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REGULARITY AND SINGULARITY PHENOMENA FOR
ONE-DIMENSIONAL VARIATIONAL PROBLEMS WITH
SINGULAR ELLIPTICITY

RICHARD GRATWICK, M. A. SYCHEV, AND A. S TERSENOV

Dedicated to memory of Victor Mizel: entuziastic mathematician and human person

ABSTRACT. In this paper we develop regularity theory for one-dimensional varia-
tional problems with singular ellipticity. As is known the classical indirect meth-
ods can not be applied in this case since the Euler equation is not defined. How-
ever it is still possible to suggest certain direct methods. Such a theory is the
content of this paper.

1. INTRODUCTION

In this paper we consider classical one-dimensional variational problems
b
(1.1) J(u) = / L(z,u(z),u(z))dr — min
a

(1.2) u(a) = A,u(b) = B.

We assume that L : [a,b] x R x R — R is continuous and L(z,u,v) is convex in
v. These assumptions on the integrand L will be regarded as basic throughout.
Under these assumptions, given a function u € W't[a, b] we have that the function
L(-,u(-),u(-)) is measurable and its negative part is integrable. Therefore, the
integral J(u) is defined and is either a finite value or +o0.

In the case when the solution u : [a,b] — R is Lipschitz and L € C! the Euler-
Lagrange equation holds:

d
dx
In case additionally L € C? and Ly, > 0 we have u € C?[a,b] and the equation
(1.3) can be resolved with respect to the second derivative of the function wu:
o L,— L, — qu'

L’UU

The classical theory of solvability of problems (1.1-2) and of regularity of the solu-
tions is based on indirect methods, see e.g. [3], [20, §1,2]. In the case L,, > 0 only,

(1.3) Ly(z,u(x),4(x)) = Ly(x,u(x),a(z)).

(1.4)
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the equation (1.4) is not defined, but the theory of solvability of the problems (1.1-2)
and of regularity of the corresponding solutions can be based on direct methods.

Presentation of this theory is just the purpose of this paper. Earlier, in the case
of classical ellipticity such methods were developed in the papers of Sychev and
Mizel [14,16].

In multi-dimensional case the authors of [22] proved the existence of Lipschitz so-
lutions of anisotropic elliptic equations in convex domains of special form. However
Cl-regularity of solutions is still an open problem, see [9].

We will consider the following assumptions on the integrand L:

(H) for each compact set K C R X R X R there exist ¢ > 0, « > 0 such that if
(z,u,v), (y,w,v) € K then

| Lz, u,0) = Ly, w, 0)| < e = y[ + Ju —w|)%,

and there also exist © > 0, p > 1 such that if (x,u,v1),€ K then for some [ €
OLy(x,u,v1) we have for all (z,u,vs) € K that

L(z,u,ve) — L(x,u,v1) — (l,v9 — v1) > plvg — vy |P.

The ellipticity condition stated in (H) will be called singular ellipticity everywhere
further in the paper.

The first theorem is the following theorem of existence and regularity “in small”.

Theorem 1.1. Let L satisfy the condition (H), G C R x R be a compact set.
For each M > 0 there exist g > 0, dg > 0 such that for every e < €y, § < g
the problem (1.1-2) in the class of functions u € Whi[a,b] such that (a,A) € K,
|IB—Al/|b—a|] < M, |b—a| <9, |u(x) — Al <€ for all x € [a,b], is solvable.
Moreover, the solutions are bounded in the space C'7, where v = ~(M) does not
depend on 6 < dp, € < €, (a,A) € G.

Remark 1.2. The exponent v could be taken equal to a/p, where a > 0, p > 1
correspond to the compact set K' = G' x [-M —1,M + 1], G' = {(y,w) : |y —a|] <
507 |w - A| < €0, (CL?A) € G}

Note that Clarke and Vinter proved C'-regularity of solutions for integrands L
strictly convex with respect to v, but they needed Lipschitz regularity with respect
to u, see [5]. As we see, singular ellipticity implies better regularity even if L is only
Holder continuous in (z,u). In fact Holder continuity is the optimal assumption
for Cl-regularity since continuity of L is no longer sufficient, as follows from a
recentpaper by Gratwick and Preiss [12].

Note that the effect of regularity /nonregularity was known in the context of
parametric problems already in the 70th years of the past century, see Chapter 6 of
the book of Reshetnyak [15].

The next fundamental theorem is a corollary of Theorem 1.1.

Definition 1.3. Consider the class of functions = = {¢ : [ag,b¢] - R = RU
{—00,+00}} such that each function £ : [ag,be] — R is continuous. We say that

the family = is conditionally equa-continuous if for every M > 0, € > 0 there exists
d = 0(M,e) > 0 such that if [{(xg)| < M then |{(z) — &(xo)| < € for |z — zo| < 0.
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Theorem 1.4. Let L satisfy the condition (H) and let G C R X R be a compact set.
Consider the set U of those solutions of problems (1.1-2) with graphs lying inside G.
Then the derivatives of functions in U form a conditionally equa-continuous family.

Therefore Theorem 1.4 guarantees an a priori regularity of solutions of problems
(1.1-2). As for the existence, this follows from the following famous results of Tonelli
proved at the beginning of the 20th century.

Lemma 1.5. Let L satisfy the basic assumptions and uj, — u in Whta,b] (“—7
means weak convergence). Then

liminf J(ug) > J(u).
k—r00

For a proof see e.g. [21].
The next theorem is a corollary of this lemma and the criteria of the weak con-
vergence in W1

Theorem 1.6 (Tonelli, [23]). Let L satisfy the basic assumptions and L(x,u,v)
have superlinear growth in v, i.e. L(x,u,v) > 0(v) where 0 is a convex function
such that 0(v)/|v| — oo, |v| = co. Then each problem (1.1-2) admits a solution.

The examples of Davie from [8] allow us to assert that Theorem 1.4 is precise.
But in these examples the Lavrentiev phenomenon is present:

inf{.J(u) : u(a) = A,u(b) = B,u € Whl[a, b]}
<inf{J(u) : u(a) = A,u(b) = B,u € C'[a,b]}.

It is well-known that the Lavrentiev phenomenon is connected with failure of the
standard growth of

L(x,u,v) with respect to v. Recall that L has the standard growth if there exists
a convex function 6 : R — R such that 6(v)/|v| — oo as |v| = oo, and

(1.5) 0(v) < L(z,u,v) < c(1+0(v)), ¢> 0.

In the case of the standard growth of L the Lavrentiev phenomenon is not present,
see e.g. [18]. At the same time for every two convex functions 61,603 : R — R such
that 01(v)/|v] — oo, O2(v)/|v] — oo, and O2(v)/01(v) — oo as |v| — oo, there
exists an integrand L = 61(v) + f(z,u)02(v) with f > 0 for which the Lavrentiev
phenomenon is present in a certain problem (1.1-2), see again [18].

Gratwick proved that Theorem 1.4 is precise also in the case of validity of the
conditions of standard growth, which improves the results of the paper [10].

Theorem 1.7. Let 0 : R — R be a strictly convex function of the class C*° such
that 8(v)/|v] — oo, as [v| = co. Let also E C [a,b] be a compact set of zero measure.
Then there exists a function L(x,u,v) € C*, strictly convex with respect to v, such
that

O(v) < L(z,u,v) < c(1+0(v)), ¢>0,

and a solution of a problem (1.1-2) with infinite derivative in E. The function L
can be taken of the form 0(v) + F(z,u,v) where F' > 0 is convez in v.



400 R. GRATWICK, M. A. SYCHEV, AND A. S TERSENOV

In [19] Sychev constructed examples of integrands L(z, u, v) with quadratic growth
in v which are uniformly elliptic in v (0 < p1 < Ly, < pg < 00) and admit singular
solutions. In these examples the singular set is a singleton and it is not known how
large can the singular set in general. The conjecture is that an arbitrary compact
set of zero measure, like in Theorem 1.7. Previously even some experts thought
that in uniformly elliptic problems solutions are C'-regular, see e.g. [7].

Certainly, a fundamental question is when solutions of the problems (1.1-2) are
always regular. The next theorem gives an answer to this question.

Theorem 1.8. Let L satisfy the condition (H) and let L(x,u,v) have superlinear
growth in v.
For (a, A,b, B) € R* we let

S(a, A, b, B) = inf{J(u) : u(a) = A,u(b) = B,u € Whl[a,b]}.

Then in the problem (1.1-2) with boundary conditions (ag, Ao, bo, Bo) all solutions
are bounded in certain neighbourhoods of the points ag and by in C'-norm if and
only if S is Lipschitz at the point (ag, Ao, bo, Bo).

Due to the last theorem we may assert that the solutions of all the problems
(1.1-2) are Lipschitz (and even of the class C7) if and only if the function S is
Lipschitz at each point. However, due to the results of Ball and Mizel [2] (see
also Davie [8] and theorem 1.7 of Gratwick) S could be non-Lipschitz. Ball and
Nadirashvili suggested clarifying how large could be the set V' which consists of all
the points (g, up) for which there exist boundary conditions (1.2) such that the
corresponding solution has the properties u(xg) = up, |4(zo)| = oo (this set was
called by them the universal singular set), see [2]. It turns out that this set can not
be large.

Theorem 1.9. Let L satisfy (H) and let L(x,u,v) have superlinear growth in v.
Then the corresponding universal singular set V' is of first Baire category and has
zero 2-d Lebesgue measure.

Theorem 1.9 was proved in [17] for Cl-regular integrands and in [6] for locally
Lipschitz ones. Recall that local Holder continuity is the optimal assumption for
partial regularity of minimizers as follows from results of the paper [12].

There is a possibility to characterize universal singular sets in terms of pure un-
rectifiability. The set S C R? is called purely unrectifiable if for each Lipschitz curve
v : R — R? the intersection of v and S takes place in a set of zero linear measure.
Note that a purely unrectifiable compact set could be of Hausdorff dimension 2.
In Theorem 6 of [6] the authors showed that the universal singular sets are always
“almost” purely unrectifiable, that also covers our situation considered in Theorem
1.9. Gratwick showed that theorem 1.10 is also valid.

Theorem 1.10. For each strictly convex function 8 : R — R of C* class and with
superlinear growth and for each purely unrectifiable compact set S C R? there exists
an integrand L(xz,u,v) = 0(v) + F(x,u,v) with FF > 0 of C* class and convez in
v such that the universal singular set corresponding to L contains S. Moreover, L
has the standard growth

O(v) < L(z,u,v) < c¢(1+0(v)), ¢> 0.
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The paper will be organized as follows. Theorems 1.1 and 1.4 will be proved in
§2. Theorem 1.8 in §3 and Theorem 1.9 in §4. As for proofs of Theorems 1.7 and
1.10 they will be presented in a forthcoming paper of Gratwick [11]. Results of this
paper were previously announced in the note [13].

2. PROOFS OF THEOREMS 1.1, 1.4

Given a function u : [a,b] — R and given x1,z2 € [a,b] with xo > x; we define
lz) 25 @ [71, 2] = R as the affine function which fits the same boundary data at z,
xg as the function wu, i.e. Iy 2, (21) = w(21), Iz 2o (¥2) = u(z2). Then we have

. u\ro) — ulT
lm,xz = M, S [wl,xg].
T2 — T

In this section we use the notation
T2

J(u; [z1, x2]) ::/ L(z,u(z),u(x))dx.
z1
Lemma 2.1. Let K C R? be a compact set and let M > 0. Assume u to be a
M -Lipschitz function with the graph staying in K. Assume also x1 < 3 < x4 < 9
be such points of [a,b] that |x4g — x3le > |z2 — 1], |2 — 1] < 1 (e is Napier’s
number) and the graphs of the functions ly, 4o, lus 2, Stay in K.
Let L be Hélder continuous in (x,u) in the set K x [—M, M], i.e.

(2.1) |L(z,u,v) — L(Z,u,v)| < c(|lz — 2|+ |u—a|)®, c¢,a>0,

for (z,u), (z,u) € K, |v]| < M, and let L be singularly elliptic in v when restricting
to K x [-M, M], i.e. there exists > 0, p > 1 such that

(2.2) L(z,u,v) — L(z,u,v) — (0 —v) > ulv — v|?,
where (z,u) € K, |v],|v] < M andl is an element of the subgradient of the function
L(z,u,-) atv.

Assume also that
(23) J(U, [xh .%'2]) S J(lxl,wQ; [:Uh ZCQ])a
(2.4) J(u; [x3, 24]) < T (log 245 (T3, T4]).

Then

_ _ a1/
(2.5) ’u(azg) u(xy) B u(zy) u(wg)’ < 26[20(1 + M) } p|x2 B l‘l’a/p-
Tro — T1 T4 — T3 M

Proof. We first obtain an estimate of the excess of the derivative in [z, z2] and in
[x3, 4], i.e. the estimates of the integrals

T2 . T4 .
/ |u<:c>—zm,x2|pd:c,/ () — Ly Pl

1 3
Because of (2.1) we have
[L(z1, u(x1), i(x)) — Lz, u(z), i(z))| < c(lry — z + M|z — z])%,

‘L(xlau(x1)7l21,m2(x)) - L(xﬁlm,m(x):lwl,wz(x)‘ < C(|.%'1 - $| + M|x1 - x|)o¢_
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Therefore if we define L(-) := L(x1,u(x1),-) then because of (2.1), (2.3) for the
integral functional J with the integrand L we have
J(u; [21, 22]) < J(u; [21, 22]) + c(1 + M) |zg — 21| T
(2.6) < J(lgy 2o [71, 22)) + (1 4+ M)¥|zg — z1] T
< J(lay s [21, 2)) 4 2¢(1 + M)® |29 — 2|12
Note that if I € OL(l,, »,) then in view of (2.2)

J (s [, a]) — Loy aas 1, 2]) /{L L) — Ui — Dy )}

>:u/ ‘u_ 3317332‘ de.
1

Therefore (2.6) implies

2 . 2¢(1 + M)*
(2.7) / (@) — Ly oz < 2T e,
z1 1%
Analogously
T4 . 2¢(1 + M)*
(2.8) / () — Ly 0[Pl < (M)|x4 |1t
x3

Then by Hélder inequality and by (2.7), (2.8) we have

T4 . Te r2
/|mm—%mms/ mm—mmm+/|mm—mmm

3 3 x1

Ty 1
< (/ Ly zq — 11(:U)|pdzv> p|gp4 — x3|(p—1)/p

3

2 1
+ (/ |l$17x2 - u(l‘)|pd$> /p’xQ — x1|(P*1)/p

1

2c(1 4 M)>71/p . .
< (2R s — ot g — o)

aq1
S [20(1+M) ] /p2|x2_$1’1+a/10
o

and, therefore,

|:2C(1 + M)a} 1/p

‘im17m2 - i$37$4’ > 2e|ry — xl‘a/pv

i.e. (2.5) is established. 0

In the proof of Theorem 1.1 we will use Proposition 2.2 which relies on four
lemmas 2.3-6. The statement, proof, and application of the following result is
adapted from [5].

Proposition 2.2. Let S C R? be compact, L: S x R — R be continuous, L =
L(z,u,v) be convex in v, and satisfy condition (H), and suppose that there ezist
a >0 and B € R such that

L(z,u,v) > alv| + 5
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for all (z,u,v) € S x R. Let rg > 0.

Then there exist real numbers r1,6, a1, s, and v and satisfying r1 > rg, ag >
a1 >0, and § > 0, such that for each k > r1 there exists Hy: S X R — R such that
the following conditions hold:

(2.2a) Hy satisfies condition (H);
(2.2b) Hy(x,u,v) = L(x,u,v) whenever |v| < ry;
(2.2¢) Hy(z,u,v) < L(x,u,v) — 6 whenever ry < |v| < k;
(2.2d) Hy(z,u,v) < aslv| +7;
(2.
(

Do

b

[©)
N—

Hk(:v,u,’u) > aq|v| + B; and
2.2f) Hyp(x,u,v) < L(x,u,v) + k=1 whenever ro < |v| < r1.

The proof of this result relies on a number of lemmas. Throughout we assume
that the conditions of the proposition hold. We begin by defining r1 := o + 1.

Lemma 2.3. There exists n > 0 such that for all (z,u) € S, all v1 € R satisfying
|vi| < 1o, there exists | € O, L(x,u,v1) such that for all |va| > r1 we have that

L(z,u,v9) — L(x,u,v1) > (l,v2 — v1) + 1.

Proof. By the singular ellipticity condition there exist p > 0 and p > 1 such that for
all (z,u) € S and |v1| < rg there exists [ € 0,L(z,u,v1) such that for all |va| = ry,
we have that

L(z,u,ve) — L(z,u,v1) — (l,va — v1) > plve — v1|P > p.

So setting n := u we get the condition required for |vy| = r1. For |vg| > r1, we
choose s1 > s9 > 0 such that, writing d = (vy — v1)/|v2 — v1],

v +s1d = vy, and

|U1—|—82d| = 7.

Then for some [ € 9, L(z,u,v), we have by convexity of L in v that
L(z,u,ve) — L(z,u,v1) = L(x,u,v;+ s1d) — L(x,u,v1)

> ?(L(w,u, v1 + sod) — L(x,u,v1))
2
S1
= g((lwl + s9d —v1) + 1)

= (Lvz —v1) +s11/82
> (l7v2_v1)+n7
as required. O
Lemma 2.4. There exist 0 >0, ¥ € R, and Ly: S x R — R such that
(2.4a) Lg is Hélder in (z,u) locally uniformly in v, and Lo is convex in v;
(2.4b) Lo(z,u,v) = olv|+7 for |v| > ry;
(2.4c) Lo(z,u,v) = L(z,u,v) whenever |v| < ro; and
(2.4d) Lo(z,u,v) > afv| + 5.
Proof. Define
b= min{Le,u) s (o,0) € S, o] < o)
to = max{L(x,u,v): (x,u) €S, |v|=mr}.
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Choosing o > max{a, (t2 — t1)/(r1 — 70) }, we see that
org—t1 < olv| — L(z,u,v)
for all (x,u) € S and |v| = 71, so by continuity of L we may choose 4 € R and
ro > r1 such that for all (z,u) € S and r; < |v| < 7y,
org —t1 < =3 < olv| — L(z,u,v).
Define Ly: S x R — R by
y <
Lo, u,0) = max{cr\Nv| + 79, L(z,u,v)} |v| < ro,
olv|+74 [v| > ra.
For |v| < ro,
L(IL‘,U,U) >ty >org +’? > O-|U‘ +5/7
so Lo(z,u,v) = L(z,u,v), and for r1 < |v| < ro,
L(z,u,v) < olv| + 7,
so Lo(z,u,v) = olv| +4. Thus Ly satisfies conditions (2.4a-c). For (2.4d), since
Lo(z,u,v) > L(z,u,v) > alv| + § for |v| < ri, we are just required to prove that
olv|+4 > alv|+ B for |v| > r1, and in fact it suffices to prove this for |v| = r1. But
in this case, we have for any (z,u) € S that
olv| +7 = Lo(x,u,v) = L(z,u,v) > afv| + 5,
as required. O

We now define o := «/2, and 7 := min{n/2, a171/2}.

Lemma 2.5. For each k > 11, there exists Fj,: S x R — R U {+o0} satisfying the
following conditions:
(2.5a) Fy(x,u,v) = L(xz,u,v) for |v] <ro;
(2.5b) Fj(z,u,v) = 400 for |v| > k;
(2.5¢) Fy, is Hélder in (z,u) uniformly in v for |v| < k, and F}, is convex
in v;
(2.5d) Fy(z,u,v) < L(z,u,v) for |v| <k, and Fy(z,u,v) < L(z,u,v) —17 for
1 S |U| S k; and
(2.5e) Fi(z,u,v) > aj|v| + 8.

Proof. Define fj: S x R — RU {400} by

L(z,u,v) lv| < ri,
fk:(x,uvv) = L(:U,u,v) —-n 1< ”U‘ < 2k,
+00 lv| > 2k,

and define f: S x R — RU {+o0} by

fk(az,u,v) = inf{Z)\ifk(x,u,vi) : Z)‘ivi =, Z)\i =1, \;>0, ne N} )
i=1 i=1 i=1

By definition of fi, we can restrict to [v;| < 2k in the definition of fr. Since L is
Holder in (x,u) uniformly in v on S x [—2k, 2k], we see that fj is Holder in (x,u)
uniformly in v on S x [k, k].
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We now define Fy.: S x R — RU {400} by
f <k
- [ Faou) o<k,
k(@ u,0) { oo o] > k.
So condition (2.5b) holds by definition, and conditions (2.5¢) and (2.5d) hold by
the corresponding properties of fi. To check condition (2.5a), we let (z,u) € S and
|v| < rg. It suffices to prove that for some [ € 9,L(z,u,v), any convex combination
Yoy A = v satisfies
fr(z,u,v;) > Lz, u,v) + (I,v; — v).
Given this, it follows that
Fy(z,u,v) = fk(m,u, v) > L(z,u,v),
which combined with (2.5d) gives the required equality.

So, to prove this claim, let [ € 9, L(x,u,v) witness the conclusion of lemma 2.3,
and consider some convex combination ;- \iv; = v. For |v;| > r1, we apply
lemma 2.3 to see that, by the choice of 7,

fk(ﬂf7u,’l)i) = L(QT,U,’Ui)_ﬁ
> L(:):,u,v) + (lvvi - ’U) +77—77
> L(z,u,v) + (l,v; —v).
For |v;| < r1, we see on the other hand by the usual subgradient inequality that
fk(.’L',U,Ui) = L($7u7vi) > L(.CU, U,U) + (lavi - U):

as required.

To show condition (2.5¢) we are required to prove that fx(x,u,v) > ai|v| + B,
since the condition then follows by the definition of Fj. We see that his follows
trivially for |v| > 2k, and by the assumption on L if |v| < 7. So it in fact suffices
to prove that L(z,u,v) — 7 > aj|v| + S for |v| > r;. By the assumption on L this
in turn amounts to proving that

alv| + B8 =17 > ailv] + 8
for |v| > 1. But this was guaranteed by the choice of 77 such that ayr1/2>7. O

The following lemma is quoted precisely from [5], where the (elementary) proof
may be found.

Lemma 2.6. Let f,g: R — RU {400} be convex, and suppose they are equal and
finite on an open interval C, and let h: R — RU{+o0} be the convex hull of f and

qg.
Then h=f =g on C.

We are now in a position to prove proposition 2.2.
Proof of Proposition 2.2. Fix k > r1. Define Gi: S x R - RU {400} by
Gr(x,u,v) = inf{\Lo(x,u,v1)+ (1 =) Fr(z,u,v2) : 0 < X <1, Ao+ (1—A)vg = v},

where Ly is as given by lemma 2.4 and F}, is as given by lemma 2.5. By (2.4c), (2.5a)
and lemma 2.6 we have that Gi(z,u,v) = L(z,u,v) for |v| < rg. Furthermore, Gy, is
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convex in v by definition, and is easily seen to be Holder in (z,u) locally uniformly
in v, by the corresponding properties of Ly and F}, where the latter is finite.

Conditions (2.4d) and (2.5e) imply that G(z,u,v) > a;i|v|+ 8. Conditions (2.5d)
and (2.4b) imply that

L(z,u,v) |v| <k,
< ~
aeun <{ ity M3k

and moreover that Gy (z,u,v) < L(z,u,v) — 7 for 1 < |v| < k.

It just remains to construct an elliptic function to add to Gy and thereby define
Hy,. For this purpose, we define my := 0 and m,, := > | 27F and set 7, =
(Mpy1 —my)/2 for n > 0. Define wy,: [n,n+1] — R by wo(v) = mov? and for n > 1,

wn (V) = wWn_1(n) +mp(v —n) + 7 (v — 1),
and finally define w: [0,00) — [0, 00) by
w(v) = wy(v) for v € [n,n + 1).

Then we see easily that w is a continuous, differentiable, and convex function with
w'(n) = my,, for all n > 0. Moreover an easy induction shows that

n—1 n—1 n—1
w(n) = wn—l(n) = Z(mz + 7—2') = Z(mi+1 + ml)/2 < Z 1=n,
1=0 i=0 i=0

and hence that w(v) < v for all v € [0,00). Moreover, w satisfies the local ellipticity
condition in (H) for p = 2.
We now define ¥;: R — [0,00) by

0 v e [—7“0, TO]:
Up(v) = { min{7/2k,1/k* oc}w(v —19) v € (r9,00),
min{7j/2k,1/k% c}w(—v —r9) v € (—o00, —70).

Then ¥y, satisfies the local ellipticity condition on (—oo, —rg] and [rg,00), and is
identically 0 on [—rg,ro]. For ro < v < k, we see that

W (v) < min{7j/2k,1/k*} (v — rg) < min{7/2,1/k}v/k < min{7/2,1/k},

and similarly for —k < v < —rg. For all v € [rg, 00), we see that Ui (v) < ow(v —
r0) < ov, and similarly ¥y (v) < o|v| for v € (—o0, —79].

We may now define Hy: S x R — R by Hi(x,u,v) = Gg(z,u,v) + Ui(v), and
d:=1/2, and a9 = 20.

Then Hy is Holder in (z,u) locally uniformly in v, since Gy, is, and satisfies the
local singular ellipticity condition since Hy = Gy = L for |v| < rg, and otherwise
Hy, = Gy + ¥y, where Gy, is convex in v and Uy, is locally elliptic on (—oo, —7| and
[ro,00). Hence condition (2.2a) holds.

Condition (2.2b) follows by the definition of W) and the corresponding property
of G}, observed above. For condition (2.2c), we see for r; < |v| < k that

Hi(z,u,v) < L(z,u,v) — N+ Yy(v) < L(z,u,v) — /2 = L(z,u,v) — 4.
Condition (2.2d) follows since for |v| > k we have that
Hy(z,u,0) < olo[ +7 4+ Ug(v) < 200+ 5 = agfv] +75;
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setting v = max{supg|_i x Hi(z,u,v),7} gives the required statement.
For condition (2.2e) we note that

Hi(z,u,v) > Gi(z,u,v) > ai|v| + B,
and finally for condition (2.2f), we see that for ro < |v| < 7y,
Hy (2, u,v) < L(z,u,v) + Ug(v) < L(z,u,v) + k7,
as required. O

Proof of Theorem 1.1. We select ¢y > 0 in such a way that if (a,4) € G, | €
dyL(a, A,0) then the integrand L(z,u,v) := L(z,u,v) — lv achieves its minima in
v for each (z,u) € [a — €y, a + €] X [A — €9, A + €. In this case we also have
L(x,u,v) > alv| + 3, @ > 0 for (x,u) under consideration. Note that minimizers
in the problems (1.1-2) with L and L integrands are the same since the integral of
I is the same for all functions having the same boundary conditions (1.2). As for
do > 0 it will be selected later and will satisfy the inequality dg < €g.

Take N > M and consider a minimization problem (1.1-2) with (a, A) € G,
la—b] < <do, |B—A|/|b—a| < M in the class of N-Lipschitz u with |u(-) — A|] <
€ < ¢ in [a,b]. By Lemma 1.5 solutions u of such a problem exist. Now we will
study regularity of such solutions u. For this we will use Lemma 2.1 since u satisfy
(2.3) in any interval [z1,z2] C [a,b].

Let [z3,24] C [z1,22]. Then there exists k € N such that

|29 — 21 |9 — 21
22 Sy — g < A
oyl < 2
and we can select a collection of imbedded intervals [z}, x%], i € {0,...,k—1}, such
that 20 = 1, 29 = x9, |2} — 24| = |25~ — 207! /e for all i under consideration and

(23, 4] C [0 2571, where |24 — 23] > |25 — 2571 /e. By (2.5) we then have

‘U(:vz) —u(z1)  u(rs) — u(z3) ‘
3:2 — X1 T4 — T3

- U(l‘l) ulay ) -
1

N ‘um’;*) —uf
(2.10) T = k- T4 — T3
k
2¢(N)(1 4+ N)X N1 1/p(N)| 25 — 21 |(N)/p(N)
< -
= Z; 26{ u(N) ] ) ¢
k
= Z 26{ () ] a0y 172 ~ 21l ’
i=1
where ¢(N), a(N), p(N), u(N) correspond in (H) to the compact set K := G x

[-N,N] with G := {(z,u) : |z — a| < €, |u—A| <€, (a,A) € G}.
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Finally we obtain that for [x3,x4] C [x1,x2] we have

‘U(xz) —u(z1) () —u(zs) ‘
T2 — X1 Ty — T3

(2.11) < E(N)|zy — xy /)

where

(212) &N) =Y 2€|:
=1

c a(N)11/p
2 <N)(:(JJ(7)N) r/ " ew(Ni/p(N)’”(N ) = a(N)/p(N).

This allows us to state that u is differentiable everywhere. In fact if k is a derivative
number at xg then by (2.11) we obtain @(xo) = k. Again by (2.11) we infer that

(2.13) Ji(y) —i(z)| < 28(N)|y — ™),

i.e. that u € (V)

Note now that for 6y > 0 sufficiently small we can show that |[[i]|cfqs < M + 1.
Indeed, due to the inequality |B — A|/|b — a| < M there exists zy € [a, b] such that
|i(zo)| < M. Consider the maximal interval [z1,z2] C [a, b] for which xg € [z1, z2]
and |u(x)| < M +1 for x € [x1,z2]. For y in this interval we have due to (2.13)

a(y) — a(xo)| < 26(M + 1)|wg — o ["MHD)]
ie.
li(y)| < M + 28(M + 1)|zg — a [YMHD,
Therefore |a(y)] < M +1if 26(M + 1)]x — yp(Mﬂ) < 1. This determines the choice
of 50:

(2.14) b0 < (1/2&(M + 1))/ M+,

We proved that for § < dy with Jp < € satisfying (2.14) all solutions of the
problems under consideration have derivatives bounded in C-norm by M +1 and all
solutions are bounded in C*Y(™+1)_norm. This is independent of N > M. Therefore
solutions in the class of Lipschitz functions exist and for each such solution u we
have ||tu||c < M + 1. It remains to prove that solutions in the class of Lipschitz
functions are the only solutions in the wider class of W functions.

We have proved that for a fixed compact G C R? and M > 0, there exist ¢y > 0
and &y € (0, eg] such that for all 0 < 6 < §p and 0 < € < €, the following holds. For
any (a, A) € G and (b, B) satisfying |[a—b| < 0, |[B—A| < ¢, and |[B—A|/|b—a| < M,
the minimizer u in the class of Lipschitz functions u: [a,b] — R satisfying u(a) = A,
u(b) = B, and |u(z) — A| < € for all = € [a, b] of the functional J exists and satisfies
|i]lc < M + 1. It just remains to prove that the Lipschitz minimizers are the
only minimizers over W11[a, b] for such a problem. Let u be such a minimizer over
Lipschitz functions.

Suppose for a contradiction that there exists an admissible @ € Whl[a,b] such
that J(a) < J(u) and ||@| g~ = co. We recall that we may assume that there exist
a > 0 and 8 € R such that

L(z,u,v) > afv| + 8

for all (z,u) € [a—dg,a+ do] X [A— €9, A+ €p]. We apply proposition 2.2 with these
values of «, 3, compact set S = [a — dp, a + 0] X [A — €9, A + €o], and ro > M + 1,
to get functions Hi: S X R — R as in the lemma, for k > ry > ro.
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Mimicking the proof for L with the integrand Hj, we see that a minimizer uy
exists over the class of Lipschitz functions u: [a,b] — R satisfying u(a) = A, u(b) =

B, and |u(z) — A| < € of the functional fb Hy(z,u,u), and satisfies ||ug]lc < M +1.
Usmg condition (2.2b) we see that

b
/Hkxuk,uk /Hkxuu = /L(x,u,u)
a

b
g/m%m
a
b
- / Hk(l‘)ukuuk)a
a

S fab Hy(z,ug, ug) = fab Hi(z,u,i) = f:L(ac,u,u), and u is a minimizer for the
integrand Hj over admissible Lipschitz functions. There exist admissible Lipschitz
functions v; € W1H*[a, b] such that v; — @ in Whl[a,b] and, owing to the linear
growth conditions

a1|U’ + 5 < Hk(l'vua U) < a2|U| +7

we have as 7 — oo that
b b
[ B > [ ),
a a

Now, by our assumption on the derivative of @, we know that the set {|@| > r1} has
positive measure. Then by conditions (2.2f), (2.2b), (2.2c), and (2.2d), we see that

b
Hy(z,a,u) < L(z,a,q) + k™ Lz, ,4) — 6
LM ) AW$< )+ >Lw#< )~ 6)

— / L(m,ﬁ,ﬂ)—i—/. (L(z,@,1) — ) ask — oo
{lul<ri} {la[>r:}

b
= / L(z, 4, 1) — dmeas({|a| > r1}).
But on the other hand,

b b b
/ L(I’7U,U) :/ Hk(.’L',’U,k,Uk) S/ Hk(xavi7®i)

for each 7 and each k. So

b b
/ L(IE,U,U) < hm Hk('xavi,i)i)
a

b
< / L(z, @, 0) — 5meas({|ﬁ\ >r1}),

which contradicts the choice of @ as a minimizer for J over Whi[a, b].
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The proof of Theorem 1.1 is complete. U

Proof of Theorem 1.1 would be simplified if instead of Proposition 2.2 we would
use Lemma 2.7.

Lemma 2.7. Let L(z,u,v);[a,b] x [A, B] x R — R satisfy condition (H) and L >
alv|+ B, a > 0. Let also N > 0.

Then there ezists G(x,u,v) : [a,b] X [A, B] x R — R which also satisfy condition
(H), L =G for |v] < N, G < L everywhere when G < L for |v| sufficiently large.
Moreover G has linear growth at infinity:

crlv] + 2 < G(z,u,v) < eslv| + ¢4, e3> 1 > 0.

Unfortunatelly we were unable to prove this lemma. Note that another proof of
Theorem 1.1 could be taken from [14].

Proof of Theorem 1.4. Let u be a minimizer with graph in K. Let zp € [a,b] be
such that for 2} — xg, 2§ — x¢ with zo € [z],2]], n € N, we have

n n

(2.15) limin | 478~ o

Then by Theorem 1.1 u is C'-regular in a neighbourhood of xy. Therefore u is
Cl-regular in an open set of full measure. At other points xg, where (2.15) does
not hold, we obviously have that 4(z9) = oo or u(xg) = —oco. We show now that
@ : [a,b] — R is continuous. For this it is enough to show that if u(z¢) = oo then
t(x) — oo for x — x¢ (the case of —oo can be considered analogously). Assume
that z, — zp and u(x,) < M < oo, n € N. Since ((u(xo) —u(zy))/(xo — xn) = 00
we infer existence of y, € [z, zo] such that ((u(yn) — u(xn))/(Yn — xn) = M + 2,
n € N. Since |y, — x,| — 0 by Theorem 1.1 we have that the oscillations of the
derivative in the interval [z, y,] do not exceed 1 for n € N sufficiently large. Then
u(y) > M + 1 for y € [zy,y,] with such n € N. But a(x,) < M which gives
the contradiction. This way we proved that u(z,) — oo as x, — zo, i.e. that
@ : [a,b] — R is a continuous function.

The last assertion we have to prove is that derivatives of the minimizers under
consideration belong to a certain conditionally equa-continuous family, i.e. that for
each M > 0 and € > 0 there exists § = §(M,€) > 0 such that for a minimizer u
we have [i(y) — @(xo)| < € provided |iu(xg)| < M and |y — xg| < §. Indeed, we can
consider the maximal interval I such that zo € I and |u(y)| < M + 1 for y € I. In
this interval the modulus of continuity of @ does not exceed w(e) = ce” by Theorem
1.1. Then we have

[u(y) — u(zo)| < cly — xol”,

which holds for all y with ¢|y — zo|” < 1, i.e. in the case when |I| < (1/¢)'/7.
Therefore we can take

§(M,€) := min{(1/c)/7, (e/c)"/7}.

Proof of Theorem 1.4 is complete. O
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3. THEOREM 1.8

We will use the following lemma about the properties of a conditionally equa-
continuous family, the proof of which can be found in [17].

Lemma 3.1. Let = be a conditionally equa-continuous family and let 6(M,¢€) be the
associated function (modulus of conditional equa-continuity). Then

1) if &, is a sequence in the family which is bounded in L' then there exists a
subsequence & that converges uniformly in any compact set of a certain open
set of full measure to a function . In this case EU{&} is also conditional
equa-continuous family with the same modulus §;

2) if a conditional equa-continuous family consists of functions which are weakly
compact in L' then this family is also a strongly compact in L';

3) if £ € E is such that &(x) > M >0 (£(x) < —M ) then for y with |z — y| <
O(M/2,M/2) we have &(y) > M/2 (£(y) < —M/2).

Proof of theorem 1.8. Let for boundary conditions (ag, Ao, bo, Bo) all minimizers
have bounded derivatives at ag and by. Then there exists M > 0 such that for
every minimizer u we have |u(ag)| < M, |u(by)| < M. Otherwise we can find a
sequence of minimizers wy, : [ag,bg] — R such that |i,(ag)] — oo (the case of by
can be considered analogously). Then the limit function wg is also a minimizer by
lemma 1.5. By Lemma 3.1 we have ug(ag) = oo which is a contradiction. There-
fore we proved the existence of M > 0 such that |i(ag)| < M, |u(by)] < M for all
minimizers u of the problem.

Then there exists n > 0 such that |u(x)] < M + 1 for € [ag,ap + 7] and
x € [bop — 1, bp] and all minimizers u since their derivatives belong to a conditionally
equa~continuous family by Theorem 1.4.

Note that S is continuous at (ag, Ao, by, Bp). In fact it is lower semicontinuous by
the lower semicontinuity lemma 1.5. If we have (ay, 4., by, Bn) — (ao, Ao, bo, Bo)
then we can take u,(x) = u(x) for z € [ag + Mn, bo — M), un(an) = Ap, up(bn) =
B, and wu, be affine in the intervals [a,,ao + 7n], [bo — Mn,bn]. Then obviously
J(un; [an, bn]) = J(u;[ao, bo]) for appropriate n, — 0, which implies continuity of
S at ((10, Ag, bo, Bo).

Now we can state that for all (ay, A, by, By) sufficiently close to (ag, Ao, by, Bo)
and the minimizer w,, associated with the n-th conditions we have |u(a,)| < M +1,
|u(by)| < M + 1. Indeed, 1, converges weakly to @y where vg is a minimizer in the
problem with the 0-th boundary datum because of continuity of S at (ag, Ao, bo, Bo).
By Lemma 3.1 then uy,(ay,) — to(ao), tn(by) — u(bp). This implies the result.

Since all minimizers associated with the n-datum sufficiently close to 0-th datum
have derivatives in a certain conditionally equa-continuous family we obtain that for
appropriate 1 > 0 there holds |u,(z)| < M + 2 for = € [ay, an + 1], € [by, — 1, by,
neN.

Now it is easy to derive Lipschitz continuity of S at (ag, Ao, bo, Bo). Indeed if u,, is
a minimizer with n —th boundary conditions then u,, — ug, where ug is a minimizer
with O0-boundary conditions. Now we can define @,, = ug for = € [ay + N, b — 0],
Up(apn) = Ay, u(by,) = B, and 4, be affine in the intervals [an, an + 7], [bn — 1, bn]-
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We have that |t,(z)] < 2M + 5 in those intervals if

2{]ao — an| + |bo — bn| + | Ao — An| + |Bo — Bn|} = 1.
Indeed, in the interval [a,, a, + 7,] the modulus of the derivative of @, is equal to
|uo(an + 1mn) — Anl/nn and we have

[uo(an + nn) — An| < [uo(an + nn) — Aol + |Ap — Ay

Tn Tin Tin
<2(M+2)+1=2M +5.

Analogously |, (z)| < 2M + 5 for € [b, — 7, by).
Therefore

S(anvAna bna Bn) - S(GO,AO, b07 BO)
< J(fn; [an; bn]) — J (uo; [ao, bo])

< ‘/aanJr%L(x,ﬂn(x),ﬁn(x))dx‘

+ /bb" L(x,ﬂn(a:),ﬂn(x))da:‘

n—Tn

+ / T e uo(x), ﬂo(x))dx‘

ao

+ /bbo L o). o))

n—Tn
< 6ny, max{|L(z,u,v) : (z,u) € K, |v| < 2M + 5}
< const{|a, — ao| + |bn, — bo| + |An — Ao| + |Br, — Bol}-

Here K C R? is a compact set such that it contains graphs of all functions under
consideration. Analogously

S((Io, AOa bOa BO)_S(aTu Ana bnv Bn) < ConSt{|an_a0|+|bn_b0|+|An_AO|+|Bn_BO|}-
Therefore Lipschitz continuity of S at (ag, Ao, by, Bop) holds.

The last point to prove is that if S is Lipschitz continuous at (ag, Ao, by, Bp) then
all associated minimizers are bounded in the neighborhoods of ag and by in C'-norm.
Assume otherwise, i.e. we can assume without loss of generality that u(by) = oo.
Then we can consider (ag, Ao, by, By,) boundary conditions with B,, < By and u,,
such that if u(z,) = B, and u(x) > B, for x € [zy,by] then u,(z) = B, for
x € [zp, by, for x € [ag, z,] we assume u,(x) = u(z). We have

bo
S(ao,Ao,bg,Bo)—S(ao,Ao,bg,Bn)2/ L, u(), i(x))dz

Tn

bo
_ / L(@, 1 (@), iy () dt

S N
Z/In « |bo — | Jho = clbo =),

where 6 : R — R is a convex function with superlinear growth.
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Then
{S(ag,Ag,bo,Bo) — S(ao,Ao,bo,Bn)}/|BO — Bn‘ — 00, N — OQ.

This is a contradiction with the assumption that S is Lipschitz continuous at the
point (ao, Ap, by, BQ).
The proof is completed. O

Remark 3.2. It follows from the proof that if S is Lipschitz at certain point
(ao, Ao, by, Bo) then it is also uniformly Lipschitz in an appropriate neighorhood of
the point.

The advantage of Theorem 1.8 is that it is possible to prove Lipschitz continuity
of S for some classes of integrands: when L(z,u,v) is independent on x or u, or
when it is jointly convex in (u,v), see [14, §5], as well as in some other cases. Note
also that Lipschitz continuity of minimizers was proved by A.Cellina in [4] in the
case of autonomous L = L(u,v) under more general growth conditions.

4. THEOREM 1.9

Proof of Theorem 1.9. The proof will rely severely on Theorem 1.4, i.e. that deriva-
tives of minimizers with graphs lying in a certain compact set X C R? belong to a
conditionally equa-continuous family.

Let U be the universal singular set associated with L. We will consider subsets
of Ur Ly o, LY, _, R, ., R, _, where p >0, ¢ > 0. Lf, (Lf_) is a subset of U
such that if (xo,uo) € Lf,  (Lf, _) then for each § < p there exists boundary datum
a = x9— 0, b = x9g, B = ug such that the corresponding minimizer u has the
properties J(u;[a,b]) < 1/, u(b) = oo (u(b) = —oc). Analogously R | (R;,_) is
the set of (zg,ug) € U such that for each § < p there exists a problem (1.1-2) with
a =1z, A=1up, b=1x9+9 with J(u;[a,b]) < 1/e and with u(a) = oo (4(a) = —o0).

We will prove that given a closed ball B(r) centred at the origin and with radius
r > 0 the sets Lf, | N B(r), Ly _nN B(r), R, . N B(r), R, _nN B(r) are closed and
of zero 2-d Lebesgue measure. Then they are also nowhere dense. This result is
sufficient to claim that U is of first Baire category and of zero 2-d Lebesgue measure.

We prove only that Lj, , N B(r) is closed and of zero 2-d Lebesgue measure. For
the other sets the proof is analogous.

Let (2n,u,) € LS N B(r) and (24, u,) — (20,u0), n — co. We have to show
that (zo,uo) € L§ | N B(r). For sufficiently small v > 0 we consider minimizers
Up, @ [Ty —p+V, 2] — R associated with (zy, uy,). Then J(uy; (2, —p+v;a,]) < 1/e.
Switching if necessary to a subsequence we can assume that wu, converge uniformly
to a function ug : [xg — p + v, 29] — R. By the properties of conditionally equa-
continuous families, see Lemma 3.1, we have 4g(zg) = oo and there also exists
T € [xg — p+v,x0 — p+ 2v] such that u,(Z) — uy(Z), where |49(Z)| < co. It turns
out that there is a minimizer @ in the problem (1.1-2) with the boundary conditions
(a, A,b, B) = (%, up(Z), zo, ug) such that i(b) = co. This result is sufficient to state
that LS . N B(r) is closed.

We prove this fact by contradiction. If there are no such a minimizer then all
minimizers of the (a, A, b, B)-problem has bounded derivative at b and if @ is a
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minimizer then J(u) < J(up). In particular
(4.1) lirginf J(up; [Z, 2]) > J(uo; [T, x0]) > J(4; [T, x0]).

But we will show existence of functions wy, : [ — 9y, 5] — R such that J(wy; [z
M,y Tn]) — J(@; [T, 20]) with n, — +0 and w,, having the same boundary conditions
as u, at © —n, and x,. This will be a contradiction with (4.1) which will allow us
to state that (xo,uo) € L ; N B(r).

Let n > 0 be sufﬁmently small. Define w, : [T — n;2,] — R be equal to @ in
[Z,x, — n] and affine in each interval [z — n,Z], [z, — n, x|, where w,(z —n) =
un (T —n), wp(xn) = un(xy). Then for all n € N sufficiently large and an n > 0
sufficiently small the derivative of wy, in the intervals [z —n, Z], [z, — 1), z,] are equa-
bounded in modulus. Here we use the fact that the derivatives of u,, in the intervals
[z —n,Z], n € N, are equa-bounded since they belong to a conditionally equa-
continuous family. Finally we can take n, — 0 instead of n keeping the derivatives
in the intervals of affinity equa-bounded in modulus. Therefore J(wy; [Z—nn, zn]) —
J(u; [z, xo]) which gives the desired contradiction with (4.1).

We have established the fact that Lf, , N B(r) is a closed set. Now we have to
prove that this set has zero 2-d Lebesgue measure. It is enough to show that if = is
fixed then the set G := {u € [-r,r] : (z,u) € (L5, N B(r))} has zero 1-d Lebesgue
measure. Let ug be such a point. Consider the set [ug — d,up + d]. We can find
p > 0 sufficiently small and A such that A < u(z — p) for all minimizers associated
with [ug — d, ug + 9] N G. We can take p > 0 so small that if v is a minimizer in the
problem (1.1-2) witha =z —p, A, b=z, B € [ug — 9, up + 0] then u(-) > M, where

(4.2) min{L(z,u,v) : (z,u) € B(r), |v| > M} > max{|L(z,u,0)| : (z,u) € B(r)}.

For boundary conditions (a, A, b, B) under consideration we can consider a function
I(B) = inf{J(u;[a,b]) : u € Wh[a,b],u(a) = A,u(b) = B}, B € [ug — 6,uqg + 6.
This function is monotone increasing. In fact if By, Bs € [ug—0,up+4] and By > B;
and if ug is a minimizer associated with Bs then there exists x5 € [a,b] such that
uz(x2) = By, uz(x) > By for x € [x2,b]. We can assume w = ug in [a, x2], w(x) = B;
in [z2,b]. Then because of (4.2) we have I(Bz) > J(w) > I(Bj), i.e. I in indeed an
increasing function. At the points By € [ug — 0, up + 6] NG we have I'(By —0) = oo.
Indeed
b b
1(By) — I(By) > / L(z, us(z), g (a)) dx — / Lz, w(z),0)dz

(4.3) "

/ 0 Bb2_ xfl dx — const(b — x3),
where 6 : R — R is a convex function with superlinear growth. Because of super-
linear growth of § and the equality u2(b) = co we have in (4.3)

(I(BQ) — I(Bl))/(BQ — Bl) — 00, B1 — B2 — 0.

However monotone functions can have infinite derivative only is a set of values of
zero measure. Therefore ug is not a Lebesque point of G. This proves that the
set G has zero 1-d Lebesgue measure. Therefore the set Lf | N B(r) has zero 2-d
Lebesgue measure.
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Proof is completed. O
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