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Abstract: In this paper, we consider a sixth-order paired symmetric Cauchy tensor and its generating
vectors. First, we investigate the conditions for positive definiteness and positive semidefiniteness of the
sixth-order paired symmetric Cauchy tensor. Necessary and sufficient conditions for its positive definiteness
are provided based on the structural characteristics of the tensor. Subsequently, we apply the concept of
the M-eigenvalue to the sixth-order paired symmetric Cauchy tensor, and further discuss related properties.
We also provide three M-eigenvalue inclusion intervals for the sixth-order paired symmetric Cauchy tensor,
which give three upper bounds for its M-spectral radius.
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Introduction

As we know, tensors of order three or higher are called higher-order tensors in mathematics.
In recent years, increasing attention has been paid to these higher-order tensors, especially
to higher-order structural tensors [4, 26, 29, 30, 35|, such as the M tensor, B tensor, P
tensor, Positive tensor, Hilbert tensor, and Cauchy tensor. Moreover, there exists a special
kind of tensor, which we call the paired symmetric tensor [15].

For any positive integers m and n, we denote an arbitrary 2m-th order n dimensional
tensor with B = (bp,q1paga-—-pman ). Clearly, we can divide its indices into m adjacent blocks
{p1ar}, -+ {pmam}. B is called a 2m-th order n dimensional paired symmetric tensor if
its entries possess minor symmetries:

bp1q1pzqz~~pmqm = bq1p1p2q2~~pmqm = bp1q1q2pz~~~pmqm == bp1q1pzqz~-qmpm-

In other words, the entries of B are invariant under any permutation of indices in every
block {p;q;} for i € [m]. We call B a 2m-th order n dimensional strongly paired symmetric
tensor if its entries possess major symmetries:

bp1gip2aa - pmam = Opagaprar-pmam = Opsaspaazpmam = " = Oprampaga--prass

that is, the entries of B are invariant under any permutation of every block. Clearly, both
paired symmetric tensor and strong paired symmetric tensor are partially symmetric tensors.
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At present, a typical example of paired symmetric tensor is elastic tensor [9, 11]. The
elastic constants of the elastic tensor possess minor and major symmetries. There have been
numerous studies on the fourth-order elastic tensors [10, 13, 17, 18, 24, 28, 33, 36]. The pos-
itive definiteness of elastic tensors and higher-order elastic tensors is called strong ellipticity.
The strong ellipticity property of equilibrium equations is tremendously significant in elas-
ticity theory and has been thoroughly investigated [6, 7, 9, 10, 11, 12, 13, 16, 27, 31, 32, 36].
Owing to its application to higher-order elastic tensors and other domains, the positive def-
initeness of elastic tensors has been an essential topic in discussing the properties of paired
symmetric tensors. However, little research has been done on sixth-order paired symmetric
tensors.

According to references [9, 13, 15, 8, 20, 21] and other pertinent sources, research on
sixth-order paired symmetric tensors is situated at the intersection of advanced mathemat-
ical analysis and applied physics. Theoretical studies have demonstrated that sixth-order
paired symmetric tensors exhibit unique symmetries akin to fourth-order elastic tensors, en-
abling the extension of fundamental properties and determinacy conditions from the fourth
to the sixth order. The practical significance of these tensors lies in their application to
model the mechanical behavior of transversely isotropic elastic materials. In contrast to
fourth-order models, sixth-order tensors offer a more refined representation, intricately link-
ing each component to the six components of stress and strain. This heightened modeling
capability is crucial for comprehending and predicting the intricate responses of materials
in engineering applications. Furthermore, the eigenvalues of sixth-order paired symmetric
tensors are closely linked to their positive definiteness, providing a valuable avenue for deter-
mining physical properties. This relationship facilitates the exploration of the tensors’ pos-
itive definiteness, offering insights into the behavior of materials under different conditions.
The broader context of the study involves the extensive application of high-order tensors in
various scientific and engineering domains. As computational capabilities improve, the ex-
ploration of higher-order tensors becomes increasingly feasible, opening new possibilities for
sophisticated modeling and analysis. In essence, research on sixth-order paired symmetric
tensors contributes to both theoretical intricacies and practical challenges, enriching tensor
analysis and its applications in materials science and engineering.

Motivated by the Cauchy tensor [2, 5, 25] and sixth-order paired symmetric tensor [15],
we discuss a sixth-order Cauchy tensor that satisfies the paired symmetry property. While
previous studies on paired symmetric tensors focused largely on fourth-order elastic ten-
sors, we expand the scope to higher-order tensors by investigating sixth-order paired sym-
metric Cauchy tensors. Because sixth-order Cauchy tensors possess symmetries similar to
those of fourth-order elastic tensors, we extend conditions for the positive definiteness of
elastic tensors to characterize the properties of the sixth-order paired symmetric Cauchy
tensor constructed here. Furthermore, the relationship we establish between the positive
semidefiniteness of these sixth-order Cauchy tensors and the monotonicity of their associ-
ated polynomials could facilitate future investigations into analogous higher-order symmetric
configurations.

On the other hand, higher-order tensor eigenvalues proposed by Lim [19] and Qi [22],
have been an active area of research in recent years [1, 14, 19, 22, 23, 25]. In [10, 24],
the authors introduced the concept of M-eigenvalue for a fourth-order partially symmetric
tensor. In [24], the authors discussed strong ellipticity condition via M-eigenvalues. In [18],
the authors gave sufficient conditions for the M-positive definiteness of partially symmetric
tensors. In [3, 12, 17], the authors studied M-eigenvalue inclusion intervals for a fourth-order
partially symmetric tensor. In [34], Wang, Qi and Zhang propose a practical approach to
determine the largest M-eigenvalue of a fourth-order partially symmetric tensor. In [15],
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the concept of M-eigenvalue was further discussed. The authors extended this concept
and demonstrated the relationship between the M-eigenvalues of sixth-order tensors and
their positive definiteness. While most research on tensor eigenvalues has focused primarily
on fourth-order tensors, this work discusses the M-eigenvalue problem of a higher-order
symmetric tensor. We apply the concept of the M-eigenvalue to the sixth-order Cauchy
tensor, and further discuss related properties. We give three M-eigenvalue inclusion intervals
for a sixth-order Cauchy tensor, which provide upper bound for the M-spectral radius.
Additionally, we discussed the inclusion relationships between the intervals through two
numerical examples.

Preliminaries

In this paper, vectors are denoted by lowercase boldface letters, such as x, y, and tensors are
denoted by calligraphic capitals, such as A, B, C. For any x = (1,22, -- ,2,)", x > (>)0
signifies ¢; > (>)0 for all ¢ € [n], where [n] = {1,2,--- ,n} for any positive integer n. For
any x = (z1,22,  , %), ¥y = (Y1,¥2,  ,yn), X >y (x <y) means x; > y; (v; <y; )
for all ¢ € [n]. Let R represent the set of reals, R™ signify the n dimensional real Euclidean
space, and R’} denote the set of n dimensional nonnegative vectors. We use T, ,, to signify
the set of mth-order n dimensional real tensors.

Definition 2.1 ([15]). For any B = (b;jkipe) € Te 3, if its entries satisfy
bijkipg = Djikipg = bijikpq = bijigp V1,5, k,1,p,q € [3], (2.1)

we call B a paired symmetric tensor. Furthermore, we call the paired symmetric tensor B €
T3 sixth-order elasticity tensor [11] if its entries satisfy

bijkipg = bklijpqg = bijpgrt ¥ 1,7, k, 1, p,q € [3]. (2.2)

For any tensor B = (b;jripq) € Te,3, the corresponding homogeneous polynomial can be
defined as

3
Bx’y?z? = Z bijkipgTiZTjYkYiZpzq YV X, Y,2 € R3. (2.3)
,5,k:1,p,q=1
Definition 2.2 ([25]). Suppose that a real tensor C = (cj,...;,,) is defined by

1

1“‘jn1 =
Cjy T Cjy + 0+ Gy,

¢ jr € [n], k € [m),

where vector ¢ = (ci,¢2,--+,¢,)" € R™. Then, we call C an mth-order n dimensional
symmetric Cauchy tensor, the vector ¢ € R" is called the generating vector of C.

From the definition of the Cauchy tensor [25] and fourth-order Cauchy tensor [2], the
sixth-order Cauchy tensor can be represented as follows,

Definition 2.3. Suppose that a real tensor C = (¢;jripq) is defined by
1

Cij = 1,7 € I/m], k,l € [n], p,q € [s],

ijklpq i +a; + b + by + ¢y + g j €[m] [n], p,q € 5]
where the vector a = (ay,az, -+ ,am)" € R™, b = (by,by,---,b,) € R® and ¢ =
(c1,c9, - ,cs)—r € R?®. Then, we say C a sixth-order Cauchy tensor, and the vectors a € R™,

b € R" and c € R® are called the generating vectors of C.
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Obviously, the generating vectors a € R™ b € R™ and ¢ € R? should satisfy
ai+aj+by+b+cp,+cg#0, i,5€m], k,l€n], pgels].
The entries of this sixth-order Cauchy tensor satisfy

1
a; +aj + by +b+cp+cq

Cijklpqg = Cjiklpq = Cijlkpq = Cijklqgp =

and
1

a;+aj+bg+b+c,+c,

Cijklpqg = Cklijpq = Cijpqkl =

where i,j € [m], k,l € [n], p,q € [s]. Thus, it is also a strong paired symmetric tensor.

Furthermore, if a = b = ¢ and m = n = s, the sixth-order paired symmetric Cauchy
tensor reduces to the sixth-order symmetric Cauchy tensor. In the rest of this paper, we
always consider the sixth-order real paired symmetric Cauchy tensor. Therefore, we call
them sixth-order Cauchy tensor for simplicity.

Positive Definiteness of Sixth-Order Paired Symmetric Cauchy
Tensor

In this section, we consider the positive definiteness of the sixth-order paired symmetric
Cauchy tensor. We propose several necessary and sufficient conditions under which the
concerned tensors are positive definite.

For any Cauchy tensor C = (¢ijkipq), the corresponding homogeneous polynomial is
defined by
f(x.y,2) =Cx’y’z"
= Z CijklpqliTjYkYiZpZq
i,j€[m],k,l€[n],p,q€[s]
_ Z TiTjYrYiZpZq (31)

iicimlbiempgels BT T b+ b1+ ¢p + ¢4

Vx eR™ yeR"and z € R®.

Definition 3.1 ([25]). For any vectors x € R™, y € R™ and z € R®, the tensor C is called
positive semidefinite if f(x,y,z) > 0. For any vectors x € R™, x # 0,y € R*, y # 0
and z € R®, z # 0, the tensor C is called positive definite if f(x,y,z) > 0. Similarly, for
any vectors x € R™, y € R™ and z € R®, the tensor C is called negative semidefinite if
f(x,y,2) <0. For any vectors x € R™, x 20,y € R", y # 0 and z € R®, z # 0, the tensor
C is called negative definite if f(x,y,z) < 0.

First, we give a necessary and sufficient condition under which the concerned tensor is
positive semidefinite.

Theorem 3.2. Let vectors a € R™, b € R” and ¢ € R® be the vectors that generate
the sixth-order Cauchy tensor C. Then, the tensor C is positive semidefinite if and only if
a; +bp+cp >0 forallie[m], ke€ln],pe[s].

Proof. First, we assume that a; + b + ¢, > 0 for all ¢ € [m], k € [n], p € [s]. For any
x € R™ yeR”,
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z € R*®, we have

f(x,y,z) =Cx’y*z*

= Z CijklpqLiT jYrYi1ZpZq
i,j€[m],k,l€[n],p,qE[s]
TiTiYkYiZpZq
a; +aj +bp +b +cp+cq

i,j€[m],k,l€[n],p,q€[s]

1
/ taita; +bk+bz+cp+cqflxil.jykyl szth
i,j€[m),k,1€[n],p,q€ls] O

1
:/ (3" 0 t2)2(3 0 dy)2(3 12,2t
0 ielm) p€ls]

ke(n]
>0

b

which means that the tensor C is positive semidefinite.
Next, let us assume the sixth-order Cauchy tensor C is positive semidefinite. Taking
x=e € R" y=e, €¢R", z=e¢, € R then,

2 ! >0, i€[m], ken], pels]

i) ’ =C ‘i =
UCH D Ci ke 2(a; + bk +¢p) —

where e;, e, and e, are the ith, kth and pth coordinate vectors, respectively. Obviously, we
have a; + by, + ¢, > 0 for all i € [m], k € [n], p € [s]. O

Next, we give a necessary and sufficient condition for the sixth-order Cauchy tensor C to
be positive definite.

Theorem 3.3. Let vectors a € R™, b € R" and ¢ € R?® be the vectors that generate the sizth-
order Cauchy tensor C. Then, the tensor C is positive definite if and only if a; + by +c, > 0
for alli € [m], k € [n], p € [s], and the elements of generating vectors a, b, ¢ are mutually
distinct.

Proof. First, suppose that the tensor C is positive definite. Thereby, the tensor C is positive
semidefinite. By Theorem 3.2, a; + by + ¢, > 0 for all ¢ € [m], k € [n], p € [s]. Without loss
of generality, we assume that two elements of the vector a are equal, and it can be assumed
that a1 = as = a.

Let x = (1,-1,0,---,0)T € R™, y = (1,0,0,---,0)T € R", and z = (0,1,0,---,0)" €
R*. We have:

CX2y2Z2

= g CijklpqTiZjYkYi2pZq
i,j€[m],k,l€[n],p,q€[s]

. Z TiZjYkYiZpZq

iictml e paels) @ T4 H Tt G F

1
:m(ﬁyfzg + 132y 25 + T1T2Y7 25 + T3Y;23)
1

=0.
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This is in contradiction with the assumption that the tensor C is positive definite. Thus,
the elements of generating vectors a, b, ¢ are mutually distinct.

Next, we assume a; + by + ¢, > 0 for all ¢ € [m], k € [n], p € [s], and the elements of
generating vectors a, b, ¢ are mutually distinct. From Theorem 3.2, the sixth-order Cauchy
tensor C is positive semidefinite. Assume that there exists nonzero vectors x € R™ y € R™,
and z € R® such that

f(x,y,2) = Cx*y?z® = 0

From the proof of Theorem 3.2, we can obtain:
1
[(F eba(X by (8 ez =0,
0 i€[m] ke(n] pE(s]

which implies
S tTwa; =0 te (0,1,

i€m]
or
STy =0 te(0,1],
ke(n]
or

S iz, =0 te(0,1].
PE|s]

Without losing generality, we assume that:

St Twa; =0 te (0,1,

i€[m]

that is,
1 1 5
9T ey + 2 by -+t T8, =0, te(0,1].
Thus,
;1;1+ta2_a1l‘2+"'+tam_alxmEO’ te (Oa 1]

Due to continuity and the condition that all components of a are mutually distinct, it follows
readily that 1 = 0. Then, we have

To + 1937 %2gy 4o f I T2y =0, tE (0, 1],

which implies 2 = 0.
By repeating this process, we can gradually obtain:

T =XTo="' =T, =0,

this contradicts x # 0. Hence, the sixth-order Cauchy tensor C is positive definite. Thus,
the conclusion is established, and the proof is complete. O

Next, we show the relationship between the positive definite of the sixth-order Cauchy
tensor and the monotonicity of a homogeneous polynomial with respect to the proposed
Cauchy tensor. First, we express the definition of the monotonicity of a homogeneous
polynomial with respect to the sixth-order Cauchy tensor.
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Definition 3.4. For any x, X € R™, y, ¥y € R", and z, z € R®, f(x,y,2) is called monoton-
ically increasing (or monotonically decreasing) if f(x,y,z) > f(X,¥,2) when x > X,y > ¥,
andz >z (orx <x,y <y,and z < z). f(x,y,z) is called strictly monotonically increasing
(or strictly monotonically decreasing) if f(x,y,z) > f(X,¥y,z) when x > X, X # X,y > ¥,
vEyandz>2z, 24z (or x <X, x#Xy<y,y#yand z <z, z#2).

Theorem 3.5. Let a € R™, b€ R" and c € R® be the vectors that generate the sixth-order
Cauchy tensor C. Then, the sizth-order Cauchy C is positive semidefinite if and only if the
homogeneous polynomial f(x,y, z) is monotonically increasing in RT x R} x R..

Proof. First, when the tensor C is positive semidefinite, suppose x, x € R, y, y € R%}, z,
z€Ri,andx > X,y >y, z > 2. It can be obtained from Theorem 3.2 that a; +bs +c, > 0
for all i € [m], k € [n], p € [s]. Furthermore,

1
a; +aj + b + b +cp+cq

i,j€[m],k,l€[n],p,q€[s]
>0

)
which implies that f(x,y,z) is monotonically increasing in R x R’ x R%.

On the other hand, if the homogeneous polynomial f(x,y,z) is monotonically increasing
in R xR xR}, Let x =e; e R, x =0€c R, y=e, € R}, y=0¢€R}, and
z=-¢e, c R}, 2=0¢€R%, we have

1
2(a; + bx + ¢p)

which implies that a; + by + ¢, > 0 for all ¢ € [m], k € [n], p € [s]. By Theorem 3.2, the
tensor C is positive semidefinite and the proof is complete. O

Theorem 3.6. Let a € R™, b € R" and ¢ € R® be the vectors that generate the sizth-
order Cauchy tensor C. If the tensor C is positive definite, then the homogeneous polynomial
[z, y, 2) is strictly monotonically increasing in R x R} x R .

Proof. Suppose the tensor C is positive definite. From Theorem 3.3, we have a; 4+ by +c, > 0
forallie [m],ke€n],pes]. Foranyx > X, x# X, xR}, y>y, y#y,y € R} and
z > 17,7 # 2,z € RS, there exist indexes i € [m], ko € [n], po € [s] such that z;, > ;, > 0,
Yko > Uko => 0 and z,, > 2,, > 0.
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Then,

.f(X7 Yy, Z) - f(kv y7 i)
:Cx2y2z2 _ C}/\(QyQiQ
= 5 Cijkipg (T jUrYi2p2q — TiZjUrUiZpZq)
i,5€[m],k,l€[n],p,q€[s]
(4,5,k,1,p,9)#(40,%0,k0,k0,P0,P0)
2.2 2 A2 ~2 22
+ CiOiOkOkOPOPO (xio y}i}o Zpo - xio yko Zpo)
r
= 5 (xixjykylzpzq - xixjykylzpzq)
a; +a; +bp +b+cp+c
i,j€[m],k,I€[n],p,q€[s] T IR T A T
(4,5,k,1,p,9)#(30,%0,k0,k0,P0,P0)
1 ~2 22

2.2 2 _ A2
+ 2(ai0+bk0 +Cp0)(l‘loykozpo xloykozpo)

>0.

That is, the homogeneous polynomial f(x,y,z) is strictly monotonically increasing in R’ x
R x RY. O

Next, we propose an example to show the strictly monotonically increasing property of
the polynomial f(x,y,z) is not a sufficient condition for the positive definiteness of the
sixth-order Cauchy tensor.

Example 3.7. Let A be a sixth-order Cauchy tensor with generating vectors a = (3,3,3)7,
b= (6,6,6,6)" and c = (9,9,9,9)". Then, we have

1 1
ij = 379 & o\ T oa0 ‘7‘ 7k7l7 ) 4
Qijklpq 2(3+6+9) 36 2]6[3] pqe[]

and the homogeneous polynomial

1
f(X7y7Z) = AX2y2Z2 = oa Z TiTiYkYiZpZq-
1,j€[3],k,1€[4],p,q€[4]

It can be readily verified that the polynomial f(x,y,z) is strictly monotonically increas-
ing in R? x Ri X ]Ri. However, according to Theorem 3.3, the tensor A does not qualify as
positive definite.

M-Eigenvalue and M-Eigenvalue Inclusion Intervals

In this section, we apply the concept of M-eigenvalue for the sixth-order three dimensional
paired symmetric tensor introduced in Huang and Qi [15] to the sixth-order Cauchy tensor
C with generating vectors a € R™,b € R™ and ¢ € R®. Then we discuss several related
properties.

For any sixth-order Cauchy tensor C, the corresponding homogeneous polynomial is given
in (3.1). For any x € R™, y € R"™ and z € R®, We can represent Cxyyzz, Cxxyzz, CXXyyz
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as follows
(Cxyyzz); = Z CijklpqTjYYiZpZq, Vi € [m],

j€[m],k,l€[n],p,q€[s]

(Cxxyzz)r = Z CijklpgTiTiYizpZe; VK € [n], (4.1)
i,j€[m],l€[n],p,q€]s]

(Cxxyyz), = Z CijklpgTiT;YkY1Zq, VP € [s].
i,j€[m],k,l€[n],q€[s]
Obviously, for any x € R™, y € R™ and z € R*, we have
(x,Cxyyzz) = Cxxyyzz, (y,Cxxyzz)= Cxxyyzz, (z,Cxxyyz) = CXXyyzz.

Definition 4.1 ([15]). For any sixth-order Cauchy tensor C, if there exist x € R™, y € R"
and z € R® and A € R such that

Cxyyzz = AX,

Cxxyzz = Ay,

Cxxyyz = Az,

xTx— 1, (4.2)
y'y=1,

z'z=1,

where (Cxyyzz);, (Cxxyzz), and (Cxxyyz), are defined in (4.1). Then, we call A an
M-eigenvalue of C, and x, y, z are the eigenvectors of C associated with .

According to Theorem 3.2 in reference [15], we know that for any sixth-order Cauchy
tensor C generated by the vectors a € R™, b € R" and ¢ € R?, its M-eigenvalue always
exists. Moreover, if x, y, z are the eigenvectors of C associated with the M-eigenvalue A,
then, A = Cxxyyzz.

Furthermore, we also know that a sixth-order Cauchy tensor C with generating vectors
a € R™ b € R"” and c € R? is positive definite if and only if the smallest M-eigenvalue of C
is positive.

Theorem 4.2. Let C be a sixth-order Cauchy tensor with generating vectors a € R™, b € R"
and ¢ € R*, and the elements of a, b, ¢ are mutually distinct. If X is an M-eigenvalue of
the tensor C with eigenvectors & € RT\{0}, y € RT\{0}, z € R \{0}, then, A # 0.

Proof. We employ a proof by contradiction by assuming that the tensor C has an M-
eigenvalue A\ = 0 with eigenvector z. Since z > 0 and z # 0, there exists at least one
nonzero element zg > 0.

Combining (4.1) and (4.2), it follows that

Azg = 0 =(Cxxyyz)q

= Z CijklpdXiTiYkYiZp
i,jE€[m],k,l€[n],pE[s]
— Z TiZ;YrYiZp
a; +aj + by + b +cp+cq

i,j€lm],k,l€[n],pes]

— § / paitaj+bitbiteptea—1 .. x]ykyzzpdt
i,j€[m],k,l€[n],pE[s

:/1(2 9 TE )2 () Ty Zt% Sz, )tca 5 dt.
0 i€[m]

ke[n]
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It can be concluded that
(Dt 82 () " Ey)* (D] 177 82) =0, te (0,1,
i€[m] ke[n] pE|s]
Thus,
S tnmia; =0, te (0,1],
1€[m]
or Z tb’“_%yk =0, te(0,1],
ke[n]

or Z tcp_ézp =0, t e (0,1].

Without losing generality, we assume that > tcp*ézp =0, t € (0, 1], that is,
PE(s]

tcl*ézl —|—t62*é22 + - +tc“7%zs =0, te(0,1].

Hence,
21+ tczfc122 4+t tcsfc1zs — 07 te (0’ ]_]

By the continuity and the condition that all components of ¢ are mutually distinct, it follows
that z; = 0. Then we have

22_’_156376223_’_..._’_156576225 :07 te (0, 1]3
which implies z5 = 0.
By repeating the above process, we have
7n=rzp=-=2,=0,

which is a contradiction with z # 0. Hence, the sixth-order Cauchy tensor C has no zero
M-eigenvalue. Similarly, if x > 0, x 2 0 or y > 0, y # 0, we can also obtain that the
sixth-order Cauchy tensor C has no zero M-eigenvalue, and the desired result holds. O

Next, we shall present a theorem concerning the M-eigenvalue inclusion interval of the
sixth-order Cauchy tensor. Denote o(C) as the spectrum of tensor C, which contains all
M-eigenvalues of tensor C. The spectral radius p(C) of tensor C is defined as

p(C) ={max | A |: A € a(C)}.

Theorem 4.3. Suppose C = (Cijripq) 15 o siath-order Cauchy tensor with generating vectors
acR™ beR"™ and c € R®. If X is an M-eigenvalue of C, then,

A€ a(C) CP(C)
={zeC:]7 < min{;g%{&(c)}, ggﬁ{Sk(C)}ggﬁ{Tp(C)}L

where

1
Z Z Z |a«+aj+bk+bl+cp+cq"

Jj€[m] k,l€[n] p,g€ls

1
Z Z Z |al+aj+bk+bl+cp+cq"

i,j€lm] l€[n] p,q€(s

1
Z Z Z al+aj+bk+bl—|—cp+cq|'

i,j€[m] k,l€[n] g€[s]
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Proof. Let A be an M-eigenvalue of tensor C with eigenvectors x € R™\{0}, y € R™"\{0},
z € R®\{0}. Since x'x =1, y'y = 1, z"z = 1, there exists index u € [m],v € [n],w € [s],
such that

0 < || = m[axl{lxil} <1,
€|m
0 < |ys| = <1,
[y gé%{\ykl} < (4.3)

0 < |zy| = max{|z,|} < 1.
PE(s]

From (4.1) and (4.2), we can obtain

Az, = (Cxyyzz),

ED DD DD I — (19
j€[m] k,l€[n] p,q€[s] au+aj+bk+bl+cp+cq

Taking absolute values on both sides of (4.4), using inequality (4.3) above, we obtain

[A|zy| = [(Cxyyzz).|

4.5
Z Z Z ‘au+a]+bk+bl+cp+cq| (4.5)

JE[m] k€[] p,g€[s]

IN

Thus,

1
Ny % — R.(C) < R, 4.6
Al > P " —— €) < mac{Ri(C)}. - (46)
jEIm] k,l€[n] p,q€(s]

In the same way, the vth equation of
Ay = Cxxyzz
is
Ayy = (Cxxyzz),

)DID DD PSS LTI (47)
a; +a; 4+ by + by +cp+cq

i,j€[m] l€[n] p,q€[s]

Taking absolute values on both sides of (4.7), using inequality (4.3) above, we can obtain

IMllyo| = [(Cxxyzz), |

Yo 4.8
Z Z Z al+aj+bv+bl+c,,+cq|' 9

i,j€[m] l€[n] p,q€[s

IN

Thus,

NEID DI ! |= 5,(0) < max{Sx(©)}.  (4.9)

i fetml LT pael] a; +aj 4+ by, +b +cp+cq keln)

The wth equation of
Az = CXXyyz
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is
A2y = (CXXyyz)w

Z Z Z TiTiYrYlZq ' (410)
i jelm] kien] acls] taj +0r+ b+ cwtcq

Taking absolute values on both sides of (4.10), using inequality (4.3) above, we obtain

[Allzw| = [(Cxxyyz)w|
i,j€[m] k,l€[n] g€[s] al+a]+bk+bl+cw—i_cq
Thus,
1
N Y T3 = Tu() <max{T,©). (112

i il kiein] qery G T At bk + b+ cw +¢q pels]

Combined with (4.6), (4.9) and (4.12), we have

Al < min{g%{Ri(C)},Q?Q{Sk(c)},ﬁ?g{%(c)}}-

Thus, A € ®(C), and the desired result holds. O

Theorem 4.4. Suppose C = (Cijkipq) 15 a sizth-order Cauchy tensor with generating vectors
acR™ beR"” and c € R®. If X is an M-eigenvalue of C, then,

Aeo(C)Cw(EC)=UEC) (V) [W(EC)

where

vey=J N vu©),

i€[m] je[m],j#i

Ui j(C) = {z€ C: (|2l = (Ri(C) — R](C)))|2] < R](C)R;(C)},

1
Ri(C) = > | B
jeimlbicipaetsy @ T4 T+

- 1
RIC)= > | |
kichImacl] a;+a; + by +b +cp+cq

=UJe N v

ke€[n] le[n],l#k
Via(€) = {z € C: (|| = (S1(C) = Si(0)))]2] < S(O)Si(C)},

1
o= | ;
i,j€[m],l€[n],p,q€Es] a; +a; + by, + by + Cp + Cq
1

i,j€[m],p,q€[s] a; +aj + b +b +cp+cq
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W(C) = U( ﬂ Wp,q(c))a
p€E(s] q€[s],a#p

Wp,q(C) ={z€ C: (|2 = (T,(C) = T(C)))l2l < TJ(C)T,4(C)},

p

o= 3 | ! !

i jelmlhiein].acls] a; +a; + by, + by + Cp + Cq

1
o= > | .
p . .
ijemlkiem & +aj+br+b+cp+e
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Proof. Let A be an M-eigenvalue of tensor C with eigenvectors x € R™\{0}, y € R"\{0},

z € R°\{0}. Since x"x = 1, there exists an index u € [m] such that

2] = max{[ai]} > 0.
1€[m]

Therefore,

Az, =(Cxyyzz),
_ Z LiYkYtZpZq
Ay +aj + by + b +cp+cy

J€[m].k,l€[n],p,q€[s]
_ Z TjYkY12pzq
au+aj+bk+bl+cp+cq

JEIm],j#t,k,1€[n],p,q€ls]

TtYkY1ZpZq
DY |
k,l€[n],p,q€s] Ay +ag +bp + by +cp+cq

where ¢ € [m], t # u, which is equivalent to

1
Al <
A= Z |au+aj+bk+bl+cp+cq|

J€[m].j#t,k,l€[n],p,q€E[s]

1 e
+ > | e
k,l€[n],p,q€[s] au+at+bk+b[ +Cp+Cq |l‘u|

If || = 0, then,

1
|\l = Z \ | <
jelml it kleln] pacls] tagthtbitete

which implies A € U, (C) CU(C).
If |z > 0, we have

Z TiYkY12pZq

>\ = C = s
Tt ( nyZZ)t at+aj+bk+bl+0p+0q

JE€[m],k,l€[n],p,q€[s]

then,

1 X5
Al < Z | |=2]
jeimlbicipaels) @6 T O bt G Feg

1 | Tu

< .
- Z Iat+aj+bk+bl+cp+cq Ty

j€[m],k,l€[n],p,q€E[s]

(4.13)

(4.14)
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Multiplying (4.13) and (4.14) yields

1
(1Al = > | DIAI
jelml.gstkieinlpacls] “* T Y ok b g
1 1
= Z |a +a;+bp+b +cp+c | Z |at—|—a4—|—bk—|—bl+c +c ;
ki€[n]p.g€ls] " P jelm] ki l€ln] p.a€ls] ! P

Consequently,
(Al = (Ru(C) = RL(C)))IA] < R, (C)R(C),

which implies A € U, +(C). Due to the arbitrariness of ¢, it follows that A€ (| U, ;(C),
Jelmlj#i
and hence A\e |J ( N Ui, (C)).
i€[m] je[m],j#i
Similar to above, we can obtain

re |JO ) Veu©) and xe [ (] WpalC)).
ke[n] le[n]l#k p€Els] q€[s],q#p
Thus, A € ¥(C) =U(C)NV(C)W(C), and the desired result holds. O
The following conclusion will show the relationship between ¢(C), ®(C) and ¥(C).
Theorem 4.5. Let C be defined as in Theorem 4.3 and Theorem 4.4. Then,
a(C) CY(C) C P(0).

Proof. By Theorem 4.3 and Theorem 4.4, we only need to prove ¥(C) C ®(C). Without loss
of generality, for any A € W(C), there exists an index u € [m], such that A € U, ,(C), for all
t # u. Then,
(Al = (Ru(C) = Ry (C)|A < Ry, (C)Ri(C).

Obviously, according to the conditions described in Theorem 4.4, R! (C) > 0, R;(C) > 0 and
R!(C)R:(C) > 0. Thus,

A= (Ru(C) = RL(C)) 1AL _

RL(C) R(C) ~

which implies
Al = (Ru(C) — R,(C))

<1
R (C) T
or N
<1.
Ri(C) ~
Therefore, we can obtain |A] < R,(C) or |A| < R¢(C). Thus, A € ®(C). As a result,
o(C) C¥(C) C ®(C). The proof is complete. O

Next, we validate the inclusion relationships between the intervals through two numerical
examples.

Example 4.6. We consider a sixth-order paired symmetric Cauchy tensor with generating
vectors a = (1,6,9)", b = (2,9,15)7, and ¢ = (16,6,9)". According to Theorem 4.3, we
can compute the range of A by designing the corresponding program, A € ¢(C) C ®(C) =
{z : |z| < 5.79315445223860}. According to Theorem 4.4, by designing the corresponding
computational program, we can determine that the range of A is A € ¢(C) C ¥(C) =
UC)NV(C)NW(C) = (—1.67611448534124, 5.79315445223860). Obviously, ¥(C) C &(C).
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Example 4.7. We consider a sixth-order paired symmetric Cauchy tensor with gener-
ating vectors a = (3,8,29)T, b = (2,9,15,26)", and ¢ = (16,6,9,35)". According to
Theorem 4.3, we can compute the range of A by designing the corresponding program,
A€ o(C) C D) ={z: |z| < 854677573831066}. According to Theorem 4.4, by de-
signing the corresponding computational program, we can determine that the range of A
is A€ olC) CUC) =UC)NVIC)NW(C) = (—1.61376831328198, 8.54677573831066).
Obviously, ¥(C) C ®(C).

Below, based on the polynomial structural characteristics of the sixth-order Cauchy
tensor C, we also obtained a bound for its M-eigenvalue.

Theorem 4.8. Suppose C = (cijripq) 15 a sicth-order Cauchy tensor with generating vectors
acR™ beR" and c € R®. If X is an M-eigenvalue of C, then

|A| < mnsL(a, b, c),
where

1
|m+%+m+m+%+%ﬁ

L(a, b, ¢) = max{

Proof. Let A be an M-eigenvalue of the tensor C with eigenvectors x € R™\{0}, y € R*\{0},
z € R*\{0}, then

Al =[Cxxyyzz|
- - > TiTYrY1ZpZ
= iLjYkYiZpZq
‘i,jzzlk,lzz1p7qzzlai+aj+bk+bl+cp+cq|
N 1 21 [ A A
< il 1Yk[1YL]1Zpll#q
,iglkzlpélIai+aj+bk+bl+cp+cq|

<L(ab,e) Y > > laillegllyellullzpllzl

i,7=1k,l=1p,q=1
=L(a,b,c)|x| 7]yl |z}
<mnsL(a,b,c),

where

1
\ai+aj+bk+bl+cp+cq|}'

L(a,b, c) =max{

O

Next, we use the method of Theorem 4.8 to calculate Example 4.6 and Example 4.7.

In Example 4.6, the generating vectors of the tensor C are a = (1,6,9)", b = (2,9,15) T,
and ¢ = (16,6,9)". Then L(a,b,c) = . Hence, || < 3%22 =15,

In Example 4.7, the generating vectors of the tensor C are a=(3,8,29) ", b=(2,9,15,26) T,
and ¢ = (16,6,9,35) . Then L(a,b,c) = 5. Hence, |A| < 3%1X4 ~2.18.

Clearly, from the comparison of the numerical examples in Theorem 4.8 and Theorem
4.4, the obtained eigenvalue intervals do not always represent absolute inclusion relations.
However, the interval length obtained using Theorem 4.8 is slightly smaller than the one
obtained using Theorem 4.4, and the computation process of Theorem 4.8 is simpler.
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Conclusions

In this paper, we consider a sixth-order Cauchy tensor. First, according to the structural
characteristics of the sixth-order Cauchy tensor, some conditions for judging the positive
definiteness of the sixth-order Cauchy tensor are given. In other words, we obtain the strong
elliptic condition of the sixth-order Cauchy tensor. Moreover, we show the relationship
between the positive definiteness of the sixth-order Cauchy tensor and the monotonicity of
a homogeneous polynomial with respect to the proposed Cauchy tensor. In addition, we
apply the concept of the M-eigenvalue to the sixth-order paired symmetric Cauchy tensor,
and further discuss related properties. We give three M-eigenvalue inclusion intervals for
the sixth-order paired symmetric Cauchy tensor, and the inclusion relations between them
are also discussed.
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