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LEVENBERG-MARQUARDT METHOD FOR SMART GRID
WITH CONTROLLABLE SUPPLY

Jing Tian, Shougiang Du and Yuanyuan Chen

Abstract: Currently, in the context of carbon reduction and harmonious advance in the environment,
environment-friendly smart grid is developing rapidly. Among the existing smart grid models, there exists
little research about the smart grid with controllable supply, so this paper aims to study the problem of
smart grid with controllable supply. The model of smart grid with controllable supply is proposed, and
the real-time price of smart grid with controllable supply can be gotten by the Karush-Kuhn-Tuker(KKT)
conditions of interval optimization. Levenberg-Marquardt method is applied to solve the problem of smart
grid with controllable supply, and also maximize social welfare. Finally, the simulation results and final
remarks are also given.
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Introduction

Smart grid is the inevitable result of economic and technological development, which specif-
ically employs advanced technique to increase the performance for electricity power system
in power utilization, power supply quality and reliability. The foundation of smart grid is
divided into data transfering, calculation and control technique between several electricity
providing units. Smart grid has excellent features of energy-saving, reliable, self-healing,
fully controllable and asset efficient. So in recent years the theory and method of smart grid
with the characteristics of high-quality, reliability, self-healing, interaction, security and en-
vironmental protection have been studied (one can see [6,10,17,19,21,26]), such as, a novel
real-time price model was developed in the case of DSM programs in [19], which encourage
users to desire energy consumption behaviors. [10] constructed a social welfare maximiza-
tion model based on the complementarity of energy between micro-grid and large-scale grid.
In [6,17,26], the optimal Lagrange multiplier for the KKT optimal conditions was consid-
ered as the real-time price. In [26], the authors smoothed the KKT conditions by using the
smooth NCP function. A new smooth conjugate gradient method to solve real-time price for
smart grid based on maximizing social welfare was employed. And the final results showed
the rationality, feasibility and effectiveness of the model. In [21], the authors selected a kind
of shadow price, whose weighted norm was minimum when Lagrange multipliers were not
unique. And the penalty function method and accelerated gradient method were considered.
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On the other hand, interval optimization has been widely studied, especially its opti-
mality conditions. More theoretical research work of interval optimization can be found
in [2,7,22,23,25,27] and the references therein. Interval optimization is increasingly used in
practice such as economic planning, energy development, engineering design, environmental
protection and other fields (one can see [9,18,29]). So, it is natural to consider whether the
real-time price for smart grid based on maximizing social welfare can be solved by interval
optimization? Can KKT conditions on interval optimization be applied to solve smart grid
with controllable supply? This is also the motivation of this paper.

The remaining paper is organized as follows. In Section 2, relevant preliminaries about
interval optimization and smart grid problem are introduced. In Section 3, we give the
model of smart grid with controllable supply based on maximizing social welfare. The KKT
optimal conditions for smart grid with controllable supply based on interval optimization are
used to get real-time price. By transforming KKT conditions into an equivalent nonsmooth
optimization problem, we rewrite it into a novel unconstrained optimization problem. In
Section 4, we apply Levenberg-Marquardt method to get the optimal real-time electricity
price and the optimal consumption of the customer-side. And simulation results are also
given. Finally, we make final remarks in Section 5.

Preliminaries

Followings are some relevant preliminaries about interval optimization and smart grid model
which can be found in [6,16,17,19,21-23,26].

Definition 2.1. A = [w? wY] and E = [¢pL, Y] are closed intervals in R. A <py E
wl < 4T together with w¥ < V. On the other hand, A <.y Z & A <;py = with A # =.
A <y Z if and only if one of the following conditions holds

WoF L WE L WoF L
(7) { <Y (ii) { =¥ (iii) { <¥

wUSwU wU<,(/)U (UU<’(/)U

54

Given I'l(z) : R* — R, T'Y(z) : R® - R, and 't (2) < TV (z).

Definition 2.2. The interval-valued function I'(z) = [['*(x),I'Y(x)] is differentiable at
2* € R" & I'l and I'V are differentiable at x*.

Interval optimization problem in general is as follows [23]:

min I(x)
s.t. r €O ={zlhj(x) <0,2>0,j=1,2,...,m—1,m}, (2.1)

where I'(z) = [['L(z),I'Y(z)] : R* — R and h;(z) : R® — R is real-valued function,
71=12,...,m—1,m.

Definition 2.3. z* is a feasible solution for (2.1). If there exists no I'(Z) <y I'(z*), where
T € O, z* is called a nondominated solution for (2.1) i.e. in this situation, I'(z*) is konwn
as the nondominate objective function value for T'.
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Smart grid based on maximizing social welfare is given as

N N
max (3 Uiehw!) = Yah) + .+ (O Uil w!) = Yc(hx)

N
st > ab <hy, B <hp SBPYT, k=1,...K, (2.2)

i=1

xf > 0.
In (2.2), there are N electric power customers and one electric power supplier, and each
power cycle is divided into K periods. x¥ denotes the electricity consumption of user i in
period k. hy denotes the production efficiency of the electric power supplier in period k.
Y1 (hy) denotes the cost for producing power fy in time division k for a power provider.
h}c’”" represents minimum electricity provided by an electric power provider in period k, and
hi**® represents maximum electricity provided by an electric power provider in period &.
U(z¥,wF) is the utility function which is used to express the satisfaction of electricity user
i in period k. In additon, w¥ > 0, to represent the experience values of different users.

Smart Grid with Controllable Supply

Firstly, we give the model of smart grid with controllable supply, and then give the KKT
conditions for it. We present the model for smart grid with controllable supply as follows

min [%L(z),wf(z)}
N

st > af—h<0i=1,... ,Nk=1,. K, (3.1)
=1

z; >0,

where

N
RE2) = (Tu(R™) =Y Uslaf,wf)) + o4 (T (RR™) = Y Uil wf), (3:2)

[on

=1 =1
N N
RY(2) = (Ca(BP") = Uilaj,w)) + .+ (T (BR™) =Y Uil wf).
i=1 i=1
In (3.1) and (3.2), z = (z1,... 2}, 2%, ... 2%, ..., 28, . a8 L1, Lo, ... Lg)T, 2% denotes the

electricity consumption of user i in period k. w¥ > 0. Ay, represents production efficiency

for the power provider in time division k. iJ*" represents minimum electricity provided in

time division k, and h;'*® represents maximum electricity provided in time division k.
Here, the utility function is

In(wz)+d ,z >0
U(:v,w):{ ) 0 ,2=0

w and d are two non-negative parameters according to different demands and satisfaction of
electricity consumption. And the cost function is choosed as

Tk(hk) = akhi + brhg + ci,
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where a; > 0 and b, > 0, ¢ > 0 are pre-determined parameters.
From [23], we know that the nondominated solution for minimization problem (3.1) is
the optimal solution for minimization problem as follows:

min R(z) = RE(2) + RY(2)
N

st h(z)=Y af —hp <0i=1,...,Nk=1,... K, (3.3)
1=1

foO

3

where RE(2), RV (2), ¥, he(z), hy are defined as (3.1) and (3.2).

According to [5], we know Ay (z),k =1,..., K in (3.3) satisfying the linear independent
constraint specification. ~
Now, denote hy(z) = —hg(z), we have the theorem as follows.

Theorem 3.1.  Assume z* is an optimal solution for problem (3.3) (also a nondominated
solution for problem (3.1)), and R, hy,k = 1,..., K, have differentiability at z*. And for
hi, k=1,..., K satisfying the linear independent constraint qualification, then we can get
multipliers py, > 0 for k=1,..., K satisfying

VRE(2*) + VRY (2*) — ju Vhi (2%) — 12 Vho(2%) — ... — ux Vhi (2*) = 0,
pchi(2*) =0,
i 2 07
hi(2) > 0,
where k=1,..., K — 1, K.

Proof. According to (3.2), RL(z) and RY(2) have differentiability at z*, which can be said
R(z) = RE(2) + NRY(2) has differentiability at z*. Next, we give a proof by contradiction.
Assume

VR(z*)d

< 0, (3.5)

i€ 0(z"),

where d € R, 0(z*) = {i|h;(z) = 0} be indicator set with effective constraints. Since hy, k =
1,..., K satisfy the linear independent constraint qualification and R(z) has differentiability
at z*, we have

R(1)) = R(=") + VR - 2) + [50) - 2] 0(:(0). =)
R(=") + VR (50) - 50)) + 5(8) — 50} - 2(:(8), 5(0)
(=) + vz (D=0 4y o)) 56600, 200)

where 6(8(¢),5(0)) — 0 as ||5(t) — (0)|| — 0. So, as t — 01, ||a(¢) — £(0)] — 0 and
w — IJ/JF(O) = Bd, where 8 > 0.

Since VR(2*)Td < 0, we have R(4(to)) < R(z*) for an arbitrarily small ¢y > 0, which is
contrary to z* being optimal solution for problem (3.3). Therefore, assumption (3.5) does
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not hold and we can get that there exists no d satisfying the inequalities in (3.5). By Tucker’s
theorem in [24], we have
AVR(z") = Y [,Vhi(z*) =0
i€P(z*)
or equivalently
VR(z") — Z wiVhi(z*) =0,
1€0(z*)
where A > 0 and 7z; > 0 for ¢ € (2*). Denote p; = @;/A, thus, the proof is completed. O

Define ® maps from R™ x Q to R" as

B(p1,ha(2))

B(z) = ¢(M2a:hz(z)) 7

where ¢ is NCP function with properties as follows [3],

90, w)=0<0>0,w >0, 0w =0,

where o, w € R.
From [3], we know that the complementary problem aims to find x € R", satisfying

x>0, S(x)+r>0, 77 (3(x)+r) =0,

where $(x) maps from R™ to R" and k € R™.
Accordingly,
=0, h(z)=0, p'h(z)=0

is a complementarity problem, where = (1, ji2, ..., ur)", h(z) = (h1(2),...,hg(2)).T
Thereafter, we can transform pg > 0, hi(z) > 0, purhe(z) = 0. k=1,...,K in (3.4)
into

P(p1, hi(2))

(2, ha(z
D(p, h(z)) = (w . ) =0,

ol hie(2)

where

_ Hi + hi(z) _ i = hi(2)| i=1....K (3.6)

B, hi(2)) 5 5

¢ is NCP function [20].
Let G : R™ — R"™ be a locally-Lipschitzian function. The B-subdifferential of G at z is

OpG(x) ={V € R™*"|3zy C Dg : {zx} = z,G (x) = V

where D¢ is the differentiable points set and G’(x) is the Jacobian of G at a point z € R™.
The Clarke generalized Jacobian of G is defined as

6G(Z‘) = conU{V e Rmanl‘k C Dg: {l‘k} — x,G/(l‘k) — V},

we have

0cG(z) = 0G1(x) x OGa(x) X ... X Gp(x)
denoting the C-subdifferential of G at z.
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Definition 3.2. G is semi-smooth at z if

lim VR
VEAG (z+th’),h! —h,t—0+

exists for any h € R™.

Proposition 3.3. ¢(u, h(z)) is semismooth, if ¢(u, h(2)) is defined as (3.6), and 0P (p, h(z))
is a K-dimensional diagonal matrix with diagonal elements of {% — %v, % — %v}, where
1 ,/J,,L>hz(2’), i=1,..., K,
v € Q| — hi(z)| = =1 ,u <hi(z), i=1,...,K,
[_1a1] 7,u7,zh7,(z)v ZzlvaK

pth(z)

Proof. Since is smooth function, and from [15], lu=hz)| is semismooth function,
¢(p, h(2)) is semismooth function. Further, owing to diag(d|u; — hi(z)|) a diagonal matrice,
i=1,..., K, we can get 0¢(u, h(z)). We complete the proof. O

Therefore, solving (3.4) is transformed into solving the equation system as follows
II(z) =0, (3.7
where

(VRE(2) + VRV (2) — in Vhi(2%) — 2 Vha(2*) — ... — ux Vhi (2*)
() = (7 ' B4 h(2) )

So solving (3.7) is equivalent to solving the following optimization problem
1
min B(z) = §||H(z)||2, z € REW+2), (3.8)

The function II(z) constructed via ®(z) is semismooth on RE(N+2) If TI(2) is locally
Lipschitz continuous for z € U(z*), where z* € RE(N+2) then TI(z) is semismooth at z*.
B(z) in (3.8) has continuous differentiability on R¥(N+2) and

2 2 K 2 T
VB(z) = <V §R£(z) +V %g("%}_ D1 MV hk(z)> I1(z), (3.9)

where Vi, € 0c®(u, h(z)).

Levenberg-Marquardt Method

In this section, the transformation problem (3.8) is considered. As the problem involves the
structure for nonsmooth equations, the Levenberg-Marquardt method, as an important op-
timization method, has important applications in solving nonsmooth optimization problems
and related problems (such as [1,4,8,11-14, 28]).

Denote d; as the search direction and «; as step size, 7; denotes parameter.
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Algorithm 1

Initial: Given starting point zy € RXN+2) and 7y > 0. Choose paraments p, 5,0 < p,o < 1.
Let 0 < e << 1, VB(z) = VII(2)TTI(z). Set t := 0.

Step 0: If ||[VB(z)]| < €, stop.

Step 1: Solve the following equation

(VII(2) T VII(2) 4 7:D)dy = =V B(z),

Set 7 := ||TI(20)]|?, where
0.17 ,m¢ > 0.75,
7tt+1 = ’ft 7025 < Mt < 0757
107 ,m <0.25.
and 7, = (zs41)—T1(2¢)

(VII(2¢) T (2:)) Td+ £ dT (VII(2e) TI(2¢) )de
Step 2: Let m; be the minimum nonnegative integer that satisfies the following inequality

B(z + p™dy) < B(z) + UpmeB(zt)Tdt,

where oy = p™*.
Step 3: Set z;41 = 2¢ + aud;. t: =1+ 1, return to Step 0.

Now, we get the convergent analysis of the algorithm.

Theorem 4.1. Suppose that {z:} is generated by Algorithm 1. And {z¢, 7} — {2*,7*}, if
{2*,7*} satisfies VII(2*)TVIL(2*) +7*I positive definite, 2* is the stationary point for (3.8).

Proof. Since 7; > 0 and d; is descent direction, we know that {z;,} — 2* satifying
VII; VII;; — VII(z*)TVII(z*),

where 7y, — 77.

And v(VII(2*)TVII(2*) + 71w > 0,0 € R™,v # 0, if VB(2*) # 0, we have
di; — d* = —[VII(z*)" VII(z*) + 717" VII(z*) " TI(z"),
since d* is descent direction of z*, there exists m* > 0 such that
B(z* 4 p™ d*) < B(z*) + op™ VB(z*)Td",

where p € (0,1).
When j is sufficiently large, and 2z, — 2%, we get

B(z; + pm*dtj) < B(z,) + O'pm*VB(th)Tdtj.
By line search we know m* > my,, i.e.,

B(zt,41) = Blay, + p™'idy,)
(2¢,) + op™iVB(z, )Tdtj
(th) + O-pm* VB(th )Tdtj )

IN

B
B

IN
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so for j (sufficiently large), we have

B(th+1) < B(Zt]-) + Upm*

Also since when j — 00,241 — 2%, we get
J »%t i+ ) g

J

By (4.1), we get

J. TIAN, S. DU AND Y. CHEN

VB(z,)"dy,.

)

im B(z,41) = lim B(z,) = B(z").
—00 j—o00

B(z*) < B(z*) + op™ VB(z*)Td",

which is contradictory with VB(2*)Td* < 0. So VB(z*) = 0. The proof is completed.

Corollary 4.2. Since Q in (3.9) is nonsingular. By Theorem 3.1 and Theorem 4.1, we get

z* is the KKT point of (3.3), i.e., z* is the nondominated solution of (3.1).

In the following, we give the numerical simulation for smart grid with controllable supply.

Ezxample 1. we consider the social welfare of a single period of 24 time periods in the
whole day, and there are 6 commercial users. We take w = 4, d = 5, p = 0.55, ¢ = 0.4,
e = 107, The cost parameters are set as a, = 0.001, by, = 0, ¢ = 0. All codes are run in
Matlab Version R2018b. The results of this numerical simulation experiment are given by

the following figures.
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Figure 3: Cost of optimal electricity price
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From the simulation results, we can see that data obtained meets the actual requirements.
Algorithm 1 can solve the smart grid with controllable supply efficiently. The electricity
consumption and optimal price are shown in Figure 1 and Figure 2. From Figure 1 we can
see that the upper limit periods of the whole day are 8 : 00 ~ 9 : 00, 14 : 00 ~ 15 : 00,
18 : 00 ~ 19 : 00, 20 : 00 ~ 21 : 00 and the periods of low power consumption in the
whole day are 1 : 00~ 2 : 00, 6 : 00~ 7 : 00, 15 : 00~ 16 : 00, 23 : 00~ 24 : 00. From
Figure 2, we can see the real-time price for the time division k. We can see the cost, utility
of electricity consumption and the social welfare value in Figure 3-5. From Figure 1-5, we
can conclude that the smart grid can achieve balanced operation for the power grid through
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timely adjustment and peak load shifting.

Conclusion

We propose the model of smart grid with controllable supply based on social welfare max-
imization firstly. Based on KKT conditions of the model, we transform it into semismooth
equation system using NCP function, and then transform into an equivalent unconstrained
optimization problem. We apply Levenberg-Marquardt method to solve it. From the nu-
merical results, it can be seen that Levenberg-Marquardt method can effectively solve this
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problem. Our model can better reflect the real-time multi-user, power supply and demand
relations. The research on this kind of problem further enriches the research work in the
field of real-time price of smart grid based on maximizing social welfare, and it can be used
to solve related optimization problems with interval conditions.
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