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Abstract: We study four interior continuous trajectories defined by matrix differential equations, aiming
at developing new interior point methods for convex semidefinite programming (SDP). By assuming the
boundedness of the level set, we establish the optimality and convergence of the first and the second tra-
jectories for linear SDP. For the convex case, we show that, starting from any interior feasible point, the
third trajectory converges to an optimal solution that has the maximal rank among all optimal solutions,
under the assumptions that an optimal solution exists and the maximal rank of optimal solutions is one.
Finally, we obtain the strongest result under the weakest assumption for the fourth trajectory, namely, by
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solution that has the maximal rank among all optimal solutions.
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Introduction

We study four interior point continuous trajectories for convex semidefinite programming.
First we introduce some notations. Let 8™ denote the vector space of real symmetric n x n
matrices. The standard inner product on 8™ is

Ae B =tr(AB) = ZAijBij» tr(-) = trace(-).
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By X = 0 (X > 0), where X € 8™, we mean that X is positive semidefinite (positive
definite). Consider the following convex semidefinite programming (SDP) problem

min f(X)
XeSn
s.t. Ao X =bg, k=1,...,m, (P)
X =0,
where f: 8™ — Ris convex, b € R™, and A, € 8™, k=1,...,m. As a blanket assumption,

we assume that the optimal value for problem (P) is finite and attainable, therefore, we use
min rather than inf in problem (P).

The following notations are used in our later discussions.

St={XeS"X =0}, St,={XeS"|X>0},
’P+:{X€Sn|AkOX:bk, k=1,...,m, XEO},
Pt ={XecS"AreX =0by, k=1,...,m, X =0},

where P is called the relative interior of P*. It is conventional to assume that P*T is
nonempty in the analysis of interior point methods. A comprehensive study of semidefinite
programming can be found in [39].

There are many interior point algorithms for solving problem (P), for example, [1, 20,
21,31, 33,40] for linear f(X), and [15,23,34, 35| for convex and quadratic f(X). There are
also some continuous methods for linear SDP. For example, a recurrent neural network for
real-time SDP was proposed and studied in [14]; in [19], it was shown that the primal-dual
central path converges to the analytic center of the primal-dual optimal solution set under
the strict complementarity assumption. Many of the interior point algorithms for SDP are
primal-dual path-following algorithms that are closely related to the central path [37]. In the
linear case with f(X) = tr(CX) where C' € 8", the central path is the set of the solutions
of the following system with the parameter p > 0 [39]

AkOX:bk, kzl,...,m,
S kA +Z =C, (1.1)
XZ=ul, X =0, Z>0,

where I is the identity matrix. In [27], Shida and Shindoh studied the existence and conver-
gence of the infeasible central path for the monotone semidefinite complementarity problem
and showed that for the monotone semidefinite linear complementarity problem, the trajec-
tory converges to the analytic center of the solution set provided that there exists a strictly
complementary solution. Under the assumption of primal and dual strict feasibility, Gold-
farb and Scheinberg [6] showed that the primal and dual central paths exist and converge to
the analytic centers of the optimal faces of the primal and the dual problems, respectively.
But later, Halicka et al. [10] showed that the result is not correct in the absence of strict
complementarity by a counterexample, where the central path converges to a different op-
timal solution, and they also gave a short proof that the central path always converges in
SDP by using ideas from algebraic geometry. The dynamical system characterization of the
central path and its variants in linear programming (LP) and SDP was also studied in [4].
Furthermore, the study of limiting behavior of some infeasible weighted central paths for
SDP can be found in [11,18,24]. There is also some research work on the central path for
nonlinear SDP, for instance, [7,8,16]. For problem (P), Lopez and Ramirez [16] showed
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the convergence of the central path where the logarithm barrier function is used under the
analyticity of f(X) by a similar method to [10], and other central paths defined with a large
class of penalty and barrier functions were also studied there.

It should be noted that there have been some studies on other continuous trajectories.
Sim and Zhao [28] studied the underlying paths in interior point methods for the monotone
semidefinite linear complementarity problem. They showed that each off-central path is
a well-defined analytic curve with parameter p ranging over (0,00) and any accumulation
point of the off-central path is a solution. Furthermore they also studied the analyticity
of the off-central path through a simple example. Then they investigated the asymptotic
behavior of off-central paths for general semidefinite linear complementarity problems (using
the dual HKM direction) under strict complementarity condition in [29]. The relationship
between the interior point methods and the underlying paths is also discussed in [28§].

In this paper we are particularly interested in the interior point continuous trajectories
for problem (P). In order to write down the equations explicitly, we need the following
notations.

e Let svec map S” to R™"*t1/2 If U € 8™, then svec(U) is defined by

SVGC(U) = (ull, \/51121, ey \/ium, u22, \/§U32, ey \/iung, Ce. ,U»,m)T.

e The symmetrized Kronecker product ®; is defined by
1
(G ®s K)svec(H) = §svec(KHGT +GHKT),
where G, K € R""™ and H € S8™. The properties of operator ®; can be found in
Appendix of [1] and [29].
e Let matrix A be defined as follows

svec(Ap)T
A= : e Rmxn(n-&-l)/Q.

svec(Am)T
e For any X € 8", let V2f(X) be the following matrix

svec

\fsvec(a(‘”‘ 2T

(3(52712)11)T

\fsvec( T

o( ap)zz T
o2 (X — svec( X ) Rt 1)/2xn(nt1)/2
TOO= 1 fsvee( 22z | © |

V2svec( (BX)“)

521
svec(%)ip
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Now we present the following four ordinary differential equation (ODE) systems

svec(X) = —(I = (X ®s X)Pax)(X @, X)svec <g)f() , (1.2)

svec(X) = — (1 +t(I — (X ®s X)Pax) (X ®s X)VQf(X)))il

(I — (X @5 X)Pax)(X @5 X)svec (g;;) : (1.3)
svee(X) = —(I = (X @, X#)P, 1) (X ®, X7 )svec (g{) , (1.4)

svee(X) = = (T+4(I = (X @, X))P 1) (X @, X})V2[(X)))

(I = (X ® X3P, 1)(X ® X?)svec <§£>, (1.5)

which have the same initial condition: X (¢y) = X" € P** and ¢y > 0, where

X esy,, Xz e S is the unique square root matrix of X,

Pix+ = AT(AX @, XNAT)TTA, v € {; 1},

nin+1) " n(n+1)

I stands for the 5

identity matrix.
For ODE systems (1.3) and (1.5), we sometimes use the following equivalent implicit
forms

svec(X) = —(I — (X ®5 X)Pax)(X ®, X) (tV2f(X)svec(X) + svec <68)J;)> ) (1.6)

. 1 1 ~ of
__(r_ ! . ! 2 o5

svee(X)=—(I — (X ®: X )PAXQ)(X ®s X72) (tv f(X)svec(X) + svec <8X>> . (1.7)
For ODE systems (1.2) and (1.4), we need f(X) € C? on 87, and for ODE systems (1.3)
and (1.5), we need f(X) € C® on S7.

The right-hand side of ODE (1.2) comes from the affine scaling direction for SDP in [22].
The right-hand side of ODE (1.3) comes from the central path. In fact, in the above central
path system (1.1), if we replace the matrix C by g—)]; and take the derivative with respect to
W, we can get

axXy _ 1 Lo T Ty-1 2 -t
Svec< dﬂ) " (I+M(I (X @ X)AT(AX @, X)AT)TA) (X ©, X)V f(X)))

(I — (X ®@s X)AT(A(X @5 X)AT) T A) (X @, X)svec (g)];) , (1.8)

then we use the new variable t by setting t = %, and we have

-1

svec (djf) == (I + (I — (X @5 X)AT(AX @5 X)AT) LA (X @5 X)v2f(X)))
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(I — (X ®s X)AT(A(X @5 X)AT) T A) (X @4 X)svec (gj{) : (1.9)
which is exactly ODE system (1.3) except the initial points, where (1.1) or (1.9) requires the
initial point must be on the central path but (1.3) only requires the initial point X% € P*+.
ODEs (1.4) and (1.5) are some variants of ODEs (1.2) and (1.3), respectively. This kind of
variants also exists in the linearly constrained smooth optimization [36]. For linear program-
ming, ODE systems (1.3) and (1.5) reduce to ODE systems (1.2) and (1.4), respectively, and
actually become the search direction in (6) of [36] with v =1 and v = % respectively. Later
we will show that the solutions of ODE systems (1.4) and (1.5) have stronger properties
under weaker conditions than the solutions of ODE systems (1.2) and (1.3), and the reason
is that the potential functions of ODE systems (1.4) and (1.5) are bounded below naturally,
while those of ODE systems (1.2) and (1.3) may not. It should be noted that the solutions of
the four ODE systems define four interior point (verified in Section 2) continuous trajectories
for problem (P).

For simplicity, in what follows, we use || - ||2 to denote either the vector 2-norm or the
matrix 2-norm. C* stands for the class of kth order continuously differentiable functions.
Unless otherwise specified, x; denotes the jth component of a vector x, e denotes the column
vector of all ones, and e; denotes the unity column vector whose ith component is 1, the
dimensions of e and e; are clear from the context. For any index subset J C {1,...,n},
we denote by z; the vector composed of those components of x € R™ indexed by j € J,
rank (Q) denotes the rank of matrix Q. For any @ € 87, Anax(Q) and Apin(Q) denote the
largest and smallest eigenvalues of (), respectively.

The rest of this paper is organized as follows. In Section 2, we (i) introduce four potential
functions for the four ODE systems (1.2), (1.3), (1.4), and (1.5), respectively; (ii) verify that
each ODE system has a unique solution in [tg, +00); and (iii) show the weak convergence
for the solution of ODE system (1.2). In Section 3, we prove that every accumulation point
of the solutions of the four ODE systems is an optimal solution for problem (P), and show
the weak convergence for the solution of ODE system (1.3). In Section 4, we first show the
strong convergence of the solutions of the last two ODE systems under certain conditions,
and verify that each limiting point has the maximal rank among the optimal solution set of
problem (P), then we prove the convergence for the solutions of the first two ODE systems
in the linear case. Finally, some conclusions are drawn in Section 5.

Properties of the Continuous Trajectories

The following assumptions are made throughout this paper.

Assumption 1. There exists a point X* € PT such that f(X*) is the optimal value of
problem (P).

Assumption 2. The matriz A has full row rank m.

Assumption 3. For ODE systems (1.2) and (1.4), we assume f(X) € C? on ST, and for
ODE systems (1.3) and (1.5), we assume f(X) € C* on S%.

Theorem 2.1. Pax- € Ct on S, , v € {3, 1}.

Proof. According to Assumption 2, A has full row rank. If X € 8%,, X ®, X and X ®, X2

are both symmetric and positive definite. So A(X ®, X)AT and A(X ®, X2)A” are also
symmetric and positive definite, thus invertible.



606 X. QIAN, L.-Z. LIAO AND J. SUN

Notice that the inverse of a matrix and X ®, X are both continuous differentiable, we
get Pyx € C' on 8% . Furthermore, according to Chapter 6 in [12] we have

N

2 < -1
Xz =-X (t°I 4+ X))~ dt,
n 0
which indicates that the square root of a symmetric positive definite matrix is continuous
differentiable. So P axd € C' on S 1. Thus the proof is complete. O

Lemma 2.2. If A, B € R™™"™ are both symmetric and positive semidefinite, then all eigen-
values of AB are nonnegative.

Proof. We give two proofs.
First proof: From Corollary 4.6.3 on page 99 in [38], the result is evident.

Second proof: From Theorem 1.3.20 in [13], for any matrices X € R™*™ and Y € R™*",
we have that XY has the same eigenvalues as Y X. By setting X = Az and Y = AzB,
we obtain that AB has the same eigenvalues as A%BA%, which is symmetric and positive
semidefinite. Hence all eigenvalues of AB are nonnegative. O

Theorems 2.3 and 2.4 below guarantee the existence, uniqueness, and feasibility for the
solutions of the four ODE systems (1.2), (1.3), (1.4), and (1.5).

Theorem 2.3. For each of the four ODE systems (1.2), (1.8), (1.4), and (1.5), there
exists a unique solution X (t) with a mazimal existence interval [to, 1), [to,a2), [to,F1),
and [to, B2), respectively. In addition, X (t) = 0 on the existence intervals for all four ODE
systems.

Proof. For ODE system (1.3), notice that
(I — (X @ X)Pax)(X @5 X) = (X2 @, X7)(I — X7 @, X3 Pax X7 @, X2)(X? @, X?).

Since I — X2 R X%PAXX% R X7 is symmetric and idempotent, we know it is positive
semidefinite. So (I — (X ®; X)Pax)(X ®, X) is symmetric and positive semidefinite. Since
f(X) € C? on 8% and is convex, we have V2 f(X) is symmetric and positive semidefinite.
From Lemma 2.2, we know that for any ¢ > 0, I +¢(I — (X ®; X)Pax) ((X ®, X)V2f(X))
is always invertible.

For ODE system (1.5), since X ®¢ X 3 is also symmetric and positive definite, similarly,
we can get that for any ¢ > 0, I + ¢(I — (X &, X%)PAX%)((X ®s X2)V2f(X)) is also
invertible.

Now from Assumption 3 and Theorem 2.1, along with the fact that the inverse of a
matrix is continuous differentiable, we know the right-hand sides of the four ODE systems
are all continuous differentiable and thus locally Lipschitz continuous on (0,+occ) x S¥ .
Since (0,+00) x 8T, is an open set, from the Cauchy-Peano theorem and Picard-Lindelof
theorem, for each of the four ODE systems (1.2), (1.3), (1.4), and (1.5), there exists a
unique solution X (¢) with a maximal existence interval [tg, a1), [to, @2), [to, 1), and [to, B2),
respectively.

Because the right-hand sides of the four ODE systems are all defined on the open set
(0,+00) x ST, and the initial points are also symmetric and positive definite, the solutions
of the four ODE systems are of course in the open set ST, so they are all symmetric and
positive definite on the existence intervals. O
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Later in this section, it will be shown that a; = 400, @y = 400 (Theorem 2.12) and
B1 = 400, By = 400 (Theorem 2.13). To simplify presentation in the sequel, in the remaining
of this paper, X(t) will be replaced by X whenever no confusion would occur.

Theorem 2.4. Each of the unique solutions X (t) of the four ODE systems (1.2), (1.3),
(1.4), and (1.5) satisfies Asvec(X(t)) = b on its own mazimal existence interval.

Proof. For the four ODE systems (1.2), (1.3), (1.4), and (1.5), we know that for any ¢
belonging to their own maximal existence interval, the unique solutions X (t) satisfy

X(t) =Xx° +/t(X|t_T)dT.

to

Notice
A(I_ (X®s X)PAX)(X®S X) :A(X Qs X) _A(X Qs X) =0
and 1 1 1 1
Al - (X ®, XE)PAX%)(X Rs X2) = AX ®s X2) - A(X ®, X2) =0,

we can get (for ODE systems (1.3) and (1.5), we use the implicit forms (1.6) and (1.7)
instead)

Asvec(X) =0,
S0 ,
Asvec(X (1)) = AXY + / Asvec(X |, )dr = AXY =b.
to
Thus the theorem is proved. O

Theorem 2.5. Let X (t) be any unique solution of the four ODE systems (1.2), (1.3), (1.4),
and (1.5). Then f(X(t)) is a nonincreasing function of t on its own mazximal existence
interval.

Proof. For ODE systems (1.2) and (1.3), we use X to denote Xz ®, X2, and P to denote
I — XPyxX. For ODE systems (1.4) and (1.5), we use X to denote (X ®, X2)2, and P
to denote I — X P x} X. From Theorem 2.3 it is clear that A and P are all symmetric and

positive semidefinite and P? = P.

Now we can write ODE systems (1.2) and (1.4) in the same form as

svec(X) = —XPXsvec (S)ﬁ) , (2.1)

and can write ODE systems (1.3) and (1.5) in the same form as

svec(X) = —(I + tXPXV?f(X)) AP Xsvec (g)";) : (2.2)

So for ODE systems (1.2) and (1.4), we have

UCD 4 (O 5) v (2£) st

T
= —svec (g;;) XPXsvec (aa)f() (2.3)
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of
= — X _—
HP svec ( 3 X>
Thus f(X(¢)) is a nonincreasing function of ¢ on its own maximal existence interval for ODE
systems (1.2) and (1.4).

2

<0. (2.4)

Similarly, we can prove the same conclusion for ODE systems (1.3) and (1.5) if we can

show that (I + tX’PXV2f(X))_1XPX is a symmetric and positive semidefinite matrix.
This is actually true because we have

(I +tXPXV2f(X)) " XPX = XP(I +tPAV2f(X)XP) ' PX, (2.5)

where the proof is similar to Lemma 12 in [26]. Thus the theorem is proved. O

The following lemma reveals an essential property for any convex function.

Lemma 2.6 (Section 3.1.3, [3]). Suppose f is differentiable (i.e., its gradient Vf exists at
each point in domf). Then f is convex if and only if domf is convex and

fy) = f(2) + V(@) (y - =) (2.6)
holds for all x, y € domf.

Now we will introduce four potential functions for the four ODE systems, respectively. In
1983, Losert and Akin [17] introduced a kind of potential function for both the discrete and
continuous dynamical systems in a classical model of population genetics. Their potential
function can be extended for our purpose. The potential function I;(X,Y") for ODE system
(1.2) can be defined as

L(X,Y) =Indet X + tr(X'Y), (2.7)

where X € St is the variable and Y € S? is a parameter.

The potential function I3(¢, X,Y) for ODE system (1.3) can be defined as

LLX,Y)=L(X,Y)+t|f(Y) = f(X)+ tr((X - Y)g)f(ﬂ : (2.8)

where X € 8%, and t > 0 are variables, and Y € S% is a parameter.

The potential function I3(X,Y") for ODE system (1.4) can be defined as
I3(X,Y) = 2tr(X2Y) + 2tr(X 7), (2.9)

where X € 8%, is the variable and Y € S? is a parameter.

The potential function I4(¢, X,Y) for ODE system (1.5) can be defined as

LLX,Y) = L(X,Y)+t|f(Y) - f(X)+ tr((X - Y)gi)} , (2.10)

where X € 8%, and ¢ > 0 are variables, and Y € 8% is a parameter.

A direct application of function I5(X,Y) and I4(t, X,Y") is the boundedness of the solu-
tions of ODE systems (1.4) and (1.5).
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Theorem 2.7. The unique solution X (t) of ODE system (1.4) is contained in a bounded
set in ST, and the bound only depends on XY and X*, where X* is a finite optimal solution
for problem (P).

Proof. According Theorem 2.3 and Assumption 1, we can define
Vi(t) = Is(X, X*) = 2tr(X 2 X*) 4 2te(X2) Vi € [to, B1). (2.11)
Then from Theorem 2.4, ODE system (1.4), and the properties of ®; in [29], we have

dvi(t)

o= sve XHT(X72 0, ) (X @ X) 'svec(X)

(
+svec()T (X2 @, 1) 'svec(X)
= —svee(X")T (X_§® ) HX @4 X)) tsvee(X)
tsvee(X)T (X727 @, )" H(X @, X) tsvec(X)
= svec(X — X)) T(X 2 @, I) (X ®, X) 'svec(X)

= svec(X* — X)"(I - PAX%(X ®s X2 ))svec(g;;)

of
o) (2.12)

= svec(X* — X)Tsvec(
where the second equality comes from that

(X @5 X) " HX "2 @, 1) tsvec(X) =

\ I
—~ o~

D
Nl N Nl N
Nl

&

w

b
Nl

~

L~

»

o

2

~

~
N——
|

wn

<

@

[«

iy

>

From Lemma 2.6, we know
* T 6 *
svec(X™ — X)) svec [ == ) < f(X™) — f(X) <0,

so we get
dvi(t)

dt
Then for any T € [tg, £1), we have

< X)) - f(X) <0 (2.13)

Nl
N

20(X (T) "2 X*) + 2te(X (T)%) = Vi(T) < Vi(to) = 2t0(X () 2 X*) + 2tr(X (o) ?).

Since || X (T)|l2 < tr(X(T)) and tr(X(T)féX*) > 0 (Lemma 2.2), we have

IX@)l < 1X (@) < (ix(x(n)))” < U

where Vl(tﬂ) only depends on XY and X*. O



610 X. QIAN, L.-Z. LIAO AND J. SUN

Theorem 2.8. The unique solution X (t) of ODE system (1.5) is contained in a bounded
set in ST, and the bound only depends on XY and X*, where X* is a finite optimal solution
for problem (P).

Proof. According Theorem 2.3 and Assumption 1, we can define

Valt) = It X, X°) = B X | £00) = f0 (- X0 SE) ] ag

where t € [to, 82).

Then from Theorem 2.4 and similar to the calculation of %t(t) in (2.12) with the implicit
form (1.7), we have

d‘sft) = svee(X* — X)Tsvee(tV2 £ (X)svee(X)
+§—){,) + tsvec(X)TV2f(X)svee(X — X¥)
# ) = o0+ - 19 3%
= f(X7) - f(X) <0, (2.15)

so for any T € [tg, B2), from the definition (2.14), we have

V() < Valto) = B(X®,X) o | £(X7) = £ +1n((x0 = X)) |.

From Lemma 2.6, we know
9
P = 1) + (X - X S ) 2 0

this along with || X (T)]|2 < tr(X(T)) and tr(X(T)féX*) > 0 implies

[N

)? < Lalo)”

IX (@)l < IX(T)H3 < (x(X(1)h))* < =0,

where %0)2 only depends on X and X*. O

For ODE systems (1.2) and (1.3), we need additional conditions to guarantee the bound-
edness of the solutions for the general convex function f(X).

Theorem 2.9. For ODE systems (1.2) and (1.3), if the level set {X € PT|f(X) < f(X°)}
is bounded, then the unique solutions X (t) of ODE systems (1.2) and (1.3) are contained in
a bounded set in ST.

Proof. From Theorem 2.5, for the unique solutions X (t) of ODE systems (1.2) and (1.3) we
have f(X(t)) < f(X?), then X (¢) will be contained in the level set {X € PT|f(X) < f(X")}
which is bounded according to the assumption. O

However for ODE systems (1.2) and (1.3), if f(X) is linear, then we do not need the
boundedness of the level set to guarantee the boundedness of the solutions. First, we state
a lemma which will be used later.
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Lemma 2.10 (Theorem 4.3.26, [13]). Let A be Hermitian. The vector of diagonal entries
of A magorizes the vector of eigenvalues of A.

According to [13], a vector S is said to majorize a vector « if

k k
min{Zﬂij:1§i1<~~~<ik§n}2min{2aij:1§i1<~~<ik§n},

j=1 j=1
for any k = 1,2,...,n with equality for k = n.

Theorem 2.11. If f(X) = tr(CX), where C € R"™™ is a symmetric matriz, then the
unique solutions X (t) of ODE systems (1.2) and (1.8) are contained in a bounded set in S

Proof. For ODE system (1.2), from Theorem 2.3, for any T € [tg,a1), X(T) > 0, so we
define ~
V(t) =tr(XH(X(T) - X%)),

where t € [tg, a1). From Theorem 2.4,

% = —tr(XHX(T) - X)X 'X)
= —svec(X(T) — X)T(X 1 @, X 1)svec(X)
=wwxawwﬂﬂx*&xﬂxL4X&mexx&xwm(gJ
= svec(X(T) — X*)" (I — Pax (X @, X))svec(C)
= svec(X(T) — X*)Tsvec(C) = f(X(T)) — f(X*) >0,
then

Vito) <V(T) =n—tr(X(T)"'X*) < n. (2.16)
From the eigenvalue decomposition, we have X (T') = Q(T)A(T)Q(T)T, then
V(to) = tr((X°) ' X(T)) — tr((X°) "' X7)
= tr(Q(T)" (X)) ' QT)A(T)) — tr((X°)1X™).
From Lemma 2.10, the diagonal entries of Q(T)T (X%)~1Q(T) are all greater than
)\min(Q(T)T(XO)ilQ(T)) = >\min ((Xo)il) )

thus
tr(Q(1)(X°) T QITIAT)) = Auin (X)) t2(A(T)).
From the above inequality and (2.16) we have
X (T2 < tr(X(T)) = tr(A(T))
1 _
< e QT (X0 T QTIAD)
1

S ST 1+ RO X))

So X(T) is bounded, and the bound depends only on X° and X*. Notice that if f(X) is
linear, ODE systems (1.2) and (1.3) are the same. O
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Theorem 2.12. If the unique solutions X (t) of ODE systems (1.2) and (1.3) are contained
in a bounded set in ST, then the mazimal existence interval for X(t) can be extended to
infinity, that is, o = ag = +00.

Proof. First, we prove this for ODE system (1.2) by contradiction. According to the Exten-
sion Theorem in §2.5, [2], we know that the solution X (¢) will go to the boundary of the
open set (0,400) x ST, . If oy # 400, X(t) will go to the boundary of S%, but from the
condition, X (t) is contained in a bounded set in S%. Then Ayin(X(t)) = 0 as t = a;. So
Indet(X(t)) - —oc as t — ag.

Let us define
V3(t) = Indet(X),
where t € [tg,@1) and X (or X (¢)) is the unique solution of ODE system (1.2). Then from
(2.1) and using the same notations X and P as in the proof of Theorem 2.5, we have

of

dVs(t) _ tr(X_lX) — svec(I)T(X_% ®s X_%)svec(X) = —svec(I)TPXsvec (> .

dt

0X

Since ||P|l2 < 1, along with Assumption 3 and the assumption that X (¢) is contained in a
bounded set in S¥, there exists a bound M; > 0 such that

dVs(t)
< M.
<

Then for any ¢ € [tg, 1), we have
Va(t) > Va(to) — Mi(o1 — to),

which is contrary with Indet(X) — —oo as t — «3. So the hypothesis is not true, thus
o] = +0o0.

For ODE system (1.3), from (2.2) and (2.5),

svec(X) = —XP(I + tPXV2f(X)XP) 'PAsvec (5)];) ,

since
[T+ PV F(X)XP) " = Ao (I + EPAV? F(X)XP) ) < 1,
we know
d%;t) =tr(X71X) = svec(I)T(X7% R Xfé)svec(X)

= —svec()TP(I + tPXV2f(X)XP) 'PXsvec (g;;)

is also bounded under the Assumption 3 and the assumption that X (¢) is contained in a
bounded set in SY.
Then we can prove as = +00 in the same way. O

For ODE systems (1.4) and (1.5), if we can prove that the matrix

(A(X ®, X2)AT) TA(X @, X 7),



A PRIMAL-DUAL METHOD FOR LARGE-SCALE LP 613

is bounded for any bounded subset of S% ,, then their solutions can be extended to infinity
by the same way as in the proof of Theorem 2.12. This is true if X is a diagonal matrix [32],
but is not correct in the general case. We show this by the following example.

Example. m =1,n =2, A= (1,0,0),h = (0,0,1)T. Fore € (0,1), X, = Q. (6 1 e) T

where Q. = ( _1\%6 M%) is an orthogonal matrix. Then

lim (A(X. @, X2)AT) " AX. @5 X2)h

e—0t

(L—e)e' — 31—’ (Ve+VI—€)? +e(l — o)

= lim = +o0.

=0+ (1 —€)263 + 3e2(1 — €)2(VVe+ VI —€)2 + €2(1 — ¢)3

By this example, we also show that (A(X ®s X)AT) 1 A(X ®s X) can be unbounded on
certain bounded subset of ST . However, by using some potential functions we can still
extend the solutions of ODE systems (1.4) and (1.5) to infinity.

Theorem 2.13. The mazimal existence interval for the unique solutions X(t) of ODE
systems (1.4) and (1.5) can be extended to infinity, that is, f1 = o =

Proof. We first prove this for ODE system (1.4) by contradiction. According to the Ex-
tension Theorem in §2.5, [2|, we know that the solution X (¢) will go to the boundary of
the open set (0,+00) x ST,. If B; # +o0, X(t) will go to the boundary of S}, but from
Theorem 2.7, X (t) is contained in a bounded set in S%. So Amin(X(t)) = 0 as t — f.

Let us define

Va(t) = I3(X, X°) = 2tr(X 2 X0) 4 2tr(X 2),
where t € [tg, 1) and X (or X (t)) is the unique solution of ODE system (1.4).

Then we have

avia(t) _ 0 T [ OF
p = svec(X" — X)* svec ax )’

from Theorem 2.7 and Assumption 3, we know there exists a bound M > 0 which depends
only on XY, X* and f(X) such that for every t € [tg, 51),

“M(’f)'
dt

af
] 0 y\T
svec(X X) svec(—a )‘ < M.

Hence for any t € [to, £1),
Va(t) < Va(to) + M(B1 — to) < +o0. (2.17)

But Apmin(X(t)) = 0 as t — B1. Let X(t) = Q(#)A(t)Q(¢)T be an eigenvalue decomposition
of X(t), then tr(X(£)"2X°%) = tr(A(t)"2Q(t)TX°Q(t)). According to Lemma 2.10, the
diagonal entries of Q(t)T X°Q(t) are all greater than

Anin QT X°Q(1)) = Amin(X9) > 0.

So tr(X (£)"2X°) — +o00 as t — 81 which is contrary with (2.17). So the hypothesis is not
true, thus 51 = +o0.

For ODE system (1.5), from Theorem 2.8, Lemmas 2.6 and 2.10, we can prove 3 = 400
in the similar way. O
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From Theorems 2.12 and 2.13, we can define the limit set for the unique solutions X (t)
of the four ODE systems (1.2), (1.3), (1.4), and (1.5). For i = 1,2, 3,4, the limit set Q(X?)
of {X(t)} of the ODE system (1,7 + 1) can be defined as follows

QXY = {X € 8™ |3 {t,}) 25 with lim t, = 400 such that lim X(t;) = X}
k—4o00 k—4o00
(2.18)

Theorem 2.14. If the unique solutions X (t) of ODE systems (1.2) and (1.3) are contained
in a bounded set in ST, then for eachi = 1,2,3,4, the limit set Q4(XY) is nonempty, compact,
and connected. Furthermore Q' (X°) is contained in PT,i=1,2,3,4.

Proof. From Theorems 2.3, 2.4, 2.13, and 2.12, we know that the limit set Q(X?) is con-
tained in P*, i = 1,2, 3,4. From the proof of Theorem 2.13 and the assumption, we know
that the unique solutions X (¢) of the four ODE systems are contained in a bounded closed
set. So similar to the proof of Theorem 1.1 on page 390 in [5] (the proof in [5] is for n = 2,
but it can be easily extended to the general case), it can be verified that for each ¢ = 1,2, 3, 4,
QY(X?) is nonempty, compact, and connected. O

At the end of this section, we prove the weak convergence of ODE system (1.2), i.e.,

svec(X) — 0 as t — +oo. First, we need the following Lemma.

Lemma 2.15 (Barbalat’s Lemma [30]). If the differentiable function f(t) has a finite limit
as t — 400, and f is uniformly continuous, then f — 0 as t — 4o0.

Theorem 2.16. If the unique solution X (t) of ODE system (1.2) is contained in a bounded
set in ST, then

' 0
tl}ﬂ?oo (I — (X ®s X)Pax)(X @5 X)svec (({”f() =0.

Proof. From (2.3) and using the same notations X and P as in the proof of Theorem 2.5,
we know

T
SO (20 pitns ()

— avee (20} (X 9, X) — (X @0 X)Pax(X @, X)psvee (2L
= —svec | 5% s s AX s X))svec | o5 )
From Assumption 3, f(X) € C? on S87. Furthermore, svec(X) is bounded because X (t) is

2
contained in a bounded set in S%. So if we want to show % is bounded, we only need

to show that d(XC%X) and d((X®SX)Z“2X(X®SX)) are both bounded. Notice

d(X ®, X .
W —axe. X

since X (¢) and X are both bounded, thus % is bounded. Notice

d((X @5 X)Pax (X ®5 X))
dt

= 2(X X X)PAX(X X X) +2(X ®s X)PAX(X ®s X)




A PRIMAL-DUAL METHOD FOR LARGE-SCALE LP 615

—2(X ®s X)Pax(X @5 X)Pax (X @, X)
= 2(X @ X)X TLXP4x X2 +2X2Pux XX HX @, X)
—2X2Px XX THX @4 X)X T X Py X2,

where X2 = X - X = X ®, X. Since XP4x X is symmetric and idempotent, it’s always
bounded. So if we can show X~1(X ®, X)X~! is bounded, then d((X®SX)Z“;‘X(X®SX))
will be bounded. Let smat be the inverse map of svec. From (2.1), if we denote B(t) =
—smat(’Pstec(%))7 then B(t) is also bounded, and X = X2 B(t)X 2. Therefore we get

XN (X @, X)X = (I ®, B(t)),

which is bounded. Thus w is bounded, and as a consequence, w is uniformly
continuous. Furthermore from Theorem 2.5 and Assumption 1, f(X (¢)) has a finite limit as
t — 400. So from Barbalat’s Lemma, we have

. df (X(t)) L af
dm g = dim - [[PAsvee | 5%

2
=0.

2

Optimality of the Cluster Point(s)

In this section, we will show that every accumulation point of the solutions of the four ODE
systems (1.2), (1.3), (1.4), and (1.5) is an optimal solution for problem (P).

Theorem 3.1. If the unique solutions X (t) of ODE systems (1.2) and (1.8) are contained

in a bounded set in ST, then for any XV € QY(X°) (defined in (2.18)) and X € Q?(XY),

XD and X@ are both optimal solutions for problem (P).

Proof. We prove this by contradiction. From Theorems 2.5 and 2.12, we know t_l}gl Ff(X(®)
(o)

exists since f(X) is bounded below in P*. Then if X(1) € Q'(X?) is not an optimal solution

for problem (P), we have

FXO) > FXD) = lim f(X(t) > F(X7).

k— 400

Let us define

W JED) FXT) o SED) - (x) Y L.
Y 26@%—f@ﬂfx+(l %ﬂxw—ﬂxm)X’

then Y1) € P++. Since f(X) is convex, we have
FXW) — f(x*)
2(f(X°) = f(X*))

FXW) + £(X7)
I,

FXM) — F(X)

o) ~ A(F(X0) — F(X)

0+ (1 )se)

From (2.7), we can define

Vs(t) = (X, YW) =Indet X + tr(X YD),
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where t € [tg, +00) and X (or X(t)) is the unique solution of ODE system (1.2). Then from
Theorem 2.4, Lemma 2.6, and the properties of ®;, [29], we have

dVs(t)
dt

= tr(X'X) —tr(X 'YW X~IX)
= svec(X)T(X 71 @, X Hsvec(X) — svec(Y I T(X 1 @, X )svec(X)
= —svec(X — YINT(I — Pyx)svec (g;;) = svec(Y D — X)Tsvec <6f>

0X
1)y < XM + £(X7)
FX®) < 5

<FYW) = fX) < fy W) - —f(x®)

L F(X) — fxW)
2

<0,

where the second inequality comes from the fact that f(X(¢)) is a nonincreasing function
with respect to t. So V5(t) — —o0 as t — +o00. We next show V5(t) is bounded below.

For any t € [tg, +00), let X(t) = Q(¢)A(t)Q(¢t)T be an eigenvalue decomposition of X (¢),
and {\; ()}, be the eigenvalues of X (¢). Then

Vs(t) = Indet X (t) + tr(Q(t )A(t)_lQ(t)TY(l))

_Zm +tr (A0 QWY VQW),

since Y1) € P+ we have
)‘min(Q(t)TY(l)Q(t)) = )‘min(Y(l)) > 0.

Hence by applying Lemma 2.10 to Q(t)TYMQ(t), we have

In X () + tr(A(t) Q)Y QL))

I

s
Il
-

Vs(t)

n

A (1) + D X)) Amin (Y ) = zn:(ln Ai(t) + M () Amin (YD)

i=1 i=1

-

@,
Il
—

(10 Ain (YD) +1) = n(In Ain (YD) + 1) > —o0,

_M3

@
Il
-

where the second inequality comes from In A\ + A‘l)\min(Y(l)) > In )\min(Y(l)) + 1 for any
A > 0. It is contrary with Vi() — —o0 as t — +o0. So the hypothesis is not true, thus X (")
is an optimal solution for problem (P).

As for X2 € Q2(X0), let X (or X(t)) be the unique solution of ODE system (1.3). If
X@ € 0%(X) is not an optimal solution for problem (P), we have

FX0) = f(X®) = lim  f(X(tx)) > F(X7).

We define

o JXO) —F(X) o (SO - (X)) L.
YU ey *(1 2(f(X°)—f(X*))>X’
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then Y € P++ and similar to (Y1), we have

JX®) 4+ 7(X)

(2)
Fy®) < 5

Notice if Y € PT, then

dly(t, X,Y)

= =svec(Y — X)Tsvec (tsz(X)svec(X) + 5f>

0X
T2 of
+ tsvee(X)' VEf(X)svee(X —=Y) + | f(Y) — f(X) + tr(X — Y)ﬁ
=f(Y) = f(X).
Thus we can show that %{Y@)) = f(Y®) - f(X) < w < 0. Then

noticing that I»(t, X,Y®) is bounded below, we can prove that X(? is also an optimal
solution for problem (P) in the same way as X (1), O

Now we are ready to prove the weak convergence of ODE system (1.3).

Theorem 3.2. For ODE system (1.3), if the level set {X € PH|f(X) < f(X°)} is bounded,
then the unique solution X (t) of ODE system (1.83) satisfies

lim X =0.

t—+oo

Proof. From (2.5) and using the same notations X and P as in the proof of Theorem 2.5,

we know that if we can prove
: of
t_13+moo — HPstec <8X>

=0, (3.1)

then the theorem holds.

We prove this by contradiction. If (3.1) is not true, there must exist a constant ¢y > 0
such that for any T > tg, there always exists a t > T such that H’Pstec(%)Hg > cp.

Let us consider the following cluster of trajectories: each trajectory is defined by the
solution of ODE system (1.2) with initial point X (¢) at initial time ¢y, where X (¢) denotes
the solution of ODE system (1.3) at time t. We use X (7,t) to denote this trajectory. From
Theorem 2.5, each trajectory X (7,t) is contained in the bounded level set. Then with the
same analysis as in the proof of Theorem 2.16, we know there exists a constant Ly > 0 which
is independent of ¢ such that

d*f(X(r,1))

d||PXsvec( 22 v <
dr2 (2.4) | (dX)||2|X7X(-r7T1) < Lo, (3.2)

dr -

From the hypothesis and Theorem 3.1, there exists a T} > tg, such that

(X (t0.T1) = FX(T) < F(X*) + 4L

and

of of
HPstec <8X> H2 |X=)~<(to7T1) = HPstec <8X> H2 |x=x(1,) > Co- (3.4)
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From (3.2) and (3.4), we have

H’Pstec (gj{,)

then from (2.4), we can obtain

/to+°° _df(XC(Z: ), /t+°° HPstec (S)J;)

2
|X:X(T,T1) 2 ma'X(C(QJ - LO(T - tO)a O)a
2

2

|X:X(T,T1)d7'
2
4

+oo
> / max(c% — Lo(T — t9),0)dr = C—O,
to 2L

however, from Theorem 3.1 and (3.3), we have

teo df(X(r,Th)) ch
- dr = f(X(TY)) — f(X* o
| T ar = p(x(m)) - £00) < 11
which contradicts with the previous inequality. Thus the theorem is proved. O

Theorem 3.3. For any X©®) € Q3(X?) and X € Q*(X°), XB®) and XD are both optimal
solutions for problem (P).

Proof. We prove this by contradiction. Similar to the proof of Theorem 3.1, if X®) € Q3 (X0)
is not an optimal solution for problem (P), then

FX®) = Tim f(X(t) > F(X7),

k— 400

From (2.13), we can see V;(t) defined by (2.11) will go to —oco as t — +o00. However,
Vi(t) = Is(X, X*) = 2tr(X 2 X*) 4+ 2tr(X2) > 0Vt € [to, +00),

where X (or X (t)) is the unique solution for ODE system (1.4). So the hypothesis is not
true, thus X must be an optimal solution for problem (P).

As for X € Q4(X9), by using Va(t) defined in (2.14), the property in (2.15), and the
fact that Va(t) is also bounded below by zero, we can prove that X 4) is also an optimal
solution for problem (P) by contradiction in the same way as X (). O

Convergence of the Continuous Trajectories

Now, it comes to the key results of the paper. Theorem 4.1 below shows that if the maximal
rank among the optimal solution set of problem (P) is equal to one, then the solution of
ODE system (1.4) converges as ¢ — +oo. Theorem 4.2 shows that the solution of ODE
system (1.5) always converges as t — +o00. Theorem 4.6 shows that in the linear case of
f(X), the solutions of ODE systems (1.2) and (1.3) also converge as t — +oo0.

Theorem 4.1. Every point in the limit set Q3(X°) has the mazimal rank among the optimal
solution set of problem (P). Furthermore, if the maximal rank among the optimal solution
set of problem (P) is equal to one, then the limit set Q3(X°) only contains a single point.
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Proof. From Theorem 2.14, we know that Q3(X?) is not empty. So we can choose a point
X € Q3(X9), and evidently X € P*. Without loss of generality, we assume the optimal
solution X* has the maximal rank among the optimal solution set of problem (P), and
rank(X*) =r. Let X* = QAQT be an eigenvalue decomposition of X* and

(M),

where A; is a r X r diagonal matrix and A4 is invertible. Since X* has the maximal rank
among the optimal solution set and X is an optimal solution (Theorem 3.1), rank(X) <
rank(X™*). Following the same claim as Lemma 4.1 in [6], there exists an eigenvalue decom-

().

position X = QAQT with
where A; is a r x r diagonal matrix, and a sequence {f;};°] with kli:r_l t, = +oo such
— 400
that X (tx) — X, Q(tx) — Q, and A(f;) — A, where Q(#x)A(t;)Q ()T is an eigenvalue
decomposition of X (f;) with A(ty) = <A1(tk) Ao, )>, A1(tx) € R™*". Notice Vi(t)
2tk

defined by (2.11) is a nonincreasing function in [tg, +00) and bounded below, we know Vi (t)
has a finite limit as t — 4+00. Therefore,
)

N

lim Vi(t)= lim Vi(f) = lim [ztr(x@)—%x*)+2tr(X(fk)

t—+oo k— 400 ko0
= 21(QUE)A ()~ Q(E) T QAQT) + 26r(Q(E)A k) * Q(0) )|
= lim |26:(A(B) "2 Q)T QAQTQ()) + 2tr(A(E) )]

Let Q)70 = ({0t (8IS, where (@67 Q) € R, then

Qi)' Q21 (QUik)
Jim Vi) = lim[26(A(5) Q)T QA (QE)TQT)

+ 26r(Aa(B) "2 Q)" Q)21 A (Q(E) T Q) D) + 2t (A(F)

Nl

) -

Since Aj(fx) — Ay, As(fy) — 0, and Q(fx) — @Q, we know the diagonal entries of
(QT Q)21 A1 (QTQ)L, are all zero which leads to (QTQ)21 = 0. Since QTQ is an orthog-
onal matrix, (Q7Q)21(Q"Q)3; + (QTQ)22(Q"Q)3, = I. But (QTQ)21 = 0, we have
(QTQ)22(QT Q)35 = I, 50 (QT Q)22 is an orthogonal matrix. Then from (Q7Q)11(Q7 Q)3 +
(QTQ)12(Q7 Q)32 = 0 and (Q"Q)21 = 0, we have (Q7Q)12 = 0. From (QTQ)11(Q" Q)T +
(QTQ)12(QTQ)E, = I, we know (QTQ)11(QTQ)T, = I and so (Q?Q)u is also an orthogo-
nal matrix. From Lemma 2.10, we know the diagonal entries of (Q7Q)11A1(QT Q)% are all
positive. So A; must be invertible which indicates that X has the maximal rank among the
optimal solution set of problem (P), and

lim Vi(t) = Qtr(]\;%(QTQ)nAl Q7)) + 2'51”(]\1%)

t——+o0

+ lim 20((Q(E) Q)% Aa(Fr) "2 (Q(Er) T Q)21 M)

k—+oo
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If the maximal rank among the optimal solution set of problem (P) is equal to one, then
the optimal solutions have the form Aqiq?, where A > 0 and ||q|| = 1. Hence in this case,
the orthogonal matrix in the eigenvalue decomposition of every optimal solution can have
the same QQ as X*. If X is not the only point of Q3(X?), there must exist another point
X € 93(X). Let us define

Ve(t) = I3(X, X) = 2tr(X 2 X) + 2tr(X 2),

where t € [tg,4+00) and X (or X(¢)) is the unique solution of ODE system (1.4). Since

X e Q? (X9), for the same reason, X has the maximal rank among the optimal solution set
of problem (P) and there exists an eigenvalue decomposition X =QAQT =Q (Al 0) QT,

where A; € R is positive (for simiplicity, when r = 1, we view the 1 X 1 matrix as a
scalar), and a sequence {tk};ﬁfi with klim ty = +oo such that X(t) — X, Q(tx) — @,
— 400

NG

and A(fy) — A, where Q(fx)A(f;)Q(#r)T is an eigenvalue decomposition of X (f;) with
s k) ) -
A(ty) = ( Ag(tk)>’ Ay (tx) € R, such that

lim Vo(t) =28, *Ar 28] + lim_2(QU0)T Q5 Ax(0) Q) QmAr (A1)

t——+oo

- S R
Hence, limy,_, 1 o0 2(Q(11)" Q)3 A2(tk) * (Q(tr)" Q)21 exists and we denote it by é. However,
X is also an accumulation point, therefore

lim Vi(t) = 4AF + éAy, (4.2)

t——+o0

[NIE

where € = limy_ 1 o0 267((Q ()T Q)1 Ao (1) "2 (Q(t1) T Q)21

Combining (4.1) and (4.2), we get
(— @A, = 2R, 7R, + 247 —4A? = 2A2 (A, 7A7 + AZA % —2) >0,
which implies € > é. If we replace X in Vg(t) by X, from the similar claim, we can get

(

which indicates € > €. Therefore ¢ = €, and then ]\1 = Ay, hence X = X and the limit set
03(XY) is a singleton. O

t

_6) 1207

me

Theorem 4.2. The limit set Q*(X°) only contains a single point, and the limit point has
the mazimal rank among the optimal solution set of problem (P).

Proof. From Theorem 2.14, we know that Q*(X?) is not empty. So we can choose a point
X € Q4(X9), and evidently X € P*+. Similar to the proof of Theorem 4.1, by using Va(t)
defined by (2.14), we can show every accumulation point in Q4(X?) has the maximal rank
among the optimal solution set of problem (P). From (2.10), we can define V7 (t) as follows

Va(t) = Is(t, X, X) — 4tr(X 7),

where ¢t € [tg,+00) and X (or X(¢)) is the unique solution of ODE system (1.5). Since

dvzt(t) = f(X)—f(X(t)) <0, Vz(t) is a nonincreasing function, furthermore V7(t) is bounded
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below, so . 1i$1 V7 (t) exists. Similar to the claim in the proof of Theorem 4.1, if X =
— o0

Q[\QT € Q*(X9) is another point, we can have (Q7Q)12 = 0, (Q7Q)21 = 0, (QT Q)11 and
(QT Q)22 are both orthogonal matrices, and

tl}moo Vz(t) = 2tr ( é( Q)11A1(QTQ) 1) + 2tr (f\l%) — 4tr ([X%)
+ kEToo { ( A2 (tk) : (Q(fk)TQ)Ql 1_\1)

where Ay, T, (QTQ)11, A1, Q(fr), (Q(Ex)TQ)a1, and As(fy) have the same meanings as that
in the proof of Theorem 4.1. From Lemma 2.6, we know for any k,

2t (@) Q)02 () Q)T Q)5, M)
i 103) = £00G) + () = ) S lxexian ) | 20

=1

hence its limit must be nonnegative. First we assume . liin Vz(t) = 0, then we can get
—+00

02w (A (@QTQuA (@7 QN) + 1 (Af) ~ 200 (K%)
—tr (A (Q"QLA H (@ QuAL ) + o ((Q"QLAT Q7 Qm) — 20 (AF)
= (A [AF(QTQTAT*(QTQnAT + AT F(QTQT A (QTQ)nA — 21| AF),

but for any symmetric positive definite matrix A, A + A7l — 2I =0and A+ A"t = 2]
1oag -
if and only if A = I. Therefore Af(QTQ){;A; (QTQ)11A4 = [ which leads to

(QTQ)LA(QTQ)11 = Ay. Notice (QTQ)lz = 0, (QTQ)Ql =0, (QTQ)11 and (QT Q)22

are both orthogonal matrices, we have (QTQ) Al(Q Qu=»~A —= X= X.
Now let us prove that , hgrn Vz(t) = 0. For any T > ty and X (T) > 0 (guaranteed by
—+o0

Theorems 2.3), we can define
Va(t) = Li(t, X(t), X(T)) — 4tr(X(T)?),

where t € [tg, +00). Then we have

and
w = f(X) - f(X(1)) <0.

But Vi(T) = L(T, X (T), X (T)) — 4tx(X(T)?) = 0, so we have
Va(T) — Va(T) = Va(T) < Va(to) — Vis(to).

Notice I4(tg, X°,Y) — 4tr(Y 2) is continuous with respect to ¥ at X, and X € Q4(X°) is an
accumulation point, so for any € > 0, we can choose T' > t; such that Vz(to) — Vs(t9) < e.
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Then we get V7(T') < ¢, furthermore V() is an nonincreasing function in [t, +00), therefore
we have
lim Vi(t) = 0.

t—+o00

Thus the proof is completed. U

For ODE systems (1.2) and (1.3), we cannot prove the convergence for the general convex
f(X), however we can prove the convergence in the linear case where f(X) = tr(CX) and
C € §". For linear SDP, ODE systems (1.2) and (1.3) are actually the same, hence we
only discuss ODE system (1.2) below. In [6], Goldfarb and Scheinberg used some auxiliary
optimization problems and the auxiliary continuous trajectories y(u) and Z(u) to study the
limiting behavior of the infeasible central paths for linear SDP. Here we adopt the same
strategy. In order to propose the auxiliary optimization problems, we choose a 3° € R™,
and let 20 =C = Y7"  yL Ay, P=1Z° — X(top)"'. Then we get the following lemma.

Lemma 4.3. For any t > tg, the following optimization problem

min CeX — 1(PeX+IndetX)
Xesn

s.t. Ao X =bg, k=1,...,m, (Pt)
X >0,

has a unique optimal solution.

Proof. For t = tg, this is evident since (X, y°, Z%) satisfies the following KKT system

S YA+ 20 =C,
A e X0 =by, k=1,...,m, X°~0, (4.3)
tOZO = X(to)_l + P.

Since for t = tg, the objective function is strictly convex, we know the optimal solution set
is a single point which must be bounded. Hence from Theorem 24 on page 93 in [9], the
level set is bounded as well. For any ¢t > tg, a > 0, and X € P+, if

1
CoX—;(PoX—l—lndetX) < a,

then for any optimal solution X* to problem (P),

CoX—l(PoX—i—lndetX)gia— (t—l)CoX
to to to

<lo_ (t1)c.X*
to to
t

< —(a+[CeX7|),
to

which implies X is bounded, hence the level set for problem (Pt) for any given t > tg is
bounded. Since the objective function in problem (Pt) is strictly convex for any ¢ > ¢, it
has a unique optimal solution. O

From the above lemma, we can obtain the auxiliary continuous trajectories y(¢) and
Z(t), and have the following results.
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Theorem 4.4. There exists two auxiliary continuous trajectories y(t) and Z(t) for t > tg
such that (X (t),y(t), Z(t)) satisfies the following system

2k YA + Z(t) = C,
A, e X(t)=by, k=1,...,m, X(t) >0, (4.4)
tZ(t) = X({t)" ' + P,

where X (t) is the unique solution of ODE system (1.2).

Proof. From Lemma 4.3, for any ¢t > tg, there exists a unique solution for system (4.4).

Then we can take derivative with respect to ¢ and get the svec(%) which is actually the

right-hand side of ODE system (1.2). Hence the unique solution X (t) of system (4.4) is
actually the unique solution of ODE system (1.2). O

From Theorem 2.11, we know X(¢) is bounded. Next we show that y(t) and Z(t) are
also bounded.

Theorem 4.5. The auziliary continuous trajectories y(t) and Z(t) are bounded.

Proof. From system (4.4), we have
tr(X () Z(t) = % [n+tr(X(¢)P)], (4.5)

from Theorem 2.11, X (t) is bounded, we know tr(X(¢)Z(t)) — 0 as t — +o00. From system
(4.4) and Theorem 2.4, we can have

tr(X (1) - X°)(2(t) - 2°) = 0,

hence
tr(XZ(t)) = tr(X (1) Z(t)) + tr(X°Z%) — tr(X (1) 2°),

which implies that tr(X°Z(t)) is bounded for ¢ > ty. Let X% = QoA¢QL be the eigenvalue
decomposition of X°, then

tr(X°Z (1)) = tr(AQE Z(H) Qo).

From Z(t) = 1 X(t)~' + } P in system (4.4) and the Weyl theorem, we have

/\mm(QgZ(t)Qo) = )\mm(Z(t)) Z Amin(P)v

| =

then from Lemma 2.10, the diagonal entries of QI Z(t)Qo must be bounded below by
T Amin(P). If [| Z(t) |2 is unbounded, consider Amin(Z(t)) > +Amin(P), Amax(Z(t)) will go to
400 as t — +o00, then

n—1
t

tr(QgZ(t)QO) =tr(Z(t)) > Amax(Z(1)) + Amin (P) — +00,

as t — +oo, which indicates at least one diagonal entry of QI Z(t)Qo will go to +oo as
t = 4o00. But Ag = 0, hence tr(X°Z(t)) = tr(AoQF Z(t)Qo) is unbounded. This is a
contradiction, so Z(t) is bounded. From > ;" y(t)xAx + Z(t) = C in system (4.4) and
Assumption 2, y(t) can be determined by Z(t), so y(t) is also bounded. O
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Now we prove the convergence for ODE systems (1.2) and (1.3) in the linear case. In the
proof, we use the similar method as Theorem A.3 in [10] where the curve selection lemma
will be used.

Theorem 4.6. If f(X) = tr(CX) is linear, where C € 8™, then each of Q' (X°) and Q?(X0)
contains a single point, and the two limit points are on the optimal face of problem (P).

Proof. Since in the linear SDP, ODE systems (1.2) and (1.3) are the same, we only need
to prove ODE system (1.2). From Theorem 2.11 and Theorem 4.5, let (X,¢,Z) be an
1

accumulation point of the continuous trajectory (X (t),y(t), Z(t)). Let p = § for t > to, and

X(p)=X(3), y(p) =y(3), Z(u) = Z(3). Let the real algebraic set V be defined via

(X +X)(Z+2) — pl — (X + X)P =0,

of (X 4 X) are positive and y > 0.

Now from Lemma 4.3 and Theorem 4.4, we can see that V N U corresponds to the
continuous trajectory (X (u),y(u), Z(p)) excluding its limit points, in the sense that if
(X,Z,5,u) € VNU then X(u) = X + X and Z(u) = Z + Z. Moreover, the zero ele-
ment is in the closure of V' N U, by construction. Then similar to the proof of Theorem
A.3 in [10], we can prove that (X,7, Z) is the only limit point of the continuous trajectory

(X (), y(t), Z(1))-

Without loss of generality, we assume the optimal solution X™* is on the optimal face of
problem (P), from system (4.4) and Theorem 2.4, we can get

tr(X(H)71X*) = nte[(X(E) — X*)P] —t-tr[C(X () — X))
< n+tr[(X(t) — XY)P],

which is bounded above, hence similar to the claim in the proof of Theorem 4.1, we can
show that the limit point X is on the optimal face of problem (P). O

Concluding Remarks

In this paper, four interior point continuous trajectories for convex semidefinite programming
are studied. The ODE systems (1.4) and (1.5) are the variants of ODE systems (1.2) and
(1.3). Compared to ODE systems (1.2) and (1.3), the solutions of ODE systems (1.4) and
(1.5) can converge to the optimal solution(s) of problem (P) under a weaker condition. In
this sense, ODE systems (1.4) and (1.5) seem to be more attractive. For the affine scaling
direction in ODE system (1.2), Muramatsu [22] showed that the affine scaling algorithm
for semidefinite programming may fail, but in his counterexample, the stepsize will go to
infinity. Our results here indicate that if the stepsize of affine scaling algorithm is small
enough, the accumulation point may be an optimal solution, and a strategy of stepsize in
affine scaling method for problem (P) in [25] had actually been proposed to guarantee the
optimality.
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