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Abstract: We consider the optimization problem of minimizing a smooth and convex function. Based
on the accelerated coordinate descent method (ACDM) using probabilities L3/2[ZE:1 Ll,1€/2]_1 for non-
uniform sampling (Nesterov Yu. et al.,, SIAM J. Optim., 110-123, 2017 [15]), we propose an adaptive
accelerated coordinate descent method (AACDM) with the same probability distribution determined by L;
as in ACDM. However, AACDM dynamically backtracks the coordinate Lipschitz constants of the problem
to approximate of local smoothness of the problem better. Not only the non-monotone version of AACDM
but also the monotone version are presented in the paper. The convergence rate of the proposed method is
studied. Numerical results on some classic problems show the efficiency of the adaptive scheme.
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Introduction

Coordinate descent-type methods perform exact or approximate minimization along (block)
coordinate directions. They get more and more popular in machine learning and large-scale
optimization due to their low computational cost and favorable performance [9, 18, 1]. Coor-
dinate descent-type methods can be classified by the update rule of the working coordinates
set, such as an exact minimization of the working set as in alternative minimization [16],
the gradient or proximal gradient step as in block gradient methods [12, 6, 14, 15, 2, 17],
and the conditional gradient step as in block conditional gradient methods [4, 10].
In this paper, we consider the unconstrained optimization problem in the form of

min H (x), (1.1)

x€R™
where the following are assumed throughout the paper:

Assumption 1.1. (a) H has componentwise Lipschitz continuous gradient, i.e., for ¢ =
1,2,...,n,
|V.H(x +te;) — V,H(x)| < LiJt|, vVxeR" VteR, (1.2)
where e; is the i-th coordinate vector in R™, L; > 0 and V;H (x) is the i-th coordinate
gradient.
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(b) H is o-strongly (o > 0) convex, i.e.,
o
H(y) 2 H(x) +(VH(x),y —x) + 5 llx — yl?, Vx,yeR", (1.3)

where VH (x) is the gradient of H at x.

(¢) The optimal solution set of (1.1) is nonempty.

A classical method for solving (1.1) when ¢ = 0 is the iterative scheme

. . 1
x" € R", and for k >0, x"!' =x* - —— Vv, H(x")e, (1.4)

max

where L. = max{Li,Lo,...,L,} and i) € argmaxi<i<,|V:H(x*)|. It enjoys an
O(nLmax/k) rate of convergence in terms of function values [14]. Note that at each iteration,
(1.4) requires to compute the full gradient vector, which could be expensive or intractable for
large-scale problems. To address this issue, some random coordinate gradient descent meth-
ods were developed. For example, the randomized coordinate descent method (RCDM) with
different sampling strategies was proposed and an accelerated variant of RCDM with uniform
sampling achieved an O((nLmax)?/k?) rate of convergence [14]. In [11], another accelerated
variant of RCDM was presented and attained the convergence rate of O((n Y., L;)/k?)
by using probabilities L;[>,_, Li] ™" for selecting active coordinates. Next, the accelerated
coordinate descent method (ACDM) proposed in [2, 15] further improved the convergence
rate to O((X;, L$/2)2/k2), which does not depend on the number of variables, by using
probabilities L; / 2[2221 L,lﬁ/ ®]=1 for non-uniform sampling.

In [13], some greedy strategies for selecting the active coordinate were proposed, which
require to compute the full gradient vector and can make better performance in practice
when the cost of full gradient vector is cheap. In [17], an optimal sampling strategy and
a suboptimal method with cheap implementation were given. Some other random coordi-
nate descent methods were developed for solving the composite convex optimization model,
i.e., the sum of a smooth convex function and a proper closed convex function with easily
computable proximal term of the latter. Interested readers are referred to [12, 11].

In [2, 15], the step sizes of their algorithms for (1.1) under Assumption 1.1 are fixed
and determined by the (global) parameters {L;}. Note that this may not be preferable for
practical applications where the (local) parameter values differ from the global counterparts
to some extent. This implies that methods which can be adaptive to the local parameters
might improve the performance in practice. Motivated by this, in this paper we study the
adaptive ACDM for (1.1), which still requires (global) Lipschitz constants for non-uniform
sampling as a prior, while the (local) coordinate Lipschitz constants are determined by back-
tracking (not neceessarily monotone) to achieve better performance. Both the strongly and
non-strongly cases are discussed in this paper. The non-monotone backtracking line search is
included in our adaptive scheme, which performs better (compared with the monotone one)
for applications whose local coordinate Lipschitz constants oscillate along the trajectory or
become smaller when approaching the tail. The adaptive ACDM is indeed not a monotone
method, meaning that the sequence of function values it produces is not necessarily non-
increasing. Since the monotone approach can be used to improve numerical stability (see
monotone FISTA in [5]), we also propose an adaptive ACDM in monotone version.

The paper is organized as follows. In section 2 we present the adaptive ACDM in non-
monotone version as well as the one in monotone version for solving (1.1). In section 3
we establish the convergence rate of the adaptive ACDM in non-monotone version when
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the objective function is o-strongly convex (¢ > 0). In section 4 we report the numerical
experiments on some classical problems. Finally in section 5 we discuss the adaptive ACDMs
for (1.1) when the objective function is non-strongly convex.

Adaptive ACDMs

We first present an adaptive ACDM in non-monotone version by using probabilities
Lg / 2[2221 L,lc/ 2]’1 for non-uniform sampling, then present the one in monotone version.
Here, N and N denote the set of positive integers and the set of non-negative integers,
respectively.

Algorithm 2.1. Adaptive ACDM in non-monotone version

Input: Sy = >0 VLi, pi = :q/lz for i € {1,2,---,n}, § > 1, to € Ny such that
o< 512/25*t0 (to = 0o when 0 = 0), x* =v? € R", and Ayg = 0, By = 1.

1. For k=0,1,2,---

2. Generate iy, € {1,2,--- ,n} via probability distribution (p;);;

3. Repeat step 4-6

4. Choose ti+1 < to,tk+1 € N, and compute ax4+1 > 0 by solving the equation
a%+153/257tk+1 = Ag41Bp1, (2.1)

where Agi11 = Ak + agy1 and By, = By + 0ag41;

a oa —a)xF (11— k
5. Define ay, = A’;:1175k 1: B::f’ and y* = 4= lj'aikﬁ(; BV
7. Until 1
H) < H') = g (VaH )’
8. Set VML = (1= Bp)v* + Bry* — 55— Vi H(y e,

9. End for

Remark 2.2. Algorithm 2.1 is non-monotone, hence H(x**1) < H(x*) may not hold for
some k. Moreover, it follows from [3, Theorem 11.20] that o < Y7 | L;. Hence o < 512/2.

So the choice of 41 implies that o < 5’12/26_tk+1 for all k.

Remark 2.3. If H(x) is not strongly convex(o = 0), to is not constrained by ¢y in step 4.

Algorithm 2.4. Adaptive ACDM in monotone version

Input: Sy, = 2?21 VL, pi = ﬁ for i € {1,2,---,n}, § > 1, to € Ny such that

o< 5’12/2(5_t° (to = 0o when 0 = 0), x* =v% € R", and Ay = 0, By = 1.
1. For k=0,1,2,---

2. Generate i € {1,2,--- ,n} via probability distribution (p;);;
3. Repeat step 4-6
4. Choose tpy+1 < to,tx+1 € N, and compute ax41 > 0 by solving the equation

2 2 —tr _
15720 M = Apy1Brya,

where A1 = A + ag4+1 and Bry1 = By + 0ag41;

_ Ak _ oagi E_ (—ap)x+ar(1=g)vF
5. Define oy, = Aps , B = Brit and y" = e ;
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6. Set &F T = yk — mvik}[(yk)eik;
7. Until
1
~kt1 k ' kY2
H(X ) < H(y ) - §—tkt1 2sz (vZkH(y ))
8. Choose x*T1 € R" such that H(x*™!) < min{H(X"1), H(x*)}
9. VL = (1 = BV + Bey” — 52—V, H(y")e;, .

Bit1piy,

10. End for

Remark 2.5. In step 4 of Algorithm 2.4, given an initial guess t;y1, for example t;, one

may update tx41 by tix41 — 1 until step 7 is satisfied. The existence of t;x11 € N can be

verified by setting tx11 = 0, and H(y*) — H(z"1) > A (V;, H(y*))? is satisfied as [3,
i

Lemma 11.9]. So the backtracking procedure terminates within finite steps.

Remark 2.6. One may choose

xE— LV F(xh), i HE) > H(x) (2.2)

Sk+1 if H Sk+1 < H k
xk“:{x ) if H(x""") < H(x"),

as an implementation of monotone approach in step 8 of Algorithm 2.4.

Convergence Analysis

In this section, we study the convergence rate of Algorithm 2.1. We use the notation
§k = {io, i1, ik}

Theorem 3.1. Suppose that Assumption 1.1 holds and x* is an optimizer of (1.1). Let
{xF}2, and {vF}22, be the sequences generated by Algorithm 2.1. Then, for any k > 0,

(i)
2Ak11Ee, [H(x*) — H(x")] + B Eg, [V —x*|%]
<2AyE¢, ,[H(x") — H(x")] + BiE¢, , [[v" — x*[?; (3.1)

(ii) if o =0, then

257, % — x|
E H k+1 —H * < 1/2 .
el HOT) = HX) < — 59—

if o >0, then
Eg, [H(x") = H(x")] < 57 5(1 = Vo /S1/2)" " [x" — x"||2. (3:3)
Proof. (i) Define w* = (1 — B¢)v* 4+ Bry"*. Then

vF = (1—ap)x (1l - B) wh — Bry” _ (1 — ag)x? + apwk B arBry®
1 — arfk L—apfe 1—Pk 1 — apfr 1—aB’
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thus y* = (1 — ax)x* + ap,w”. Denote rZ = ||vF — x*||2, then
2
% ag *
Ve == [ S e, —x
k+1Diy,
2a
k *1|2 k+1 k k *
—[|w" — -~ SR oy H(YR), wE - x
I =2 = S, B wh -~ xi)
a1 k)2
tgr o (Vi ()™ (3.4)
k414

On the other hand
Iw" —x*)12 = [|(1 = Br)(v" —x7) + Bi(y® — x*)||?
< (1= Br)ri + Bully” — x|, (3.5)
Hence, by (2.1), (3.4) and (3.5),
2ak7.+1
Piy,

H(y") — H(x*1))

(Vi H(y"), Wi, —xi,)

2 2 k 2
Bk+17”k+1 SBkrk + BkBk-i-l”y - X*H - k ik
2
Bk+1p¢k
2041

(Vi H(y"), w, —xj,)

k ik

=Byr + BrBrrlly* — x*||> —

i
+ 24541 (H(y") — HMY).
Taking expectation with 7, we obtain
Bii B, (rig1) <Buriy + oapra[ly® —x*|* + 2ar01(VH(y"), x* — w)
+ 2451 (H(y") — B (H(x*1))). (3.6)
It then follows from w* = y* + %(yk —xF), ap = Z’;fl, Ag41 = Ag + ar41 and (1.3)
that

* ” 11—«
a1 (VH(y"), x* = w") = a1 (VH(y"), x* —y" + Tkk(xk -y")
. 1 . 11—«
<ap41(H(x") — H(yk)) - §ak+10||yk -X ||2 + ap+1 i (H(Xk) - H(yk))
* k k 1 k * (|12
=0k41 — Ar k — —Qk+1 — . .
ap1H(x*) — Ap 1 H(y") + AR H(x") 54 olly® —x*|| (3.7)

Substituting (3.7) into (3.6), we have
BioyiBiy (r2,1) < Bk + 245 (H(x") — H(x")) — 2441 (Eq, (H(x1) — H(x")),

Taking expectation over &;_1 yields (3.1).
(#4) Inequality (3.1) implies that
0 _ x* ”2

Ee, [H() — H(x")] < 1%

_— 3.8
T 240 (3:8)

It suffices to estimate the growth of Ag. It can be prove by induction that By = 1+ g Ay.
Hence, by (2.1),
(g1 = Ag)?S7 )00 = Ap 1 (14 0 Ag4a). (3.9)
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For o = 0, we prove by induction that

2
A >

Vk > 0. (3.10)

483,y -

Obviously, (3.10) holds for & = 0. Suppose it holds for k. By (3.9),

1/(512/2(5—tk+1) + \/4Ak/ 1/25 tk+1) + 1/( (572tk+1)

App1 = A + 5
>Ak+1/ 251/2 + 1/ A /Sl/g
k2 k 1
> +1/(282,,) + (k* 4 2k + 2)
482, 12 1277 982 12 VE 12
(k+1)2
~ 487,

Thus (3.10) holds for all £ > 0. This, together with (3.8), yields (3.2).
For o > 0, by (3.9),

—trt1 2 4Ak 1
2Ak + 1/( 1/2 ) \/4Ak 52 5 tht1 + Sf/Qé_tk+1 + Sf/zé_%k+1

Ap1 =
2(1 - U/( 1/2(S tk“))
J 24+ 24k ¥ A,
- S2.) 17
( 0'/ 1/2) 1 S1 s
2
Since A; = 5 1{,(219/3 = t)l) > 117/\(/25%32, we have
1/(28%),)
A > Yk >0 3.11
S SN T L (31
which, together with (3.8), implies (3.3). O O

The proof of (i) of Theorem 3.1 is similar to that in [15]. In fact, Algorithm 2.4 has the
same convergence rate as Algorithm 2.1. Since the analysis is almost the same, we omit the
proof here. Interested readers are referred to [8, 1] for more details.

Numerical Results

In this section, we test Algorithm 2.1 (the adaptive variant of ACDM proposed in [15],
denoted as AACDM) and Algorithm 2.4 (the adaptive ACDM in monotone version, denoted
as AACDM_M) on some classic problems, and compare them with ACDM and ACDM in
monotone version (denoted as ACDM_M). The specific adaptive method in AACDM and
AACDM_M is that at iterate k we set ty+1 as the previously returned ¢ if k is not divisible
by 5 and set it as tx + 1 otherwise; moreover, 4 is fixed as 2 in our test. All experiments are
implemented in MATLAB 2022a on a 64-bit PC with an AMD Ryzen 5600U CPU (2.30GHz)
and 16GB of RAM.
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Test problem given in [15]

Considered the test problem with randomly generated data given in [15]:

min f,,(x) Zcbu a',x) - ci), (4.1)
where
b ={ B, h<n (42)
7] = 3p, if |7 > p.

Coefficients of dense vector a’ are uniformly distributed in the interval [1,2]. Coefficients of
vector ¢ = (cy,...,cy)T € RV are chosen as ¢; = (a’, y) where the entries of vector y € RM
are uniformly distributed in the interval [—1,1].

As the optimal value of (4.1) is zero, we use f,,(x) < ¢ as the termination criterion with
e = 1072. We also choose y = ¢.

For each problem, ACDM, ACDM_M, AACDM and AACDM_M are run 10 times with
the uniformly randomized initial point x° € [~10,10]™ and we report the average running
time in Table 1.

Problem size CPU time(s)
N M ACDM AACDM ACDM_M AACDM_M
50 100 3.2794 2.6762 2.6966 2.0354
100 50 3.1576 2.7000 2.0285 1.2460
100 200 11.9336 10.0678 9.3187 7.2214
200 100 10.8258 8.6158 6.0377 3.5905

200 400 39.2334  34.9947 30.5583 24.1483
400 200 42.5816  39.8447 19.2615 10.6929
400 800 | 139.1519 133.1698  108.7773 90.9265
800 400 | 204.8777 165.0772 65.0083 33.9478
800 1600 | 564.3874 513.7417  467.3034 390.5520
1600 800 | 886.2508 857.4967  246.4927 121.4863

Table 1: Average running time in seconds on problem (4.1)

lo — I; penalty functions

Considered the dual ls — I3 penalty functions given in [2]:

Wrrel]gjle =N Zd)z a', w)) +r(w), (4.3)
where r(w) = 3|w||? and ¢;(a) = L(a —1;)? + |a — l;| with {(al,11),---, (a",ln)} being a
training set. The dual form of (4.3) is

N
1 1 )
yrgﬂlg}vD =N E: MEIVEL E yiail”, (4.4)
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where the coordinate Lipshitz constants of D are L; = + + 1z |la’||? for all 4.
We apply ACDM, ACDM_M, AACDM and AACDM_M to the dual problem (4.4) on the
datasets w8a, news20, connect-4 and rcvl binary from the LibSVM [7]. The numerical

results are given in Figure 1.

ACDM ACDM
AACDM AACDM
ACDM_M ACDM_M
AACDM_M | - AACDM_M
T
[=) M
-0.007 o 2 \
AN *’m&
N N
-0.008 N ST
N 0.3 .
-0.009 | . .
N
0.01 - : -0.35 ]
0 05 1 15 2 0 05 1 15 2
Time(s) Time(s)
(a) w8a (b) news20
ACDM ACDM
AACDM AACDM
ACDM_M ACDM_M
AACDM M| { AACDM_M
~— N
N = AN
- 2003
. ™~ e N
3 \ N AN
N N
\ -0.04 N
35 . -
. .
4 1 ™
. 0.05 ~
45 N
5 ! -0.06
0 05 1 15 2 0 05 1 15 2
Time(s) Time(s)
(c¢) connect-4 (d) rcvi_binary

Figure 1: Numerical results on o — [; penalty functions

Logistic regression

Logistic regression is a widely used model for classification in machine learning. Consider
the problem (4.3) with

bi(a) =log(1 +exp™ ) and r(w)=0. (4.5)

We apply ACDM, ACDM_M, AACDM and AACDM_M to the original problem (4.3) on
the datasets w8a, news20, connect-4 and rcvl_binary too. The numerical results are given
in Figure 2.

Note that in contrast to ACDM in [15], Algorithm 2.1 and Algorithm 2.4 spend more
time in picking ¢x11, however with our adaptive choice of parameter t;;1, the step sizes
may be generally larger in outer loop. When the benefit of the latter can offset the expense
caused by the former, the overall overhead will be reduced. The numerical results validate
the improvement.
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Figure 2: Numerical results on logistic regression

Discussions

335

We proposed two adaptive ACDMs for solving the problem (1.1) both in non-monotone
version and in monotone version. Compared to the ACDMs, they can dynamically backtrack
the coordinate Lipschitz constants of the problem. Convergence rate of the algorithms are
given for o-strongly convex function (o > 0). Numerical results show that the adaptive
strategy improve the performance a lot.

In [2], a counterpart of the ACDM was proposed for (1.1) when the objective function is
non-strongly convex. Similarly, we can develop the adaptive ACDM for non-strongly convex

problems using probabilities Li/ 2[27;:1 L,lc/ ?)=! for non-uniform sampling. It can be done
as follows.

At the k-th iteration, first generate i, € {1,2,--- ,n} via probability distribution (p;);,
choose tx4+1 € N, and set

2

Tk = € (07 ”;

5.1
14 [1 4000 o0

2
Th—1
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then repeat

X" =2k + (1 - 7)y", (5.2)
1
k41 _ k+1 k+1
y =X T 5tk L;, Vi H(x"" e, (5.3)
until
1
k+1 k+1y _ ) k+1V)2
) < HOM) = oo (Vi H ) (5.4)
is satisfied; finally, compute
1
M+l = 57— a3 (5.5)
1) thrlTkSl/Q
Zk—i_1 = Zk — Dt VZ'kH(Xk—i_l)eik. (56)
biy
It can be proved that for k > 0
k+1 * 2Sf/2 0 (12
Ee [(H(y"™) — H(x"))] < m”y -x"|" (5.7)

The monotone strategy similar to (2.2) can also be used to improve the performance for the
non-strongly convex problems.
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