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MAXIMUM PRINCIPLE FOR HYBRID SYSTEMS
WITH POLYNOMIAL IMPULSES

ELENA GONCHAROVA AND MAXIM STARITSYN

ABSTRACT. We address variational problems with trajectories of bounded vari-
ation and polynomial impulses subject to mixed asymptotic constraints [14]. We
provide first order necessary optimality conditions in the spirit of the impulsive
Maximum principle [19]. The result is based on the problem transformation to a
suitable nonimpulsive variational problem by a specific space-time reparameter-
ization technique being a particular extension of the well-known discontinuous
time changing method [20, 25, 26].

1. INTRODUCTION

We study impulsive hybrid control problems with dynamics being a BV -relaxation
(a compactification of the trajectory tube in the weak* topology of the space BV
of functions with bounded variation) of the following control system

(1.1) &= folz,u) + Z fo(x,u)v?,
qeq

(1.2) z(0) = o,

(1_3) u € Up, v EVr.

The system’s right-hand side is a polynomial of a given rational power p > 1 of the
control variable v € R with the coefficients f,(z,u), ¢ € Q U {0}, depending on the
state variable x € R™ and the extra control variable u € R"”. Here, @) is a given
finite set of distinct positive rational numbers with max ) = p such that the maps
v = vl g € Q, are defined for negative values v; x¢g € R" is a fixed initial state,
and the sets U and Vr of control functions are as follows:

Ur ={u: [0,T] - U| u € Lo([0, T],R™)}

Vr = {v 1 [0,T] = R| v € Lo ([0, T], R), [|v]l1,(j0,71,7) < Ml/p}
with given positive reals T', M, and a compact U C R™.
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In [13] we give a constructive description of an impulse-trajectory extension (re-
laxation) of system (1.1)—(1.3). Under some natural convexity assumptions, it is
shown that such an extension can be described by a certain measure driven dynam-
ical system, which is traditionally abbreviated to the following symbolic measure
differential equation:

(14)  do=folz,u)dt+ > folz,u)lldt + fypla,u)9(dt), 2(0—) = o,
q€Q\{r}

where 9 is an impulsive control in the sense to be specified below, at this point it

can be roughly thought of as a signed Borel measure.

Definition 1.1 ([13]). A function x € BV is said to be a generalized solution to
system (1.1)—(1.3) if and only if there exists a sequence {(ug,vg)| & € N} of controls
ur € Ur, v € Vr such that the respective sequence of Carathéodory solutions
xp = xlug,vg] of (1.1) converges to x in the weak™® topology of BV (i.e., at all
points of continuity, and at ¢t = T).

Denote by X the set of generalized solutions to (1.1)—(1.3). In [13] we prove that
X coincides with the set of solutions to the measure differential equation (1.4) in
the sense of the concept specified below.

The model of our consideration is weighted with the mixed asymptotic constraints
(1.5) x(t—) € Z_, x(t) € Z4 |V]-a.e. on [0,T],

used in the formalization of hybrid dynamical systems by means of the impulsive
control theory [11,14]. Here Zy C R™ are given closed sets playing the part of
“jump permitting” and “jump destination” domains (in terms of the hybrid system
theory, see, e.g., [3,8]). With respect to the mathematical impulsive control theory,
constraints (1.5) are of particular interest. Indeed, we note the following:

e For impulsive systems driven by measures, conditions of this sort represent a
natural type of mixed constraints as constraints imposed on both trajectory
and control measure.

e Inclusions (1.5) give a fruitful mathematical formalization of switching rules
in a wide class of hybrid systems. The evaluation of models with such
constraints contributes to the unification of the impulsive control and hybrid
system theories [2,3,11,16, 18,20, 21].

e Finally, conditions (1.5) can be thought of as a certain form of impulsive
feedback.

The theory of affine (linear) impulsive control and respective non-regular varia-
tional problems are relatively well studied (see, e.g., [9,10,15,19,20,24-28] and the
bibliography therein).

Our interest to dynamical systems with nonlinear impulses is inspired by the
quadratic case (p = 2), which seems to be typical for some problems from La-
grangean mechanics [4-7]. A polynomial case was addressed (in different contexts)
by [13,22,23], and impulse extensions of general nonlinear systems with unbounded
control sets were studied in [15,20,25-27].

One of the simplest model of the sort (1.4), (1.5) with nonlinear impulses can be
found in [12], while the case p = 1 was investigated in [14].
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The purpose of the paper is to derive first order necessary optimality conditions
in the form of impulsive maximum principle for control problems with dynamical
systems (1.4), (1.5).

2. OPTIMAL CONTROL PROBLEM FOR HYBRID SYSTEMS WITH POLYNOMIAL
IMPULSES

In this section we give a formal statement of the optimization problem of our
interest. Beforehand, we specify the notion of control (input signal) o = (u, ) and
introduce the space P of admissible controls.

Let X\ denote the Lebesgue measure on R, i.e., A(dt) = dt.

1) The “usual” part u of control input p is played by Borel measurable (B-
measurable) functions u : [0, 7] — R™ such that

(2.1) u(t) € U A-almost everywhere (a.e.) on [0,T].
We denote the set of all such controls by Ur.
2) The impulsive control ¥ is defined similarly to [1] as a collection
0= (v, 1 {er, urbren, () -
Here,

e v,u € C*([0,T],R) are Lebesgue-Stieltjes measures (the Lebesgue-Stieltjes
extensions of the Borel measures induced by functions of bounded variation;
in what follows, we identify Borel measures with their unique Lebesgue-
Stieltjes extensions and call them simply “measures”) with

(2.2) lul < v, |ple = ve, and v([0,T]) < M

(in respect of a measure, |- | makes sense of its total variation; by definition
|¥| = v; Ve = Vge + Vse, where the summands represent the absolutely con-
tinuous and singular continuous components of the Lebesgue decomposition
of v).

e [: [0,7] — R is a B-measurable function with

t
(2.3) /0 1P(0)d0 = p1ae([0,1]) for all ¢ € [0, 7).

e {er,Urtren, () is a family of B-measurable functions
er: [0, T7] - R, u,:[0,T;] - R™
parameterized by atoms of v and such that

(2.4) le-(0) =1, ur(0) € U Ma.e. on [0,T7],

T,
(2.5) / e (0)d = u({r}),

with A, (t) = {7 € [0,t]| v({7}) > 0}, and T} = v({7}).
Let © denote the set of impulsive controls satisfying constraints (2.1)—(2.5). Finally,
we set

PZUTX@.
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Remark 2.1 ([13]). If v — P is an even function, then p = v, and e-(f) = 1 on

[0, T;] for any atom 7 of p; and if the mapping v — vP is odd, then | = (Fuac)l/p

where F),,_ is the distribution function of 4.

I

Assume that
e the functions f;, ¢ € QU{0}, are continuous in all variables, uniformly Lip-
schitz continuous in x, and satisfy the linear growth condition with respect
to (wrt) x
e the set F(z) of vectors
(P, a? fo(z,w) + Z aP= I f (z,w) + O f, (2, w), [b]P) € R™T2
q€Q\{p}

such that (a,b) € A, and w € U is conver for any z € R". Here, A =
co{(a,b) € R?| a >0, a? + |b|P = 1}, and co A denotes the convex hull of a
set A.

Remark 2.2. One can lift the latter convexity assumption and consider the impul-
sive dynamical system to be described below, regardless of its usual prototype.
Given a lower semicontinuous function ¢ : R™ — R, consider the following prob-
lem (P) of optimal impulsive control:
Minimize I = p(x(T))
over the right continuous arcs = : [0,7] — R" of bounded variation

(x € BVT([0,T],R"™)) satisfying the integral relation

(2.6) r(t) = xo+ fo(ﬂf(e) u(0)) do +

+ > /fq 0))19(6) do +

q€Q\{p}
/ Fo(@(0), w(@)ed) + S [e(T) — a(7)
TEAL(L)

together with condition (1.5), and with control inputs

(2.7) 0= (u,9) €P.

n (2.6), for each 7 € A,(T), k. is a solution to the “limit” system [15]
d

(2.8) k= fp(k,ur)er, k(0) =x(r—).

do
The functions s, present the behavior of the system’s state in a “fast tempo”
along jumps, and the intervals [0,7;] can be thought of as intervals of such “fast
motions” [20].

The existence and uniqueness of a solution z[p| to (2.6)—(2.8) under any o € P
are implied by the general result [20, Theorem 8.22]. One can refer to the measure
differential equation (1.4) as to a symbolic form of (2.6), (2.8), or, equivalently, can
consider relations (2.6), (2.8) as a concept of solution to (1.4).
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Given a control g, we call the family X = X[o] = {kr}rea, () of solutions to
the limit system a graph completion of a trajectory x[g]. Clearly, such a graph
completion is generically not unique.

A couple 0 = (z,0) = (z[o],0) with o € P is said to be an admissible control
process, and X(P) denotes the set of all admissible processes. We assume X(P) # ().

3. PROBLEM TRANSFORMATION

In this section we present a technique for equivalent transformation of problem
(P) to a standard problem of dynamic optimization. This technique will serve
us later to derive first order necessary optimality conditions in the form of the
Maximum Principle.

On a time interval [0, S], S > T, consider the following reduced problem (RP):

Minimize J = ¢(y+(5))

subject to the constraints
d _
yr=oPfolyr.w)+ > AYPaPTIB, (ye w)
: q€Q, q<p
+ 7B oy, w),  y£(0) = o,

(32> %6 = Qp? %(777 C):t = 7:&(5107 |B|p)>
(3.3) £(0) = n+(0) = ¢+£(0) =0,
(3.4) y+(S) =y-(S), n(S) =n-(9),
(3.5) §8) =T, (+(5)=¢-(5) <M,
(36) C— - C-‘r S 07
S

(3.7) |t ods=o

0
(3.8) wels, (a,B,7)€As, v=(7+,7-)

Here, Ug is defined similarly to Uy in Section 1, Ag denotes the set of control
functions («, 8,7) with B-measurable components «, 3,7+ : [0,S] — R such that
(o, B,7)(s) € A for Maa. s € [0,5], where A denotes the set of vectors a =
(a,b,cy,c_) € R* such that

(3.9) a,c+ >0, a? +1[b|P <1, and cy +c_ =1.

The state variables are y, &, 7, and ¢ withy = (y+,y-), 7 = (75,7-), ¢ = (¢, (),
where £,n4,(+ € Ry, and y+ € R™ (R is the set of nonnegative reals).

We denote A( = (4 — (_ and take similar notations for the other state compo-
nents. The function I" in (3.7) takes the form

T = aP{AC+ W™ (Al m)} + 1B {vs W5 (y-) +7- W5 (y1)}-

Here W{f : X — R4 is a given (conveniently chosen) continuous function which
vanishes only on a given subset Y of a finite-dimensional space X (such a function,
even a smooth one, does exist for any closed subset of R” and can be defined, say,
as in classical partition of unity).
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As is easily observed, the reduced problem (RP) implies the minimization over
absolutely continuous arcs (elements of AC([0, S], R?"*?)) satisfying a “usual” (non-
impulsive) dynamical system under pointwise state, terminal and functional con-
straints.

A collection ¢ = (y,&,1,¢, o, B,7,w; S) enjoying (3.1)—(3.8) is said to be an ad-
missible process for (RP). By ¥(RP) we denote the set of all admissible processes.

Remark 3.1. In general, the discontinuous time changing method is a way to put
the system’s fast- and usual-tempo motions in a common time scale by extending
instants of impulses into intervals of the length proportional to the intensity of the
applied impulsive control. The original idea of the proposed space-time reparame-
terization consists in the following: In order to evaluate constraint (1.5), the left and
right one-sided limits are regarded as different state trajectories, and the lengths
of the fast time intervals are duplicated. The state trajectory marked with “+” —
corresponding to the right limit — evolves over the first half of an interval of fast
motion while the “minus”-trajectory, associated with the left limit, stays fixed in
Z_. Once the “plus”-branch reaches Z, we keep it fixed during the second half of
the interval and let the “minus”-component catch up the “plus” one. So, both the
branches coincide with each other by the end of the interval of fast motion.

The realization of this idea assumes an extension of the dimension of the state
space: The states y1 correspond to z, L are associated with u, and (4 correspond
to v (the measures are formally considered as extra trajectories). Constraints (3.4)—
(3.7) also serve this idea.

Given ¢ = (u,9) € P with ¥ = (y, u,l,{eT,uT}TEAV(T)), define a function Y :
0,77 — [0,T + 2v([0, T])] by
T(t) = t+20(0,1]), t€[0,T), T(T) =T +2(0,T)),
and denote by v : [0,7 + 2v([0,T1)] — [0, T] the inverse of Y.
Given S € [T,T + 2M], and («, 3,7) € Ag such that the respective solution &

of (3.2), (3.3) meets constraint (3.5), and w € Ug, we introduce the following map
=: 0,7 — [0,5],

(3.10) E(t) =inf{s € [0,T]| £(s) > t}, t € [0,T), E(T)=S.
Problems (P) and (RP) are equivalent to each other in the following sense.

Proposition 3.2. 1) For any control process o € X(P), there exists a process

S = (y)§7777C)a71677)w;S) € E(RP)7 Yy = (y+7y—)7 n = (77+77]—)7 C = (C—HC—);
v = (Y4+,7-) such that

(3.11) v=¢ on|0,S];

(3.12) r=yroY, Fy=n+0Y, F,=C07T on[0,T].

“©. 0
¢]

Here, F,,F, are the distribution functions of the measures, and denotes the
composition of functions.
2) For any process s € L(RP), there exists a process o = (x,0) € X(P), o =

(u,9) € P, 9 = (V,y,,l, {eT,uT}TEAU(T)), such that
(3.13) yroZ =z, nro=2=1F,, (+ oE=F, on[0,T].



MAXIMUM PRINCIPLE FOR HYBRID SYSTEMS WITH POLYNOMIAL IMPULSES 531

3) Solutions for problems (P) and (RP) can exist only simultaneously. For opti-
mal processes o* € o(P) and ¢* € X(RP) we get
(3.14) I(c*) = J(s%).

The proof is similar to [14], and is based on the following considerations.

1) Direct transform. Set S =T + 2v([0,T]) and define the functions

(3.15) (s) (ur 0 0,4)(s), if 37 € Dy such that (s.t.) s € Tru,
. wls) =
(uow)(s), otherwise,
1 .
(3.16) a(s) = (my” o v)(s), if v(s) € SUPP Vae,
0, otherwise,
(er08-1)(s), if 37 € Dy st. s € T4,

(3.17) B(s) =< 2YP(low)(s)-a(s), ifv(s) € supp Vg,

21/p (m;/p ov)(s), ifv(s) € suppvse.

1, if 37 € Dy st. s € Trg,
(3.18) Y+(s)=<¢ 0, if3Ire€Dyst.seT,_,
1/2, otherwise,
and y_(s) =1 —v4(s), s € [0,5]. Here,
d()\ci—)\Qy)’ and mg = dgjc,
where the fractions denote the Radon-Nikodym derivatives of the measures;
Or+(s)=s—"(1—), 0,—(s) = 0:4+(s) —v({r}) for s € T,
T =[Y(r=), (1)}, Try =T(7—) +[0,T7), Tro =T\ Try,
Dy ={r€[0,T]| T(r) — Y (r—) > 0},
and “supp v” is the set where a measure v is concentrated. As above, T = v({7}).
The defined control (w, a, 3,7) is of the class Us x Ag. Indeed, one can observe
the following:
i) The component w is B-measurable as a composition of B-measurable functions

and takes values in U.
ii) For the just defined (a, ), the following implications hold:

mi =

d‘ﬂacl _ duge

— If v(s) € supp Vg, then [[|[P = =54 = “Zaeand
dA\ dVqc
PoBP =my(1+20P)ov=-—" (142 =1
o + B8P =mi(1+2]l]P)ov d()\—I-QVac)( + d}\>O’U
— If v(s) € supp v, then a(s) =0, and
d|pscl _ 1

p P_9 d - )
o?f + 15| (|m2| o v), and |ma] 5y 5



532 E. GONCHAROVA AND M. STARITSYN

Thus,
a? + |B|P =1 over {s € [0, 5]] v(s) € supp vs}-

— Assume that s € T4 for some 7 € Dy. Then a(s) = 0, and from (2.4) it
follows that

o7 + 1817 = I(er o 6ra)] = 1.
Thus, o? + %2 =1 M-a.e. over [0,S].

iii) Finally, o, v+ are nonnegative and 4 + v— = 1 by their definitions.

2) Inverse transform.
Define a desired control ¢ = (u,¥) € P, ¥ = (V,u,l, {eT,uT}TeAV(T)) through the
formulas

(3.19) u=woZ;

(3.20) p=dF,, v=dF,,

where the functions F),, F), of bounded variation are introduced as
Fu(t) = (ny 0 E)(1), Fu(t) = (¢4 0 E)(F), €0, T],

with F,(0—) =0, F,(0—) =0;

(3.21) = (7y"a®B) o E,

where @ denotes the operation of pseudoinversion, i.e., a® = 0, if « = 0, and
a® = a1, otherwise.
For each 7 € A, (T), we can set

(3.22) er =08, Ur=woSs,,

Here, s-(0) = inf{s € [E(7—),Z(7)] : 0-(s) > 0} for 6 € [0,T;) with 0.(s) =
C(5) = v([0, 7)), 2(T5) = E(r), and Ty = v({r}).

The control o = (u,?) with v and ¥ = (V, w, L, {er, UT}TEA,,(T)) defined by formu-
las (3.19)—(3.22) is of the class P:

1) It is clear that u € Up.

2) For t € (0,7, we have

¢ =(¢)
/0 #(60)d0 = / P(€()) de(5)
- /0 [a(5)®a(s)]” 74 ()P (s) ds

=(t) ~[E®

=/ Iiseio,9]) a(s)>03(8) dns(s) :/ dF,.(§(s))
0 0

= Mac([ov t])

Here, I4 : [0, 5] — {0, 1} denotes the characteristic function of aset A4, i.e. I4(s) =1
if s € A, and I4(s) = 0, otherwise.
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3) By definition of the function =, a(s) = 0 A-a.e. on [E(7—),Z(7)]. Then
|B(s)] =1 A-a.e. on this interval, and therefore |e;| = |8 o s;| = 1. Furthermore,

T 0-(2(r))
/ e, (0)d6 = / B7(s,(8))d
0 0-(E(r—))

which proves (2.5).

Under the defined controls, this is a rather standard exercise to prove equalities
(3.11)—(3.13) by virtue of change of variable under the sign of Lebesgue-Stieltjes
integral, see, e.g., [20]. Finally, one can ensure the inclusions (1.5) hold by the
arguments similar to [14].

4. NECESSARY OPTIMALITY CONDITION

For simplicity, let problem (P) be free of “ordinary” control u. It implies that
the reduced problem (RP) gets rid of dependence upon w.

Assume that the function ¢ is continuously differentiable, f,, ¢ € Q U {0}, are
continuously differentiable in x, and all the functions W{)é} that appear in this
section are continuously differentiable and such that VW{)E)} (0) =0.

Introduce some necessary objects related to the formalism of the Maximum Prin-
ciple:

e The vector ¢ = (¢, 5,1, ) of variables dual to (¢, x,v) (t and v are formally

regarded as state variables).
e The “partial” Hamiltonians H,(z,¢,) = (s, fy(2)), ¢ € Q U{0}.

Theorem 4.1 (Maximum Principle). Let 0 = (z,X,0) € ¥ with v = x[g] €
BV+([0,T],Rn), X = X[p] = {%T}TEAV(T)7 nr € AC([OvTT]an)f 1 = V({T})7 and
0= (u,9) € P, 9= (v,ul,{er,ur}), be an optimal control process for problem (P).
Then, there exists a collection

A= (wlawzd Py, (1[133, \Ijx)7wV;7T)

of “Lagrange multipliers”: wy,w, > 0, ¢y € R, ¢, € BVT([0,T],R"), ¥, =
{¢T}T€AV(T)7 ¢T € AC([O’TT]’Rn)’ ¢V = (¢+a¢_)V with %j_L € BV+([O,T],R),
and a nondecreasing m € BV ([0, T],R) with 7(0—) = 0, such that the following
conditions (C1)—(Cy) hold true.

(C1) Nontriviality: w; + w, + || +7(T) > 0.

(Cy) Complementary slackness condition, associated with the constraint
on the total impulse of control: w,(v([0,T]) — M) = 0.
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(C3) Adjoint equations and transversality conditions (below, V, denotes
the partial derivative wrt x € R™, and dr is the Lebesgue-Stieltjes measure
induced by the function w): The functions ¥F are of the form

(4.1) by (8) = £ (dm — ) (£, T]) F ¢ — @0,

and ¥, is a solution to the following Cauchy problem for the measure dif-
ferential equation (in the integral form)

T T
Pz (t) = —wV(x(T)) +/ VHydt + E / VaHy1dt
t t
7€Q\{p}

T
+ / VoHy pe(d) + 3 [0(r) — 6 (1)
t TEA(t)

(the derivatives of the functions H, are computed along respective trajec-
tories (x,vz)) with the graph completion ¥y = {¢r}ren, (). For every
T € A, (T), the functions ¢, satisfy the “adjoint limit system”

d
(4'3) _@(Z’ = VZ‘HP(%T7 ¢) €r, ¢(T7') = 7/]96(7—)7

0e0,T,), 7€ A(T).

(Cy) Optimality conditions:

— Optimality beyond the support of the control measure.
For X-almost all (a.a.) t € [0,T] \ supp v, it holds

(44) HO(xﬂp:c) :’H(xﬂ/}mwu)a
where
H = max H,
GeA

1 1
H =da"Hy+ 5 Z apfqbq[c(i/p + c(i/p]Hq + 3 Wleq + c|Hp+
q€Q, q<p
+ b [er (O + Wy (2) + e (b, + Wy, (2))] ],
a=(a, b, cy, c), and A is defined in (3.9).

— Optimality with respect to the support of the absolutely contin-
uous part of the control measure.
For vge-a.a. t € supp vy, the function l satisfies

(4.5) I = 55 @%b
where @ and b are the first two components of an argument a of max f](:ﬂ, Uy, y;a,b)
acA
(note that W% (z) = ng (r) = 0 over suppVac); ftac = IPX, and v =

|Hacl-
- Optimality of the graph completion.
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For all instants 7 € A, (T) of impulses, we have
er € Sign Hy, (57, ¢7), and

|Hp (57, ¢r)| — w, = max [H+ + H*]
acA

A-a.e. over the intervals [0,T;] of fast motions. The multifunction Sign
denotes the signature with Sign(0) = [—1,1]. Above,

H* (0,2, 6:0) = o”/2{ Ho (2, 9) + Ho (2(7-), 6(7 )
+ iy [9 +WE, (/09 eT(e)de> + WE (2 (0) - m(T—))} }

+1/2 3 @ [P, (2,0) + UV H, (a(r-), 6(r-))]
q€Q, q<p

+ B /2[er Hy (2, 0) + c_ Hy (2(r—), d(r-))]

B [er () + e[y (7) + G WE (o (0))]]

and

H™ = o /2{ Ho (2, 6) + Ho (2(7), 6(7)) + b [v({7}) ~ 0
6
+ W, <M({T}) - /0 €T(€)de) + Wiy (2(7) —%T(e))}}

+ 12> @ P, (2,6) + VP, (a(7), (7)) |
9€Q,q<p
+07/2 [er Hp (2,¢) + e Hy (x(7), ¢(7))]

+ [P [ex[wif (7) + W5 (5,(0))] + c—v,, (7)].

— Optimality with respect to the support of the singular continuous
part of the control measure.
For vse-a.a. t € supp vge, it holds

Mge € Sign Hp(xaw:r>7
|Hp($, wm)| — Wy = H(.%’, wrv wlf)v
where mg. stands for the Radon-Nikodym derivative of the measure s wrt
v, and we stress that W3 (z) = WIZR: (x) = 0 over supp Vsc.

(4.6)

Remark 4.2. A rather general form of the right-hand side of system (3.1)-(3.8)
does not let us go deeper in the representation of conditions (Cy). For the linear
and square cases, the conditions can be further detalized similarly to [14] or [13].

The main technical difference of the presented necessary optimality conditions
compared to the impulsive maximum principles for different classes of state and
mixed constrained impulsive and hybrid control problems [10, 20, 21] consists in
“doubling” the space of dual trajectories 1. The reason is the way we handle
constraint (1.5) in the process of the reduction, when applied the time reparame-
terization. In fact, the one-sided limits of solutions x to the measure differential
equations are considered as different state trajectories (see Remark 3.1).
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Theorem 4.1 is an interpretation of the Maximum Principle [17] for problem (RP)
by virtue of the proposed direct time-spatial transform. To ease the exposition of
the proof, let us preliminarily make the following modifications of (RP):

e Reduce the functional constraint to a terminal one by introducing an extra
trajectory z : [0,S] — R4 as a solution to

d

(4.7) e I, z(0)=0.

Then constraint (3.7), obviously, equals
(4.8) z(S) =0.

e Rewrite the terminal block (3.5) of the problem together with (4.8) as fol-

lows:
(4.9) T((&y:m,)(S5)) =0,
(4.10) C+(8) +¢-(S)—2M <0,

with

Rn+1

e In order to bring a symmetry to the problem we also replace the original
cost with the functional

o (S ),

which equals J over X(RP).
Proof. Introduce 1), 1/1;[, 1/1?7[, wzf, and v, as dual to the respective state variables

&, Y+, N+, (4, and z. Let h denote the standard Pontryagin function for (RP):
RnJrl

h=aoP[Hf + Hy +v[AC+ W, (A(y,n))]]
+ Y o S 0

q€Q, q<p
+ 87 [ [H + ¢+ - [H, + 4y ]]
+181P (vl + 0 WE (v ) + -7 +$-W3, (y4)]]

and h be the (maximized) Hamiltonian:
h= max _h
a=(a,b,cq,c—)EA
(we use the abbreviation H;t = Hq(yi,@bét) for ¢ € QU {0}). The terminal La-
grangian is of the form

‘C(gvyvn?C) =Wy ey (y+ +y> +WTT(€,?/,77,C) +w((<+ —I—C, - 2M)

2
Let ¢ = (§7y7n7<70‘a/877;s) € E(RP), Yy = (y+7y—)7 n= (77+777—)7 C - (C—HC—)?
v = (v+,7-), be the process of the reduced system obtained by formulas (3.16)—

(3.18) from an optimal for (P) process o. By Proposition 3.2, v is optimal for
(RP) and satisfies (3.14). Then, ~ satisfies the Maximum Principle [17] for control
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problems under pointwise state and terminal constraints with a collection of La-
grange multipliers @, we and b such that wy, w > 0, wr € R, p € BV, ([0,T],R),
p(0—) = 0, p is nondecreasing, and the respective differential measure dp is concen-
trated on {s € [0, S]| A{(s) = 0}.

1) Set
(4.11) wr =wy, Y = —wr, W, =w¢, and T =po =
with Z(= T for <) defined by (3.10).

The nontriviality of the collection (w s, w¢, wT, p) then gives (C1).

2) The complementary slackness condition

0 = ¢ (C+(8) = M) = ¢ (C+(E(T)) = M) = @, (v((0, T]) — M),

leads to (C2). Observe that the measure da assumes no restriction on its support
due to the definition.

3) Clearly, 1, = —w7, and therefore ¢y = 1),.
The function )¢ meets the relations:

d
—£¢E = vfh =0, —wg(S) = wvaT((gayvnvg)(‘S))

By the assumption VWE)} (0) = 0, made in the beginning of the section, we obtain
that ’(ﬁg =0.
The functions 1#?7[ solve the respective systems

d
—— Uy = o VW, (An) =0, —4(S) = VWG, (An(S)).
Since An = 0 for s such that a(s) > 0, and, again, by the assumption VW%}(O) =0,
we get 1/}% =0.
The functions wzﬁ satisfy
—d@[)ci = V¢ hds £dp = —wrVe T'ds & dp = F(wr - oPds) £ dp,
and —¢2E(S) = VCiﬁ((Ev Y, 1, C)(S)) = twr + we- Thus,
VE(s) = £ [p(S) — pls) — @7 (£(S) — &(5))] F @7 — e,
and the substitution ;f = wzﬁ o = combined with (4.11) brings us to (4.1).
Now consider the functions wj. They solve the following Cauchy problems:

d n
— 2y = Vi h = o [VoHo(yz, vy) F w7 VWG (Ay)]

+ > AP Hy (g, )
q€Q, q<p
+ v 8P Vo Hy(y=, ¥y ) — v |8 oy VIWZ, (y+),
with

~05(8) = 1/2 Vo (P IE(9) )+ wr YW (Au(5)),

Remind that Ay(s) = 0 over s such that a(s) > 0, and y4(s) = y_(s) € Z N
Z_ along s such that (s) € (0,1). On the other hand, for each interval T, =
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[Y(7=),Y(7)], 7 € A,(T), we have a(s) = 0 and |5(s)| = 1, while v(s) = 1 on
TH =7Y(r—)+[0,v({r})), and v4(s) = 0 on the remainder Y. Then, for any
atom 7 of v, we have

_ 2y :{ BPVzH%(y+,¢Zj), se YT, }
50 = —or VI (e (F), s e

— prsz(er,?/J;_), SETia
0, seYr,

since y+(Y(7)) = z(7) € Z4. The “negative” branch ¢, enjoys the symmetric
property:
d _ 0, se YT,
_%wy B { prpr(yfva_)’ s € T;
Thus, w; and 1, coincide with each other beyond the intervals T, and zpj (S) =
¥, (S). Then, i/ o= = th, oE. Setting ¢ = (¢} +1, )o= and ¢, = b osf +1b, 05,
7 € A,(T), the integration now leads to (4.2), (4.3) thanks to (3.13). Here, s* () =

inf{s € [Z(1—),Z(7)] : 0F(s) > 0} for 6 € [0,v({T})), O (s) = (+(s) — v([0, 7)),
and sF(v({r})) = E(7). Note that ¢ = (¢ + 1) 0 E =2 02 =2y, o E, and
Or = 21/1;'5 ost.

4) The optimality conditions (C4) are an interpretation of the standard maximum
condition for (RP): h = h.

— For s € [0, S] such that v(s) € [0, T] \ supp f., we have a(s) = 1, f(s) =0, and
Ay(s) = 0. Then, the maximum condition gives

Rn+1

h=h= Ho(ys, ¢) + Ho(y—, ) + ¥:[AC + Wiy (Ay.n))]

= Ho(y+, ¥} ) + Ho(y—, ¢, )

= Ho(y+, ¥y + ¢, ) = Ho(y—, ¢ +1,),
which is (4.4) up to the time reparameterization s = Z(t).

— Consider an interval Y, = YUY, 7 € A,(T). By (3.16), (3.17), a(s) = 0
and |B(s)] =1 A-a.e. on T;. Hence, the maximum condition yields
h=h= [[Hp(y=, vi) + EIB + ¢F + W5 (y2)]
= Hp(yx, ¥) B + ¢

on Tf. Then, the expression
host+hos, :Eosi —i—ﬁos;

coincides with (4.6) on [0, T7].

— Finally, for {s| v(s) € suppv.}, it holds B(s) > 0 and A(y,n,¢)(s) = 0. In
particular, a(s) = 0 over {s| v(s) € suppvs.}. Then, the time change o= in the
maximum condition achieves (4.6), and the optimality of control («, /3,7) leads to
(4.5) due to the definition [ = (vi/pa@ﬁ) oE. O
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5. CONCLUSION

The paper exhibits a, to some extent, straightforward generalization of results
[14] for the case of mixed constrained polynomial impulses. A practically more
interesting situation appears, when a system dynamics involves impulsive signals of
various powers, and some of them are subject to conditions like (1.5), say, there are
mixed constrained affine impulses and state-free square ones. Models of this sort
can be met in control of mechanical systems driven by both active state constraints
and blocking/releasing certain degrees of freedom. Models of this kind will be the
subject of our next study.
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