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LINEAR CONTROL SYSTEMS WITH NONCONVEX
INTEGRANDS ON LARGE INTERVALS

ALEXANDER J. ZASLAVSKI

ABSTRACT. In this paper we study the structure of approximate solutions of
optimal control problems, governed by linear equations, with autonomous non-
convex integrands, on large intervals. For these optimal control problems we
prove that the turnpike phenomenon holds. We study the structure of approxi-
mate optimal trajectories in regions close to the endpoints of the time intervals.
It is established that in these regions optimal trajectories converge to solutions
of the corresponding infinite horizon optimal control problem which depend only
on the integrand.

1. INTRODUCTION

The growing significance of the study of (approximate) solutions of variational
and optimal control problems defined on infinite intervals and on sufficiently large
intervals has been further realized in the recent years [2,4-9, 12-18, 21, 26, 28,
29, 32, 33, 35, 36, 38, 39, 44]. This is due not only to theoretical achievements in
this area, but also because of numerous applications to engineering [1, 11,24, 39],
models of economic dynamics [10,11,19,23,27, 31, 34, 37,39,41, 44], the game the-
ory [20,22,39,40,44], models of solid-state physics [3] and the theory of thermody-
namical equilibrium for materials [25,30]. In this paper we study the structure of
approximate solutions of optimal control problems, governed by linear equations,
with autonomous nonconvex integrands, on large intervals. For these optimal con-
trol problems we prove that the turnpike phenomenon holds. We study the struc-
ture of approximate optimal trajectories in regions close to the endpoints of the
time intervals. It is established that in these regions optimal trajectories converge
to solutions of the corresponding infinite horizon optimal control problem which
depend only on the integrand.

In the first part of the paper we recall the results obtained in our recent research
for Lagrange problems [45]. In the second part we generalize these results for Bolza
problems.

We study the structure of approximate optimal trajectories of linear control sys-
tems described by a differential equation

(1.1) 2'(t) = Ax(t) + Bu(t) for almost every (a. e.) t € Z,
2010 Mathematics Subject Classification. 49J15, 49J99, 90C26, 90C31, 93C15.
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where T is either R' or [Ty, 00) or [T1,T3] (here —oco < T} < Ty < o), n,m are
natural numbers, x : Z — R™ is an absolutely continuous (a. c¢.) function and
the control function v : Z — R™ is Lebesgue measurable, and A and B are given
matrices of dimensions n x n and n x m with integrands f : R® x R™ — R

Note that if 7 is an unbounded interval, then = : Z — R™ is an absolutely
continuous function if and only if it is an absolutely continuous function on any
bounded subinterval of Z.

We assume that the linear system (1.1) is controllable and that the integrand f
is a continuous function.

We denote by | - | the Euclidean norm and by (-,-) the inner product in the k-
dimensional Euclidean space RF. For every s € R! set s; = max{s,0}. For every
nonempty set X and every function h : X — R' U {oo} set

inf(h) = inf{h(z) : z € X}.

Let ag be a positive number and 9 : [0,00) — [0,00) be an increasing function
such that

(1.2) lim () = oo.

t—o00

Suppose that f : R” x R™ — R! is a continuous function such that the following
assumption holds:
(A1)

(i) for every point (z,u) € R™ x R™,

[, u) = max{(la]), p(lul),

(1.3) ([l Az + Bu| — aol[]4)[| Az + Bu| — ao|z[]+} — ao;

(ii) for every point x € R" the function f(z,-): R™ — R! is convex;
(iii) for every pair of positive numbers M, € there exist positive numbers I, § such
that

|f(w1,u1) — f(22,u2)| < emax{f(z1,u1), f(z2,u2)}
for each u1,us € R™ and each x1,x2 € R™ which satisfy
‘x’b‘ S M7 ”U,Z‘ Z Fv 1= 1727

max{|x] — xal, |ur — ue|} < 9;

(iv) for every positive number K there exists a positive constant ax and an
increasing function

Y 1 [0,00) = [0, 00)
such that
Vi (t) = o0 as t — oo
and
fla,u) 2 Y ([ul)|u] —ax

for every point u € R™ and every point z € R" satisfying |z| < K.



LINEAR CONTROL SYSTEMS WITH NONCONVEX INTEGRANDS 443

Let Ty € R' and Ty > Tj. A pair of an absolutely continuous function z :
[T}, T3] — R™ and a Lebesgue measurable function u : [Th,T] — R™ is called an
(A, B)-trajectory-control pair if (1.1) holds with Z = [T1,73]. Denote by
X (A, B,T1,T») the set of all (A, B)-trajectory-control pairs z : [T1,T52] — R",
u: [Tl,TQ] — R™.

Let T € R! and T = [T, 00) be an infinite closed subinterval of R'. Denote by
X (A, B,T,00) the set of all pairs of a.c. functions x : [T, 00) — R" and Lebesgue
measurable functions u : [T, 00) — R satisfying (1.1).

Note that a function h satisfies (A1) if h € CL(R" x R™), (A1)(i), (A1)(ii),
(A1)(iv) hold, and for each K > 0 there exists an increasing function ¢ : [0, 00) —
[0, 00) such that for each € R" satisfying |z| < K and each u € R™,

max{|0h/dz(x, u)|, |0h/0u(z, w)[} < d(|2])(L + P (ul)|u]).

The performance of the above control system is measured on any finite interval
[Ty, T3] C [0,00) and for any (z,u) € X (A, B,T1,T3) by the integral functional

T
(1.4) (T, Ty, z,u) = f(x(t), u(t))dt.
Ty
We consider the following optimal control problems
(Py) I7(0,T, z,u) — min,

(x,u) € X(A, B,0,T) such that (0) =y, z(T) = 2,
(Py) I7(0, T, z, 1) — min,
(z,u) € X(A, B,0,T) such that x(0) =y,

(Ps) 17(0, T, z, 1) — min,

(x,u) € X(A,B,0,T),

(Py) (0,7, x,u) + g(x(T)) — min,
(x,u) € X(A, B,0,T) such that x(0) =y,

(Ps) (0, T,2,u) + g(x(T)) + h(z(0)) — min,

(z,u) € X(A,B,0,T),
where y,z € R", T > 0and g : R* — R' and h : R® — R! are lower semicontinuous
functions which are bounded on bounded sets. The study of these problems is based
on the properties of solutions of the corresponding infinite horizon optimal control
problem associated with the control system (1.1) and the integrand f. Problems
(Py) — (P3) where analyzed in [45] while in this paper we study problems (Py) and
(Bs).

We establish the turnpike property for the approximate solutions of problems
(Py) and (Ps). For problems (Ps) and (Ps) we show that in regions close to the
right endpoint T of the time interval their approximate solutions are determined
only by the pair (f,g) and are essentially independent of the choice of interval and

the endpoint value y. For problems (P5), approximate solutions are determined only
by the pair (f,h) also in regions close to the left endpoint 0 of the time interval.
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A number

(1.5) u(f) == inf{hTrginfT—llf(o,T,x,u) . (z,u) € X(A,B,0,00)}

is called the minimal long-run average cost growth rate of f. In view of (A1)(i), we
have —oo < pu(f).

We say that a pair (Z,a) € X (A, B,0,00) is (f, A, B)-overtaking optimal [39,44]
if for every pair (z,u) € X (A, B,0,00) such that z(0) = Z(0) the inequality

limsup[I7(0, T, %, @) — I/ (0, T, z,u)] <0

T—o00

holds.
We say that a pair (z,u) € X(A, B,0,00) is (f, A, B)-minimal [39,44] if for every
positive number T,
(0,7, w,u) < I(0,T,y,0)

for every pair (y,v) € X(A, B,0,T) such that y(0) = x(0), y(T') = =(T).
Let (zf,uf) € R" x R™ satisfy

(1.6) Axy + Buy = 0.

It is clear that pu(f) < f(xf,us). It is not difficult to see that the following result
holds.

Proposition 1.1 (Proposition 3.1 of [45]). Assume that u(f) = f(zs,uy) and let
x(t) = xf, u(t) = us for all t € [0,00). Then the pair (z,u) € X(A,B,0,00) is
(f, A, B)-minimal.

We suppose that the following assumption holds.
(A2) pu(f) = f(xf,uy) and if (z,u) € R™ x R™ satisfies

Az + Bu =0, u(f) = f(z,u),

then z = z;.
In [45] we proved the following result.

Proposition 1.2 (Proposition 3.4 of [45]). For every trajectory-control pair (x,u) €
X (A, B,0,00) either

170, T, z,u) — Tu(f) = oo as T — oo
or sup{|1/(0,T,z,u) — Tu(f)| : T >0} < oco.
A trajectory-control pair (z,u) € X (A, B,0,00) is called (f, A, B)-good [39,44] if
sup{|I(0, T, z,u) — Tu(f)|: T > 0} < co.
We have the following result.
Proposition 1.3 (Proposition 3.5 of [45]). For any (f, A, B)-good pair
(z,u) € X(A,B,0,00)

the inequality
sup{|z(t)| : t €[0,00)} < o0
holds.
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We suppose that the following assumption holds.
(A3) For every (f, A, B)-good trajectory-control pair

(z,u) € X(A,B,0,00)

the equality lim;_,o 2(t) = x5 holds.

Assumptions (A1)-(A3) were introduced in Section 3.1 of [45] which also contains
several examples of integrands satisfying these assumptions. These assumptions are
common in the turnpike theory [39,41,43,44]. In particular, we need the growth
condition (A1)(i) and the convexity assumption (Al)(ii) in order to guarantee the
existence of solutions of optimal control problems on finite intervals. Assumptions
(A2) means that there exists a unique good stationary trajectory-control pair. This
assumption is necessary if one intends to obtain a turnpike property for which the
turnpike is a singleton. Assumption (A3) is called in the literature as the asymptotic
turnpike [39,41,43-45]. Tt is also necessary for turnpike properties on finite intervals.
It was shown in Chapter 7 of [45] that in the space of integrands satisfying (A1)
and (A2) most integrands satisfy also (A3).

2. TURNPIKE RESULTS FOR PROBLEMS (P;) AND (F»)

We use the notation, definitions and assumptions introduced in Section 1.
Let T >0 and y,z € R™. Set

o(f,y,z,T) =inf{I/(0,T,z,u) :
(2.1) (z,u) € X (A, B,0,T) and z(0) =y, z(T) = 2},
(2.2)  o(f,y, T) =inf{I/(0,T,z,u): (z,u) € X(A,B,0,T) and z(0) = y},
(23)  G(f, 2 T) =f{I7(0,T,z,u) : (z,u) € X(A,B,0,T) and z(T) = z},

(2.4) o(f,T) =inf{I/(0,T,z,u) : (z,u) € X(A,B,0,T)}.
The results of this section were obtained in [45]. The following theorem establishes

the turnpike property of approximate solutions of problems (P;) and (P).

Theorem 2.1 (Theorem 3.7 of [45]). Let e, My, My > 0. Then there exist L > 0,
d € (0,¢€) such that for each T > 2L and each (z,u) € X(A, B,0,T) which satisfies
for each S € [0,T — L,

I'(S,8 + L,z,u) < o(f,z(S),z(S+L),L) + ¢

and satisfies at least one of the following conditions below

(8) [£(0)], [(T)| < Mo, I(0,T,,u) < o(f,2(0),(T), T) + My

(b) ‘LIJ(ON < Mﬂa If(O,T,[E, U) < O'(f,ﬂj(O),T) + Mla

() I7(0, T, 2,u) < o(f,T) + M
there exist p1 € [0, L], po € [T'— L, T] such that

|z(t) —xf| < € for all t € [p1,p2).

Moreover if |x(0) — xy| < 6, then p1 =0 and if |x(T) —xy| <6, then po =T
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Theorem 2.2 (Theorem 3.8 of [45]). Let g € R"™. Then there exists an (f, A, B)-
overtaking optimal trajectory-control pair (z,u) € X(A, B,0,00) satisfying x(0) =
Zo-

The next result describes the limit behavior of overtaking optimal trajectories.

Theorem 2.3 (Theorem 3.9 of [45]). Let M,e > 0. Then there exists L >
0 such that for any (f, A, B)-overtaking optimal trajectory-control pair (x,u) €
X (A, B,0,00) which satisfies |x(0)| < M the inequality

2(t) — ] < e
holds for all numberst > L. Moreover, there exists § > 0 such that for any (f, A, B)-
overtaking optimal trajectory-control pair (x,u) € X(A, B,0,00) satisfying |x(0) —
xy| <0, the inequality

|z(t) —xyp| < e
holds for all numbers t > 0.

The next result shows the equivalence of the optimality criterions introduced
above.

Theorem 2.4 (Theorem 3.10 of [45]). Assume that (z,u) € X (A, B,0,00). Then
the following conditions are equivalent:
(i) (z,u) is (f, A, B)-overtaking optimal;
(i) (z,u) is (f, A, B)-minimal and (f, A, B)-good;
(iii) (x,u) is (f, A, B)-minimal and

lim x(t) = xy;

t—o00

(iv) (z,u) is (f, A, B)-minimal and liminf;_, o |z(t)| < co.
3. AUXILIARY RESULTS

We use the notation, definitions and assumptions introduced in Sections 1 and 2.

For every point z € R"™ denote by A(z) the collection of all (f, A, B)-overtaking
optimal pairs (x,u) € X(A, B,0,00) such that (0) = z, which is nonempty in view
of Theorem 2.2.

Let z € R™. Define

(3.1) ' (z) = lijgn inf[I7(0, T, z,u) — Tu(f)],
— 00
where (z,u) € A(z). By Proposition 1.2 and Theorem 2.4, 7/(z) is finite, well

defined and does not depend on the choice of (z,u) € A(z). The following results
were obtained in Section 3.3 of [45].

Proposition 3.1 (Proposition 3.11 of [45]). 1. Let (z,u) € X(A,B,0,00) be
(f, A, B)-good. Then

7/ (x(0)) < liminf[I7(0, T, z,u) — Tu(f)]

T—o0
and for each pair of numbers S >T > 0,

(3:2) o (@(T)) < (T, S, ,u) = (S = T)u(f) + 7/ (x(9)).
2. Let S>T >0 and (x,u) € X(A,B,T,S). Then (3.2) holds.
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Proposition 3.2 (Proposition 3.12 of [45]). Let (z,u) € X(A,B,0,00) be an
(f, A, B)-overtaking optimal pair. Then for each pair of numbers S >T >0,

ol (x(T)) = (T, S,2,u) — (S = T)ul(f) + 7 (2(5)).

Proposition 3.3 (Propositions 3.13, 3.14, 3.16 and 3.17 of [45]). 7/ (z) = 0, the
function 7l is continuous at xy, the function 7l is lower semicontinuous and for
each M > 0 the set {x € R" : n/(x) < M} is bounded.

Proposition 3.4 (Proposition 3.15 of [45] ). Let (xz,u) € X(A, B,0,00) be (f, A, B)-
overtaking optimal. Then

! (2(0)) (170, T, 2, u) = Tu(f))-

= lim
T—o00
Proposition 3.5 (Proposition 3.18 of [45]). Let (z,u) € X (A, B,0,00) be (f, A, B)-
good pair such that for all T > 0,
10,7, ,u) = Tu(f) = 7/ (2(0)) — 7/ (2(T)).
Then (z,u) € X(A, B,0,00) is (f, A, B)-overtaking optimal.

Consider a linear control system

(3.3) 2'(t) = —Az(t) — Bu(t),

z(0) = zo
which is also controllable. For the triplet (f,—A,—B) we use all the notation
and definitions introduced for the triplet (f, A, B). It is not difficult to see that
assumption (A1) holds for the triplet (f, —A, —B).

Let Ty € RY, Ty > Ty. A pair of an absolutely continuous function z : [T}, Ts] —
R™ and a Lebesgue measurable function w : [T1,T5] — R™ is called an
(—A, —B)-trajectory-control pair if (3.3) holds for a. e. ¢ € [T1,T2]. Denote by
X(—A,—B,T1,T5) the set of all (—A— B)-trajectory-control pairs x : [T7, T3] — R",
u: [Tl,TQ] — R™.

Let T € R'. Denote by X(—A, —B,T,cc) the set of all pairs of a. c. functions
x : [T,00) — R™ and Lebesgue measurable functions u : [T,00) — R™ satisfying
(3.3) for a. e. t > T, which are called (—A, —B)-trajectory-control pairs.

Assume that S; € R!, Sy > S; and that (z,u) € X(A, B, S1,S2). For all t €
[S1, S2] set
(3.4) Z(t) = x(Se — t + S1), u(t) = u(Se —t + S1).
By (1.1) and (3.4) for a. e. t € [S1, S2],
(3.5) ()= —2'(So—t+S1)=—Ax(Se —t +51) — Bu(Sy —t + S1)
= —Az(t) — Bu(t), (z,u)e€ X(—A,—-B,51,S52).
In view of (3.4),

SQ 52
g f(@(t),u(t))dt = g f(x(Sy—t+ S1),u(Sy —t+ S1))dt
Sa
— [ F(),ult))dt.

St

(3.6)
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For every pair of numbers 7o > T) and every trajectory-control pair (x,u) €
X(—A, —B,Tl,TQ) define
T

(3.7) (T, Ty, z,u) = g f(2(t), u(t))dt.

For every pair of points y, z € R™ and every positive number 7' define
o_(f,y,zT) =inf{I/(0,T,2,u) :

(3.8) (r,u) € X(—A,—B,0,T) and z(0) =y, z(T) = z},
o (f,y,T) = inf{I/(0,T,z,u) :

(3.9) )€ X(—A,—B,0,T) and z(0) = y},
G_(f,2,T) = inf{I/(0,T,z,u) :

(3.10) (z,u) € X(—A,—B,0,T) and z(T) = z},

(3.11) o_(f,T) =inf{I7(0,T,z,u) : (x,u) € X(—A,—B,0,T)}.

The following auxiliary results were proved in Section 3.3 of [45].

Proposition 3.6. Let So > Sy be real numbers, M > 0 and that (z;,u;) €
X(A,B,Sl,SQ), 1= 1,2. Then

I7(S1, So, 1, u1) > I7(S1, Sa, w0, ug) — M
if and only if I1(Sy, So, Z1, 1) > I7(S1, S, Ta, tig) — M.
Proposition 3.7. Let So > S1 be real numbers and
(x,u) € X(A, B, Sy, 52).
Then the following assertions hold:
17(S1, 8y, 2,u) < o(f,Sy— S1)+ M
if and only if I7(S1, Sy, %,0) < o_(f, Sy — S1) + M;
(81, S, z,u) < o(f,2(S1),2(52), 5 — S1) + M
if and only if I7(S1, So, 2, 0) < o_(f,#(S1), #(S), S — S1) + M
(81,8, 2,u) < a(f, x(s - S+ M

), S2
if and only if IV (Sy, So, %, @) < G_(f,#(S2), So — S1) +
181, Sy, x,u) <G (f,x ( S2), 82 — S1) + M
if and only if I7(S1, S2, Z,14) < o_(f, %(S1),S2 — S1) +
Define
(3.12) p(f) = inf{liminf T-11 (0, T, 2, u) € X (=4, =B, 0,00)}.

Proposition 3.8. p_(f) = u(f) = f(zf,uy).
Proposition 3.9. For any (f,—A,—B)-good trajectory-control pair (x,u) €
X(—A,—B,0,00),

tlglolo x(t) = xy.
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Therefore (f, —A, —B) satisfies all the assumptions posed for the triplet (f, A, B)
and all the results stated above for the triplet (f, A, B) are also true for (f, —A, —B).
For every point z € R™ define

7('{(2) = liTHi)inf[If(O,T, z,u) — Tu(f)],

where (z,u) € X(—-A,—-B,0,00) is an (f, —A, —B)-overtaking optimal pair such
that z(0) = 2.

4. SPACES OF INTEGRANDS

We use the notation, definitions and assumptions introduced in Sections 1-3.
Recall that ap > 0 and 1 : [0,00) — [0, 00) is an increasing function such that
li t) = oo.
) =ee
We continue to study the structure of optimal trajectories of the controllable linear
control system
2’ = Az + Bu,
where A and B are given matrices of dimensions nxn and nxm, with the continuous
integrand f : R™ x R™ — R! which satisfy assumptions (A1)-(A3) and (1.6).
Denote by 90 the set of all borelian functions g : R**™*+! — R! which satisfy

g(t, e, w) > max{e(|a]), ¥(lul),
(4.1) ¥ ([ Az + Bu| - agll:)[|Az + Bul — agle]+} — ao

for each (t,z,u) € RPTm+L,
We equip the set 91 with the uniformity which is determined by the following
base:
E(N,e,\) ={(f,9) e MxM: |f(t,x,u) —g(t,z,u)| <€
for each (t,x,u) € R satistying ||, |u| < N}

N{(f.9) € Mx M (f(ta0)] + 1) (glt.w)] + 1)~ € A
(4.2) for cach (t,z,u) € R™™* satisfying |z| < N},

where N > 0, ¢ > 0 and X\ > 1.

It is clear that the uniform space 9t is Hausdorff and has a countable base.
Therefore 9 is metrizable. It is not difficult to show that the uniform space 9 is
complete.

Denote by 91, the set of all functions g € 9 which are bounded on bounded
subsets of R *1. Clearly, 9, is a closed subset of 9. We consider the topological
subspace M, C M equipped with the relative topology.

For each a pair of numbers Ty € R, Ty > Ty, each (z,u) € X (A, B,T1,T,) and
each borelian bounded from below function g : [T}, T3] x R x R™ — R! set

T

Ig(Tl,Tg,x,u)—/T ot 2(8), u(t))dt.

We consider the following optimal control problems

9(Ty, Ty, x,u) — min,
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(x,u) € X(A, B,T1,T») such that z(T}) =y, x(Tz) = z,
I9(Ty, Ty, x,u) — min,
(x,u) € X(A, B,T1,T5) such that z(T1) =y,
I9(Ty,To, x,u) — min,
(z,u) € X(A,B,T1,Ty),
where y,z € R"*, 0o > Ty > T7 > —o0 and g € M.

Let y,2 € R*, Ty € RY, Ty > Ty and g : [T}, T3] x R® x R™ — R! be a borelian
bounded from below function. Set

0(g,y,z, 11, Ty) = inf{I9(T1, To, z,u) :

(4.3) (x,u) € X(A,B,T1,T3) and z(T1) =y, z(T2) = z},
o(g,y,T1,Ty) = inf{I9(T1,To, x,u) :

(4.4) (x,u) € X(A,B,T1,T) and z(Ty) = y},
0(g,2z,Th,Tz) = inf{I9(T1, T>, x,u) :

(4.5) (x,u) € X(A,B,T1,Ts) and z(Ts) = z},

(4.6) o(g,Th,T>) = inf{19(T1, T, z,u) : (z,u) € X(A,B,T1,T>)}.

Recall that f: R x R™ — R! is a continuous function which satisfies (1.6) and
assumptions (A1), (A2) and (A3). For each (¢, z,u) € R"™™+L set

(4.7) F(t,z,u) = f(x,u).

The following stability results were obtained in Chapter 4 of [45]. They show that
the turnpike phenomenon, for approximate solutions on large intervals, is stable
under small perturbations of the objective function (integrand) f.

Theorem 4.1. Let e, M > 0. Then there exist Ly > 1 and dy > 0 such that for each
Ly > Ly there exists a neighborhood U of F in 9y, such that the following assertion
holds.

Assume that T > 2Ly, g €U, (z,u) € X(A, B,0,T) and that a finite sequence of
numbers {S;}{_, satisfy

So=0, Sit1—S; € [Lo, L], i=0,....q—1, Sy € (T — L1, T},
I9(Si, Sigr, w,u) < (Sipr — So)ulf) + M

for each integer i € [0,q — 1],

I9(S;, Sita,x,u) < o(g,z(S;), (Si+2), Si, Sit2) + do
for each nonnegative integer i < q — 2 and

I9(Sy—2,T,z,u) < o(g,x(Sg—2), x(T'), Sq—2,T") + o.
Then there exist p1,p2 € [0,T] such that p1 < p2, p1 < 2Ly, po > T — 2L and that

|z(t) — x¢| < € for allt € [p1,pa)].

Moreover if |x(0) — xf| < 6, then p1 =0 and if |[x(T) —xy| < 6, then pp =T
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Theorem 4.2. Let € € (0,1), My, M1 > 0. Then there exist L > 0, § € (0,€) and
a neighborhood U of F in My, such that for each T > 2L, each g € U and each
(z,u) € X(A, B,0,T) which satisfies for each S € [0,T — L],

I9(S,S+ L,z,u) <o(g,z(S),z(S+L),S,S+ L)+

and satisfies at least one of the following conditions below

(a) [z(0)], [#(T)] < Mo, I9(0,T,z,u) < o(g,2(0),x(T),0,T) + M;
(b) ‘$(0)| < M07 Ig(O,T,x,u) < O’(g,l‘(O),O,T) + Ml;
(C) Ig(O,T,.ZE,U) go‘(ngvT)_'_Ml

there exist py € [0, L], p2 € [T — L, T] such that

|z(t) —xf| < € for all t € [py,p2).
Moreover if |x(0) — x¢| <6, then pr =0 and if |x(T) — x| < 0, then py =T.
Theorem 4.3. Let ¢ € (0,1), My, My > 0. Then there exist | > 0, an integer
Q > 1 and a neighborhood U of F in 9y, such that for each T > 1Q), each g € U and

each (z,u) € X(A, B,0,T) which satisfies at least one of the following conditions
below

(a) ‘1‘(0)‘, ’x(T)‘ < MO; Ig(O,T,{L',u) < U(g,&?(O),QE(T),O,T) +M1;
(b) |z(0)] < My, 19(0,T,z,u) < o(g,2(0),0,T) + My;
(c¢) 1900, T, z,u) < o(g,0,T) + M

there exist strictly increasing sequences of numbers {a;}]_;, {b;}l_; C [0,T] such
that ¢ < Q, foralli=1,...,q,

0 < bl —a; < la
b; < a;y1 for all integers i satisfying 1 < i < q and that
lz(t) —z¢| <€ forallt € [0,T]\ UL [as;, bs).

In Chapter 4 of [45] we also prove the following two stability results. They show
that the convergence of approximate solutions on large intervals, in the regions
close to the end points, is stable under small perturbations of the objective function
(integrand) f.

Theorem 4.4. Let Ly >0, e € (0,1), M > 0. Then there exist § > 0, a neighbor-
hood U of F in My and Ly > Lo such that for each T > L1, each g € U and each
(x,u) € X(A,B,0,T) which satisfies

[z(0)] < M, 1900, T, z,u) < o(g,2(0),0,T) + &
there exists an (f,—A, —B)-overtaking optimal pair
(T4, us) € X(—A,—B,0,00)

such that
! (2.(0)) = inf(x]),

|2(T —t) — z4(t)] < € for all t € [0, Lg).
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Theorem 4.5. Let Ly > 0, ¢ € (0,1). Then there exist 6 > 0, a neighborhood
U of Fin My and Ly > Lg such that for each T > Ly, each g € U and each
(z,u) € X(A, B,0,T) which satisfies
Ig(O,T,x,u) < O'(g,O,T) +9

there exist an (f, A, B)-overtaking optimal pair (z.,u.) € X(A, B,0,00) and an
(f,—A, —B)-overtaking optimal pair (T.,u.) € X(—A, —B,0,00) such that

7! (2,(0)) = inf(x7),

7! (2.(0)) = inf(x))

and for all t € [0, Lo],
2(6) — 2a(8)] < €, 2T — ) — 7a(0)] < .

5. BOLZA OPTIMAL CONTROL PROBLEMS

We use the notation, definitions and assumptions introduced in Sections 1-4.
Recall that f : R x R™ — R! is a continuous function which satisfy assumptions
(A1)-(A3) and (1.6).

Let a3 > 0. Denote by 2A(R™) the set of all lower semicontinuous functions
h : R™ — R! which are bounded on bounded subsets of R" and satisfy

(5.1) h(z) > —ay for all z € R™.

For simplicity we set 20 = 2A(R™). We equip the set 2 with the uniformity which is
determined by the following base:

E(N,e) ={(h1,h2) € A xA: |hi1(z) — ha(z)| < ¢

(5.2) for each z € R" satisfying |z| < N},

where N > 0, € > 0. Clearly, the uniform space 2l is metrizable and complete.
We consider the following optimal control problems

(T, Ty, ,u) + h(z(T3)) — min,

(x,u) € X(A, B,T1,T5) such that z(T1) =y
and
(T, Ty, ,u) + h(x(T2)) + §(x(T1)) — min,
(ZE,U) € X(AaBaTlaTQ)v
where y € R", 00 > T > T1 > —o0, g € M and h, & € 2.
Let y,2 € R*, Ty € R\, Ty > Ty, g : [T1,Tz] x R® x R™ — R! be a borelian
bounded from below function and h, & € 2A. Set

0(97 h‘7y7T17T2) = inf{Ig(TbTva? U) + h(ﬂf(TQ)) :

(5.3) (x,u) € X(A,B,T1,T») and z(T1) = y},
U(g, h,g,T1,T2) = inf{]g<T1, TQ,H},U,) + h(x<T2>) + S(x(Tl)) :
(5.4) (a;,u) S X(A,B,Tl,TQ)},

8(9757 2, T17T2) = inf{Ig(TlaT2>$7u) + ‘S('x(Tl)) :



LINEAR CONTROL SYSTEMS WITH NONCONVEX INTEGRANDS 453
(5.5) (z,u) € X(A,B,T1,Ty) and z(T) = z},
U(gv h? ga Y, z, T17 TQ) = inf{Ig(Tla T27 z, U) + h(.’B(Tg))

(5.6) +¢(z(Th)) : (z,u) € X(A,B,T1,T3), x(Tz) = z, z(T1) = y}.

We prove the following turnpike results for our Bolza optimal control problems
which show that the turnpike phenomenon, for approximate solutions on large in-
tervals, is stable under small perturbations of the objective functions.

Theorem 5.1. Let € € (0,1), My, M1, My > 0. Then there exist | > 0, an integer
Q > 1 and a neighborhood U of F in My such that for each T > 1Q, each g € U,
each h, & € A satisfying

|h(xp)l, €(zp)] < Mo

and each (x,u) € X(A, B,0,T) which satisfies at least one of the following condi-
tions below

(a) |2(0)] < Mo, I9(0,T,,u)+ h(z(T)) < o(g, h,z(0),0,T) + M;
(b) 190, T, z,u) + h(z(T)) + £(x(0)) < o(g, h, &,0,T) + M;

there exist strictly increasing sequences of numbers {a;}l_,, {b;}_; C [0,T] such
that ¢ < Q, foralli=1,...,q,

0 S bz — Qy S l,
b; < ajy1 for all integers i satisfying 1 < i < q and that
lz(t) — z¢| <€ forallt € [0,T]\ UL [a;, b

Theorem 5.2. Let € € (0,1), My, My, My > 0. Then there exist L > 0, § € (0,¢)
and a neighborhood U of F' in My such that for each T > 2L, each g € U, each
h, & € A satisfying

()], [€(xp)] < Mo
and each (z,u) € X(A, B,0,T) which satisfies for each S € [0,T — L],
19(8, 8 + L,w,u) < 0(g,2(S), o(S + L), 5,8 + L) + 6

and satisfies at least one of the following conditions below

(a) [z(0)| < Mo, I9(0, T, x,u) + h(z(T)) < o(g,h,(0),0,T) + My;
(b) 1900, Tz, u) + h(z(T)) + £(z(0)) < o(g,h,&,0,T) + My
there exist p1 € [0, L], po € [T'— L, T] such that

|z (t) —xf| < € for all t € [p1,p2).
Moreover if |(0) — zf| <8, then p1 =0 and if |x(T) — x¢| <6, thenpy =T .

In this paper we also prove the following two stability results for our Bolza optimal
control problems. They show that the convergence of approximate solutions on large
intervals, in the regions close to the end points, is stable under small perturbations
of the objective functions.
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Theorem 5.3. Let Lo > 0, e € (0,1), M >0 and h € A. Then there exist 6 > 0, a
neighborhood U of F in My, a neighborhood V of h in A and Ly > Lo such that for
each T > Ly, each g € U, each & €V and each (x,u) € X (A, B,0,T) which satisfies
[z(0)] < M,
190, T, z,u) + £(2(T)) < 0(9,€ 2(0),0,T) +6
there exists an (f, —A, —B)-overtaking optimal pair
(x4, us) € X(—A,—B,0,00)

such that

(w4 h)(@.(0)) = inf(x! + h),

|z(T —t) — x.(t)| <€ forallt €0, Lo].
Theorem 5.4. Let Ly > 0, ¢ € (0,1), h1,ha € A. Then there exist 6 > 0, a
neighborhood U of F in My, a neighborhood V; of hi, i = 1,2 in A and L1 > Lg
such that for each T > Ly, each g € U, each & € V;, i = 1,2 and each (z,u) €
X (A, B,0,T) which satisfies
Ig(O,T,.’IJ,U) + 51(x<T)) + 52(1’.(0)) < 0(975176270711) + d

there exist an (f, A, B)-overtaking optimal pair (z.,u.) € X(A, B,0,00) and an
(f, —A, —B)-overtaking optimal pair (Z.,us) € X(—A,—B,0,00) such that

(7 + hy)(24(0)) = inf(x! + hy),

(7! 4 h1)(2.(0)) = inf(xf + hy)
and for all t € [0, Lo,
[2(t) — 2 ()] <€, [2(T — 1) —2(t)| < e
6. AUXILIARY RESULTS FOR THEOREMS 5.1 AND 5.2

In the sequel we use the following auxiliary results.

Proposition 6.1 (Proposition 3.27 of [45]). Let T > 0 and y,z € R". Then there
exists (z,u) € X(A, B,0,T) such that

z(0) =y, 2(T) = z,
0,7, 2,u) = o(f,y,2T).

Proposition 6.2 (Proposition 4.5 of [43], Proposition 3.28 of [45]). Let M,T > 0.
Then
sup{lo(f,y,2,7): y,2 € R", |y, |2| < M} < cc.

Proposition 6.3 (Proposition 2.9 of [43]). Let g € M, 0 < ¢; < ¢2 and D,e > 0.
Then there exists a neighborhood U of g in M such that for each h € U, each Ty € R,
each Ty € [Th + c1,T1 + ¢2] and each trajectory-control pair (x,u) € X (A, B,T1,T5)
which satisfies
min{I9(Ty, Ty, z,u), I"(T1, Ty, z,u)} < D
the inequality
]Ig(Tl,Tg,x,u) — Ih(Tl,Tg,x,u)] <e

holds.
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Proposition 6.4 (Proposition 4.2 of [43]). Let T, > Ty be real numbers,

{(xj,uj)};-";l C X(A,B,T1,Ty) and let the sequence {If(Tl,TQ,:L‘j,uj)};‘;l be

bounded. Then there exist a subsequence {(x,,uj, )}, and (x,u) € X (A, B,T1,T>)
such that
xj, (t) = x(t) as k — oo uniformly in [T, T3],
wj, — u as k — oo weakly in L*(R™; (T1, Tz)),
If(Tl,T2,$,U) < liminfff(Tl,T2,$jk,Ujk).
k—o0

Proposition 6.5 (Proposition 4.6 of [43]). Let M,7,e > 0. Then there exists a
number § > 0 such that for each yi1,y2, 21,22 € R" satisfying

lyil, |zi] < M, i=1,2, |[y1 —ya|, |21 — 22| <6
the following relation holds:

lo(f,y1,21,7) —o(f,y2, 22, 7)| < €.

Proposition 6.6 (Proposition 2.7 of [43]). Let M1 > 0 and 0 < 79 < 7. Then there
exists a positive number Mo such that for each T € R', each Ty € [Ty + 70, T1 + 1]
and each (z,u) € X(A, B,T1,T5) satisfying

Ty, Ty, z,u) < My
the inequality |z (t)| < My holds for all t € [Ty, Ty].

Lemma 6.7. Let My, My, My > 0. Then there exist Lo > 0, M3 > My and a
neighborhood U of F in My, such that for each T > Ly, each g € U, each h,§ € A
satisfying
(h(zg)l, 1€(xf)| < Mo,
each (x,u) € X (A, B,0,T) and each Ty, T € [0,T] which satisfy Ty < T and satisfy
at least one of the following conditions below
(a) |x(0)] < My, I9(0,T,z,u)+ h(x(T)) < o(g,h,x(0),0,T) + M,
‘l‘(t)’ > Ms, te [Tl,TQ], =T, \x(Tl)] = Ms;
(b) 1900, T, z,u) + h(z(T)) + &£(x(0)) < 0(g,h,&,0,T) + My, |z(t)| > Ms, t €
[Ty, T3]
and either Ty =0, |z(T)| = Mz or To =T, |z(Th)| =Mz or Th =0, To =T.
Then Ty — 11 < Ly.

Proof. By (1.2) there exists a number M3 such that

M3 > My + ]acf|,
(6.1) B(Ms) > | flag,up)] + 2+ ap.
There exists a neighborhood Uy of F' in 9, such that
(6.2) lg(t,xp,up) — f(op,up)| <471 for all t € R' and all g € Up.

By Proposition 6.2, there exists My > 0 such that
(6.3) lo(f,y,2,1)| < My for all y,z € R" satisfying |y|, |z| < Ms.
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By Proposition 6.3, there exists a neighborhood
(6.4) U C U

of F in 9y such that for each h € U, each 7 € R'and each trajectory-control pair
(x,u) € X(A, B, 7,7 + 1) which satisfies

min{I"(r,7 + 1, z,u), I'(r, 7+ 1,2,u)} < My +1
the inequality

(6.5) M+ 1,2,u) — I (7 4+ 1,2,u) < 1
holds.
Fix
(6.6) Lo >4+ 2Ms + 2a1 + 2M7 + 2My.
Assume that
(6.7) T > Lo, geU,h,§ €, [h(zp)l, [§(zy)| < Mo,
(x,u) € X(A,B,0,T), Th,To € [0,T], Th < T3,
(6.8) |z(t)| > Ms, t € [T1,T5]

and that at least one of the conditions (a), (b) holds. We show that 75 — T} < L.
Assume the contrary. Then

(6.9) Ty — Ty > L.

We construct (y,v) € X(A, B,T1,T»). If (b) holds and
T =0,T, =T,

then we set

(6.10) y(t) =xy, v(t) =uy, t€[0,T).

If

T =T, |z(Th)| = M3,
then in view of Proposition 6.1 there exists (y,v) € X (A, B,T1,T) such that

y(Th) = z(Th), y(Tr + 1) = xy,

(611) If(Tl,T1+1’y7U) :O’(f7x(T1)’$f’1)7
y(t) = x5, v(t) = uy, t € [Ty +1,T).

If (b) holds and T1 = 0, |z(T%)| = M3, then in view of Proposition 6.1, there exists
(y,v) € X(A, B,0,T») such that

y(Iz) = 2(13), y(Ty — 1) = zy,
Ty —1,Ty,y,v) = o(f, vy, x(12),1),
(6.12) y(t) =xy, v(t) = uy, t € [T1,To — 1].
Set
(6.13) y(t) = x(t), v(t) = u(t) for all t € [0,T] \ [T1, T3]
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Clearly,

(6.14) (y,v) € X(A, B,0,T).

It follows from (4.1), (6.1) and (6.8) that for all ¢ € [T7, T3],
(6.15) g(t, 2(8),u(t) > 6(Ms) — ao > | f(zg,up)| +2
Relations (6.2), (6.4) and (6.7) imply that

(6.16) gt 2 g up)| < |f(zg,up)] +47" for all t € R

Assume that (b) holds and T} = 0, 75 = T'. Then by (6.10), (6.15) and (6.16),
1900, T, 2,u) = T(|f(zg,up)l +2),
1900, T, y,0) < T(|f (g, up)| +47).
By the relations above, condition (b), (5.1), (6.7) and (6.10),
T(|f(zp,up)l +2) = 2a1 < I9(0, T, x,u) + h(z(T)) + £(x(0))
< 190, T, y,v) 4+ h(y(T)) + £(y(0)) + My
ST(f (g, up)| +471) +2Mp + My
and in view of (6.6),
Ty —Ty =T < 2My + 2a; + M, < Lo.

This contradicts (6.9).
Assume that

(6.17) Ty =T, |z(Ty)| = Ms.
By (6.1), (6.3), (6.11) and (6.17),
(6.18) [ (T1,T1 + 1,y,0)| = |o(f,2(T1), zf,1)] < My.
In view of the choice of U, (6.5), (6.7) and (6.18),
(6.19) (T, Ty +1,y,v) < My + 1.
In the case (a), it follows from (5.1), (6.7), (6.15) and (6.17) that
190, T, z,u) + h(z(T)) > 1900, Ty, z,u) + I9(T1, T, z,u) — a1
= 19(0, Ty, z,u) — ay + (T = T)(|f (25, up)| + 2),

by (6.6), (6,7), (6.9), (6.11), (6.13), (6.17) and (6.19),

I°(0,T,y,v) + h(y(T)) = 19(0, T1, x,u) + I9(T1, T, y,v) + h(zxy)

(6.20)

e
< 190,Th,x,u) + I9(T1, Ty + 1,y,v)
+ 19Ty + 1,T,y,v) + My
<90, Th,xz,u) + My +1
+ (T =Ty — 1)sup{g(t,xf,uf): te[T1+1,T]}
+ Mo
<190, Ty, x,u) + My +1
(T =Ty = 1)(|f(zy,up)| +47Y) + Mo,

(6.21)
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and in view of condition (a), (6.11), (6.13), (6.20) and (6.21),
My + 1900, Th, o, u) + My + 1+ (T — Ty — 1)(| f(zg,up)| +471)
> 1900, T,y,v) + h(y(T))
—M; + 190, T, z,u) + h(z(T))
My —ar + 1900, T1, z,u) + (T — T0) (| f(xf, up)| + 2)

AVARAAN

and
To—T1=T-Ty < May+My+1+a; < Lyg.
This contradicts (6.9).
In the case (b), it follows from (5.1), (6.7), (6.15) and (6.17) that

1900, T, z,u) + h(z(T)) + £(x(0)) > 19(0,T1, z,u)
+ (T, T, z,u) — a1 + £(z(0))
> 19(0, Ty, x,u) — ay
+ (T =T)([f (g, up)] +2) + €((0)),

(6.22)

by (6.11), (6,13), (6.16) and (6.19),
190, T,y,v) + h(y(T)) + £(y(0)) = I9(0, Th, &, ) + I9(T1, T, y, v)
+ h(zy) + £(2(0))
<190, Ty, x,u) + I9(T1, Ty + 1,y,v)
+ 19(Th + 1,T,y,v) + Mz + §(x(0))

< 190,71, x,u) + My +1
(6.23)

T
4 / ot g ug)dt + My + (2(0))
Ti1+1

< 190, Ty, x,u) + Mg+ 1
+ (T =T = 1)(|f (g up)| +471)
+ M + £(2(0)),
and in view of condition (b), (6.22) and (6.23),
1900, Ty, 2, u) + E(@(0)) + My + 1+ (T = Tt — 1)(|f(xg,up)] +47) + Mo
> 1900, T,y,v) + h(y(T)) + £(y(0))
> =M+ 19(0, T, z,u) + h(x(T)) + £(x(0))
> =My +19(0, Ty, ,u) + §(2(0)) — a1 + (T = T1)(|f (2 g, up)| + 2)
and by (6.17),
I —T1 =T —-T1 <My +ay +My+1+ My < L.

This contradicts (6.9).
Assume that

(6.24) Ty =0, |2(T3)| = M.
We need to consider only the case (b). By (6.3), (6.12), (6.14) and (6.24),
(625) |If(T2 - 17 T27 Y, U)‘ = ’O—(.ﬁ Zf, x(T2)7 1)‘ < M4'
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In view of the choice of U, (6.5), (6.7) and (6.25),
(6.26) Ty — 1,T,y,v) < My + 1.
It follows from (5.1), (6.15) and (6.24) that
900, T, z,u) + h(z(T)) + £(x(0)) > 1900, T, z,u) + I9(To, T, z,u)
+h(z(T)) — a
> h(x(T)) —ar + (T, T, x,u)
+ (| f (2 g, up)l +2),
by (6.7), (6.12), (6.13), (6.16), (6.24) and (6.26),
1900, T, y,v) + h(y(T)) + £(y(0)) = I7(0, o — 1, y,v) + I9(T5 — 1, T, y,v)
+ (T, T, z,u) + h(z(T))) + &(zy)
(6.28) < (T2 = D) (If (g, up)| +471)
+ My + 1+ 19T, T, x,u)
+ h(z(T)) + Mo.

(6.27)

It follows from (6.27) and (6.28) that

h(z(T))—a1 + I9(T, T, , u) + To([ f (2, up)| + 2)
< 190, T, z,u) + h(z(T)) + £(x(0))
< My + 1900, T, y,v) + h(y(T)) + £(y(0))
< My + (To = V)(|f (g, up)| +471)
+ My + 1+ 19T, T, z,u) + h(x(T)) + My
and
Ty < ay+ M, + My +1+ M, < Lo.

This contradicts (6.9).
Thus in all the cases we have reached the contradiction which shows that 75 —T7 <
Lgy. Lemma 6.7 is proved. U

7. PROOF OF THEOREM 5.1

By Lemma 6.7, there exist Lo > 0, M3 > My and a neighborhood U; of F' in 91,
such that the following property holds:
(P1) for each T' > Ly, each g € U, each h,{ € A satisfying

(h(zp)], [€(zf)] < Mo,

each (z,u) € X(A,B,0,T) and each T7,T» € [0,7T] which satisfies 77 < T3 and
satisfies at least one of the following conditions below
(i) |z(0)| < My, 19(0,T,z,u)+ h(z(T)) < o(g,h,x(0),0,T) + M,
‘l‘(t)’ > Ms, t e [Tl,Tg], T =T, ‘J)(Tl)’ = Msj;
(ii) 1900, T, x,u) + h(z(T)) 4+ £(x(0)) < (g, h,&,0,T) + M
lz(t)| > M3, t € [T1,13]
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and either T1 = 0, |LL‘(T2)| = M3 or T2 = T, |ZE(T1)| = M3 or T1 = O, T2 = T,
then T2 - T1 S Lo.
By Theorem 4.3, there exist [ > Lg, an integer () > 2 and a neighborhood U C U;
of F' in 9y, such that the following property holds:
(P2) for each T' > I(Q — 2), each g € U and each (z,u) € X (A, B,0,T) which
satisfies
z(0)], [=(T)| < Ms,
19(0, T, 2,u) < o(g,3(0), 2(T),0,T) + My
there exist strictly increasing sequences of numbers {a;}7_;, {b;}7_,; C [0,T] such
that q < Q —2,forallt=1,...,q,
0<b;—a; <lI,
b; < a;4+1 for all integers ¢ satisfying 1 < i < ¢ and that
|z (t) — x| < eforall t € [0,T]\ UL ai, bi].
Assume that
(7.1) T>1Q, geU, h,§ €N, |h(zyf)l, |§(zy)| < Mo

and (z,u) € X(A, B,0,T) satisfies at least one of the conditions (a), (b) of Theorem
5.1.

Assume that (a) holds. Set T} = 0,
(7.2) Ty =sup{t € [0,T] : |z(t)| < Ms}.

In view of (a) and the relation M3 > My, T3 is well-defined. Property (P1), condition
(a), (7.1), (7.2) and the inequality { > Lo imply that

(7.3) T - T, < L.
In view of condition (a),
(7.4) (T, Ty, ,u) < o(g, (1), x(12), Ty, To) + M.

Assume that (b) holds. If |z(t)| > Ms for all t € [0, T], then by (7.1) and property
(P1), T < Lo < I, a contradiction. Thus there exists ty € [0, 7] such that

|z(to)| < Ms.

Set

Ty =min{t € [0,T] : |z(t)| < Ms},
(7.5) Ty =max{t € [0,T] : |x(t)] < Ms}.
Clearly, T1,T» are well-defined and T} < Tb. Relations (7.1) and (7.5) imply that
(7.6) Ty < Lo, T — Ty < L.
By (7.5), (7.6) and condition (b),
(7.7) (T, Te,z,u) < o(g,x(T1),x(12), T1,T2) + M;.

Hence (7.7) is true in the both cases. In view of (7.1), (7.7) and property (P2),
there exist strictly increasing sequences of numbers {a;}7_;, {b;}{_; C [T1,T5] such
that g < Q —2,foralli=1,... q,

0<b—a; <lI,
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b; < a;4+1 for all integers ¢ satisfying 1 < i < ¢ and that
|13(t) — l‘f‘ <eforallte [Tl,TQ] \ U?Zl[ai,bi].
This completes the proof of Theorem 5.1.

8. PROOF OF THEOREM 5.2

By Theorem 4.2, there exist Ly > 0, 6 € (0,¢) and a neighborhood U; of F in
My, such that the following property holds:
(P3) For each T" > 2Ly, each g € U; and each (z,u) € X (A, B,0,T) which
satisfies for each S € [0, T — L],
Ig(Sa S+ Lo, x, u) < J(ga l'(S), l’(S + L0)7 Sa S + LO) +9
and satisfies
1900, T, z,u) < o(g,2(0),z(T),0,T) + M,
[2(0) — g <6, |2(T) — x| <6
we have
|z(t) —xy| < eforall t €[0,T].

By Theorem 5.1, there exist [y > 0, an integer Q > 1 and a neighborhood U C U,
of F'in 9y, such that the following property holds:
(P4) for each T' > [pQ, each g € U, each h, & € 2 satisfying

|h(xp)l, €(zp)] < Mo

and each (z,u) € X(A, B,0,T) which satisfies at least one of the following condi-
tions below

|x(0)| < My, 19(0, T, z,u) + h(z(T)) < o(g, h,x(0),0,T) + Mjy;
1900, T, w,u) + h(2(T)) + £(z(0)) < 0(g,h, &, 0,T) + My

there exist strictly increasing sequences of numbers {a;}?_;, {b;}/_; C [0,7T] such
that ¢ < Q, foralli=1,...,q,

0<b;—a; <l,
b; < a;4+1 for all integers ¢ satisfying 1 < i < ¢ and that
lz(t) —xp] <6 forall t € [0,T]\ UL, [aj, bs].

Set
(8.1) L = 2Lg + 20,0.
Assume that
(8.2) T>2L,gel, h,Eed
satisfy
(8:3) [h(zy)l, [€(zy)| < Mo,

(x,u) € X(A, B,0,T) satisfies for each S € [0,T — L],
(5.4) 1908, + L,z,u) < o(g,(S),2(S + L), 5,5 + L) +5
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and satisfies at least one of the conditions (a), (b) of Theorem 5.2. By (8.1),
(8.3), (8.21), property (P4) and conditions (a), (b) of Theorem 5.2 there exist
Sy, S92 € [0, T] such that

(8.5) S1 < Qlo, S2 > T — Qlo,
(8.6) |z(S;) —xf| <96, i=1,2.

In view of (8.1), (8.2) and (8.5),

(8.7) So — 851 > 2L —2Qly > L > 2Ly.

If |#(0) — z¢| < J, we may assume that S; = 0 and if |2(T") — z¢| < 0, we may
assume that Sy = T It follows from (8.1)-(8.4), (8.6), (8.7), conditions (a), (b) and
property (P3) that

|z(t) —xf| <€ t €[S, 5]
Theorem 5.2 is proved.

9. AUXILIARY RESULTS FOR THEOREM 5.3

The following result easily follows from Proposition 3.3.

Lemma 9.1. Let h € A. Then the function ©f + h is lower semicontinuous and
bounded from below, for every number M the set

{zeR": (xf +1h)(2) < M}
is bounded and there exists z, € R satisfying
(7f 4+ h)(z) = inf(x! + h).

Lemma 9.2. Let h € A, Sy > 0, e € (0,1). Then there exists 6 € (0,€) such that
for each (x,u) € X (A, B,0,Sy) which satisfies

(mf + h)(x(0)) < inf(xf + h) + 4,
(0, S0, x,u) = Sop(f) — 7/ (2(0)) + 7/ (x(S))) < §
there exists an (f, A, B)-overtaking optimal pair (z.,u.) € X (A, B,0,00) such that
(7f + h)(24(0)) = inf(x/ + h),
|x(t) — z.(t)| < € for all t € [0, Sp].

Proof. Assume that the lemma does not hold. Then there exist a sequence {05}, C
(0,1] and a sequence {(xg,ux)}?2, C X(A, B,0,Sp) such that

(9.1) lim 0 = 0
k—o0
and that for all integer k& > 1,
(9.2) (7f 4+ h)(2(0)) < inf(x! + h) + 6,
(9-3) 170, So, i, ur) = Sop(f) — ¥ (2k(0)) + 7/ (24(S0)) < O

and that the following property holds:
(i) for each (f, A, B)-overtaking optimal pair (y,v) € X(A4, B,0, 00) satisfying

(7 + h)(y(0)) = inf(x + h)
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we have

sup{|zx(t) —y(t)| : t €[0,S0]} > e.
In view of (9.2) and (9.3) and the boundedness from below of the functions 7/, h
the sequences {7/ (2£(0))}3%,, {h(z(0))}22,, {I/(0, So, xk, ux)}32, are bounded.
By Proposition 6.4, extracting a subsequence and re-indexing if necessary, we may
assume without loss of generality that there exists (x,u) € X (A4, B,0,Sy) such that

(9.4) x(t) — x(t) as k — oo uniformly on [0, Sp],
(9.5) 170, So, x,u) < lim inf 1700, So, ., ug,).
— 00

It follows from

(9.2), (9.4) and the lower semicontinuity of =/, h that
! (x(

(#(0)) < liminf 7/ (24(0), h(x(0)) < limin h(z(0),

(9.6) (7 + h)(z(0)) < 1i]£gf(wf + h)(zx(0)) = inf(x/ 4 h).

In view of (9.2) and (9.6),

(9.7) wl (2(0)) = Jim wf (24(0)), h(z(0)) = Jim h(z4(0)).

By (9.4) and the lower semicontinuity of 7/,

(9.8) 7 (x(Sp)) < lim inf 7! (21(S0)).

It follows from (9.1), (9.3), (9.5) and (9.7) that
(0, S, x,u) = Sop(f) — 7/ (2(0)) + 7/ ((Sp))
< likH_l)g.}f[If(Oa So, zk, k) — Sop(f)] — lim ol (2(0)) + hkﬁ_l)ggfﬂf(xk(so))
< liminf[17(0, So, 2, u) — Sou(f) — 7/ (24(0)) + 7/ (24(S0))] < 0.

k—o0

In view of the inequality above and Proposition 3.1,
(9.9) (0, o, @, w) = Sop(f) — w/ ((0)) + 7/ (x(S0)) = 0.

Theorem 2.2 implies that there exists an (f, A, B)-overtaking optimal pair (z,a) €
X (A, B,0,00) such that

(9.10) Z(0) = x(Sp).
For all t > Sj set
(9.11) x(t) = Z(t — So), u(t) = u(t — Sp).

It is not difficult to see that the pair (z,u) € X(A4,B,0,00) is an (f, A, B)-good
pair. By (9.11), (9.9) and Propositions 3.1 and 3.2,

1700, 8, z,u) — Su(f) — 7/ (x(0)) + 7f (z(S)) = 0 for all S > 0.
Combined with Proposition 3.5 and (9.6) this implies that
(z,u) € X(A,B,0,00)
is an (f, A, B)-overtaking optimal pair satisfying
(7 + h)(x(0)) = inf(x/ + h).
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By (9.4), for all sufficiently large natural numbers k,
|z (t) — x(t)] < €/2 for all t € [0, Sp].

This contradicts the property (i). The contradiction we have reached proves Lemma
9.2. O

Note that Lemma 9.2 can also be applied for the triplet (f, —A, —B).
Assume that S; € RY, So > S; and g € 9. For each (z,u) € R® x R™ and each
te [Sl, SQ] set

(9.12) Ls,,5,(9)(t, x,u) = g(S2 =t + 51, %,u),
for each (¢,z,u) € (—00,51) x R™ x R™ set

Ls,,5,(9)(t,,u) = Ls,,5,(9)(S1, 2, u)
and for each (t,z,u) € (S2,00) X R™ x R™ set

Ls1,5,(9)(t z,u) = Lgy,5,(9)(S2, 2, u).

It is clear that Lg, g,(g) € M, if g € My, then Lg, s,(g) € My, and that Lg, g, is a
self-mapping of 9t and of M.
It is not difficult to see that the following result holds.

Proposition 9.3 (Proposition 4.10 of [45]). Let V' be a neighborhood of F' in IN.
Then there exists a neighborhood U of F in M such that Ls, s,(g) € V for each
g €U, each S; € R' and each Sy > 5.

Let Sy € R, Sy > S1, g € M and
(x,u) € X(A, B, S1,52) (X(—A,—B, 51, 52) respectively).
Recall that

(9.13) z(t) = 2(Sy — t + 51), @(t) = u(Se —t+ 1), t € [S1, 9]
In view of (9.12) and (9.13),
Sa
g Ls,.5,(9)(t,z(t), u(t))dt
1 s,
(9.14) :/ g(SQ—t+Sl,Q?(SQ—t+Sl),u(52—t+Sl))dt
S1
Sa
= [ gtt.o0)uteat.
S1

Let T5 > T7 be a pair of real numbers, y,z € R"™, h,§ € A and g € 9M;. For each
(xr,u) € X(—A,—B,T1,T3) set
Ty

9(T1, Ty, 2, u) = /T ot (), u(t))dt

and set

o-(g,h,&,y,2,T1,Tp) = inf{19(T1, T, z,u) + h(z(T2)) + §(=(T1)) :

(9.15) (r,u) € X(—A,—B,T1,T2) and z(T1) =y, z(Tz) = 2},
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o_(g,h,y, T1, Ty) = inf{I9(T1, Ty, z, u) + h(z(Ty)) :
(9.16) (z,u) € X(—A, —B,Ty,Ty) and z(T}) = y},
G_(g,€ 2, Ty, Ty) = inf{I9(T1, Ty, ) + £(x(T}))
(9.17) (z,u) € X(—A,—B,Ty,Ty) and 2(T}) = 2},
o_(g,h, &, T1,Tp) = inf{I9(T}, Ty, z, u) + h(w(T2)) + E(x(T})) -

(918) (CL',’LL) GX(_Aa _BaTbTQ)}'
Relations (9.14) implies the following result.

Proposition 9.4. Let S > Sy be real numbers, M >0, g € My, and that (x;,u;) €
X(A,B,S51,53),i=1,2. Then

Ig(Sl,Sz,xl,ul) Z Ig(sl,SQ,.’L'Q,UQ) — M

if and only if
Ig(S17527j17ﬂ1) 2 Ig(Sl7527'i.27a2> - M7

where § = Lg, 5,(9).
Proposition 9.4 implies the following result.

Proposition 9.5. Let Sy > Si be real numbers, M >0, g € My, g = Ls, 5,(9),
h,& €A and

(x,u) € X(A, B, S1,52).
Then the following assertions hold:
I9(S1, Sa, x,u) + h(x(S2)) + &(x(S1)) < o(g, h,§, S1,52) + M
if and only if
19(S1, S, 2, ) + h(Z(S1)) + £(%(S2)) < 0-(g,&, h, S1, 82) + M;
I9(S1, S, x,u) + h(x(S2)) < o(g,h,z(S1),S1,52) + M
if and only if
I9(81,S2, %, 1) + h(Z(S1)) < 5-(g, Z(S2), S1, S2) + M;
I9(S1, Sa, z,u) + h(z(S1)) < 0(g, h, ©(S2), 51, 52) + M
if and only if

Ig(SlaSQwi‘va) + h(‘/i‘(SQ)) < O-*(gvhwff(sl)?SlaSZ) + M.



466 ALEXANDER J. ZASLAVSKI

10. PROOF OF THEOREM 5.3

Lemma 10.1. Let Lo > 0, v € (0,1), M > 0 and h € 2. Then there ezxist 6 > 0, a
neighborhood U of F in My, a neighborhood V of h in A and Ly > Lo such that for
each T > Ly, each g € U, each & €V and each (x,u) € X (A, B,0,T) which satisfies

(0)| < M,
90, T,z,u) + &(x(T)) <o(g,&,2(0),0,T) + 0
the pair of functions
(10.1) Z(t)=z(T —t), u(t) =u(T —1t), t € 0,7

satisfies
(z,u) € X(—A,—-B,0,T),
(7{ + h)(2(0)) < inf(ﬂf +h)+~
and
(0, Lo, @) — Lop(f) — L (#(0)) + 7L (#(Lo)) < 7.

Proof. In view of Propositions 3.3, 3.8 and 6.5, there exists ¢; € (0,v/4) such that:
for each z € R" satisfying |z — x| < 261,

(10.2) il (2)] = Il (2) =l ()| < /8
for each y, z € R"™ satisfying
ly —xp| <261, |2 —axf| <26
we have

(10.3) lo(f,y,2,1) — p(f)] <~/8.

By Theorem 5.2, there exist Iy > 0, d2 € (0,d1/8), a neighborhood U; of F' in M
and a neighborhood V; of h in 2 such that the following property holds:
(P5) for each T > 2ly, each g € U, each £ € V; and each

(z,u) € X(4,B,0,T)

such that
(0)| < M,
90, T,z,u) + &(x(T)) < o(g,&,2(0),0,T) + 02
we have
(10.4) |z(t) — x| <61 forall t € [log, T — lo].

By Theorem 2.2, there exists an (f, —A, —B)-overtaking optimal pair
(Zy,us) € X(—A,—B,0,00)

such that

(10.5) (rf + 1)(2.(0)) = inf(x! + h).
Assumption (A3) implies that there exists [; > 0 such that
(10.6) |Z4(t) —x¢| < 61 forall t > 1.

By Proposition 6.3, there exists a neighborhood U C U; of F in 901 such that
the following property holds:
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(P6) for each g € U, each Ty € R, each Ty € [T1 + 1,11 + 2Lg + 2lg + 211 + 4]
and each trajectory-control pair (z,u) € X (A, B,T1,T>) which satisfies

min{ I/ (Ty, Ty, x,u), I9(T1, Ty, z,u)} < (|u(f)] + 2)(2Lo + 2o + 21, + 6) + 2
+ 7L (2.(0))] + |72 (0))] + a1
the inequality
| (Th, T,y u) — I9(Ty, Ty, z,u)| < 62/8
holds.
By Proposition 6.6, there exists Ag > 0 such that such that the following property
holds:

(P7) for each Ty € R!, each Ty € [Ty + 1,11 + 2Lo + 2l + 2I; + 4] and each
(x,u) € X(A, B,T1,T5) satisfying

(T, Ta, z,u) < (|p(f)| + 2)(2Lg + 2o + 211 + 6)
+ 2|7l (2.(0)| + |h(2,(0))]| + a1 + 4
the inequality |z(t)] < Ag holds for all ¢ € [Ty, T5].

Let
V={£eV: [£(z) —h(z)] <6/16

(10.6) for all z € R" satisfying |z| <2+ |Z.(0)| + Ag}.
Choose § > 0 and L1 > 0 such that
(107) 1) < 52/4, L1 > 2L0 + 2[0 + 2[1 + 4.

Assume that
(10.8) T>L,9g€el, £V, (x,u) € X(A,B,0,T),
(10.9) 2(0)] < M,
(10.10) 190, 7,2, u) + €(2(T)) < 0(g,€,2(0),0,T) + &

and that (Z,u) is defined by (10.1).
It follows from property (P5), (10.10) and (10.6)-(10.8) that relation (10.4) is
true. By (10.7) and (10.8),

(10.11) [T—1ly—1i —Lo—4,T —lop— 1y — Lo] C [lo, T —lp — Iy — Lo).
Relations (10.4) and (10.11) imply that
(10.12) |o(t) —xy| <6y forallt € [T —1lp—11 — Lo —4,T —lo — Iy — Lo).
By Proposition 6.1, there exists a trajectory-control pair
(x1,u1) € X (A, B,0,T)
such that
x1(t) = z(t), ui(t) =wu(t), t € [0,T —ly — Iy — Lo — 4],
21(t) =2(T —t), u1(t) =u (T —t), t € [T —1lop— 1y — Lo — 3,7,
T —1lg—1,—Lo—4,T—1ly— 1, — Lo — 3,21, u1)

(10.13) =0 f,.I‘(T —log—1 — Lo — 4),:2‘*“0 + 1+ Lo+ 3), 1).
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It follows from (10.10) and (10.13) that
-0 <190, T,x1,u1) + &(x1(T)) — (190, T, z,u) + &(x(T))
—I9(T —lg—11 — Lo—4,T —ly— 1 — Lo — 3,1, u1)
(10.14) +I9(T —lo—lh — Lo — 3, T, z1,u1) + §(z1(T))
CI9T —lg— 1y — Lo—4,T —lo — Iy — Lo — 3,2, )
—I9(T—1lo—li—Lo—3,T,z,u) — &(z(T)).
It follows from (10.3), (10.6), (10.12) and (10.13) that
T —ly—1li —Loy—4,T—1lg—1y — Lo — 3,21, u1)
(10.15) =o(f,x(T—1ly—11 — Lo—4),Z.(lo + l1 + Lo+ 3), 1)
< u(f)+7/8.
Together with (10.8) and property (P6) this implies that
I9T —lg— 1y — Lo—4,T — Iy — I1 — Lo — 3,21, u1)
(10.16) <IN(T—ly—1y—Lo—4,T —lo— 11 — Lo — 3,21, u1) + 02/8
< pu(f) +7/8+ 62/8.
By (10.3) and (10.12),
T —1lg—1, —Ly—4,T—1lyg—1, — Lo — 3,z,u)
(10.17) > o(f,x(T —lo— Iy — Lo — 4),2(T — lo — I — Lo — 3),1)
> u(f) —/8.
We show that
(10.18) (T—-ly—li —Lo—4,T—1ly—1l; — Lo —3,z,u) > u(f) —v/2.
Assume the contrary. Then
(10.19) (T—-1ly—ly—Lo—4,T—1lp—1ly — Lo — 3,z,u) < u(f) — /2.
By property (P6), (10.8) and (10.19),
T —1lg—1, —Ly—4,T—1ly— 1, — Lo — 3,z,u)
<I9T —lyp—1y — Lo—4,T —lo— 1 — Lo — 3,2, u) + 62/8
< p(f) =7/24 02/8 < pulf) — 3v/8.

This contradicts (10.17). The contradiction we have reached proves (10.18).
By (10.14), (10.16) and (10.18),

(T —1ly—1li —Lo—3,T,z1,u1) + &(z1(T))
—INT—lo—l—Lo—3,T,z,u) —&((T))

> 5 I9T —lg—1y — Lo—4,T —lo— Iy — Lo — 3,21, u1)

FIUT —lo— 1y — Lo — 4,T —lo — I — Lo — 3,2, )

=04+ p(f) =v/2 = p(f) —v/8—d2/8

—0— /2 —~/8 —d2/8.

(10.20)

>
>
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In view of (10.6) and the choice of d; (see (10.2)),

(10.21) 7! (24 (lo + 1 + Lo + 3))| < /8.

Since (Z, u4) is an (f, — A, — B)-overtaking optimal pair it follows from (3.6), (10.13)
and Proposition 3.2 that

INT =1y -1y — Lo—3,T,z1,u1) = I7(0,lg + Iy + Lo + 3, Ty, )
= u(f)lo+11 + Lo+ 3)
+ 7l (2.(0))
— 7l (Z.(lo + 11 + Lo + 3)).

(10.22)

Combined with (10.21) this implies that
(10.23) I/(T—lg—11 — Lo—3,T,z1,u1) < 7l (2.(0)) + u(f) (lo+ 11 + Lo +3) +7/8.
By (P6), (10.8) and (10.23),
I9T —1lg—1y —Lo—3,T,x1,uy) < /(T —ly—1y — Lo — 3, T, 1, uy)
+ 62/8
< 7l (2.(0) + p(f)(lo + L + Lo + 3)
+v/8 + 52/8.
It follows from (10.6)-(10.8), (10.13), (10.20) and (10.24) that
(T —1ly—1ly —Lo—3,T,z,u) + &x(T))
<INT —1lp—11 —Lo—3,T,z1,u1)
+ §(x1(T)) +d+62/84+(5/8)y
7 (2.(0)) + u(f) o + 11 + Lo + 3)
(10.25) +£(x1(T)) +02/8+ 6+ 02/8 + (3/4)y
< u(f)(lo+ 1 + Lo +3) + 7L (2.(0))
+&(2.(0)) +01/16 + (3/4)y
()l + 11+ Lo+ 3) + 7L (2.(0))
+ h(24(0)) + d1/8 + (3/4)7.
By (5.1), (10.8) and (10.25),
(T —1lg—1y — Lo — 3,T, z,u) <70 (2,(0)) + n(f)(lo + 11 + Lo + 3)
(10.26) + h(Z(0))
+61/8+ (3/4)y + a1.
Property (P6), (10.8) and (10.26) imply that
(10.27) |I9(T —lp — 1y — Lo — 3, T, z,u) — I/ (T —lg — I, — Lo — 3, T, z,u)| < d2/8.
In view of (10.26) and (10.27),
(T —lg—1y— Lo —3,T,z,u) <7 (2.0) + u(f)(lo + 11 + Lo + 3)
+ h(Z.(0)) + a1 + 4.

(10.24)

(10.28)
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Property (P7) and (10.28) imply that

(10.29) |.CC(t)‘ < Ao, t e [T—lo—ll —L0—3,T].
By (10.6), (10.8) and (10.29),
(10.30) [h(2(T)) — £((T)| < 61/16.

It follows from (10.25), (10.27) and (10.30) that

INT =1y -1y — Lo — 3,T,z,u) + h(z(T))

<I(T—1lp—11 —Lo—3,T,z,u)
(10.31) +&(x(T)) + 02/8 + 91/16

< (@(0)) + pu(f)(lo + 1o + Lo +3)

+ h(Z.(0)) + (3/4)y + 61/2.
It is clear that (Z,u) € X(—A,—B,0,T) and by (3.6), (10.1) and (10.31),
10,00+ Iy + Lo + 3, &, @) + h(2(0))
=IN(T 1o~ 11 — Ly — 3, T, 2, u) + h(z(T))
< 7 (2.(0)) + u(f)lo + 1y + Lo + 3)
+ h(Z+(0)) 4 (3/4)y + 61/2.
In view of (10.1) and (10.12),
|Z(lo+ 11 + Lo+ 3) —x¢| < 1.

By the relation above and the choice of d; (see (10.2)),
(10.33) 7l (3o + 1 + Lo + 3))| < /8.

By (10.32), (10.33), (f, —A, —B)-overtaking optimality of (Z.,us) and Proposition
3.1, which implies that the function

10, 5,2, a) — su(f) — 7L (#(0)) + 7 (#(s)), s € (0,00)
is increasing, we have
(wf +h)(3(0) = («F + h)(z *(0)) +171(0, Lo, &, @)
— Lop(f) — L (£(0)) + L ((Lo))
< (=l +n)E0) - (=L +h)(z *( )+ I1(0, 1o + Iy + Lo + 3, &, @)
—u(f)o+ 1 + Lo +3) — 75 ((0)) + 7f (@(lo + 11 + Lo + 3))
< 7l (#(0)) = 7/ (2.(0)) — h(2.(0)) + p(F)(lo + 1 + Lo + 3)
+ 7 (2.(0)) + P24 (0)) + (3/4)7 + 61/2 — p(F)(lo + 1l + Lo + 3)
— L (#0)) + 7L (#(lo + b + Lo + 3))
< B/)y+0/2+7/8 <.
It follows from the relation above, (10.5) and Proposition 3.1 that
(wf + 1) (@(0) < (7L + B)(2.(0)) + v = inf(x + h) + 1,

(10.32)
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17(0, Lo, 7, @) — Lop(f) + 7/ (2(0)) + 7/ (#(Lo)) < 7.
Lemma 10.1 is proved. g

Completion of the proof of Theorem 5.3
By Lemma 9.2 applied to the triplet (f, —A — B) there exist

v € (0,¢/4)
such that the following property holds:
(P8) for each (z,u) € X(—A, —B,0, Ly) which satisfies

(7l + h)(x(0)) < inf(x! + h)) + 7,

17(0, Lo, @, w) — Lop(f) = wl ((0)) + ! (¢(Lo)) <~
there exists an (f, —A, —B)-overtaking optimal pair

(z4,us) € X(—A,—B,0,00)

such that
(10.34) (rf + 1)(2.(0)) = inf(x! + h),
(10.35) |x(t) — z(t)| < € holds for all ¢t € [0, Lg].

By Lemma 10.1, there exist § > 0, a neighborhood U of F' in 91}, a neighborhood
VY of h in /A and a number L; > Lg such that the following property holds:
(P9) for each T'> Ly, each g € U, each £ € V and each

(x,u) € X(A,B,0,T)

which satisfies

(10.36) |z(0)] < M, 1900, T, z,u) + &(x(T)) < 0(g,&,2(0),0,T) + 4,
the pair of functions
(10.37) z(t) =x(T 1), u(t) =uw(T —1t), t €[0,T]
satisfies
(10.38) (z,u) € X(—A,—B,0,T),
(10.39) (7! + n)(#(0)) < inf(x! + h) +~
and
(10.40) (0, Lo, #,@) — Lop(f) — L (£(0)) + 7 (#(Lo)) < 7.
Let

T>Li,geU, €V, (z,u) € X(A,B,0,T)
satisfy (10.36) and let Z,% be defined by (10.37). Property (P9) imply (10.38)-
(10.40). By relations (10.38)-(10.40) and property (P8), there exists an (f, —A, —B)-
overtaking optimal pair
(x4, us) € X(—A,—B,0,00)
such that (10.34) holds and
|Z(t) — x«(t)| < € holds for all t € [0, Lo].
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Together with (10.37) this implies that
|z(T —t) — x.(t)| < € holds for all ¢ € [0, Lo].

Theorem 5.3 is proved.

11. PROOF OF THEOREM 5.4
Theorems 5.2 and 5.3 imply the following result.

Theorem 11.1. Let Lg > 0, € > 0, hi,hy € A. Then there exist § > 0, a
neighborhood U of F in My, a neighborhood V; of h;, i = 1,2 in A and L1 > Lg
such that for each T > Ly, each g € U, each & € V;, i = 1,2 and each (z,u) €
X (A, B,0,T) which satisfies

Ig(ov T7 xz, u) + gl(ﬁ(T)) + fQ(ZC(O)) < U(ga 517 52) 0) T) + d
there exists an (f, —A, —B)-overtaking optimal pair
(Ts,us) € X(—A,—B,0,00)
such that
(7! + h1)(2:(0)) = inf(x) + hy)
and for all t € [0, L],
|x(T —t) — Z.(t)| <e.

Note that Theorem 5.3 is applied to the restriction of (z,u) to the interval [L, T
with L as in Theorem 5.2.
Theorem 5.4 easily follows from Theorem 11.1 and Proposition 9.3.
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