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Abstract: In the papers ([14, 15]), Polyak has established a convexity principle, stated that the image of
a small ball by a C1'1 —smooth mapping between Hilbert spaces is convex. This convexity principle has
some interesting applications in optimization and control theory. In this note, we give an extension of this
principle to weakly convex multifunctions and its applications to local programming.
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Introduction and Preliminaries

In 2001, Polyak gave a convexity principle which is stated precisely as follows.

Theorem 1.1 ([14, 15]). Let f : X — Y be a nonlinear differentiable mapping between
the two Hilbert spaces X,Y such that its derivative f' is Lipschitz on a ball B(a,r) with
Lipschitz constant L. Suppose that f'(a) is surjective. Then there exists a positive real g
such that for all 0 < € < gq, the image of the ball B(a,c), f(B(a,€)) is conver.

In ([14, 15]), this convexity principle has various interesting applications in optimization
and in some control problems. In [18], Uderzo has extented this principle to the case of
multifunctions which are the sum of a convex multifunction and a C''! —mapping.

In this short note, firstly, we establish an inverse multifunction theorem. By using this
result, we obtain an extension of this principle to the case of weakly convex multifunctions.
Some applications of this result to local programming with weakly convex data are reported.

We recall some basic notions from nonsmooth analysis (see, e.g., books [1, 2, 7, 12]).
For a Banach space X, the open and closed balls entered at x € X with radius » > 0 are
denoted respectively by B(x,r), B[z, 7], while Bx denotes the unit ball in X.

Let f: X — RU{+40o0} be an extended-real-valued function defined on a Banach space X.
The effective domain and the epigraph of f are denoted by Dom f := {z € X : f(z) < 4+00};
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epi f := {(z,a) € X xR : f(z) < a}, respectively. The Fréchet subdifferential Of(x) of f
at x € Dom f is defined as

of(x):= {x* e X" ligljgf flw+h) _HJ;L(lTC) — (@ h) > 0}

and 0f (z) :=0if f(x)= +oo.

The Fréchet normal cone to a subset C' C X at some point x € C' is defined as the Fréchet
subdifferential of the indicator function éc of C at the same point:

Ne(z) == 0dc(x) = {x* e X" limsupm < 0} .
amz |z — x|
When X is Asplund, i.e., when every continuous convex function defined on X is generically
Fréchet differentiable, the Fréchet subdifferential enjoys a fuzzy sum rule (see, e.g., [2]): For
any € > 0, for z € Dom fi; N Dom f5, provided f1, fo are lower semicontinuous and one of
them is locally Lipschitz around z, one has

Ifr+ f2)(x) CU{ Ofi(w1) + Ofa(w2) + eBx~ : (11)
(l‘“f(l‘l)) € B((JJ, f(m))75)7 i = 172}‘ '

Let FF: X = Y be a multifunction between Banach spaces X,Y. Throughout we assume
that F' is a closed multifuntion, that is, the graph of F', gph F', is closed in X x Y. As usual,
denote by

DomF:={z € X: F(z)+# 0}

the effective domain of F, and the inverse of F: F~!:Y = X, defined by
Flyy={recX: yeF(x)}, yeX.

The contingent derivative of F at a given point (z,y) € gph F denoted by DF (z,y) : X =Y
and is defined by, for u € X,

DF(z,y)(u):={ veY: Iuy) = u, (v,) = v, t, =0T,
with (z + tpun, y + thv,) € gph F'}.

Note that for all (z,y) € gph F, DF(x,y) is a positive homogeneous set-valued mapping.
Also recall the inner norm of a positive homogeneous set-valued mapping H : X =2 Y is

|H|| :== sup inf{|jv]|: ve H(u), uve X}
flull<1

Here, a convention inf ) = +oo is used.
Finally, for a multifunction F : X =Y, the Fréchet coderivative of F at a point (z,y) €
gph F refers to a multifunction DF*(z,y) : Y* = X* and defined as

DF*(xvy)(y*) = {x* : (il'*,—y*) € NgPhF(xay)}v y* S Y*v

for every (z,y) € gph F. Associated to a lower semicontinuous function f : X — RU{+o0},
define the multifunction F': X = R by gph F' = epi f, that is, F(z) = [f(z), +0), © € R™.
One has

x* € 0f(x) < z* € DF*(z, f(z))(1).
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Finally, recall the notion of weak convexity ([6, 8, 16, 17, 11, 19]). An extended real valued
function f defined on X is said to be weakly conver around a point a € Dom f, if there are
p > 0,e > 0 such that any 1,22 € B[Z, €], any t € [0, 1], one has

fltey + (1 = t)we) <if(wr) + (L —1)f(x2) + gt(l —t)[Jo1 — x|,

Note that when f is weakly convex around a (with respect to p,e as above), for any z €
B[z,e], * € df(z), one has

e,y =) < f) ~ f(@) + Elly o], ¥y € Bla.e]. (1:2)

Definition 1.2. A multifunction F': X = Y between Banach spaces X,Y is called weakly
convex around Z € X if there exist p > 0, € > 0 such that for any x1,z2 € B(Z,¢), any
t € [0,1], one has

tF(21) + (1= )F (25) C Fltey + (1= t)w2) + St(1 = 1) a1 — 22 By

For example (see, e.g., [11]), a mapping f : X — Y being of C1'!—class around a point
T € X, is weakly convex around this point; the function f : X — R U {+o0} is a weakly
convex function around z € X iff the associated multifunction F : gph F = epi f, is weakly
convex around this point (with the same constants).

An Inverse Multifunction Theorem

The inverse function theorem stated in the following is a set-valued version of the one by
Ekeland in [4] (see, for the earlier version, e.g., in [5]).

Theorem 2.1. Let X,Y be Banach spaces and let F : X =3 Y be a closed multifunction
(i.e., its graph is a closed set in X xY ). For given (Z,y) € gph F, and reals Ry, Ry, M > 0,
suppose that

sup{||DF (z,y) (|- (z,y) € gph F' N (B(z, R1) x B(y, R2))} < M. (2.1)
Let parameters r1,r9,13 > 0 such that
r1+ Mrs < Ry, 19 +1r3 < Rs. (2.2)
Then for all a € Blz,r1]; b € F(a) N B[y, r2], and y € Y with
ly — bl < 73, (2.3)
there exists z € X such that
z€F ' (y) and ||z —a < M|y — bl (2.4)

Proof. For given y € Y satisfying (2.7), take any M; < M such that MM ||y — b|| < 73
and
sup{|DF(z,y)""|| = (x,y) € gph F N (B(Z, R1) x B(y, R2))} < M.

Consider the following norm in the product space X x Y:

[, )| = max{jull, My[[ol[}, (u,v) € X XY,
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and define the extended real valued function ¢ : X x Y — RU {+o0} by
@(uvv) = ”y - 'UH + (;gphF(u’ U)’ (uvv) €EX XY,
where dgpn ¢ stands for the indicator function of gph F. As

B =|ly—bl| < inf b
¢(a,b) = |ly ||—(U,U)IQXXY‘P(“’“)+||3’ B

by applying the Ekeland Variational Principle, there is (z,w) € X x Y such that

i) [I(z,w) = (a,b)|| < Mlly —b||;
(i) ¢(z,w) < p(a,b) = [ly — b|;
(i) (z.w) < (u,0) + MY 0) — (z,w)]], for all (u,0) € X x ¥
By (i), ||z —a|| < M|ly — b]| < Mr3, and [Jw —b| < MMl_1||y —b|| < MM1_17"3, therefore
|z =zl <|lz—al +lla—2|| < Mrs +r < Ry;

lw =gl < llw = bl + [Ib = Il < MM 'rs +r2 < Ro.

Relation (i7) implies (z,w) € gph F. We shall show that w = y, so z € F~!(y). Indeed,
assume to contrary that w # y, then in view of (2.1), there is u € X satisfying

u € DF(z,w) *(y —w) and ||Ju| < M|y —w].

Thus there are sequences (u,) — u, (v,) = y—w and (t,) — 07 with (2 +t,u,, w+t,v,) €
gph F, for all n € N. From relation (ii¢), one has

ly —wll < lly —w — thva| + M_lth(un,vn)H.
By making use of the following inequality

Hy_w_tnvnu H(l_tn)(y_w)""tn(y_w_vn)”
1

< ( _tn)”y_w” +tn||y_w _'Un||7

one derives that
ly —wll < lly —w —vall + M7 (un, )]

By letting n — oo, one obtains
0 < fly —wl < M~ max{]full, Mi]ly — wll} < [ly — wl,
a contradiction. Thus w = y, showing the conclusion
z€Fl(y) and |z —all < M|y —b].
O

When X,Y are Asplund spaces, one establish a following version of inverse function
theorem, in which, a criteria based on the coderivatives is used, instead of the contingent
derivative. Its proof follows the same schema as in the one of the preceding theorem, but
here alternatively, the fuzzy sum rule (1.1) for Fréchet subdifferentials is made of use (see
also, [10] for a related result), so it is omitted.
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Theorem 2.2. Let X,Y be Asplund spaces and let F': X =Y be a closed multifunction.
For given (Z,y) € gph F, and reals Ry, Ry, m > 0, suppose that

inf{d. (0, DF*(z,)(Sy+)) : (z,y) € gph F N (B(%, Ry) x B(§, R2))} > m, (2.5)

where, d. (from a point to a set) stands for the distance in X* associated to the dual norm,
and Sy~ denotes the unit sphere in Y*.
Let parameters r1,r9,r3 > 0 such that

ry+ m_1r3 < Ry, ro+13 < Rs. (2.6)
Then for all a € B[z,r1]; b € F(a) N Bly,12), and y € Y with
ly =0l < s, (2.7)
there exists z € X such that

z2€ F7 Y (y) and ||z —al| <m™ Y|y —b|. (2.8)

The Convexity Principle for Weakly Convex Multifunctions

The main result is stated as follows, asserting the convexity of an image of a small ball by a
weakly convex multifunction from a Hilbert space to a Banach space. This result is regarded
as a set-valued version of the convexity principle by Polyak ([14, 15]).

Theorem 3.1. Let X be a Hilbert space and let Y be a Banach space. Let F : X =Y be
a closed multifunction. For given (Z,y) € gph F, and reals Ry, Ro, M > 0, suppose that the
following two conditions are satisfied.

(i) either
sup{||DF(z,y)" | = (z,y) € gph F N (B(Z, R1) x B(y, R2))} < M, (3.1)
or the space Y is assumed to be an Asplund space and

inf{d.(0, DF*(z,y)(Sy+)) : (x,y) € gph F N (B(Z, R1) x B(y, R2))} >m. (3.2)

(ii) The multifunction F is p—weakly convex on B(Z, Ry), that is, for any x1,x2 € B(Z, R1),
any t € [0, 1], one has

tF(Z‘1) + (1 — t)F(JZg) - F(tl‘1 + (1 — t)ﬂl‘g) + gt(l — t)||1‘1 — J?QHQBy.

Then for e1,e2 > 0 satisfying for « = M if (3.1) holds, and o = m~" if (3.2) holds,

g1 < 1/(ap), e1 + %5% < Ry, pel +e2 < Ry, (3.3)

the set F(B|Z,e1]) N B[y, €3] is conver.
Proof. Let x1,x2 € B[Z,e1], t € [0,1], and y; € F(x1) N B[y, €3], y2 € F(y2) N B[y, e2]. For
y =y = ty1 + (1 — t)ya, by (i7), there is v € F(tz1 + (1 — t)z2) such that

p p p
ly = vll < Sy = "1 — 1) < L zo|* < Set.
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Thus p
v =9l <llv—yll+lly—gll < 56? + e2.

In virtue of Theorem 2.1, with parameters r| := €1, 19 := p&%/2 + &9, T3 1= ps%/?, there
exists u € F~1(y), such that

M
[tz1 + (1 — )z — ul| < Mlly —of| < =Lt — 8[|z — 22|
2

As

[ty + (1 —t)za — 2|* =t|zr — 2I* + 1 = t)[lzz — ZI|* — (1 — 1) [J21 — 22|

=1
<ef —t(l = t)[zr —22]?,
one has from the two relations above,

Ju—zl| <[ty + (1= t)ag —ull + [[ter + (1 = t)zy — 2|

1/2
< Mop(1 —t)|ar — w2 + (£ — (1~ t) 21 — z2]?) 2.
Since g1 < 1/(Mp), it is straightforward to derive that
M 1/2
LU =Dl — 2o + (] =11 = B)llas — w2l)?) " < e,
so u € B[Z,e1], hence, y = ty; + (1 — t)yo € F(B[z,e1]) N B[y,¢e2], which shows that
F(B[Z,e1]) N B[y, e2] is a convex set. O

Remark 3.2. Observe from the proof of the above theorem, one sees that, for z1,z5 €
B[Z,e1], t € [0,1], and y1 € F(z1) N B[F,e2], y2 € F(y2) N B[y, 2], then there exists
u € B[Z,e1] such that
Mp 2
[tz1 + (1 = t)z2 —ull < ==t =tz — 22", tyr + (1~ t)y2 € F(u).

Application: Local Programming

Consider the optimization problem with a set-valued mapping constraint of the form:
min fo(x) (4.1)
z € R" 0 € G(x),

where, fo : R® — R is a lower semicontinuous function and G : R® = R™ is a closed
set-valued mapping. As in ([13, 14]), for a given feasible point a € R"™, and some ¢ > 0,
associated to it, consider its local version with added constraint: ||z — al| < e.

min fo(x) (4.2)
z € R",0 € G(x),
[z —al| <e.
Define the multifunction F : R® = R™*! by
F(z) = [fo(z), +o0] x G(x), = € R™. (4.3)
The Lagrange function of (4.1) is of the form:

Lia. Ay = Mo(e) +_inf 079). (e Ay") €B" x B xR (4.4)
yeG(z
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Theorem 4.1. Assume that the multifunction F : R® = R™"L defined by (4.3) is weakly
convezx around a given a € R™ with 0 € F(a), and that for some r > 0,

inf{d.(0, DF*(x,y)(Sgm+1)) : (x,y) € gph F N (B(a,r) x R™™)} > 0. (4.5)

Then there exists €* > 0 such that for all € €]0,&*[, for a solution x* € Bla,¢€| of problem
(4.2), there exists (A\*,y*) € R x R™\ {(0,0rm )} with \* > 0, such that

L(z,\*,y") > L(z*, X", y"), Va € Bla,¢], (4.6)

and
inf (y*,y) = 0. 47
() (4.7

Proof. By Theorem 3.1, there is €* > 0 such that for all 0 < ¢ < €*, the image set
F(Bla,e]) € R™"! is a closed convex set. For x* being a solution of (4.2), the point
(fo(z*),0rm) is a boundary point of F(BJa,e]). Hence by the separating theorem (for con-
vex sets), we can find (A*,y*) € R x R™ \ {(0,0gm )} such that

(A" y7), () = (A7), (fo(2"),0)), V(e y) € F(Ba,e]).
Therefore, one has A* > 0, and
Na+ (Y, y) = A fo(z"), Y(a,y) € F(Ba,e]),
and this follows directly (4.6) and (4.7). O
Consider the standard mathematical programming:

min fo(z), z € R", (4.8)
filx)=0,i=p+1,..,m,

and its local version with respect to a feasible point a and € > 0,

min fo(x), z € R", (4.9)
filx) <0,i=1,..,p

filx)=0,i=p+1,...,m,

o —all <.

where, f; : R® = R, i = 1,...,m, are lower semicontinuous functions. Obviously, (4.9) is a
particular case of (4.2) with the multifunction G : R™ =2 R™ defined by

G(x) =T, [fi(@), +00] X {(fp+1(2)), --os fm(2))}, @ € R™. (4.10)

Assume that f;, i = 0,...,p, are weakly convex functions around a, and f;, i =p+1,...,m,
are C! functions around a. So G and F are weakly convex multifunctions around a. For
points x € R™ (near a), and for

(x,y) = (anéOaal?~~'7ap7fp—i—l(x)a"'afm(x)) € gphF,

By a straightforward computation, the coderivative mapping DF*(x,y) is given as follows.
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For y* = (yf,...,y5,) € R™,

DF*(z,y)(y*) = 0 if either y; < 0 or y; (fi(z) — a;) # 0,

for some i € {0, ...,p}, otherwise,

DF*(z,y)(y*) = {:c* ¥ e nyafl(ac)} (4.11)

=0

Denote by

o - (s % TR 1)y

The Lagrangian of problem (4.8) is defined by:

L(z, A\, y) = Mo(@ +Zyzfz (4.13)

From Theorem 4.1, one obtains the following one which generalizes ([14], Theo. 4.1, and
4.2).

Theorem 4.2. With above assumptions, if m(a) > 0, then there exists €* > 0 such that for
all € €]0,e*[, a solution x* € Bla,e] of problem (4.2) exists, is unique, lines on the boundary
of Bla,e] : ||z* — a|| = &, and that there exists (A\*,y*) € R x R™ \ {(0,0rm)} with A* > 0,
such that

Lz, \*,y") > L(z*,\*,y"), Vx € Bla,¢], (4.14)

and
y; 20, yi fi(z") =0, fori=1,..,p. (4.15)

Moreover, suppose further the following regularity condition is satisfied: for any € > 0, any
§ = (01,02, ..., 0m) ER™ with §; =1 fori=1,...,p; |0;| =1 fori=p+1,...,m, there exists
x5 € Bla, €] such that

51']01'(.%5) <0, t=1,....,m, (416)

then one can take A = 1, and in this case, the two conditions (4.14), (4.15) are necessary
and sufficient condition of optimality for local programming (4.9).

Proof. Note that obviously in this particular situation, condition (4.5) in Theorem 4.1 is
equivalent to m(a) > 0. So by virtue of Theorem 4.1, there exists (A*,y*) € R x R™ \
{(0,0gm)} with A* > 0, such that

N fo(z) + inf (y*,y) > A" fo(z"), Vo € Bla,e],
yeG(x)

and infyeq(z+)(¥*,y) = 0, where G defined by (4.10). The second relation implies directly
yr >0, yf fi(x*) =0 for i =1, ..., p. Therefore, the first implies, for all € Bla, €],

L(x,)\*,y _)‘ fO +Zyzfz

=X fo(z) + yégfx)@ JY) 2> N f(x") = Lz, X", y").
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Suppose now (4.16) holds, if A* = 0 then by taking §,xs as in 4.16 with §; = signy, it is
derived to

L(zs, A, y*) =Yy filws) < 0= L(z*, A", y"),
i=1

a contradiction. So A\* # 0 and therefore one can take A* = 1. For this case, the optimal
sufficiency of conditions (4.14) and (4.15), is obvious. O

Lemma 4.3. Assume that f : R" — RU {400} is a weakly convex lower semicontinuous
function around point a € Dom f. If 0 ¢ Of(a), then there exist a,e > 0 such that for all
x* € Bla,¢], all y* € Of(z*) one has

(y*,z — ") < f(z) = f(2*) +ally*lllz — 2%, for all x € Bla,e].

Proof. As 0 ¢ f(a), for the associated weakly convex multifunction F(x) = [f(x),+00),
there is €* > 0 such that for all 0 < € < ¢*, F(B]a,¢]) is a convex set. For given 0 < ¢ < ¢*,
such that f being weakly convex with some constant p > 0, on Bla,¢]; for all 2* € Bla, €],
y* € Of(z*), one has

(y x—a*) < f(z) — f(a¥) + ng —2*||?, for all x € Bla,¢].
For x € Bla,e] N Dom f, t €]0, 1], as was noticed in Remark 3.2, for some M > 0, there is
u € Bla,e] with

M
lt + (1 =" —ul < =L =)z — "

flu) <tf(z)+ (1 —t)f(z7).
Hence, by virtue of above inequalities,
(y* t(x — %)) = (y"u—a™) + (y*, 2" + t(x — ") —u*)
< S u—at) + ytlllla" 4tz — 2%) — ol

o, P . Mp . .
< flu) = f(z )+§Ilufw ||2+7t(1*t)lly e — 2*|?

< t(f(x) = f(@) + Clle = 2" |* (1 + Mplle — a*[/2)” + ?t(l = Blly* e — 2.

By deviding the inequality by ¢ > 0, then letting ¢ — 0, one obtains
', x — o) < f(@) = f@@*) +allylllle — 2|2, == Mp/2.
O

Lemma 4.4. Assume that f : R" — RU {400} is a weakly convex lower semicontinuous
function around point a € Dom f, and 0 ¢ Of(a). Then there exists €* > 0 such that for all
0 < e <e*, the problem:

min f(z): z €R", [z —al| <e,

attains a unique solution x* with ||x* — al| = € and the necessary and sufficient condition
holds: There is y* € Of(x*) such that

*

y
[yl

T =a—c¢
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Proof. Let z* € Bla, €] be a solution of the problem. As 0 ¢ df(a), when ¢ is enough small,
0 ¢ df(x*), so ||z* — a|| = . By the standard necessary optimal condition, there exists
y* € Of(z*) such that z* = a — eH‘Z—H To show this is a sufficient condition, for ¢* > 0
enough small 0 < ¢ < ¢* such as F(BJa,¢]) is convex, where, F(z) := [f(x), +oc]. By the
preceding lemma, for some a > 0,

(y* .o —a*) < f(x) = f(=*) + ally* |||« — 2*|)% for all = € Bla,e].
Thus for any z € Bla, ¢,
ey e — 2%, 2 —2*) < f(z) = f(z") + ally*[[la —z|*. (4.17)
On the other hand, since
la —2*|* = lla — 2|* + 2{a — z,2 — &™) + |z — 2*|%,
and [la —zf| <€ = [a -z,
(a —x 2 —x*) > —||z —z*|*/2,
which implies
(a—2*x—2*)=(a—2,0— ") + ||z — 2%|* > ||z — 2*||?/2.

So, by (4.17),
(€™ = lly*lllle — 2*[|* < (@) = fa").
Therefore z* is a strongly optimal solution when 0 < ¢ < 1/«, and consequently the solution

x* is unique. O

Theorem 4.2 together with the above two lemmas yield the following optimal necessary
and sufficient condition for local programming (4.9).

Theorem 4.5. Suppose that m(a) > 0 and the regularity condition (4.16) in Theorem 4.2
holds. Then there exists €* > 0 such that for all0 < & < £*, a point x* € Bla, ] is a optimal
solution of local programming (4.9) if and only if there is y* € R™ satisfying

y: > 07 y;kfl(x*) = Oa fOTi = 17 -~ D3

*
x*:a—eu—*
[

, u* € oL(x",1,y").
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