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ON THE SUFFICIENCY OF PONTRYAGIN’S MAXIMUM
PRINCIPLE

M. MARGARIDA A. FERREIRA AND GEORGI V. SMIRNOV

ABSTRACT. This work focus on sufficient conditions of optimality for an optimal
control problem. A refined mazximum principle condition which guarantees weak
local optimality of control processes for affine control systems with a polyhedral
set of controls is introduced. This refined maximum principle condition expresses
that the control is uniquely defined for almost all instants of time and the behavior
of adjoint variables is rather regular. Several examples are presented to illustrate
such sufficient condition.

1. INTRODUCTION

In this work we focus on sufficient conditions of optimality for an optimal control
problem. Traditionally sufficient conditions involve second order derivatives (see,
for example, [3] and the references therein). However, for certain classes of problems
the Pontryagin maximum principle [4] is by itself a sufficient condition. This is well
known for linear control problems with convex cost and convex constraints. This
sufficiency of the Pontryagin maximum principle is also observed in certain classes
of non convex problems of hydro-electric power stations management [1].

In the optimal control context, a problem satisfying conditions of existence the-
orems can be solved determining all trajectories satisfying Pontryagin’s maximum
principle and choosing the optimal one. In practice this can be very hard and it
would be important to understand if a given trajectory is optimal or not. Here,
we introduce a refined mazimum principle condition that for affine control systems
with a polyhedral set of controls guarantees weak local optimality of control pro-
cesses. This refined maximum principle condition means that the control is uniquely
defined for almost all instants of time and the behavior of adjoint variables is rather
regular. We illustrate this sufficient condition with different examples.

2. PRELIMINARY CONSIDERATIONS

We start by introducing some notation that shall be used throughout the paper.
The Euclidean norm of a point  and the inner product between x,y are denoted
respectively by |z| and (z,y). The norm |- |, means the L,-norm, with 1 <p < occ.
The set of non negative real numbers is represented by R4 and C([a, b]; D) denotes
the set of continuous functions f : [a,b] — D. Given a matrix A, the transpose of
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A is represented by A* and the identity matrix is represented by I. The Lebesgue
measure of a given set C' is represented by meas(C).

A set C C R™ is a polyhedral set if it defined as the set of solutions of a linear
inequalities system, i.e., C' = {x € R™ : (z,¢;) < 4,1 = 1,k}, where ¢; is a fixed
vector in R™ and «; is a fixed real constant, for every ¢ = 1, k. Bounded polyhedral
sets are referred to as polyhedrons.

Now we proceed with an analysis of Pontryagin’s maximum principle as a suf-
ficient condition and recall that such maximum principle guarantees directional
optimality of control processes. Consider the following optimal control problem in
Mayer form

(2.1) ¢(x(T)) — inf,
(2.2) = f(t,x)+g(t,x)u, uel,
(2.3) z(0) = o,

where T is fixed and xg is a given point in R"™. Here, and throughout the paper,
¢:R*"—> R, f: RxR"— R"and g: Rx R* — R™™ are twice continuously
differentiable functions and U C R™ is a polyhedral set.

As usual in the optimal control framework, we refer to a measurable function u :
[0, T] — R™ that satisfies u(t) € U, a.e., as a control function u(-). A control process
(u(-),z(-)) (some times refereed simply by process) comprises a control function
u(-) and a state trajectory x(-) that is a solution to the differential equation & =
Ft,2) + g(t, 2)u(t).

Denote by z(-,u(-)) the solution to the Cauchy problem

(2.4) &= f(t,x)+g(t,z)(t+u), x(0)= xo.

Set z(-) = z(-,0). Then we have, for some difference function r :[0,7]x R™ — R",
(2.5) z(t,u(-)) = &(t) + z(t) + r(t, (")),

where Z(+) is the solution to the Cauchy problem

(2.6) z = (Vo f(t, &)+ Valg(t,2)2)Z + g(t,2)u, (0)=0.

From the Filippov theorem [2] we obtain

T
(2.7) Ir(t,a()] < (Const)/ p(t,u(-))dt,
0
where p(t,u(-)) represents the following distance

p(t,a()) = |2(t) + &(t) — f(t, 2(t) + 2(t)) — g(t, &(8) + 2(t))(a(t) + a()))]

—_

< 5 max|VAf(t,2)||z(t)]” + %max V2g(t, 2)llz()*(Ja(t)] + |a(t)])

+max [Vg(t, z)[[z(8)]|a(t)]-

Since

T
(2.8) |Z(t)| < (const) /O la(t)|dt,
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we have
2

T
(2.9) |r(t,a(-))| < (const) </ |a(t)|dt> .
0
Let u(t) € U and u(t) + au(t) € U, t € [0,T], a € [0, o). Then, since
lim o~ 'r(t, au(-)) = 0,
a—0
we obtain

¢(@(T, au(-))) = ¢(&(T)) + (Vo(&(T)), ax(T) + (T, cvu(-)))

(2.10) —l—%(ai’(T) + (T, at(-)), V2¢(xa) (az(T) + r(T, ai(-)))),

where z, = (1 — 0)&(T) + 02(T, at(-)) for some 6 € [0, 1].
Let ®(t, s) be the fundamental matrix of the system
(2.11) = (Vyaf(t, &)+ Vu(g(t,2)u))z.

Set p(t) = —®*(T,t)Ve(z(T)). Then we have

T
(2.12) (Vo(2(T)),z(T)) = —/0 (p(t), g(t, 2(t))u(t))dt.
Assume that
T
(2.13) /0 (p(t), g(t, B()a())dt < 0

whenever u(t) € (U — a(t)) and u(-) # 0. Then we get
¢(2(T, au(-))) > ¢(&(T))

for all @ > 0 sufficiently small, i.e. the condition

(2.14) {p(t), gt &(t))u) < (p(t),g(t, &(t))a(t)), weU, ua(t),

implies that 4(-) is a directional minimizer. Condition (2.14) can be interpreted as
the maximum principle uniquely defining the control.

Two main questions arise. What shall we impose more to guarantee local op-
timality of @, not merely directional optimilaty, and what is the class of control
systems for which such condition applies. We will work in the class of affine control
systems and polyhedral set of controls. The following two examples show that this
class is a natural one and one hardly expect to enlarge it.

Examples. Consider the optimal control problem for a non affine system:

z9(1) — 223 (1) — inf,

{i‘l = u,
.%"2 = u2,
u € [—1,1]

.%'1(0) = 1‘2(0) =0.
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The control 4 = 0 satisfies the maximum principle. However it is not a local
minimizer. Indeed, consider the control u = €. For the corresponding trajectory,
we have
z9(1) — 223(1) = —€* < 0.
Hence for the systems of general form & = f(t, z,u), the maximum principle cannot
be a sufficient condition.
The following example shows that even for affine control systems the maximum

principle is not a sufficient optimality condition. Consider the optimal control prob-
lem

z1(1) — min,

iy = a3 — 13,

To = ug,

T3 = us,

ul + (uz — 1) <1,
z;(0) =0,i=1,2,3.

The control (u2(t),u3(t)) = (0,0) is a directional minimizer. Indeed, the solution to
the adjoin system is p; = —1, po =0, p3 =t — 1, and the maximum condition takes
the form (¢t — 1)us < 0, whenever uz > 0. However, the control (ua(t), u3(t)) is not
a minimizer. Indeed, consider the control us = /1 — (e — 1)2, ug = €. Obviously
we have zo = t\/1 — (e — 1)2, z3 = te, 21(1) = —€/6 +€2/3 < 0, e < 1.

However, as we shall see in the next section, for affine systems with polyhedral
sets of controls it is possible in many situations to introduce a refined version of the
maximum principle as a sufficient optimality condition.

3. REFINED MAXIMUM PRINCIPLE

We say that the control u(-) satisfies a refined maximum principle, if there exist a
non-negative measurable function o : [0,7] — Ry and constants v > 0 and ag > 0
such that

(1) maxyep ({g(t, £())(u — a(t)), p(t)) + o (t)ju — a(t)]) < 0;
(2) meas{t € [0,T] | o(t) < a} < va, whenever a € [0, ag],
(3) meas{t € [0,T] | o(t) = a} = 0, whenever a > 0.

Observe that the first inequality implies the maximum principle condition
max({g(t, 2(t)) (v — a(t)), p(t)) < 0.

Let us see some examples. Assume that g = 1.

(1) Let U = {(u1,u2) € R* | u3 +u3 < 1}, 0(t) = (cost,sint), and p(t) =
(cost,sint), t € [0,27]. In this case o(t) = 0 and the refined maximum
condition is not satisfied.

(2) Let U = {(u,0) € R? | u € [-1,1]}, 4(t) = sign cost, and p(t) = (cost,sint),
t € [0,27]. In this case o(t) = |cost| and the refined maximum condition is
satisfied with v = 27 and ag = 1, for example.
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The following result establishes conditions useful to verify the refined maximum
principle property. Let U = co{ui,...,up}, 0 =tog < t1... < tp =T, u(t) =
Uy, T E]tlatl+1[7 [l =0,L—1, Q(t) = (g(t,:i‘(t)))*p(t), M = {m | <Q(tl)7um> =
maXuEU<Q(tl)7 u>}7 l=0,L.

Lemma 3.1. Assume that q(-) is a continuous and piece-wise continuously differ-
entiable function, that the maximum principle uniquely defines the control () (in
the sense that (q(t),uw — um,) <0, Vt €lt;, ti11[,Yu € U, u # U, ), and

(3.1) max (4(t1 +0), um — um,) < =200, 1 =0,L -1,
me
(3.2) mia (4(t1 — 0), um — wm, ,) > 200, L =1, L.
meM,;
mZ#my 1

Then the refined maximum principle condition is satisfied.

Proof. Let At > 0, u = 2%21 AmUm, U F Uy, Am > 0, 2%21 Am = 1. Using
(3.1) we have

(3:3) (g(ti + At), u — um,) = (q(tr + At), Z A (tm — Uy, ))
m#m
(3.4) = > Anl(q(tr), tm — wm,) + AtG(t + 0), tm — wm,) + 0(At))
e
(3.5) + > Amla(ts + AL) g — U, )
mEM,

(3.6) <= ) Mmoot + Y An{g(ts + AL, U — U,

meM; mgM,

m#my

whenever At is small enough.

If m ¢ M, then we have (q(t;), um — um,) < 0. Since a(t) = (¢(t), Um — Um,) is
continuous and a(t;) < 0, it comes a(t;+ At) = (q(t;+ At), Uy — Up,) < 0, whenever
At is small enough. As a consequence we can write (q(t; + At), U, — Up,) < —02,
for some o1 > 0. So, we obtain

(q(ts + At), 1 — ) < — Z Ao At — Z p—

meM; m%./\/[l
mz£my

< - Z Ao At — Z Aol At < — Z Ao At

meM; mgM, m#Emy
m#£Emy

for some o9 > 0, whenever At is small enough. Since

[u — Uy, | = Z Am (U, — U, )| < Z Amnrgé%l U, — U, |

m¥£my mz£my
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we get

(q(ti + At),u —up,) < —o2 At

Analogously from (3.2) we obtain

<Q(tl - At)a U — uml,1> < —03

Hence the function o(t) from the refined maximum principle can be defined as

ti41 — ¢ t t
o(t) = (LM |y +1 Tt
2 2

where ¢ > 0 is sufficiently small. [J

>) te [tlatl-i-l]a l:O)L_lv

Main inequality. The following lemma provides an inequality which will be of
particular relevance to prove sufficient conditions of optimality.

Lemma 3.2. Let o be as in the refined mazimum principle condition. Then
2

(3.7) /OT o(tyw(t)dt — c (/OT w(t)dt) >0

whenever |w(-)|e < 1/(27c).

Proof. Consider the following optimal control problem

/T o(t)w(t)dt — cy?(T) — inf,
0
y=w, wel0,, y(0)=0.

Assume that the optimal control w(-) is different from zero. There exist A > 0 and
an absolutely continuous function #(-) such that

=0, (T) = 2xey(T);

wn;f&](w(t) —do(t))w = (P(t) = Ao(t))w(t),

A+ [¥(-)] > 0.
Obviously A # 0. Set A = 1. Hence

and

where
M = meas{t | o(t) < 1(t)}.
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Thus, we have

M = meas{t | o(t) < 2ceM} < 2yceM.
Taking € < 1/(2yc) we obtain a contradiction. Thus the optimal control is zero.
This implies (3.7) O

Sufficiency of the refined maximum principle. Consider the optimal control
problem (2.1)-(2.3).

Theorem 3.3. Let (4(-),z(-)) be an admissible control process satisfying the refined
mazximum principle, were p(-) is solution to the Cauchy problem

p(t) = = (V(f(t,2(t) + g(t, 2(t))a(t)) " p(t), p(T) = —-Ve(&(T)).
Then (4(-),z(+)) is a weak local minimizer in the following sense: there exists € > 0
such that, for any admissible control process (u(-),z(-)) satisfying |u(-) —u(-)|oo < €,
the inequality ¢(x(T')) > ¢(z(T')) holds.

Proof. Indeed, from (2.8), (2.9), (2.12), and the refined maximum principle we
have
2

T
o(a(T,a()) > $(E(T)) + (V(E(T)), 2(T)) — (const) ( / ru<t>\dt)

2

T T
=6 (1) = [ ol0) gt (0ot — (const) ( / |u<t>rdt)

T

2¢(92(T))+/0Ta(t)\a(t)]dt—(const) (/0 a(t)]dt)Z.

Applying Lemma 3.2, we obtain the result. [J

Let us see some examples showing the relevance of different aspects of the refined
maximum principle.

Examples. Consider the optimal control problem

z1(1) — min,

i’l = T3 — x%,

Ty = ug,

T3 = u3,

|uz‘ + ‘U3 — 1| <1,

x;(0) =0,i=1,2,3.
The control (G2(t), us(t)) = (0,0) is a weak minimizer. Indeed, the solution to the
adjoin system is p;1 = —1, po = 0, ps = t — 1, and the refined maximum condition is

satisfied:
ug| + |us3
pauz = (t — Dug < —(1 — t)w

Here o(t) = (1 —1t)/2.
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The second condition in the refined maximum principle is essential. To illustrate
that, consider the optimal control problem
x1(m/2) — min,
. 2
Tl = T3 — Tog,

To = T3 + u,

T3 = —x2,

u € [—1,0],

z;(0) =0,i=1,2,3.
The control v = 0 satisfies the maximum principle with p; = —1, po = 1 — sint,
p3 = — cost. The function o in this case is (1 —sint). Such function does not satisfy

the second condition. Take the control functions sequence

0, te0,7/2—1/n],
un(t) = { -1, ter/2—-1/n,7/2].

Then, for the corresponding trajectory, we have

v1(m/2) = —$ +o <nlg> ,

i.e., v = 0 is not a local minimizer.

The following example shows that the Ly,-norm in Theorem 3.3 can not be re-
placed by L,-norm, with 1 < p < co. Consider the optimal control problem

z1(1) — 23(1) — min,

T1 = T2,
To = u,
u € [0,1],

112(0) = O,i = 1,2.

The zero control satisfies the refined maximum principle with p; = —1 and po = t—1.
Take the control functions sequence

0, tel0,1—1/n],
un(t) = { 1, te[l—1/n,1].

Then, for the corresponding trajectories, we have

2
2(1) /1 /t dsdt /1 dt !

r1(1) — = = — =,

1(1) 2 1-1/n J1-1/n 1-1/n 2n?

4. PROBLEMS WITH CONSTRAINTS

The generalization of the refined maximum principle to optimal control problems
which accommodate not only final and initial but also path-wise state constraints
is now established.
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Consider the problem

(4.1) ¢(z(T)) — inf

(4.2) &= f(t,z)+g(t,x)u, uelU
(4.3) z(t) € C,

(4.4) z(0) € Cy, =(T) € C1.

Theorem 4.1. Let (4(-),Z(-)) be an admissible control process. Assume that there
exist a function of bounded wvariation p(-) and a vector valued Borel measure p
defined in [0, T, satisfying the following conditions:

(4.5) dp(t) = =V (f(t, &(t)) + g(t, &(t))a(t)) "p(t)dt + dp(t),

T
(4.6) /0 (x(t) — z(t),dp(t)) <0, for all admissible trajectories x(-)
(4.7) (p(0), ¢ — #(0)) < —(const)|co — Z(0)|*™¢, ¢ € Co, € €]0,1],
(4.8) (=p(T) = V(&(T)),c1 — #(T)) <0, c1 € Cy.

Moreover the refined mazimum principle is satisfied. Then (u(-),2(:)) is weakly
locally optimal.

Weak local optimality of (4(-),Z(-)) must be interpreted in the sense defined
before: there exists € > 0 such that for any admissible control process (u(-),z(-))
satisfying |u(-) — 4(+)|oo < € the inequality ¢(z(T)) > ¢(2(T')) holds.

The theorem do not impose any restriction on the support of the measure p,
usually present in necessary conditions. This restriction is already contained in
condition (4.6). Observe also that this condition can usually be easily checked in
practical examples.

Proof. Let (u(-) + u(-),z()) be an admissible control process. We have
¢(@(T)) = (&(T)) + (Vo (#(T)), z(T) — &(T)) — (const)|z(T) — &(T)[.
Using (4.8) we obtain
¢(z(T)) = (&(T)) — (p(T), o(T) — &(T)) — (const)|(T) — &(T)[*.
Let z(-) be a solution to the Cauchy problem
2=V (f(t,2(t) + g(t, £(1))a(t)Z + g(t, £(t))u, 2(0) = =(0) — 2(0).

Observe that

p(t) = |a(t) + &(t) — (f(t.2 +2) + g(t, 2 + 2)(a + @))| < (const)(|z|* + |z||al).
Since

ol < (cons) (Ja(0) - 20) + [ ' aolar)

applying the Filippov Theorem, we get

T
2(T) — (#(T) + 2(T))] < (const) /0 plt)dt
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< (const) <x(0) —2(0)* + (/OT ]ﬂ(t)|dt> 2)

From this and an obvious inequality

T
#(T) — (T)] < (const) (\x<o> ~0)1+ [ \u<t>rdt)

we obtain

o(a(T)) >
T 2
S(H(T)) — (p(T), 2(T)) — (const) <|:c<o> )P+ ( / ra<t>|dt) ) |

Let @ be the fundamental matrix of the system

&= Va(f(t,2(0) + gt 2(1))a(t) .

Since .
) = #(T.0p(T) ~ [ @ (s, )du(o)

we have

|
=5
~—
~
:_/
I
3

Il

T
—(p(T), ®(T, 0)($(0)—£i"(0))+/0 (T, t)g(t, &(t))u(t)dt)

T

I
|
=,
(@)
N~—
+
c\
KA

*
—~
»

(an)
S~—
e
=
»
:./
&
(e}
S~—
|
2>
—~
=
S~
|
h
S
k]
—~
~
S~—
<)
—~
u@f-
&
=
N—
I
—~
N
Q
~

T T

- / ( / * (s, 6)du(s), g(t, 2(t))a(t)) dt
0 t

T T

— (o) + /O &* (s, 0)dp(s), (0) — #(0)) — /0 (1), g(t, &())a(t))dt

T s

- / ( / &* (s, £)g(t, &(t))a(t)dt, du(s))
0 0

T
+/o (x(s) — (2(s) + z(s)),du(s))

Using (4.7), (4.6) and the refined maximum principle we have
T

H(x(T)) > G(#(T)) + (const)]x(0) — (0> + / o (t)\a(t)|dt

_ (const) <|x(0) _30)” + < /0 ! |a(t)|dt>2> .

Applying the Lemma 3.2, we obtain the result. O
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Note. Condition (4.7) is satisfied if Cp is a point or a polyhedron and #(0) is a
vertex. As the following example shows, parameter € in (4.7) cannot be zero.

Example. Consider the problem

z2(1) — 23(1) — inf,

1 = uy,
Ty = ug,
lut| + Juz| < 1,
x%(O) +(1— 362(0))2 < 1.
The process 41 =0, 4o = —1, 1 = 0, o = —t, satisfies the maximum principle and

the transversality condition
(p(0), co — #(0)) < —(const)|co — z(0)[%, co € Co.
(Indeed, —z2(0) < —(2%(0) +23(0))/2.) However the process is not locally optimal.
5. ILLUSTRATIVE EXAMPLES

Here we show how the above theorem can be used to analyse optimality of control
processes.

Example 1. Consider a rocket car equipped with two rocket jets and moving along
a straight line. Its motion is modelled by the following equations:

T =,
Ul — U2
= —
m = —k(u1 + UQ),
u, ug € [0,1],

x(0) = zg, v(0) = vg, m(0) = mo,
z(T)=v(T)=0.

Here z(t) is the position at time ¢, v(¢) the velocity, m(t) the mass of the car
(changing as fuel is burned), u;(t) and uy(t) are the thrusts, and & is a constant.
It is necessary to maximize the amount of fuel at the end of the motion, i.e., it is
necessary to maximize m(7). We introduce two new controls w; = u; — uz and
wg = u1 + uz. The system takes the form

T =,
. w1
V= —,
m
™m = —k’wg,

lwy] + |we — 1] < 1.
The adjoint system has the form
p1=0, pi(T)= A\,
p2=—p1, p2T) = Ag,

— pawi

p3 m2 p3(T) =
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The maximum principle reads

P2wi P21 .
max ( —pgk:U}g) = — pskws | .
|wi |+|w2—1|<1 m m

Let xg > 0 and vy > 0. The admissible processes with m(7") > 0 and the control
(—1, 1), tc [0,7’1],

(w1 (t), w2(t)) = (0,0), t€]m,ml,
(1,1), t €1, T,

with 0 < 71 < 19 < T, is optimal. Indeed, from the form of control we see that py
is an increasing function, so A\; must be negative. Also, we have

pa2(t)
q(t) = g*(t, (z(t), v(t), mE))pt) = [ ™)
—kp3(t)
and
—Alm(t) + kipz (t)w2 (t)
m2(t)
q(t) =
_ 2w (t)
m2(t)
Therefore conditions (3.1) and (3.2) of Lemma 3.1, at point 71, can be written as
M A1
— —-1-0) = <0
) 0 = )
—Aim(71) + kpami kpaTy A1
0+1)+ 0—1 — >0
ey B e A= ey
and, at point 7o, as
—A1 + kpa(m2) —kpaTo A1
m2r) O iy O = gy <0
-1 A
1-0)=-— >0
)0 = )

Thus, from Theorem 4.1 we see that the process is optimal.

Example 2. Consider the optimal control problem

min z3(7)
Ty = u1,
:tZ = u2,

i3 = x9 — pai,

lur| + |ug| <1,

r2(t) > c,

z1(0) = —a, v1(T) = a,
22(0) = 22(T) = b,
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where T' = 2a + 2(b — ¢). The constants p, a, b and ¢ are positive, with b > c.

The constraint sets C,Cy, C; of Theorem 4.1 are represented in this problem
by C = {(x1,22,73) € R3 : 23 > ¢}, Cop = {(w1,79,23) € R® : 21 = —a, 13 =
band 3 = 0} and C; = {(z1,72,73) € R® : 1 = a and 29 = b}. The adjoint
system (4.5) and (4.8) comes

dp1(t) 2p21(t)ps(t) + dpa(?),
dpa(t) = —ps(t) +dua(t),
dps(t) = dus(t),
ps(T) = -1
Take the admissible control process (4(-), Z(-)) defined as:
—a, t€[0,b— ¢,
(5.1) 21(t)=q t—a—(b—c), teb—cT—(b—0)],
a, te[T—(b—c),T].

b—t, tel0,b—c],
(5.2) Zo(t) = c, teb—ec,T—(b—c),
t—T+b, te|[T—((b-0),T]

0, iftel0,b—cl,

wt)=< 1, ifteb—cT—(b-c),
0, ifte[l—(b—rc),T].
-1, ifte[0,b—c],

Us(t) = 0, iftepb—c,T— (-0,
1, ifte[l'—(b—r¢),T).

Assume that p < i and a > b — ¢. Consider the following set of multipliers

mt) = (b—c)(1—2ap)—2p /0 i1 (s) ds,

pa(t) = —2(b—c)+t+/0 du(s),
p3(t) = _17
0, t€[0,b— ¢,
p(t) = —w(t—lwkc), teb—cT—(b—2c),

“2a—b+ o), te[l—(b-c),T)
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The functions p; and po can be equivalently written as

(b —¢)(1 —2ap) + 2apt, ift € I,
p1(t) =< (b—c)(1—2ap) — p(b—c)* +2p(a+b—c)t—pt?, iftely,
(b—c)(1 — 2ap) + 4ap(b — c) — 2apt + 4a’p, itt e Is.
K+t tel,
pa(t) = K—l—t—w(t—b—i—c), te iy,
K+t—2(a+b—c—K), t € I,
with K = —2(b — ¢) and where, for shortening, we write I1, I2, I3 to denote respec-

tively the intervals [0,b —¢[, [b —¢,T — (b—c¢)[ and [T — (b — ¢),T].

This set of multipliers satisfies (4.5)-(4.8) of Theorem 4.1. In particular (4.6) is
complied since u(t) generates a non positive measure with support on the interval
[b—c¢, T — b+ c] and on this interval x(t) — #2(t) = z(t) — ¢ > 0 for any admissible
trajectory x. It can also be checked that conditions under which Lemma 3.1 applies
are fulfilled. In particular,

[{4(ts £ 0), wgm = umy)| = |2ap| # 0.

We may conclude that the process (u(-),Z(+)) is a weak local minimizer.
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