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INVERSE PROBLEMS OF THE CALCULUS OF VARIATIONS
FOR DISCRETE-TIME SYSTEMS

GALINA KURINA AND VLADIMIR ZADOROZHNIY

ABSTRACT. We obtain the solvability conditions for two inverse problems of the
discrete calculus of variations dealing with systems of equations of second and
fourth orders. Explicit expressions for the functional, for which the given system
of discrete nonlinear equations coincides with the Euler-Lagrange equation for
this functional, are also presented.

[lustrative examples are given.

1. INTRODUCTION

Most of the publications devoted to the calculus of variations deals with continuous-
time systems. However, discrete-time systems very often appear in practical prob-
lems, for instance, in economics, sociology, and biology. Furthermore, for using nu-
merical methods, continuous-time systems must be reduced to discrete-time ones.
The study of sampled-data control systems and computer-based adaptive control
systems leads in a natural way to the third source of discrete-time models.

The problem of the calculus of variations for discrete-time systems, discussed in
[6], consists in the minimization of functionals of the form

N-1
(1.1) J = Vi(zpope1), N >1,

k=0
where x; € IR, a natural number N is fixed, boundary values xg, xy are given,
and functions V), are differentiable. In this case, the discrete-time version of the
Euler-Lagrange equation is

0
(1.2) a—xk(Vk(xk,l'k+1) + Vk,1(wk,1,xk)) =0,k=1,...,.N—-1

([6], p- 195).

Equation (1.2) was obtained in [6] as the result of finding the first variation
of functional (1.1). But it is not difficult to see that the discrete-time version of
Euler-Lagrange equation (1.2) immediately follows from the well-known necessary
condition of an extremum of a function of several variables (1.1), namely, partial
derivatives of this function must be equal to zero. It is equivalent to the equality
grad J = 0.

We will further assume that functions Vj are twice continuously differentiable.
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The problem of finding a functional for which a given differential equation is the
Fuler-Lagrange equation is called as the inverse problem of the calculus of variations.
Note here paper [7], where the author consider several aspects of the inverse problem
of the calculus of variations as they have developed since 1979, giving some of the
principal results, listing significant primary sources and mentioning review articles
for further references. The inverse problem of the discrete calculus of variations
consists in the following. For a given system of discrete equations we want to know
whether there is a functional for which the given system coincides with the Euler-
Lagrange equation for this functional. If such a functional exists, then we need
to find it. To our knowledge, inverse problems of the calculus of variations were
studied only for continuous-time systems (see, for instance, [1]-[4], [7]-]9]).

The inverse problem of the calculus of variations arises when variational methods
for equations solving are used. If for a given system, continuous or discrete, we found
a functional such that the considered system is the Euler-Lagrange equation for a
problem of minimization of this functional, then we can use packages of programs for
solving optimization problems in order to find a solution of the considered system.

The present paper deals with two inverse problems of the calculus of variations
for discrete-time systems. Namely, we consider systems of discrete equations of the
second and fourth orders, for which solvability conditions and implicit expressions
for a functional are obtained. We use here the idea of the method for solving classical
inverse problems of the calculus of variations for continuous-time systems from [8].

2. INVERSE PROBLEMS
2.1. Systems of discrete equations of the second order.

Theorem 2.1. If a system of the form
(21) @k(xk,l,xk,x;Hl) = 0, k= 1, ,N — 1,

where xg, xN are specified and py are everywhere continuously differentiable func-
tions, is the Euler-Lagrange equation for a functional of type (1.1) with twice con-
tinuously differentiable functions Vi, then

0
Or(Th—1, Tk, Tpy1) = aixlc@k+1(xk7$k+1’$k+2)a k=1,.,N -2

2.2
( ) O0Tk41

Moreover, if functions @y in (2.1) satisfy conditions (2.2), then a solution of the
inverse problem of the calculus of variations for system (2.1) can be found as follows

1 N-1 T
(2.3) J:/ ©1(xo, x1, x2)dx1 + E / 0k (0, g, Tp41)dxy,.
0 — Jo

Proof. Let system (2.1) be an Euler-Lagrange equation for a functional of type
(1.1). Hence, there exist functions Vj, j =0,1,..., N — 1, such that the following
equalities (see (1.2))

0
Ok (Th—1, Thy T 1) = T%(Vk(wkalﬂkﬂ) + Vi1 (®h—1, 1)),

k=1,..,N—1,

(2.4)

are valid.
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Differentiating the last equality with respect to x;1, we have

82
Oz 10wy,

(2.5) Or(Th—1, Tk, Tpy1) =

0Tk41
From (2.4), it follows
0

ai(VkJrl(karla $k+2) + Vk<$ka 90k+1))-
Th41

<Pk+1($k, Th+1, $k+2) =

Differentiating this equality with respect to xx, we obtain

0 0?

T@Hl(ﬂﬁk, Thil, Thto) = Vie(@g, Try1).
T,

0z 0x) 41

Comparing the last equality with (2.5) we get (2.2).

Vk(xlmwk-‘rl)a k= 17 7N -1

575

Further, suppose that functions from system (2.1) satisfy condition (2.2) and

define the functional J by (2.3). Then we get

0J

— = 1(x0, 21, %2).
e 1(xo, 21, 22)

Taking into account (2.2), we have

oJ 19
9L d 0
s /0 89624#91(330,961,2?2) 1 + ¢2(0, x2, x3)
LN
=/ 87@2(331,9627373)05371 + 2(0, 22, x3)
0 T
=pa (1,22, x3).

Similarly, we obtain for £ > 2 in view of (2.2) the following

9J -1 g
— = 0 —r_1(0 _ dxp_
i ©r( 7xk7xk+1)+/0 B, 7" 1(0, 2—1, 1) dx—1
Tk—1 0
:¢k(07$kaxk+1)+/ 3 Ok (Th—1, Tk, Tpt1)dTr—1
0 Th—1

:Soki(xk—la Tk, xk:-l—l)-

This completes the proof.

O

Remark 2.2. Different methods are used for discretization of differential equations.
Usually, for differential equations of the second order the first derivative a’(kh) is
approximated by the difference (zp11 — 2x_1)/2h and the second derivative z”(kh)
is changed by (241 — 22 +2,_1)/h?, where z; = x(kh) and h is a step of partition
of the argument interval into equal parts. As a result, a system of form (2.1) is

obtained.

Remark 2.3. The statement of Theorem 2.1 in this paper contains the revised last

formula from the abstract in ([5], p. 10).
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2.2. Systems of discrete equations of the fourth order. Consider the problem
of minimizing the functional

N-2
(2.6) J = Z Vk(xk,xk+1,$k+2), N > 2,

k=0
where boundary conditions xg, 1, tny_1, *n are specified and functions V) are
differentiable.

Using the necessary condition of an extremum of a function of several variables

we obtain the Euler-Lagrange equation for functional (2.6) in the form

0
27) %(Vk(fﬁk, Tht1, Tha2) T Vo1 (Tr—1, Thy Tpy1) + Va2 (Tr—2, 211, 71)) = 0,
k=92 .. N—2.
Theorem 2.4. If a system of the form
(2.8) Ok (Th—2y The1, Th, Tpt1, Thg2) =0, k=2, , N — 2,

where xg, x1, TN_1, TN are specified and @y are continuously differentiable func-
tions, is the Euler-Lagrange equation for a functional of type (2.6) with twice con-
tinuously differentiable functions Vi, then

0 0
(2.9) amk_H¢k($k—2axk—l,xka$k+17$k+2) = T%@k—i-l(fk—l:xka$k+17$k;+27$k+3)7
k=2,..,N—3,
and
(2.10)
0 0
3 Ok (Th—2y The1, Th, Tht 1, Thit2) = 75— Pht2(Ths Thop 1, Tt 2, Tt 3, Thtd),
Th+42 Ok
k=2 .. N—A4

Moreover, if functions ¢y in (2.8) satisfy conditions (2.9) and (2.10), then a solution
of the inverse problem of the calculus of variations for system (2.8) can be found as
follows

o 3
J=/ 902($0,$1,9€2,$3,964)d112+/ w3(21,0,23, 24, x5)dxs
0 0
(2.11) Ne2
+ Z / gok(O,O,a;k,ka,:ckH)dwk.
k=4 70

Proof. Let system (2.8) be an Euler-Lagrange equation for a functional of type (2.6).
Hence, there exist functions V;, j = 0,1, ..., N —2, such that the following equalities
(see (2.7))

Spk(xkf%xkfhl"ka xk+1733k+2) = @(Vk(iﬂk, $k+1,$k+2)

(2.12) + Vi-1(Tk—1, Tk, Thy1)

+Vk—2(xk—27xk—17$k))) k= 27"'7N_ 27

are valid.
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577
For k = 2,..., N — 3, differentiating the last equality with respect to xx11, we
have
9 (Tk—2, Th—1, Tk, Tht1, T )*L(V(x Tht1s Tht2)
(2.13) Drpr1 Pr\Tk—2, Tk—1, Lk Lk+1, Lk+2 D1 10Th E\Tks Tk4+15 Tk4-2
+ Vi—1(Th—1, Thy Tht1))-
From (2.12), it follows
0
Pr1(Th—15 Thos Thot 15 Tht2, Th43) =

G (Vi1 (Tt 1, T2, Thr3)
+ V(@ Thr1; Tht2)
+ Vi-1(Tk—1, Tk, Tpy1))-
Differentiating this equality with respect to xx, we obtain

0

82
Oht1(Th—1, Ty Thp 15 Ty 2, Tt 3)
oxy,

= Vi(xp,x T
8xk8xk+1( o (Ths Th 1, Thy2)

+ Vi1 (-1, T, Tht1)).-
Comparing the last equality with (2.13), we get (2.9).

For k =2,..., N — 4, differentiating (2.12) with respect to xy.o, we have
(2.14)

82
k(Th—2, The1, Ty Tht 1, Thy2) = 75— VE(Thy Tht1, Thy2)-
amk+2<ﬁ ( + +2) D1 20Ts ( + +2)
From (2.12), it follows

0
Okt2(Th, Tha1, Tht2s Thy 3, Thtd) = T (Vit2(Thy2, Tpys, Thya)
+2

+ Vi1 (@41, Tht2, Tht3)

+ Vi(@k, Thi1, Thi2))-
Differentiating this equality with respect to xx, we obtain

0 o2
Sy Pl (Th, Thot1, T2y Thot 35 Thigd) =
k

Further, suppose that functions from system (2.8) satisfy conditions (2.9) and
(2.10) and define the functional by equality (2.11). Then we get

Lo, L1,T2,T3,X4).
o ©2(T0, L1,T2, T3, T4
Taking into account (29), we have
oJ

z2 9
— = —wo(xo, T1, To, T3, Ts)dxo + x1,0,23, 24, T
D, /0 a963902(0 1,72, 23, T4)dr + 03(71,0, 23, 14, T5)

T2 9
Z/ 87903(1517 T2, T3, T4, T5)dxo + p3(21,0, 23, 4, 5)
0 L2

=3(x1, T2, 23, T4, T5).
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Using immediate differentiation, in view of (2.9) and (2.10) we get

oJ
Spp = PE(@r-2, Tk, Tk, Tht1, Tht), k= 4,5,
Lk
Similarly, we obtain for k > 5 the following

0. et
— =¢r(0,0, Tk, Tpy1, Thi2) +/ ——¢r-1(0,0, 251, T, Thy1 ) dTp—1
oxy. 0 Oxy,

Tp—2 8
+ / s ©r—2(0,0, Tp—2, Tp—1, Tk )dTK_2
0 T,

Tp_1
=r(0,0, 2k, Tpy1, Tht2) +/ 0 (0, Th—1, Th, Tpt1, Thg2)dTp—1
0

O0x)—1

-2 g
+ Or(Th—2, Th—1, Thr Tho1, Thp2)dT—2
0 Org—2

:Spk(xk’—Qa Th—1sTky Tk+1, xk-‘r?)‘
This completes the proof. O

Remark 2.5. The form of system (2.8) follows, for instance, from a differential
equation of the second order if the first derivative 2’(kh) is approximated by the
difference (zj41 —xk_1)/2h and the second derivative " (kh) is changed by (zj42 —
2x + l‘k_g)/4h2.

Remark 2.6. If it turns out that one of the integrals in the statement of Theorems
2.1, 2.4 does not exist, then we can replace the lower limit of integration by any
number such that this integral does exist.

3. EXAMPLES
3.1. Consider the system
E*(xp_1 4 1)%exp(k*(zp_1 + 1)%x)

(3.1) +2(k 4+ 1)2(zp + Dagyrexp((k 4+ 1)%(xp +1)%241) = 0,
k=1,.,N—1, N >1,

with fixed end points, i.e. xg and x are specified.

We want to know whether there is a discrete functional for which this system is
a discrete Fuler-Lagrange equation.

The considered system (3.1) is a system of form (2.1). It is easy to see that
condition (2.2) is satisfied. Hence, in view of Theorem 2.1 system (3.1) is the
Euler-Lagrange equation for a functional. Using formula (2.3) we find one of such
functionals

N—
(3.2) J = exp((k+ 1) (zp + 1) %zpy1).
k=0

[y

We can immediately verify that system (3.1) is really the Euler-Lagrange equation
for the found functional (3.2).
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3.2. Consider the system
xo + 221 + 2292 =0,

(3:3) x1+2r0+23=0

with a fixed-end points, i.e. zg and x3 are specified.
The considered system is a system of form (2.1), where

1(x0, 21, T2) = xo + 221 + 222, Yo(x1, T2, T3) = 1 + 222 + T3.

Condition (2.2) is not satisfied for these functions. Hence, in view of Theorem 2.1
system (3.3) is not the Euler-Lagrange equation for a functional of type (1.1).

If we multiply the first equation of system (3.3) by %, namely, we will consider
the system

1
§$0+CC1+$2:O,

T, + 229 + 23 =0,

then condition (2.2) is satisfied. In view of Theorem 2.1, the obtained system is the
Fuler-Lagrange equation for a functional. One of such functionals can be found by

formula (2.3)
1 1, 9
J = ixoxl + 5:61 + z179 + 25 + T273.
The method of multiplying the equation by the factor for obtaining the Euler-
Lagrange equation for a functional was used earlier for continuous systems (see, for
instance, [8]). It is called in this book as the method of the integrating multiplier.

See about the multiplier problem, for instance, in [7].

4. Relation to continuous-time case

Firstly we present a result from ([8], p. 53).

An equation is the Euler-Lagrange equation for a some integral functional if and
only if it has the form

A(t,z, 22" + B(t,z,2') =0,

where the functions A and B satisfy the following equality
(4.1) By — Ay —2'A, = 0.
4.1. Consider an equation from ([8], p. 58) of the form
(4.2) —2t%" — 4ta’ + 24z = 0.

It is evident that this equation satisfy equality (4.1). Hence (4.2) is the Euler-
Lagrange equation for a some integral functional.

If we use the discretization scheme from Remark 2.2 with h = 1 for second order
differential equation (4.2) we obtain discrete system of form (2.1)

(4.3) —2k(k + V) xpyq + 4(k* + 6)zp + 2k(1 — k)zp_y = 0.

It is not difficult to verify that condition (2.2) is satisfied for the last system. There-
fore, in view of Theorem 2.1 system (4.3) is the Euler-Lagrange equation for a
functional of type (1.1).
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If we use another discretization scheme for equation (4.2), replacing z/(k) by the
difference zxy1 — z and z”(k) by the same expression as before, we obtain the
discrete system

(4.4) —2k(k 4+ 2)zps1 + 4(k* 4+ k + 6)zy, — 2k 24— = 0.

Condition (2.2) is not satisfied for this system. Taking into account Theorem
2.1 we conclude that system (4.4) can not be the Euler-Lagrange equation for a
functional of type (1.1).

Hence, solvability of the inverse problem of the calculus of variations for dis-
cretized equation depends on a discretization method.

4.2. Condition (4.1) for the Bessel equation
(4.5) 2"+t + (2 =12z =0

is not satisfied. Therefore, the inverse problem of the calculus of variations for this
equation is not solvable.

Using the discretization method from Remark 2.2 with h = 1 we obtain from
(4.5) the discrete system

1 1
Rk + 5)ak = (k% + vy + k(k — )1 =0,
which is not the Euler-Lagrange equation for a functional of type (1.1) in view of
Theorem 2.1.

4.3. Consider the equation of the form
(4.6) 32" + (3t* + a)2’ + bx = 0,

where a and b are constants.
If we use the discretization method from Remark 2.2 with h = 1 for equation
(4.6) we obtain the discrete system

3k%2+a _3k2+a

(4.7) (k> + Vg + (—2k3 + b)ay, + (K

)xk—l =0.

Let us assume that ¢ = 0. Then condition (4.1) is satisfied and (4.6) is the
Euler-Lagrange equation for an integral functional. In this case, condition (2.2) is
not satisfied for corresponding discretized equation (4.7). Hence, this equation is
not the Euler-Lagrange equation for a functional of type (1.1).

4.4. If a = —3 then condition (4.1) for equation (4.6) is not satisfied and (4.6) is
not the Euler-Lagrange equation for a some integral functional. Condition (2.2)
for such a is satisfied for discretized equation (4.7). Hence, this equation is the
Euler-Lagrange equation for a functional of type (1.1) in view of Theorem 2.1.

Thus all four situations concerning solvability of the inverse problem of the calcu-
lus of variations for a differential equation of the second order and a corresponding
discretized system are possible.
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5. CONCLUSION

In this paper, the inverse problem of the calculus of variations for two discrete
systems, where the first of them consists of second order discrete equations and the
second system consists of fourth order equations, has been solved.

It is planed to obtain analogous results in future for systems of discrete equations
of the 2r-th order of the form

Sok(xk—'raxk—r—‘rlv s 7xk’+1”) =0, k= Ty N =1,

where xg,...,2,—1 and TN—p41, ..., 2N are specified.

The problem with some free variables from the last two lists can be also consid-
ered. Such situation in the discrete calculus of variations, where the Euler-Lagrange
equation is a system of second order equations, has been researched, for instance,
in [6].
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