for imaging and inverse problems, computer vision
problems, and so on (for example, see [1,5,9,22,36]).

Recently, by combining the Hestenes-Powell augmented Lagrangian and the interior-
point logarithmic-barrier technique ( [27,28,33,38]), Liu et al. [26] introduce a novel bar-
rier augmented Lagrangian function for nonlinear optimization with general inequality con-
straints. Distinct from the classic augmented Lagrangian function for inequality constrained
optimization which is only first-order differentiable, the newly proposed one shares the same-
order differentiability with the objective and constraint functions and is convex when the
optimization is convex. In order to distinguish the new barrier augmented Lagrangian func-
tion to those proposed in [11,13], we refer to it as the smooth barrier augmented Lagrangian
(SBAL for short). For linear problems (1.1) and (1.2), the SBAL functions are strictly con-
vex and concave, respectively, with respect to the primal and dual variables. In particular,
the SBAL functions are well defined without requiring either primal or dual iterates to be
interior-points. These outstanding features of the SBAL functions provide natural selections
for the majorization-minimization methods.

Organization and notations.

Our paper is organized as follows. In section 2, we describe the application of our augmented
Lagrangian method in [26] to the linear programming and present the associated preliminary
results. The majorized functions and our primal-dual majorization-minimization method are
proposed in section 3. The analysis on the global convergence and the convergence rates is
done, respectively, in sections 4 and 5. We conclude our paper in the last section.
Throughout the paper, all vectors are column vectors. We use capital letters to represent
matrices, and a capital letter with a subscript such as A; means the ith column of matrix
A. The small letters are used to represent vectors, and a small letter with a subscript such
as s; means the ¢th component of vector s. The capital letter S means the diagonal matrix
of which the components of vector s are the diagonal elements. In general, we use the
subscripts k and £ to illustrate the letters to be related to the kth and ¢th iterations, and ¢
and j the ith and jth components of a vector or the ith and jth sub-vectors of a matrix. In
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other cases, it should be clear from the context. To quantify the convergence of sequences,
we introduce the weighted norm ||y||as = /yT My, where y is a column vector, M is either
a positive semi-definite or positive definite symmetric matrix with the same order as y. The
symbol e is the all-one vector, for which the dimension may be varying and can be known
by the context. For the symmetric positive definite matrix B, we use Apin(B) and Apax(B)
to represent the minimum and maximum of eigenvalues of B, respectively. As usual, we use
the capital letters in calligraphy to represent the index sets, || - || is the Euclidean norm, zos
is the Hadamard product of vectors x and s, and z € R’} | means z € R" and z > 0 in
componentwise.

The SBAL Function and Some Preliminary Results

Recently, Liu et al. in [25,26] presented a novel barrier augmented Lagrangian function for
nonlinear optimization with general inequality constraints. For problem (1.1), we reformu-
late it as

min —b'y st. ATy+s=c, s>0, (2.1)
Y,S
where s € R™ is a slack vector. The logarithmic-barrier problem associated with (2.1) has
the form

n
min —bTy — ,uZln s; st.s—c+ ATy =0, (2.2)

Y i=1

where s = (s;) > 0, u > 0 is the barrier parameter. Noting that problem (2.2) is the
optimization with only equality constraints, we can use the Hestenes-Powell augmented
Lagrangian function to reformulate it into a unconstrained optimization problem as follows,

- 1
min F(, ,)(y, s;2) == —pbTy — puZIH si+prl(s —c+ ATy) + §Hs —c+ ATyl (2.3)

Y,S
’ i=1

where p > 0 is the penalty parameter which may be reduced adaptively if necessary, x € R"

is an estimate of the Lagrange multiplier vector.

32F(M1p)(y,s;:c)
0s2

Since = 22 41 > 0, no matter what are (y,s) and z, F(, ,)(y,s;z) is a

k2 sl
strictly convex function with respect to s;. Therefore, F{,, ,)(y, s;x) will take the minimizer

when

OF, , ST
%:7%+pxi+(si*@+/‘?y):o,

where A; € R™ is the ith column vector of A. Equivalently, one has

1
8 = 5(\/(/)331 —ci + ATY)2 +dpu — (pr; — c; + ATy)).

Based on the observation that s; will be altered with y and z and is dependent on the
parameters p and p, and for simplicity of statement, we define s = s(y,z;u,p) and z =
z(y, x; 1, p) in componentwise as

1
si(y, s p, p) = 5(\/(% — i+ ATy)? +dpp — (pxi — ¢ + Al'y)), (2.4)
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1

zi(y, v, p) = 5(\/(,0% =i+ ATy)? +dpp+ (pri — ¢ + Af'y), (2.5)

where i = 1,...,n. By (2.4) and (2.5), z = s —c+ ATy + px. Correspondingly, the objective
function F{,, ,)(y, s; ) of the unconstrained optimization problem (2.3) can be written as

Lp(y, xip,p) = —pb"y + > hily, x5 1, p), (26)

i=1

where y € ™ and x € R™ are the primal and dual variables of problem (1.1), x> 0 and
p > 0 are, respectively, the barrier parameter and the penalty parameter,

1 1
hiy, @5 1, p) = —punsiy, ;. p) + 52y, w51, 9)* = 5 a7 (2.7)

We may write s and z for simplicity in the sequel when their dependence on (y, z) and (u, p)
is clear from the context.

Similar to [26], we can prove the differentiability of the functions s, z defined by (2.4),
(2.5), and the barrier augmented Lagrangian function Lg(y, x; i, p) defined by (2.6).

Lemma 2.1. For given u > 0 and p > 0, let Lp(y,x;u,p) be defined by (2.6), s =
(si(y,z;p, p)) € R™ and z = (z;(y, z; 1, p)) € R™, S = diag(s) and Z = diag(z).

(1) Both s and z are differentiable with respect to y and x, and
Vys=—-AS+2)7'S, V,z=AS+2)'Z, (2.8)
Ves=—p(S+2)7'S, Vez=p(S+2)"'Z (2.9)
(2) The function Lp(y,x; 1, p) is twice continuously differentiable with respect to y, and

VyLp(y, @ p, p) = Az(y, x; 1, p) = pb,
vf/yLB(yvx§M7 p) = A(S 4 Z)_1ZAT,

Thus, Lp(y,x;u, p) is strictly convex with respect to y.

(3) The function Lg(y,x; u, p) is twice continuously differentiable and strictly concave with
respect to x, and

szB(y7x; uvp) = p(s(yvxvﬂap) —c+ ATy)7
VieLp(y,@;n,p) = —p*(S + 2)71S.

Proof. (1) By (2.4) and (2.5), s — 2z = ¢ — ATy — px and

5;+ 2 = \/(piﬁi —ci+ ATy)? +4pp.
Thus, one has
Vys = Vyz=—A,
Vys+Vyz=A(S + Z) 'diag (pr — c + ATy) = A(I — 2(S + Z)719).

Thus, by doing summation and subtraction, respectively, on both sides of the preceding
equations, we have

2V,s = —2A(S + Z)7'8,
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—2V,z = —2A(I — (S+ Z)"'S) = —2A(S+ 2)"'Z.

Therefore, (2.8) follows immediately. The results in (2.9) can be derived in the same way
by differentiating with respect to x.
(2) Let h(y,z; p, p) = (hi(y, z; u, p)) € R™. Due to (2.7) and noting that SZ = pul,

Vyh(y, x5 1, p) = —puVysS™ + V272 = A(S+ Z) Y pul + Z%) = AZ.
Thus, VyLp(y,z; 1, p) = —pb+ Vyh(y, x; pu, p)e = Az — pb. Furthermore, by (1),
szLB(y,x;u,p) =V, 2 AT = A(S+ Z)"1ZAT.
(3) Note that
Voh(y, @5 1, p) = —ppS~' Vs + ZV,z — p* X = p(Z — pX),
Vi Y, @, p) = p(VaZ — pV.X),

and V. Lp(y,z;u, p) = Vioh(y, z;u, pe, V2, Lp(y,x; 1, p) = p(Vez — pVzz). The desired
formulae in (3) can be derived immediately from the equation s — ¢+ ATy = 2z — px and the
results of (1). a

The next result gives the relation between the SBAL function and the logarithmic-barrier
problem.

Theorem 2.2. For given u > 0 and p > 0, let Lg(y,z;u, p) be defined by (2.6). Then
((y*,8*),2*) is a KKT pair of the logarithmic-barrier problem (2.2) if and only if s* —c+
ATy* =0 and

Lp(y", 1, p) < Le(y", 2" 1, p) < L(y, 2% 1, p), (2.10)
i.e., (y*,x*) is a saddle point of the SBAL function Lg(y,z;u, p).

Proof. Due to item (3) of Lemma 2.1, for any y such that ¢; — ATy > 0, Lp(y, z; u, p) reaches

; OLE(y,z5p, _ T
cl-fl;&,»Ty since (89:1- 1.p) loi=2x = 0. If c;— ATy <0,

its maximum with respect to z; at zj =

then %ﬂf”"p) > 0, which means that Lg(y,z;u,p) is strictly monotonically increasing
to oo as x; — 0o. Thus,

. (2.11)
0, otherwise.

argmax,. ES‘ELB (yu Z;5 p) = {

If ((y*,s*),z*) is a KKT pair of the logarithmic-barrier problem (2.2), then s* > 0 and
Az* =b, s* —c+ ATy* =0, and a}sf =p, i=1,...,n.

Thus, s; =¢; — Al'y* > 0 and 2} = i=1,...,n. Therefore, by (2.11),

P
cifA?y* ’

Lp(y*,a";p,p) = —pb"y" —puy_In(c; — ATy*) > Lp(y”, x5 1, p).-
=1

Furthermore, the condition «} s} = p implies z;(y*, x*; u, p)—px} = 0. Thus, Az(y*,z*; u, p) =
pb. Tt follows from item (2) of Lemma 2.1, y* is the minimizer of Lg(y,x*;u, p). That is,
the right-hand-side inequality in (2.10) holds.
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In reverse, if (y*,z*) satisfies (2.10), then y* is a minimizer of Lg(y,x*; i, p) and z* is
a maximizer of Lp(y*,z; i, p). Thus, due to the results (2) and (3) of Lemma 2.1, one has

Az(y*, a5, p) = pb,  s(y*, x5, p) —c+ ATy" = 0.
The second equation further implies z(y*,x*; u, p) — pr* = 0 and z}(c; — ATy*) = p, i =
1,...,n. Let s* = s(y*,2*; i, p). Then s* = ¢ — ATy*, and ((y*,s*),z*) is a KKT pair of
the logarithmic-barrier problem (2.2). O

The following result shows that, under suitable conditions, a minimizer of problem (1.1)
is an approximate minimizer of the SBAL function.

Theorem 2.3. Let y* be a minimizer of the problem (1.1) and x* is the associated Lagrange
multiplier vector. If the Slater constraint qualification holds, then for u > 0 sufficiently small
and for p > 0, there exists a neighborhood of x* such that y* is a \/pu-approximate strict
global minimizer of the augmented Lagrangian Lp(y,x;u, p), i.c., there exists a scalar 6 > 0

such that ||V, Lp(y*, x; p, p)|| < 0/ppt.

Proof. Under the conditions of the theorem, x* is a KKT point of problem (1.1). Thus,
Az =b, ATy* <e¢, 2* >0, () (c— ATy*) =0. (2.12)

Let z¥ = z;(y*,2*; u, p). Note that z¥(c; — ATy*) =0 for i = 1,...,n. Then

5(V/(pz7)? + dpp + px), if ¢; — ATy* =0, 2t > 0;

z; = %(\/(cl — ATy*)2 +4pp — (¢ — ATy")), if ¢y — ATy* >0, 2 = 0;

/P, otherwise.

Since \/(px})2 +4pp < pa} +2,/pi and \/(¢; — ATy*)2 + dpp < (¢; — ATy*) + 2/pp, one
has

pr* < 25 < prt 4 \/pps (|27 = patllee < Vg (2.13)

We will prove the result by showing ||V, Lp(y*,z*; 1, p)|| < §,/pp for some scalar § and
szLB(y*,x*;u, p) is positive definite for p > 0. By using item (2) of Lemma 2.1, and
(2.12), (2.13), we have

IVyL(y™ 2%, p)|| = [|Az" — pb|| = [JA(z" — pz™)|| < /pullAll1,

which verifies the first part of the result.
Now we prove the second part of the result by showing that dTvzyL s(y*, z*; 1, p)d >0
for all nonzero d € R and p > 0. Let s7 = s;(y*,2*; i, p). Then

1 S if e — ATy* = 0. 2% > 0

- 5 (1+ W), ife; — Ajy* =0, zF > 0;

t = 1 = (ci=Aiy") e AT, * ().

s ?(1 \/m), ife; —Ajy* >0, zj =0;
55 otherwise.

Therefore, by part (2) of Lemma 2.1,

Ve, Le(y* 2% 1, p)

= Z - % ~A;A] (A, is the ith column of A)
=1 Si + Zi
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1 pT; T T
=5() 1+ - JAA; + AiA7)
1 L ATy
D e ]
2= V(e = ATy*)? + dpp
1 ; — ATy*
> L Cma( G AYD) iy apyaar, (2.14)
2 Viei = ATy")? +dpp

where 7; = {i|c;, — ATy* =0, 27 > 0}, Iy = {i|c; — ATy* = 0, xf =0}, I3 = {i|e; — ATy* >
0, 2} = 0}. The result follows easily because of the positive definiteness of AAT. a

Based on the newly proposed barrier augmented Lagrangian function, [26] presented a
novel augmented Lagrangian method of multipliers for optimization with general inequality
constraints. The method alternately updates the primal and dual iterates by

Yr+1 = argming Lp(y, Tx; fik, pi) (2.15)

1
Tpt1 = psz(ykﬂ,xk;ﬂkypk) (2.16)

The update of parameters pg+1 and prr1 depends on the residual ||s(yx+1, Tr+1; ok, Pk) —
¢+ ATy, 1| and the norm |zg41|| of dual multiplier vector.

To end this section, we show some monotone properties of our defined functions Lg(y, x; u, p),
si(y, x; 1, p) and z;(y, x; u, p) with respect to the parameters.

Lemma 2.4. Denote Lg(y,x; p, p) = pd(y, x5 1, p) + 3 R*(y, x; i, p), where

Sy, w511, p) = =0Ty — > Insi(y, i, p) + 2" (s(y, w5, p) — ¢+ ATy),

i=1

R(y, z;p,p) = ||s(y, 23 11, p) — ¢ + ATy

Let g1 = argmin, L(y, zx; pik, pr) and gry1 = argming, L(y, xx; px, pr) be attained. If
Pr > pr, then

Okt 1, Ths s Pr) < P(Tra 1, Ths ke Pr)s R(Tk1s Ths ks Pr) > R(Jrg1, Ths oo, Pre)-
Proof. Let 8g+1 = s(Yk+1,Tk; ok, Pr) and Sg11 = $(Gg+1, T ik, P ). Then, by (2.3),
(Ur+1, 8k41) = argming F,, 50y, $;2%), (Jrt1, Skv1) = argming F,, 5. (y, s; 7).

Thus, if we denote ¢, (y, s;z) = =bTy —pd."  Ins; + 27 (s — c+ ATy) and W(y, s;z) =
|s — ¢+ ATyl|, then F, ) (y,s;2) = pibu(y, s;x) + 3W2(y, s;x), and

O(Trt15 Tk ks Pr) = Vo (Thet15 8k413 Tk )y O( U1, Ths ke Pr) = Vg (Ut 15 k415 The ),
R(Jr+1, Tr; e, Pr) = W (ka1 8k15Tx)5 B(Trs1s Ts ks ) = W (Jkt1, Ska1; Tne)-

Moreover,

Flrn o) Ort1s 86113 08) < Fuy o) ka1, Sk415 T ),
F(uk7,3k)(17k+1, Sk415 k) < F(Mk,ﬁk)@k+1’ Skt 15 T )-

It follows that

Flun i) Ort15 86113 x) = Fpu o) Uk 15 Sk415 T )
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FE ) D15 85415 T) — g i) Tkt 1 Skt Tn)
= (Pk — Pr) (Yuy, (U1, Sk15 k) — Yy, (Y15 8415 21)) > 0.

That is, ¢(Tr-+1, T ok, Pk) = Vpr U1, Skt13 Tk) > Y (Tt 15 Sk4+15 Th) = O(Uhot1, Thes Lok P ) -
Therefore,

1, N T

53 (U1, Tk foes Pr) = §W (U1, k415 Th)

1 N . - . . ~ _
> §W2(Z/k+17 Sk113 k) + Pk (VY (Tn15 8115 Th) — Yy (Tht 15 Skt1; Th))

> %WZ(?;k+1a§k+1§xk) = §R2(gk+1a$k~§ﬂk7ﬁk)a
which completes our proof. O
Lemma 2.5. For given parameters pn > 0 and p > 0, the following results are true.
(1) Both s;(y,x; 1, p) and z;(y, z; u, p) are monotonically increasing with respect to .

(2) If (si(y, @5, p) — ci + ATy) # 0, then (s;(y, z; p, p) — ¢i + ATy)? will be decreasing as
p is decreasing.

(3) If ||s(y, w5y p) — ¢ + ATy|| # 0, then the function %LB(y,x;,um) is monotonically
decreasing with respect to p.

(4) The function %LB(y, x; p, p) 18 strictly convex with respect to p.

Proof. It should be noted that all related functions are differentiable with respect to p and
p. In addition, due to

Osily, vpp) _ Ozly wsmp) P (2.17)
ou o sitzi '
O(si(y, zipp) —ci + ATy)®) 2 s (5s— i+ ATy)2 > 0 (2.18)
6p p s; + 2 [3 (2 03 ?

dLLp(y, ;s p) 11

_p P 2 e ATyI12 <0 2.19

ap 9 p2 ||8 c+ y” <0, ( )
P(LLp(y, x;m,p) 1

’ ap> B E(sfc+ATy)T(S+Z)*1Z(5*C+AT1/)7 (2.20)

the desired results are obtained immediately. O

The Primal-Dual Majorization-Minimization Method

Our method in this paper focuses on how to solve the subproblem (2.15) efficiently. Noting
the strict convexity of the SBAL function Lg(y,x;u,p) with respect to y and the spe-
cial structure of the Hessian matrix ViyL(y, x; i, p), the introduction of the majorization-
minimization method is a natural selection. In particular, we will see that the dual update
is precisely a step which can be derived by the minorization-maximization.

Let (yg,xr) be the current iteration point, ux > 0 and px > 0 be the current values
of the parameters. For any given z € R™, we consider the quadratic surrogate function
Qr(yz) : ™ = R,

Qr(y. ) = Lp(yk, x5 e, pi) + (Az(y, T3 e, o) — pid) " (Y — yi)
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30— w0 AAT(y — i), (31)

which is an approximate function of the objective in (2.15) and majorizes the objective
function with respect to y.

Lemma 3.1. For any given x = & and the parameters py > 0 and pi > 0, there holds
Qr Yk, %) = Lp(yr, T3 s, pr) and Lp(y, &; pr, pr) < Qr(y, ) for all y € R™.

Proof. The equation Qx(yk,Z) = Lp(yk, &; ek, pr) is obtained from (3.1).
By Taylor’s theorem with remainder,

Li(y, &5ty pi) = LYk, 25 ik, o) + Vy L (e, &5 e, pr) " (Y — i)
1
+/ (VyLp (W + 7@ = yi), & i, pr) — Vy Lo (ye, & e, p1))” (¥ — yr)dr. (3.2)
0
Due to item (2) of Lemma 2.1, one has

VyLp(yk + 7y — yk), & pks p) — Vy Lk, & ik, pr)

1
= / Vo, LYk + ot (y — yr), & pe, pr) (y — yi)dox
0
1
= / TA(SK + Zi) ' 21 AT (y — yi)dox
0
1
= 7AAT (y —yp) — / TA(Sk + Zi) LS AT (y — y)day,
0

where Sy, = diag (s(yx + 7a(y — yr), & i, px)) and Zy = diag (2(yr + Ty — i), &5 pe, pi))-
Noting

1
/ / 7(y — yp) T A(Sk + Z) T SR AT (y — yi)dadT > 0,
o Jo

the inequality Lp(y, &; pk, px) < Qi(y, &) follows from (2) of Lemma 2.1 and (3.2) immedi-
ately. a

In a similar way, if for given y € R™ and the parameters pg > 0 and pp > 0, we define
Py (y,-) : " — R be the function

Po(y,x) = Ly, ok; te, pie) + p(s(ys o i, pe) — ¢+ ATy) " (x — @)

1
—§Pk2(%‘ —ap) " (- zp), (3.3)
then Py(y,zr) = Lp(y, zk; pk, pr) and Lp(y, x; pk, pr) > Pr(y,x) for all € R™. That is,
Py (y,x) is an approximate surrogate function of the objective in optimization

max Ly (y, z; fuk, pr)

and minorizes the objective function with respect to x (i.e., majorizes the negative objective
function).

By the strict convexity of Qx(-, z) and the strict concavity of Px(y, ), there are a unique
minimizer of Q(y, %) and a unique maximizer of Py (§,x), where & € R™ and § € R™ are
any given vectors.
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Lemma 3.2. Given pi > 0 and p > 0. Let Qr(-,x) : R™ — R and Px(y,-) : R* — R be
functions defined by (3.1) and (3.3), respectively.

(1) For any given Z, Qr(y,&) has a unique minimizer y;. Moreover, y; satisfies the
equation

AAT (y — yi) = —(Az(yn, &; pr, pr) — prb)- (3.4)

(2) For any given §, Py(y,x) has a unique mazimizer xy, and

1 N N
T}, :xk+ﬁ(s(%$k§ﬂkapk) —c+ ATH). (3.5)
(3) For any given & and ¢, one has

* o - 1 -
L (yies @tk i) = L (s &5 i, i) < =511 A2(0s 33 g1k, k) = prblEaary-1,(3.6)

. . 1. .
Lp(§, s bk, pr) — LB (Y, Tks piks pr) > §H8(y,xk;uk,pk) —c+ ATy (3.7)

Proof. Since

VyQi(y, &) = AAT (y — yi) + (Az(yr, &; i, p) — pib),
Vo Py(9,2) = —pi(x — xk) + pr(s(9, T3 e, pic) — ¢ + A7),

and noting the strict convexity of Qx(y,Z) with respect to y, and the strict concavity of
Py (g, x) with respect to z, the results (1) and (2) are obtained immediately from the opti-
mality conditions of general unconstrained optimization (see [33,38]).

By the preceding results, one has

. A o1 R
Qr(Yi, ©) = Qrlyr, ) — §||Az(yk7x;,u'k7pk) - Pkb”%AAT)—l,

- . 1, .. .
Pr(9,x3,) = Pr(y, vx) + iHS(yﬂk;ukapk) —c+ ATg”.

Due to Lemma 3.1, there hold

which complete our proof. O

Because of (2.4) and (2.5), (3.5) is equivalent to z} = iz@, Tk; ks Pk ), Which is consis-
tent with (2.16). This fact shows that the dual update 21 in (2.16) can be obtained from
maximizing the minorized function Py (yx+1,). In the following, we describe our algorithm
for linear programming.

Algorithm 3.3. (A primal-dual majorization-minimization method for problem (1.1))

Step 0. Given (yo,z0) € R™ X R", o >0, po >0, >0, v € (0,1), ¢ > 0. Set k := 0.



A PRIMAL-DUAL MM METHOD FOR LARGE-SCALE LINEAR PROGRAMMING 525

Step 1. Approximately minimize Lg(y, zx; ik, px) by the majorization-minimization method
starting from yy.

Step 1.0. Set 9o = Yk, po = pk, £ := 0.
Step 1.1. Solve the equation

AAT (y = §0) = —(Az(e, 1 ik, pe) — peb) (3.8)

to obtain the solution g¢11.
Step 1.2. Evaluate

BRI = || A2(Ges, wxs ks pe) — peb.

If E,’sflmal > Uk, set per1 = pe, £:= £+ 1 and go to Step 1.1.
Step 1.3. Compute

dua

Bt = ||s(Ges1, Trs ks pe) — ¢+ AT Ges ).

If E,‘fi‘il > max{pe, itk }, set per1 = ope for some positive scalar o < 1, £ := £+ 1 and
go to Step 1.1.

Step 1.4. Set yr+1 = Ye+1, pe+1 = Pe, and go to Step 2.
Step 2. Update xi to

Tkl = Tk + (8(Yrkt1, Tk; Pk, Pr+1) — C+ ATka). (3.9)

Pk+1

Step 3. If ur < ¢, stop the algorithm. Otherwise, set pr+1 < Yk, pr+1 = min{pr+1, m},
k:=k+ 1. End (while)

The initial point for our algorithm can be arbitrary, which is different from both the
generic simplex methods and the interior-point methods starting from either a feasible point
which may be derived from a phase-I linear programming or an interior-point. Theoretically,
since the augmented Lagrangian function is an exact penalty function (see Theorem 2.3),
we can always select the initial penalty parameter pg sufficiently small such that, under
desirable conditions, E,?fﬁl is sufficiently small due to item (2) of Lemma 2.5. The initial
barrier parameter gy can be selected to be small without affecting the well-definedness of
the algorithm, but it may impact the strict convexity of the SBAL function and bring about
more iterations for solving the subproblem (2.15).

The Step 1 is the core and the main computation of our algorithm. For fixed xy, pg
and py, we attempt to find a new estimate yj1, which is an approximate minimizer of the
SBAL function Lg(y, xk; ik, pr) with respect to y. The main computation is in solving the
system (3.8), which depends on the decomposition of AAT. Since AAT is independent of
the iteration, its decomposition can be fulfilled in preprocessing. If Lg(y, xx; pk, o) is lower
bounded, then the Step 1 will terminate in a finite number of iterations.

By Step 2 of Algorithm 3.3, we have xy11 = mz(ykﬂ, Zk; My Pk+1), thus k41 > 0 for
all £ > 0. Because of the item (3) of Lemma 3.2 and the strict concavity, one has

8 (Wk+15 Tt s Prr1) — €+ AT ypa || < 118 Wht1, s s prtr) — ¢+ ATy |l (3.10)

Due to the Step 3, ur — 0 as k — 00, ppt1||Trt1]loo < 6 for all k& > 0.
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Global Convergence

We analyze the convergence of Algorithm 3.3 in this section. Firstly, we prove that, if the
original problem has a minimizer, then the Step 1 will always terminate in a finite number of
iterations and {y;} will be obtained. Secondly we prove that without prior requiring either
the primal or the dual linear problem to be feasible, our algorithm can recognize the KKT
point of problem (1.1). Otherwise, one has that either its dual problem (1.2) is unbounded
as problem (1.1) is feasible, or a point with least violations of constraints is found as problem
(1.1) is infeasible.

Lemma 4.1. If both problems (1.1) and (1.2) are strictly feasible, then for any given xy €
R and any given parameters py, > 0 and py > 0, the SBAL function Lg(y, T; jik, pr) is
lower bounded from —oo, and the Step 1 will terminate in a finite number of iterations.

Proof. If problem (1.1) has a solution, then the logarithmic-barrier problem (2.2) is fea-
sible when the original problem is strictly feasible (that is, the Slater constraint qualifica-
tion holds), otherwise problem (2.2) is infeasible. Correspondingly, the objective —bTy —
> Ins; of problem (2.2) either takes its minimizer at an interior-point of problem (1.1)
(in this case the minimizer is attained) or is +oo.

Now we prove that for any fixed py, if the Step 1 of Algorithm 3.3 does not termi-
nate finitely, then E,’:mel — 0 as £ — co. By Lemma 3.2, {Lp(J¢, Tk; ttx, pe)} is mono-
tonically non-increasing as ¢ — oo. Thus either there is a finite limit for the sequence
{LB(Je, Tk; lix, pe)} or the whole sequence tends to —oo. Since Lp(y, zk; ik, P¢) is bounded
below, due to (3.6), one has

([ Az(Ge, wx; pw, pe) — pebllaary -1 =0, (4.1)

which shows that the condition Eﬁf{" al < s, will be satisfied in a finite number of iterations.
Since problem (1.1) is supposed to be feasible, it follows from Lemma 2.4 that there is
a scalar pr+1 > 0 such that for given pg > 0 and for all py < pr41, Eg_ﬁl < pi as £ is large
enough. Thus, the Step 1 will terminate in a finite number of iterations. O
The next result shows that, if the Step 1 does not terminate finitely, then either problem

(1.1) is unbounded or a point with least constraint violations will be found.

Lemma 4.2. For given x € R and parameters p, > 0 and pp, > 0, if the Step 1 of
Algorithm 8.3 does not terminate finitely and an infinite sequence {g¢} is generated, then
either problem (1.1) is unbounded or any cluster point y* of {4¢} is an infeasible stationary
point satisfying

Amax{ATy* —¢,0} =0. (4.2)

The point y* is also a solution for minimizing the {3-norm of constraint violations of problem
(1.1), and shows that problem (1.2) is unbounded.

Proof. If that the Step 1 of Algorithm 3.3 does not terminate finitely is resulted from Egr{" al

not being small enough for given py, then {,} is unbounded and L (¢, x; ik, po) = —00
as £ — oo, which by the arguments in the proof of Lemma 4.1 implies that problem (1.1) is
feasible and unbounded. By the weak duality theorem, (1.2) should be infeasible.

Now we consider the case that {¢} is bounded. Suppose that L is a subset of indices
such that g, — 9; as ¢ € £ and { — oo. Since the Step 1 of Algorithm 3.3 does not
terminate finitely, one has p, — 0. Thus, the result (4.2) follows since (9}, x; pik, pe) —
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max{ATy* —¢,0} as p, — 0. In addition, because s(J;, xx; px, pe) —c+ ATG; > . for given
pe > 0 and £ € {€|pep1 < 0.5p¢}, and

(07, wrs s pr) — ¢+ AT — max{ATy* — ¢, 0} as py — 0,

then max{ATy* — ¢,0} > pp > 0. That is, y* is infeasible to the problem (1.1), which
by [33,38-40] implies that problem (1.2) is unbounded. Noting that (4.2) suggests that y*
satisfies the stationary condition of the linear least square problem

1
min §|| max{ ATy — ¢, 0}|?,
y

y* is a point with the least £2-norm of constraint violations of problem (1.1). O

In the following analysis of this section, we suppose that the Step 1 of Algorithm 3.3
terminates finitely for every k. In order to analyze the convergence of Algorithm 3.3, we
also suppose that Algorithm 3.3 does not terminate finitely, and an infinite sequence {y;} is
generated. Corresponding to the sequence {yx}, we also have the sequence {uy} of barrier
parameters, the sequence {p} of penalty parameters, the sequence {z;} of the estimates
of multipliers. In particular, {y} is a monotonically decreasing sequence and tends to 0,
{pr} is a monotonically non-increasing sequence which either keeps unchanged after a finite
number of steps or tends to 0,

($(Yrt1, Ths Bks prit1) — ¢+ AT yrs1)

Tpt1 =T +
Pk+1

1
=Tp-1+ p*k(s(yk, Th—1; -1, k) — ¢ + AT yp)

1
+ ($(Yn+1: Tk s prs1) — €+ AT Ypg1)
PEk+1
k
=xo + Z (5(yes1, 2es pes pesr) — ¢+ AT yesn).
=0 Pe+

If the sequence {zj} is bounded, then ﬁ(S(ykJrl,mk;uk,karl) —c+ ATypy) — 0 as
k — oo, and {pi} is bounded away from zero.
The following result shows that the situation pr — 0 can happen as k — oo and pu; — 0

only because the Slater constraint qualification (Slater CQ for short) does not hold.
Lemma 4.3. If up — 0 and pr — 0 as k — oo, then the Slater C'Q does not hold.

Proof. We prove the result by contradiction. If the Slater CQ holds for problem (1.1), then

by the strong duality theorem, both problems (1.1) and (1.2) are bounded, which implies

that there exists some scalar p* such that for all g, < p*, the minimizer y; is a solution of

problem (2.2). Hence, py = pp for all k sufficiently large, which contradicts that py — 0 as

k — oo. O
In what follows, we prove the convergence of Algorithm 3.3 to a KKT point.

Lemma 4.4. If py, is bounded away from zero, then {xy} is bounded, and every cluster point
of {(yx,xr)} is a KKT pair of problem (1.1).

Proof. Suppose that pi, > p* > 0 for all £ > 0 and for some scalar p*, then by Step 3 of
Algorithm 3.3, —L— > p*. Thus, ||74]/cc < 4

" Nzklloo o’
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Since ||z is bounded, limy_, o E¢# = 0. Thus, E& < p* for all k sufficiently large.
Together with the facts pr — 0 and
B = ||y Az — prbll(aary-1 < pk,
one has the result immediately. O
In summary, we have the following global convergence results on Algorithm 3.3.

Theorem 4.5. One of following three cases will arise when implementing Algorithm 3.3.

(1) The Step 1 does not terminate finitely for some k > 0, either one has that problem
(1.1) is unbounded and problem (1.2) is infeasible, or problem (1.1) is infeasible and
problem (1.2) is unbounded, and any cluster point is a minimizer of the ¢y norm of
constraint violations.

(2) The Step 1 terminate finitely for all k > 0, pp — 0 and pr, — 0 as k — oo, problems
(1.1) is feasible and the Slater CQ does not hold.

(3) The Step 1 terminate finitely for allk >0, ur — 0 as k — oo, and py is bounded away
from zero, both problems (1.1) and (1.2) are feasible and every cluster point of {yx} is
a KKT point of problem (1.1).

Proof. The results can be obtained straightforward from the preceding results Lemmas 4.1,
4.2, 4.3, and 4.4 in this section. O

For reader’s convenient, we summarize our global convergence results in Table 1.

Table 1: The overview on the global convergence results of Algorithm 3.3.

Results

Algorithm 3.3

Dual LP (1.1) | Primal LP (1.2) Solution obtained
pe >0, pup >0 unbounded infeasible -
. ) ) A point for minimizing
pe =0, pue >0 infeasible unbounded constraint violations of LP (1.1)
we — 0, pr — 0 feasible - Slater CQ does not hold
we — 0, pp >0 feasible feasible A KKT point

Convergence Rate and the Complexity

In this section, we concern about the convergence rate of Algorithm 3.3 under the situation
that both problems (1.1) and (1.2) are feasible, which corresponds to the result (3) of the
preceding global convergence theorem. Firstly, without any additional assumption, based
on theory on convex optimization [32], we prove that for given penalty parameter pj, the
convergence rate of the sequence of objective function values on the SBAL minimization
subproblem is O(%), where ¢ > 0 is a positive integer which is also the number of iterations
of the Step 1. Secondly, under the strict complementarity conditions on the solution, we
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show that the iterative sequence {g,} on the SBAL minimization subproblem is globally
linearly convergent. Finally, without loss of generality, by assuming that pj is small enough
such that in Step 1, E,‘jﬂl < max{pg, ux } for given py, and using the preceding global linear
convergence result, we can establish the iteration complexity of our algorithm.

Theorem 5.1. For given x and parameters uy and pg, let Fi(y) = Lp(y, K pk, pr),
{9¢} be a sequence generated by Step 1 of Algorithm 3.3 for minimizing Fy(y), and F} =
inf, Fi(y), yj = argmin, Fy(y). Then

~ * 1 ~ *
Fk(yz) —F; < ﬂ“yo - yk||,24AT7 (5.1)

where Yo is an arbitrary starting point.

Proof. Tt follows from Lemma 3.2 that
Fi(9e41) < Fr(9e) — %HAZ(Qe,xk;Mmpw — prbllEaary
<+ VE) e — ) — 14202 s 08) = 06bl )
= B+ 510 vilaar = 10— i — AAT) VRGP (52)
= B+ 5190~ i Poar — o1 — v lar),

where the second inequality follows from the convexity of Fj(y), and the last equality is
obtained by (3.8). Thus,

(Ge—1 — villhar = 19 — villAar)

]~
| —

l
> (Fi(ie) — Ff) <

t=1

~
Il

1

(l90 = il ar = llge — vl Aar),

N | =

which implies Fj(g¢) — Fj; < inya — yZHiAT. a
In order to derive the convergence rate of the iterative sequence {g,} of our method for
the subproblem, we need to prove some lemmas.

Lemma 5.2. For given xy and parameters py and py, let Fi(y) = Lp(y, xg; ik, px). Then
for any u,v € R™,

(VEi(u) = VE(v)) (u—v) > |[VFi(u) = VE(0)[[{ 4071 (5.3)
Proof. For proving (5.3), we consider the auxiliary function
Gu(v) = Fi,(v) — VE,(u) v,

where v is the variable and u is any given vector. Then VG, (u) = 0 and V2G,(v) =
V2F}(v), which means that G,,(v) is convex as Fj(v) and u is precisely a global minimizer
of G, (v). Therefore, we have a similar result to item (1) of Lemma 3.1, that is, for every
w,v € N™,

Gu(w) < Gyu(v) + VGu ()T (w —v) + %(w —)TAAT (w —v),
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which implies G, (v) — Gy (u) > 3[|[VG.(v) H%AAT),I for every v € R™. Because of VG, (v) =
VFy(v) — VFy(u), the preceding inequality is equivalent to

1
Fio(v) = Fi(u) = VE(w)" (v = v) = S| VFL(v) = VE(W)[f4ar) - (5.4)
Similarly, one can prove
1
Fi(w) = Fi(v) = VEL ()T (u = 0) 2 SIVE(v) = VEL(w) [B44r) - (5.5)

Summarizing two sides of (5.4) and (5.5) brings about our desired result. O

In the subsequent analysis, let y* be the solution of problem (1.1) and z* be the associated
Lagrange multiplier vector, and s* = ¢ — ATy*. Thus, 2* o s* = 0. We need the following
blanket assumption.

Assumption 5.1. Denote Z = {i = 1,...,n|z} > 0}. Suppose that the strict comple-
mentarity holds, and the columns of A corresponding to the positive components of x* are
linearly independent. That is, z* + s* > 0 and |Z| = m, B = Az AT is positive definite,
where | - | is the cardinality of the set, Az is a submatrix of A consisting of A;, i € Z.

Under the Assumption 5.1, there exists a scalar 6 > 0 such that, for i € Z and for all
0 >0, (8¢ + 2zei) " tze; > 6 > 0. Thus, for any y € R™,

yTA(S + Z)ilZATy > yT(AI(SI + ZI)71ZIA§)y
> 5yT (A7 AL )y > ' yTy > 6 yT AATy,

where §' < 6Amin(AAT) and §" < 0 < 1.

max

Lemma 5.3. For given xy, and parameters uy and py, let Fy(y) = Lp(y, T; pk, pr). Under
the Assumption 5.1, there exists a scalar 6 € (0,1) such that, for any u,v € R™,

(VEg(u) — VE(v)T (u—v)
> _1
1446

1"

]
IVF(u) = VE(0)[[E gy + Tog - vlfar- (5.6)

Proof. Let Gi(y) = Fi(y) — %(5”yTAATy. Then Gj(y) and (1 — 6" yTAATy — Gr(y) are
convex, which suggests that Gy (y) shares the similar properties with Fy(y). Thus, the result
of Lemma 5.2 still holds for Gg(y), i.e., for any u,v € R™,

1

(VGi(u) = VG(v) (u—v) > T

[VGr(u) — VGI@(U)”%AAT)—L

Due to VGi(y) = VFi(y) — 8" AATy, the preceding inequality can be rewritten as
(VFi(u) = VE(0)) " (u —v)

1 " 1’
E ﬁHVFk(U) — VFp(v) =8 AAT (u — ”)H%AAT)—l + 6" |Ju = v]|% 4

Thus, one has

(VEFg(u) — VE(v)" (u—v)
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1"

1
> WHVFk(U) — VFp ()[4 ar)-1 + WHU — 0|5 ars
which completes our proof. O
Set u = g and v = y;. Due to VF,(y*) =0,
V)" (e~ 07) > e IV (0 Baary o + ol — 0 -
~1+4" (447) 1+6" A4

The next result shows that sequence {,} can be of global linear convergence for the SBAL
minimization subproblem.

Theorem 5.4. Let y; = argminFy(y). Under Assumption 5.1, there is a scalar T € (0,1)
such that

19 = vilhar < 7150 — yil%ar-
That is, {ge} is of global linear convergence to yj.
Proof. Note that

19011 — vilhar = 19 — (AAT) 'V FL(90) — vkl ar
= 19e = vl har — 2VFR(G0)" (90 — vi) + IV F(Ge) [ aar) -

"

2 ~ * (|12 2 -~ 2
<(1- W)Hye = Yllaar + (1 - W)HVFIC(W)H(AAT)—1
1 _6// ) i 1— 5// ) )
= WHW = Yillaar — W”VFIC(:W)”(AAT)*l
1-6" L
< WHW — Yelaar-
By setting 7 = %, the result follows immediately. O

Finally, based on the preceding global linear convergence result, we can obtain a new
iteration complexity result on the algorithms for linear programs.

Theorem 5.5. Suppose that both problems (1.1) and (1.2) are feasible, and Assumption 5.1
holds. For pqy sufficiently small, if Algorithm 3.3 is terminated when py < €, where € > 0 is
a pre-given tolerance, then the iteration complexities of the MM methods for the subproblem
and for problem (1.1) are respectively

2
1 1 1 1
Ty =0 | ———=n <> ; Tepum =0 | —F— (hl ( >) ;
In |/ £atd € In ./ rats €
KaA—0 KaA—0
where § € (0,1) is a scalar independent of k.

Proof. Due to item (2) of Lemma 2.1, one has

| Az (o1, 25 pirs po) — pobll = [IVy L(Geg1, Tk ks o) — Vy LYk, Tk fir, po) |l

< gev1 — yillaar.

In order to obtain || Az (Jet1, Tk; ks po) — Pobl| < pr < €, by Theorem 5.4, Ty should satisfy

T
VT gk = yillaar <€
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where y; = 3o, 7 is denoted in Theorem 5.4 and can be replaced by 7 = :;‘;g in which

KA = Amax(AAT) /JAmin(AAT), § € (0,1) is denoted such that (sg + z¢) " t2e > 6 for all
1 € T and for all £ > 0 in Assumption 5.1. Thus,

1 vk — yillaar
Ty ln — > In 22822
MM VT T n €
That is,
1 1
Tav =0 [ — 1 ()
In KA+O €
KA—0

In addition, similarly, the number of iterations needed for driving uj < € is

Ho

1
Tout > —1
f = Inl . €

Thus, we have the estimate on the total number of iterations

Tout 2
1 1
Tepym = E Tam = TowtTvam = O | —F—— (111 ()) , (5.7)
k=1 In |/ £atd €
K,A—(S
which completes our proof. O

@ Conclusion

The simplex methods and the interior-point methods are two kinds of main and effective
methods for solving linear programming. Relatively, the former is more inexpensive for
every iteration but may require more iterations to find the solution, while the latter is
more expensive for one iteration but the number of iterations may not be changed greatly
with different problems. Theoretically, the iteration complexity of the simplex methods
can be exponential on the sizes of linear programs, while the interior-point methods can be
polynomial.

In this paper, we present a primal-dual majorization-minimization method for linear
programming. The method is originated from the application of the Hestenes-Powell aug-
mented Lagrangian method to the logarithmic-barrier problems. A novel barrier augmented
Lagrangian (SBAL) function with second-order smoothness and strict convexity is proposed.
Based the SBAL function, a majorization-minimization approach is introduced to solve
the augmented Lagrangian subproblems. Distinct from the existing simplex methods and
interior-point methods for linear programming, but similar to some alternate direction meth-
ods of multipliers (ADMM), the proposed method only depends on a factorization of the
constant matrix independent of iterations which can be done in the preprocessing, and does
not need any computation on step sizes, thus is much more inexpensive for iterations and
can be expected to be particularly appropriate for large-scale linear programming problems.
The global convergence is analyzed without prior assuming either primal or dual problem to
be feasible. Under the strict complementarity conditions at the solution, based on theory on
convex optimization, we prove that our method can be of globally linear convergence. The
results show that the iteration complexity on our method is dependent on the conditioned
number of the product matrix of the coefficient matrix and its transpose.
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