o0 Pug .
Pure and Applied Functional Analysis @@j Yokohama Publishers
Volume 3, Number 1, 2018, 107-135 \'v.mw\)

Yok,

© Copyright 2018

INTERNAL FEEDBACK STABILIZATION
OF A CAHN-HILLIARD SYSTEM WITH VISCOSITY EFFECTS

GABRIELA MARINOSCHI

ABSTRACT. This article addresses the internal feedback stabilization of a phase
field system of Cahn-Hilliard type with viscosity effects in the equation for the
phase field, by using two feedback controllers acting in a subset of the domain.
The stabilization technique is applied here to an integro-differential system ob-
tained by some transformations of the original Cahn-Hilliard system. The proof
of the stabilization of the linearized system is done in a complexified space, since
the linearized operator is no longer self-adjoint as it was in the nonviscous case
studied in [7]. For the stationary solution aimed to be stabilized there are no
longer conditions limiting the magnitude of its gradient and Laplacian, as in [7].
These stand as essential differences with respect to the nonviscous case. The tech-
nique is based on the design of the feedback controller as a linear combination
of the unstable modes of the corresponding linearized system and the controller
is represented in a feedback form by means of an optimization method. Results
are provided both for a regular potential involved in the phase field equation (the
double-well potential) and for a singular potential of logarithmic type.

1. PROBLEM STATEMENT

We address the local stabilization of the Cahn-Hilliard system (see [11]) describ-
ing the evolution of the phase field ¢ and chemical potential u, in the Caginalp
approach, that is coupled with the equation for the dynamics of the temperature 6

(see [9,10]), with initial data and homogeneous Neumann boundary conditions
(1.1) (@+1p)—AO=0, in (0,00) x Q,

(1.2) or—Ap =0, in (0,00)x €,

(1.3) p=T1ps —vAp+ F'(p) —~0, in (0,00) x Q,

(1.4) 0(0) = 6o, ¢(0) = o, in €,

(1.5) % = g—f - % =0, on (0,00) x 9.

This system stands for a model of the instantaneous separation of a binary mixture
in its components, by taking into account the possible effects of the viscosity 7
of the mixture. The space domain € is an open bounded connected subset of R?,
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d = 1,2, 3, enough regular, the time ¢ € (0, c0), v is the outward normal vector to the
boundary, [ and - are positive constants with some physical meaning. The function
F' is the derivative of a potential coming from the physical model deduced by the
Gingzburg-Landau theory. Standard functions for the potential F' are polynomials
of even degree with a strictly positive leading coefficient, as e.g., the double-well
potential

2 1 2
(16) ="
the logarithmic potential
(1.7) F(ry=QQ47)In(1+7)+ (1 —r)In(l —r) — ar?, for r € (—1,1),

where a is positive and large enough to prevent the convexity and subdifferentials
of convex lower semicontinuous functions (see e.g., some explanations in [12]). We
shall consider the cases with the double-well potential and the logarithmic potential.

The stabilization will be investigated around a stationary solution (s, ¢¥so) to
(1.1)-(1.5), and involves two controllers with the support in an open subset w of
2, acting on the right-hand sides of equations (1.1)—(1.2). By making the function
transformation

(1.8) 0=0—lp,
and plugging the expression of y into (1.2), the controlled system to be studied is
(1= 7A)pr + VA% — AF'(p) = ylAp +yAc = (1 = TA)(fuv),

(1.9) n (0,00) x Q,
(1.10) or — Ao+ 1Ap = fyu, in (0,00) x €,

(1.11) ©(0) = w0, 0(0) =00 :=0p +lpg, in

(1.12) Op 08¢ 99 i (0,00) x 9,

A
where the second boundary condition in (1.12) follows by (1.5).
The function f,, is taken such that

(1.13) fw € C5°(2), supp fu Cw, fu >0 on wo,

where wp is an open subset of positive measure of w. The form (1 — 7A)(f,v) was
chosen in order to ensure that this controller has the support in wg. This choice will
be more obvious later.

The aim is to stabilize exponentially this system around a stationary solution
(oo U0) using the controllers computed in a feedback form, namely to show that
limy 00 ((t), 0(t)) = (Yoo, fo0), With an exponential rate of convergence, whether
the initial datum (g, 6p) is in a certain neighborhood of (Yo, ).

The stabilization of the Cahn-Hilliard system in the nonviscous case, that is for
7 = 0, was discussed in the paper [7] for the regular potential (1.6).

We specify that the set of stationary states of the uncontrolled system (1.1)—(1.5)
is not empty, because it may have any constant solution 6., with some constant or
not constant solution ¢s.. A discussion concerning the solutions to this stationary
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system with F' the double-well potential is presented in [7], Lemma A1l in Appen-
dix. The result asserts that f,, is constant and ¢, € H*(Q) C C?(Q). For the
logarithmic case it is enough to observe that always there are constant stationary
solutions #,, and ¢o. Anyway, the proof of the existence of the solutions to the
stationary system is beyond our current aim.

The proof will consist in a sequence of intermediate results referring to: the well-
posedness and stabilization of the linearized system by a finite dimensional control,
in Propositions 2.1 and 2.2; the representation of the feedback controller and the
determination of its properties in Propositions 2.3 and 2.4; the proof of the existence
of a unique solution to the nonlinear closed loop system (with the feedback controller
expressed in terms of the solution) and the stabilization of this solution, in Theorem
2.5. The technique we shall approach is that introduced first in [17] and used then
in [3-6] for Navier-Stokes equations and nonlinear parabolic systems and relies on
the construction of the feedback controller as a linear combination of the unstable
modes of the corresponding linearized system. We mention that in this viscous
case, due to some transformations of the system, the theory will refer to an integro-
differential system. Moreover, in this case the linearized system has no longer a
self-adjoint operator, as in the degenerate case (7 = 0) studied in [7], so that the
privileges offered by such an operator cannot be used. Instead, complex eigenvalues
and eigenvectors should be taken into considerations as well as the stabilization in
a complexified space. Working exactly with the linearized system and not with a
modified one as in [7], it is no longer necessary to impose conditions limiting the
magnitude of the gradient and Laplacian of the stationary solution aimed to be
stabilized (as done in [7]). These stand as essential differences with respect to the
case discussed in [7]. Results will be provided first in the three-dimensional case for
the system with a regular potential F.

In a separate section, the case of a logarithmic potential will be treated. This
last part will include the proofs of the results previously described, presented first
for a regularization F; of the singular potential, in Theorem 3.1. These will im-
ply the stabilization of the system with the singular function F, on the basis of a
compactness result working in one-dimension, in Theorem 3.2.

We can specify that the stabilization theorem we shall obtain for the nonlinear
system corresponding to F. can be seen as a stand-alone result which could also
work for other models, as for example, for reaction-diffusion processes with nonlinear
sources.

1.1. Intermediate considerations. Before performing some transformations of
the system (1.9)—(1.12) we write the stationary system in terms of ¢ and o,

VA2 po — AF (o) — YIAPeso + YA = 0, in Q,
(1.14) —A0o +1Aps = 0, in Q,
0P OAYsy  00s0

- - o = 0, on 012.
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We denote y := ¢ — Yoo, 2 := 0 — 0o, compute the difference between system
(1.9)-(1.12) and (1.14), and get

(1 —7A)y + vA%y — A(F'(y 4 ¢o0) — F' () — VIAY + yAz

1.1
(1.15) = (1 —-7A)(fuv), in (0,00) x €,
(1.16) 2z — Az + 1Ay = fyou, in  (0,00) X Q,
(1.17)  y(0) =90 = @0 — Yoo, 2(0) =20 =00 — 0o, In £,

A
(1.18) Oy 08y _ 0= on (0,00) x 0.

ov o ov
Next, we write in (1.15) the Taylor expansion for F'(y + ¢ ) around ¢, obtaining

(1 —7A)y; + vA%y — A(F"(po0)y) — YIAY +yAz

(1.19) = (1= 7A)(fuv) + AF(y), in (0,00) x 2,

where the rest of second order of the Taylor expansion, represented by the nonlinear
part F.(y), was moved on the right-hand side. This expansion can be written for the
functions considered before (polynomial and logarithmic), under certain hypotheses
in the second case (these will be specified in Section 3).

Let us consider the standard space triplet H = L%*(Q), V = HY(Q), V' =
(H'(Q)), and introduce the linear operator, A: D(A) C H — H,

(1.20) A=1-7A, with D(A) = {w € H*(Q); ‘Zi: =0on 09} :

where I is the identity operator. The operator A is linear continuous, self-adjoint
and m-accretive on H. One can define its fractional powers A%, « > 0 (see e.g.,
[16], p. 72), with the domain D(A%) = {w € H;||A%w||y < oo} and the norm
[wllp(aey = A%l . Moreover, D(A%) C H?2(Q)), with equality if and only if
200 < 3/2.

We write (1.19), (1.16)—(1.18) in terms of A (by replacing A = 1(I — A)) and
since A is surjective we can apply A~! in (1.19). The stabilization for the system
(1.15)—(1.18) is reduced thus to the stabilization of the equivalent integro-differential
system

Y+ %A+ A —2)y — LA™ = I)(F"(¢o0)y)

(1.21) +2AT D)z — LA - Dy = fov+ LA - D)E(y),

n (0,00) x €,
(1.22) ot %(A D)+t é([ Ay =fou, i (0,00) x O,
(1.23) y(0) =yo, 2(0) =20, in Q.

We shall study in fact the stabilization for this system around the state (0,0),
for the initial datum (yg, z0) lying in a neighborhood of (0,0). It is obvious that
by making the backward transformations we obtain the stabilization result for the
initial system in (¢, @), in Theorem 3.3, Section 3.
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2. STABILIZATION OF THE VISCOUS CAHN-HILLIARD SYSTEM
WITH THE DOUBLE-WELL POTENTIAL

In this section we consider system (1.21)—(1.23) for F' the double-well potential
given by (1.6) and assume that

(2.1) Yo is an analytic function in 2.

We discuss first the stabilization of the linearized system by a finite dimensional
controller and then the stabilization of the nonlinear system by a feedback controller
which will be constructed in Section 2.2.

For simplicity we shall denote the norm in L*>°(Q) by || - ||co-

2.1. Stabilization of the linearized system for F' the double-well potential.
The linearized system extracted from (1.21)-(1.23),

gt (A4 AT =2y — (A7 = D) (F (o))

(2.2) +g(A_1 — D)z - %Z(A_l —Dy=fo, in (0,00)xQ,
(2.3) 2+ %(A D)o é([ Ay = fou, i (0,00) x
(24) y(O) = Yo, Z(O) = 20, in Q>

is rewritten in the abstract form

S0, 20) + AW, () = LU), ac. t € (0,00)

(2.6) (5(0),2(0)) = (%0, 20),

where U(t) = (v(t), u(t)).
The operator A is defined on D(A) C H x H — H x H, by

H(A+AT=2) =T (AT D= AT D(F (poe)) H(ATT)
HI-4) 1

(2.5)

27) A=

and has the domain

dy 0z
o 2 2(0)). A
D(A)—{w_(y,z)EL(Q)xL(Q),AwEHxH, 5 = 5 OonF}.

We notice that, under the assumption of a regular enough domain, we have D(A) =
H?(Q) x H*(Q).

We set #H = H x H, V = D(AY?) x D(AY?), V' = (D(AY?) x D(AY?))’, and
note that V € H C V' algebraically and topologically, with compact injections. We
define the scalar products on H and V by

2
/ (ﬂywwzw) da,
[¢) 1%

2
(21w = [ (T (0 T ) + 92 Va4 20 )

((y, 2), (1, 92) )1
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Proposition 2.1. The operator A is quasi m-accretive on H and its resolvent is
compact. Moreover, —A generates a Cy-analytic semigroup.

Let (yo,20) € H and (v,u) € L*(0,T;H). Then, problem (2.5)-(2.6) has a unique
solution (y, z) € C([0,T); H) N L*(0,T;V) N WL2(0,T;V"), for all T > 0, and

1Cy(8), 2D N3+ 1y 2N T2 0,50)

< Coo (w0, 20) 13+ Jo U )1 ds) , for allt € 0,T),
In addition, (y,z) € C((0,T];V) and we have the estimate

(2.9) tl(y(®), 20D + tlI(Ay (D), A=(2)]l5,

T
< Cxw (H(yo,zo)Hg_[ +/O waU(s)Hg_[ ds) , for all t € (0,T].

The constant Cs, depends on Q, T, the problem parameters and ||F"(vo0)

Proof. We consider the operator, denoted still by A, from V to V' given by
<A(y7 Z)v (sz)la ¢2)>V’,V

- /Q <z2ww1 Ly (1477 () - =)+ Cpaty ( l)) da

e
l2
(2.10) -, — AT (F (poo)y)da
2
+ / <Vz - Vg — IVy - Vipg + u@bl(A_lz — z)> dx
0 12

for any (i1,12) € V. Taking into account that by the regularity results of the

elliptic equations HA_ly n < Cllyllg we deduce that this operator is bounded
from V to V',
2.11) [ A(y, 2)[lyy = Sup(qpl,wz)ev,||(¢1,¢2)uvg1’(A(y, 2), (1, 92))yry

< Cll(y,2)lly,
and that it satisfies

(212)  (A(y:2), (4, vy = CLllw 25 = Co (g, 2) |13, for all (y,2) € V.

Then, problem (2.5)-(2.6) has a unique solution (2.8) which by a straightforward
computation satisfies estimate (2.9), implying thus that (y, z) € C((0,7];V). We do
not show all computations because they are standard. For the reader convenience,
the computation of (2.9) is done by a similar technique as for proving (2.43) in
the further Proposition 2.3. Moreover, by (2.12), it follows that AI 4+ A is coercive
for some A > 0, and so its restriction to H is m-accretive. Also, A generates a Cp-
analytic semigroup and this follows by (2.12) and by Theorem 5.2 in [16], p. 61. The
constants C7, Co depend on the problem parameters and the norm || F”(¢oo)]| .- In
the polynomial case, the latter reduces to in fact ||¢@uc| - O

We denote by A\; and {(¢;,%i)}i>1 the complex eigenvalues and eigenfunctions of
A, that is A(p;, ¥i) = Ai(ps, i), i > 1. Since the resolvent of A is compact, there
exists a finite number of eigenvalues with the real part nonpositive, Re\; < 0. Each
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of these eigenvalues may have the order of multiplicity I;, ¢ = 1,...,p. We write
the sequence Red; < Rels < -+ < ReAny < 0, where each eigenvalue is counted
according its corresponding order of multiplicity and N = Iy + 13 + --- + 1,. We
denote by \; (conjugated) and {(},17)}i>1 the eigenvalues and eigenfunctions of
the adjoint A* of A, that is A*(‘szwz) Xi(pF,F), i > 1, where

(213) A= H(A+AT =2 =LA D)= LA D) (F"(po))  H(I-4)
1(A™I-T) LAa-1)]

The controller aimed to stabilize the linear system is searched as a linear com-
bination of the unstable eigenvectors of the adjoint operator A* (see e.g., [17], [5]),
namely

I3
p-
1

N
(2.14) fU(t2) = ) fuRe(w;(t) (¢} (2), 5 (2))), t 20, z € Q,
=1

where w; € C([0,00);C), j = 1,...,N. This form replaced in (2.5) provides the
open loop linear system

(2.15) jt( (1), (1)) + Aly(t), 2(t))

N
= Zwae(@(t)(w}f(x),w}f(x))), a.e. t € (0,00).

We take here an arbitrary initial condition
(2.16) (4(0),2(0)) = (4°, 2°).
Proposition 2.2. Let the eigenvalues \; be semi-simple and (2.1) hold. Then,
there exist w; € L*(RT), j = 1,...,2N, such that the controller (2.14) stabilizes
exponentially system (2.15)-(2.16), that is, its solution (y, z) satisfies
(2.17) ly@ll gy + 2@y < Coce™ ™ (|8°|; +112°]| ) 5 for all t > 0.
Moreover, we have

1/2

2N .o
.19 S [ wora)  <c il + 10
j=170

where Co,C and ko depend on the problem parameters v,v,l and € and
1 E" (¢00) | o

Proof. Since the eigenfunctions are complex we have to work in the complexified
space H = H+1H, ¢+ = /—1. Let us introduce the following system for the complex
functions (y,z) = (y, 2) +i(Y, Z),

(219)  S0,50) + AG wa T (1) (5 ), 5 (@),

a.e. t € (0,00),
(2.20) (5(0),2(0)) = (4°, 2°).
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At the end of this proof, we take (y, z) = (Rey, Rez), (v,u) = (Rev, Reu) and the
pair (y,z) constructed in this way turns out to be the solution to the open loop
system (2.15)-(2.16) corresponding to the controller (2.14). To this end we need to
give some notions (see e.g., [5]).

We consider the linear space generated by the eigenfunctions {(901,1/11)}1 1N
and denote it by HN = lin span{(v1,%1),...,(¢n,¥nN)}. Also, 7—[3 = lin span

{(¢N+1,¥N+1), ..} and we have the unique algebraic decomposition H = HyDPHg,
which is not orthogonal. Then, we have

(221) 712 = (gaz) = (yN7ZN) + (y37ZS)a (yNaZN) S }T/J\U (ySaZS) € /}/_Z:;;
Moreover, ﬂVN = PyH, HNS = (I Pn)H, where Py : H — Hy is the algebraic

projector, namely PN(yl, 21) = Zl 1 X5 (%5, w]) x; € C. Since A has a a compact re-

solvent it lets invariant H N and 7-[5, that is AH N C Hy N and .AHS C 7-[5 Moreover,
if A has the eigenfunctions {¢;,v;}i>1, then Ay = A]?f_[v has the eigenfunctions

{pi,¥iti=1,. N and Ag = A]H = (I — Py)A has the eigenfunctions {¢;, ¥; }i>n+1-

On the invariant subspace ’HS the operator —Ag generates a Cp-analytic semi-
group, that is

(2.22) S Ce_Et, F]; = Re()\N_H — /\N).

le™ ) i)

Now we split system (2.19)—(2.20) in two systems

Huw (), an () +An (o (), v (0)=Pr ( S L)}, 05) ),

(2.23)
(yn(0), 25 (0))=Pn(3°, 2°)
and
(2.24) ays(t), zs(8) +As (ys (1), 25 () =(1 = Px) 3301 fuw () (5, 47),

(5(0), 25(0))=(I—Pn) (3", 2°).

Let Ty > 0 be arbitrary, fixed. We shall prove that system (2.23) is null control-
lable in Tj and the solution to (2.24) decreases exponentially to 0, as t — oco.
We begin with the first system. We write the solution to (2.19)—(2.20) as

(2.25) (y(t, z) ZEJ bi(x)), (t,2) € (0,00) x €,

with &; € C([0,00); C), replace it in the system, and multiply scalarly the equation
by (7, 97), getting

N
(2.26) &4 N& =Y wydij, &(0) =&, fori>1,

where

(2.27) &(0) = & := /Q (y70% (z) + 2°¢F () da, i > 1,
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and

(2.28)

dy = [ FAGTE + 0TI, G = 1 N2

We specify that we used the assumption that A; are semi-simple, which implies that
the system { (i, ¥:) }i, {(9,97)}: is bi-orthogonal, that is ((¢s, ¥i), (95, ¥;)) Hxm =

dij. Moreover, |d;j| < Cs where Cy depends on problem data and || F”(¢o)

Hoo’

which in the case with a polynomial potential reduces to ||¢so ||, -
By taking i = 1,..., N in (2.26) we get the system corresponding to (2.23). It

can be written in the form

(2.29)

where
A ... 0
0 . AN
di1
D =
dn1

X =

din

dnN

G
| éx

)

, W=

X'+ MX =DW, X(0) = X,

Xo=

wy

wN

§10

ENoO

In the matrix M each ); is repeated according to its order of multiplicity.
Next, we prove that, for every Ty > 0, system (2.26), for ¢ = 1,..., N, is null
controllable on [0, Tp]. To do that, we show first that the system {v/ ¢}, v/ fuil} évz 1

is linearly independent in w (since supp f, C w). To this end we assume that
Z;-V:l (v fwp}, Vfwtb5) = 0 in w and prove that a; = 0 for j = 1,..., N. Denoting
S* = Z;VZI (%, 7) we have /f,8* = 0 in w and this implies that S* = 0 in
the open set wg because f,, > 0 on wy. Let us study the system A*(Y, Z) = (Y, Z),

(where (Y, Z) stands for each (¢7,97) and X for each A;), that is

1%

ﬂAY+AfW“—ﬂU—%&A*Y—Yﬁ—%@fl—nuwwmﬂq

+£(Z — AZ) =Y,
T

T

A Y —Y)+ L4z - 2) =3z,
T T

We apply the operator A to both equations and obtain an elliptic system. Under
our assumptions, ¢ is analytic, F” is a second degree polynomial, hence F” () is
analytic, and so the elliptic system has an analytic solution (Y, Z) (see [15]). Thus,
S* is analytic too, whence 5* = 0 in 2 and so a; = 0 for j = 1,..., N, since the
system {(cp;f, w;)}jvzl is linearly independent in €.

In conclusion, the system {(v/fu¥], v/ fw?®])}i is linearly independent on w and
so, the determinant of [d;;;; is not zero. This implies that any solution to the
system

N
(2.30) > dijpi(t) =0, t€[0,Ty], j=1,...,N,
=1
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must be zero, that is p;(t) = 0 for all « = 1,..., N. Using Kalman’s Lemma (see
e.g., [13]) it follows that there are w; € C([0,00);C) such that &;(Tp) = 0 for all
i1=1,...,N, and

7, N 1/2 N
(2.31) (/ Z@(t)ﬁdt) <CY ol
0 =1 i=1

Thus, this finite dimensional controller steers the solution {¢; }jvzl to (2.26) into the
origin, at t = Tp, and it follows that (yn (7o), 2n(T0)) = (0,0), too.
Since (U, %) = Y1, w; (t)(%,4%) we get by (2.31) and (2.27) that

esn ([ Um0l + o)< o [* f:j wn )’

N
< CZ (€iol < C (9" + 112°11 1) -

=1

Finally, we extend w; (and so ;) by 0 at the right of ¢ = T, and take as a new
controller

(2.33) Uony(t) = { (@(t), a(t))  fort < Ty

0 for t > Ty.

Using this controller in (2.31) and (2.32) they remain valid if we make Ty = +o00.
From (2.26), by the formula of variation of constants, we have

&it) = “&HZd”/t M=) (5)ds, for t > 0.
0

Using (2.31) and recalling that ReA; <0 for i = 1,..., N, we deduce the estimate

(2:34) € (0] < Coe™ ([[y°]] 5y +112°] ) < Cs (181157 + 11211 1)
for t € [0,Tp) and @ = 1,..., N. Therefore, we have
(2.35) Iy 2n) (Dl < O 6% 20|57+ for t € [0, o)

and (yn(t),zn(t)) = (0,0) for t > Tp. All constants C, Ca, Cs, C in (2.32)-(2.35)
depend on problem data and || F"(¢so)|| o

Now we study system (2.24). Since —Ag generates a Cp-analytic semigroup we
have

¢ N
(s 25) (1) = =45 (1 — Py) (0, 20) + / Z )(I - Py) (i, 47)ds

and then, by (2.22),

- N o Ty -
(ys, 25) ()l < Cae™ || (0% 20| 57 + Z/O e F ) jwg(s)| || (5, 95) |
j=1
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- - N -
< Cue H(?/O’ZO)HQ + CgeHt Z/ 0 (i (s)| € ds
170

S el

2 , . 1/2
_ktz </ w; (s)|? ds) (/ €2k5d8> .
0

In conclusion, by (2.31) we get
(2.36) [(ys, 2s) ()] 7 < Cse™ F (30, 2° )|z fort >0,

and || (ys, zs)(t)|l 7 — 0 as t — oc.
Recalling (2.21), we get by (2.35) and (2.36) that

(2.37) 1@, 2) M)l < Ce™ [|(4°,2°)| g, for t >0

and |(y,2)(t)ll — 0 as t — oco. The constants C' and k depend on the problem
data and ||¢eo| o

Now, fuU = fu(v,u) = fu(Red, Rett) = 1L, fuRe(w;(t)(¢] (), ¢} (x))) and so
N
(2.38) v(t,x) =Y (Rew; (t)Re(x) — Tmiw; () Imp(x)),
j=1
and a similar expression takes place for u(t,z) with 5 instead of ¢7. We observe
now that in fact we have a controller consisting in a sequence of 2N terms, obtained
by setting
(2.39) wj := Rew;, for j =1,...,N, wjyn :=Imwy, for j=1,...,N.

Then, by (2.31) we get (2.18). Moreover,

(2.40) v(t,z) = Zw] )Repj (v ZwJ+N t)Imep3(z),
j=1
u(t,z) = ij )Rey ( ZwﬁN ) Ima ().
7j=1
At the end we take (y,z) = (Rey, Rez) and we get by (2.37) the stabilization
inequality (2.17), as claimed. O

2.2. Construction of the feedback controller. The feedback controller (de-
pending on the solution (y, z)) which stabilizes exponentially the solution to (2.15)-
(2.16) will be found in relation with the solution to the minimization problem

1
0.0 : 2 2 2
2y o= Min L5 [TA0 + 14O+ W0 ]
subject to (2.15)—(2.16). Here W=(wy,...,wn,WN11,---,wan) € L*(0,00; R*Y)
defined in (2.39). We note that D(®) = {(3°,2°) € H x H; ®(3°,2°) < oo}. Let
R* = (0, 4+00).
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Proposition 2.3. For each pair (3°, 2°) € D(AY?)x D(A'?), problem (2.41) has a
unique optimal solution

(2.42) (w32, y*, 2) e LART; R )< LA(RT; D(AY?))x LA(RT; D(AY?))

and it satisfies
(2.43) er (AP0 3 1A 20 7) < @(y°,2%) < o[ A0 H+ A0 ).
If (y°, 2°) € D(A) x D(A), then

(1 Ay™ )17 + 1A=" @)11F) + Jo (1A32y ()13 + ([ A%227 () 13;)ds

2.44
240 < e3(|lAY° 1 + I AY22011%), for allt >0,

where c1, co, c3 are positive constants (depending on Q, the problem parameters and
1E" (000 ll oo )-

Proof. For all (3°,2°) € H x H, it follows by Proposition 2.2, that there exist
w; € L*RT;R), j = 1,...,2N, such that (2.15)-(2.16) has a solution with the
property (2.17) and {w,}; satisfies (2.18). Since the functional in (2.41) is nonneg-
ative, its infimum d exists and it is nonnegative. We take in (2.41) a minimizing
sequence {W"},>1, W" = (wf, ..., why) such that (u,(t),v,(t)) is given by (2.40)
corresponding to W". We have

@d5)  d < I =g [ Au 0| A - IW (0) o)t <

where (yn, zn,) is the solution to (2.15)-(2.16) corresponding to W™. By (2.45) we
have on a subsequence {n — oo} that w? — w} weakly in L?>(R*t;R),j=1,...,2N,
(Ynszn) — (y*,2%) weakly in L2(RT; D(A) x D(A)), and by (2.15), %(yn,zn) —
4 (y, 2) weakly in L2(R*;H). Since (u,(t), v,(t)) is given by (2.40) it follows that

(tn,vy) — (u*,v*) weakly in L*(R™; H x H).

Thus, (y*,2*) is the solution to (2.15)—(2.16) corresponding to W* :=
(w,...,w5y). Moreover, passing to the limit in (2.45) we get on the basis of the
weakly lower semicontinuity of J that J(W*) = d.

The uniqueness follows by the fact that J is strictly convex and the state system
is linear.

Next, we show (2.43). Let (y°,2°) € D(A'Y2) x D(A'?) and let ag a positive
constant that will be determined later. We multiply (2.15), by (Ay(t), apAz(t))
scalarly in H, keeping for simplicity on the right-hand side the form (f,v, fou), and
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obtain

%di(” AV2y(0) By +aoll AY22(0) )+ 25 | Ay O3+ 221 A=(1) I

7'7l
= ()13 ;(’VHF"(%O -

)
(2.46) + E(A’ (F" (o0)y (1)), Ay (1)) — %(A*z(t) Ay(t))n

+ 2 (2(0), Au0) — "2 w(0), A=)+ “2 (Ay(e), A=)

+ %HAI/QZ@)II?{ + (foo(t), Ay())n + (a0 foult), Az(t))n

a.e. t > 0.

2v
A2y (1)1

\]

In the following computations we shall account on the following interpolation and
embedding inequalities involving the powers of A:

(2.47) A%y < C A% w]|y |A%2w]| 3, for a=Xar+(1=N)ag, A€[0,1],
(2.48) |A%w|; < C||APw|g, if a < B,
(2.49) 1A% 7y < CIA*TPw|lF,

with C' depending on the domain and the exponents. For example we have

Ay (0)5 < Cocll Ay mlly®lln < 8l Ay ()| + CCxlly(®) 17,

where ¢ = 1(2X — F(p5) — 71) and Cx represents a constant linearly depending
on || F"(¢oo)|lco- In a similar way there are treated all the other terms and collecting
them in (2 46) we get

1/2 2 1/2 2 v 2 @0 2
5 A 2y ) 3 AY22(0) )+ (2 50) Ay | A=(e) s
12
(2.50) < Ci—5 142 (@) [+ Coo.an o ([ @I+ 12O+l [+ 0 @) 17)

l2 -
< CJTQOI\AZ(t)II?ﬁC{e kt(llyollfnﬁllzoH%HIIU(t)H?ﬁllv(t)\lfq},

where Cy o5 depends on C, ag and 6. Choosing § and «ag small enough, integrat-
ing in time and recalling (2.17), (2.18) and (2.40) we obtain by some calculations

(2.51) / (LAY 3 + 1A= 13 + ()3 + llo@)3) de
< Cool(|A25013 + I1AV2012) < ea(llAY20 + | AV20]13)),

where ¢y depends on the problem parameters and ||F” (¢oo)loo (i-€-y [[@oolloo in the
polynomial case).
To prove the left-hand side relation in (2.43) we write by (2.46)

/Ot (%HAy(s)H% + %\Az(s)ng) ds

1
= 2 (1203 +1422003) = 2 (1A 2yl + 1422013 + 5,



120 G. MARINOSCHI

where S is the right-hand side in (2.46). We shall estimate the terms as before, but
changing 6 and Cy when using the Young inequality, e.g.,
e APy)1F < Cocll Ay mlly(D)l i < CsCosll Ay 17 + Slly(D) 171,
which implies
c| AV2y(6)|7 = —CsCoo | Ay(t)17 — Slly (@17
By treating all the terms in the same way we arrive at

v Qa 1
| (G 1au@ B + 2 1ax(6) Br) ds > 5 (1420015 + 1412201
0 T T
1 t
=5 (142000l + 1422(0l) = Cs [ (1Au(s) r + 145 ds

—015/0 (ly()lI7r + [12(s) 7 )ds — 5/0 (lu() 17 + llo(s)17)ds,

where C7 > 0 follows by some algebra and d is taken small enough. By relying on
some computations involving (2.17), (2.18), for treating the last two terms on the
right-hand side, and (2.48), we obtain

(2.52) C/O (I Ay ()1 + 1A= (s)IIZ) ds

1 1
> 7 (IAY29° 13 + 14200 ) = 5 (A2 @)l + 1421 ) -

Since the last term on the right-hand side is a continuous L' function, one can take
a sequence t; oo such that ||AY2y(t;)]|3, + ||AY22(t;)||% — 0. Passing to the
limit in (2.52) along such a sequence we obtain

| UAv@) 14260 1) ds = o (142501 + 142200 )

This relation written for the optimal pair (W*, (y*, z*)) yields the left inequality in
(2.43).

Relation (2.51), valid also for the optimal pair, leads to the right-hand side of
(2.43).

For proving (2.44) we multiply (2.15) by (A%y(t), agA?2(t)) scalarly in H x H.
The computations are done in a similar way and we do no longer present them,
except for the terms involving u and v and F” (s )y(t). We use the representation
(2.40) and observe that f,v(t) € C*°(2), hence

(fov(t), A%y(1));, = (A(fuv(t)), Ay(t))y,
< 3[4y @)1 + Cslly@)3 + C (ly°l17 + 112°0%) .

where -
IA(for(®)l7 < CZ/O w;(t)* dt < C (Iy°1F + 1°1%) -
j=1

For the other term we write
(AT = D(F"(poo)y(t)), A%y(1)) 5, = (+(I = A)(F" (po0)y(t)), Ay(t)),,
= (F"(po0) Ay () 42V F" (9oo) - Vy(t)+yAF" (oo, Ay(t))3 < Ol Ay (t) I3
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Finally, we are led to

t
1Ay (D11 + | A=(0)[1 +/O (1 4%y(s) 17 + 14%=(s)]1%) ds
< C1 (149"l + 142°1%) + Co(lly’ N7 + 12°17)
which written for the optimal pair implies (2.44), as claimed. O

An immediate consequence of this result is that there exists a functional R : V —
V' such that

(25 2(4°,2") = £ (R ), (4,2,

for all (y°, 2°) € V =D(A'Y/2)x D(A'/?). As a matter of fact R(y°, 2°) is the Gateaux
derivative of the function ® at (y°, 2%),
(2.54) '(y°,2%) = R(y°, 20), for all (3°,2°) € V.
Since @ is coercive by (2.43) we can define the restriction of R to H x H (denoted
still by R) having the domain D(R) = {(y°,2") € V; R(y°,2") € H x H} and we
have that R is self-adjoint.

In the next proposition a representation for the optimal solution to (2.41) is

constructed. Before that let us introduce now the operators B : RV — H x H and
B*: H x H— RN, by

Jw (Z;-V:l(ijeso; - Z?’gN-i—l pj]m@;’)
fo (S0 iRy = 52 piTme; )
b1

forallp=| ... e R2N
P2N

Bp =
(2.55)

and

Jo fularRep} + g2 Redpy)dx

Beg= | JofolaiResy +@Revy)de

(2.56) — Jo fularIme] + geImyp})dx |7

|~ Jo folaImeyy + g2 Imypy)dz |
for all ¢ = [QI ] € Hx H.
q2

Then, (2.15)—(2.16) can be rewritten as

d

(2.57) =

(y(t),z(t)) + A(y(t),z(t)) = BW(t), a.e. t >0,

((0),2(0)) = (3°,2°).
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Proposition 2.4. Let W*={w}}?Y| and (y*,2*) be optimal for problem (2.41),
corresponding to (y°, 20) € D(AY?)x D(AY?). Then W* is expressed as

(2.58) W*(t) = —B*R(y*(t),2"(t)), for allt > 0.

Moreover, R has the following properties

(2:59) 2a1ll(y”, 2% < (R(",2°), (1°2°)) 1y < 2620167 20) [,
Jor all (y°,2°) € V =D(AY?) x D(AY?),

(2.60) [R(Y°, 2 lxn < Crll(Y°, 22 p(ayxpay, for all (y°,2°) € D(A) x D(A),

and R satisfies the Riccati algebraic equation

(261) 2(R(@,2), A@.2) gy + 1B* R, 2)l[zen = 1477 + 1427,
for all (y,z) € D(A) x D(A).

Here, c1,c2,CRr are constants depending on the problem parameters, 2 and
1E" (000) [l -

Proof. Let T be positive and arbitrary. By the dynamic programming principle
(see e.g., [1], p. 104), the minimization problem (2.41) is equivalent to the following
problem

: L7 2 2 2
o) | Min L0 LA A0 19 (0) it 200(T), ()
subject to (2.15)—(2.16), equivalently (2.57). We introduce the adjoint system
G0N0 =A(pT (1), q7 (1)) = (A%y*(1), A%2*(1)), in (0,T) x €,
(P"(T),q"(T)) = —R(y*(T),2*(T)), in Q.
We have used (2.54) for writing the final condition at ¢ = T. We shall prove that
the solution to (2.63) is independent of 7. By the maximum principle in (2.62), we
have that
(2.64) W) = B (" (1), 47 (1)), ae. 1€ (0,7)
(see [14], p. 114; see also [1], p. 190). For proving (2.60), let (y°, 2%) € D(A)x D(A).
We shall prove that (p”,¢") is in C([0,T); H x H). For the reader’s convenience

we give the argument, following the idea from [6] and [7], adapted to the current
problem. We define (p,q) = A(p’,q") where A is the operator

- [A2 0

=[N e

(2.63)

By recalling (2.13) we see that A* and A commute and so we obtain the system

2 (5,3)(t) — A*(B(E), A1) = (A¥2*(8), AY22(1)), in (0,T) x O,
(2(1),q(T)) = —AR(y*(T),2*(T)), in Q.

According to (2.44), we have (AE/Qy*,A3/2z*) € L*0,T;H x H). Since

R(y*(T),z*(T)) € V! x V' we get AR(y*(T),z*(T)) € H x H. By applying a
backward version of Proposition 2.1, formula (2.9) we see that system (2.65) has a

(2.65)
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unique solution (p,q) € C([0,T);V) and so (p’,q") € C([0,T); H x H). Next, we
prove the relation

(2.66) R(y°,2°) = —(»"(0), 4" (0)).

To this end, let us consider two solutions to (2.62), (W* y* z*) and
(Wi, y5, 27), corresponding to (y°,2°) and (y', z!), respectively, both belonging to
D(A) x D(A) and get by a straightforward computation that

(267)  @(",2") — 2y ") < —((p"(0),¢7(0)), (v —y" 2" — ).

This implies that —(p”'(0), ¢7'(0)) € 0®(y°, 2°). Since, @ is differentiable on D(A/2)x
D(A'Y?) it follows that —(p”(0),¢7(0)) = ®'(3°,2°) = R(y°,2Y), as claimed in
(2.66). Since (p’,q") € C([0,00); H x H), this implies that (p? (0),¢*(0)) € H x H
and so

(2.68) R(y°,2%) € H x H for all (3°,2°) € D(A) x D(A).

On the other hand, one can easily see that R is a linear closed operator from
D(A) x D(A) to H x H, and so by the closed graph theorem we conclude that it is
continuous (see e.g., [8], Th. 2.9, p. 37), that is R € L(D(A) x D(A); H x H), as
claimed by (2.60).

We define the restriction of R to H x H, still denoted by R. Thus, its domain
contains D(A) x D(A). Next, resuming (2.64) which extends by continuity at t = T,
in V' we get
(2.69) W*(T) = B*(p"(T),q" (T)).

Moreover, since (y*(t),z*(t)) € D(A) x D(A) for all t > 0, by (2.44), we have by
(2.68) that R(y*(t),2*(t)) € H x H for all t > 0. In particular, this is true for t =T
and so using the final condition in (2.63) we get
(2.70) (p"(T),¢"(T)) = —R(y*(T),z*(T)) € H x H.
This relation combined with (2.69) implies

WH(T) = =B*R(y"(T),2*(T))
where T is arbitrary. Therefore, it can be written for any ¢, as in (2.58), as claimed.

Inequalities (2.59) follow immediately by (2.53) and (2.43).

By (2.58), we also remark that
(2.71) JU(t) = fu(v™(t),u*(t)) = —BB*R(y*(t), 2*(t)),
that can be used to give the expressions of u* and v*.

To prove (2.61) we consider (y°,2°) € D(A) x D(A). By (2.41) and (2.62) written
with T' =t we get

* * 1 > * * *
(2.72) Dy (1),z7(1)) = 2/t (I Ay () H+N Az ()7 +IW* (5)[Iz2n) ds,
for any ¢ > 0. We note that
IBB*R(y*(t), 2" ()|l < CrllR(y*(t), 2" (8) | > rt
< Coll(y* (1), 2" ()l payx DAY
since (Ay*(t), Az*(t)) € H x H and R(y*(t),2*(t)) € H, a.e. t > 0.
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System (2.57) in which the right-hand side is replaced by (2.71) becomes a closed
loop system with the right-hand side —BB*R(y*(t), z*(t)). Since A satisfies (2.11)
and (2.12) and BB*R is continuous from V x V' — V' x V' then —(A + BB*R)
generates a Cp-semigroup on H x H (see also Lemma A3 in [7], Appendix).

Hence, the closed loop system (2.57) has, for (y°,2°) € D(A) x D(A) = D(A), a
unique weak solution (y*(¢), 2*(t)) € C([0,00); H x H) (see [2], p. 141), such that

Aly* (1), 27 (t)) + BB*R(y"(t), 2 (1)) € L=(0, 00; H),

S (0,2 (1) € (0,001 H).

But BB*R(y*(t), z*(t)) € L*(0,00;H) and so A(y*(t), 2*(t)) € L?(0, 00; H).
Now, we differentiate (2.72) with respect to t, recalling (2.53) and that R is
symmetric. We get

(R@*(t),z*(t)), d(y*<t>,z*<t>>)

1 . .
o + 5 (I4y" @)% + 142" )1%)
HxH

(2.73) )
+ iHB*R(y*(t),z*(t))H%QN =0, a.e. t > 0.

Replacing 4 (y*(t), 2*(t)) from (2.57) in (2.73) and taking into account (2.58) we
have

(R(y" (1), 2°(1)), —A(y"(£), 2" (1)) premr + % (lAy* @Ol7 + 142" ®)17)

+%|]B*R(y*(t),z*(t))H%QN:(R(y*(t),z*(t)),BB*R(y*(t),z*(t))HxH, t>0
which implies (2.61). O

2.3. Feedback stabilization of the nonlinear system. In this section we shall
deal the nonlinear system (1.21)-(1.23) in which the right-hand side (f,v, fou) is
replaced by the feedback controller determined in the previous section, that is

(2.74) fLU(t) = —=BB*R(y(t), =(1)).

In the abstract form the closed loop system reads

oy OOOFAG. 0= ~BE R, (1), ac. t >0,
(¥(0),2(0))=(y0, 20),

where (yo, 20) is fixed now by (1.17), G(y(t)) = (G(y(t)),0) and

(2.76) Gy) = ~(A" = DE()

We recall that F; is the rest of second order of the Taylor expansion of F'(y + ¢uo),
which is expressed here in the integral form

1
(2.77) F(y) = y2/0 (1= 8)F" (poo + sy)dy = y* + 3oy

Theorem 2.5. Let (yo, 20) € D(AY?) x D(A'/?). There exists p such that if
(2.78) lvoll pearrzy + [[z0ll prarszy < p,



INTERNAL FEEDBACK STABILIZATION OF A CAHN-HILLIARD SYSTEM 125

the closed loop system (2.75) has a unique solution
(2.79) (y,2) € C([0,00); H x H)N L?(0,00; D(A) x D(A))
AW2(0, 003 (D(A'?) x D(AY2))),

which is exponentially stable, namely

(280) Iyl pearz) + 12 pearzy < Coce™ = (lyoll parrzy + lz0ll prarsz)s

for some positive constants ko and Cs, which depend on €2, the problem parameters
and ||@ool|oo-

Proof. The proof of this theorem will address the existence and uniqueness of the
solution to (2.75) and the stabilization result. The arguments are as in the proof of
Theorem 3.1 in [7], but relevant modifications due to the new form of the operator
A do impose.

First, existence and uniqueness are proved on every interval [0, 7] by the Schauder
fixed point theorem and then they will be extended to the whole [0, c0).

Let r be a positive constant which will be specified later. For T > 0 arbitrary
fixed, we introduce the set

Sr={(v.2) € L(0.T: H m); s (I(Olpeas) + 10 pgae)
(2.81) T ’
+ [ Qavolf + 1A=l < )
which is a convex closed subset of L2(0,T; D(A'/?) x D(A/?)).
We fix (y,Zz) € St and consider the Cauchy problem

d . _
sy OOOFABD. OB R 0) = G0, ae. >0,
(¥(0),2(0)) = (o, 20)-
We prove that the solution to this problem exists and it is unique and define ¥ :
St — L2(0,T;V) by ¥r(y,%) = (y, 2) the solution to (2.82).
We assert that this mapping has the properties:
(i) Ur(Sr) C St provided that r is well chosen;
(ii) W7 (St) is relatively compact in L2(0,T; D(AY2) x D(AY?));
(iii) W7 is continuous in the L2(0,T; D(AY?) x D(AY?)) norm.
To show all these we give next the proof.
One can observe, by (2.55) and (2.56), that BB* is continuous also from V' to
H,

IBB*R(y(t), 2(t))ll% < Cl[R(y(t), 2())[[v

with C depending on [|[F(¢so)|lec- Using the definition of R one can check that
A + BB*R satisfies similar relations as in (2.11) and (2.12). Since (yo,z20) € V =
D(AY?) x D(A'/?) the Cauchy problem (2.82) has a unique solution

(2.83) (y,2) € C([0,T]; V) N W2(0,T;H) N L*(0,T; D(A))
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provided that G(y) € L2(0,T;H x H). Moreover, relation (2.83) implies that
(y(t),2(t)) € D(A) x D(A) a.e. t € (0,7) and so R(y(t),2(t)) € H x H a.e.
€ (0,7).
Recalling that G(7) has the first component G(7) and the second zero, it remains
to show that G(y) € L?(0,T; H). We have

6@ = (4 - nEE)|
< Coll F )
< Collg’(s) + 3 (5) I
< o (1T 1Sy a172) + ol BT 172))

with C¢ depending on  and the problem parameters. Since (7,%) € St it follows

/ |G@s)Ids < Ca / 1AT() I3 14253 (14251 + ool ) ds

(2.84)

(2.85) < Co(r + lpsol2r?) /0 | Az(s) 13,
< Colr® + [poellZer).

To prove that (y,z) € St we multiply (2.82) by R(y(t), z(t)) € H scalarly in H,

%%(R(y(t)a Z(t))v (y(t)> Z(t)))HxH + (A(y(t), z(t)), R(y(t)a z(t)))HXH
= —||B*R(y(1). 2(t))llzzn + (@), R(y(1), 2(t)) irxr, ae. t >0,
and use then the Riccati equation (2.61). Recalling (2.60) we obtain
5 S (Ry(0), 2(0), (0(0), ()

5%
(HAZ/( )Er + [A=@)N7 + [1B*R(y(2), 2(t) Igen)
< Hg( O) > | B(y(2), 2(0) | >t
_ 1/2
< CrIG@®) 1 (1 Au(®)l + A=) )
1
< 5 (IAy® 7 + [Az(1)I[7) + ACRIGGD)IIF ace. t € (0,T).
Integrating over (0,t) and using (2.59) we get
1 t
261 [0 avs) + 12O a5 [ (14N + 1 Ax(3) ) s
t
< 2¢y <HyoH%(A1/2) + HzUHQD(A1/2)> + 80123/0 IG (5(s))l7ds,

and further

1 t
Iy 4172y + 12O a12) + 7 (HAy(S)HfHJr 1Az (s)II%) ds
( ) ( ) 461
(2.86)

< 2 (Il + lzolpas) + HG )3 ds.
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We have to impose that the right-hand side is less than 72 and using (2.85) we write

C J—
(2.87) ﬁpQ + 0L + [lpoo|Zrh) < 72,

where C] = R1 Co depends on the problem parameters, 2 and || F(¢oc)||oc (Which,
in this case, is proportlonal with ||¢eollco). Relation (2.87) is satisfied e.g., by the

choice £ p2 % that is,

C1

2.88 =74 —

(2.88) p 20y

and by setting the appropriate r from the inequality
2C17* 4 2071 || poo||Zr? — 1 < 0.

We take

~Cillgool + O lioellt + 2C1
20, '

(ii) The fact that ¥y (St) is relatively compact in L?(0,T; D(A'Y/?) x D(AY/?))
follows because by (2.83), 4 (y, 2) € L*(0,T; Hx H), (y,z) € L?(0,T; D(A) x D(A))
and D(A) x D(A) is compactly embedded in D(AY/?) x D(AY/?).

(iit) Let (Fn,Zn) € ST, (TnsZn) — (7, %) strongly in L2(0,T; D(A'Y?) x D(AY?)),
as n — oo. We have to prove that the corresponding solution (yn, 2n) = Y7 (Un, 2n)
to (2.82) converges strongly to (y,z) = (7, %) in L?(0,T; D(AY?) x D(AY?)).
The solution (yy, z,) to (2.82) corresponding to (Un,Zn) is bounded in the spaces

(2.83), due to the estimate (2.86). Hence, on a subsequence {n — oo} it follows
that

(2.89) 0<r<ry:=

(Yn, zn) — (y, z) weakly in L2(O,T; D(A) x D(A)),

dy, dz, dy dz .19
=, — kl L T:H x H
<dt dt>_><dt’dt> weakly in L*(0,T; H x H),

and by the Aubin-Lions lemma
(Yn, 2n) — (y, 2) strongly in L?(0,T; D(AY?) x D(AY?).

Let us to show that G(7,) — G (%) weakly in L?(0,T; H), by treating the terms in
(2.85). We want to show that

[ o - = [ (ta- ><F<%<t>—Fr<y<t>>,w<t>) it

H

/ / () — Fr(@) (A7 — Dp(t)dadt — 0,
for all ¢ € L*(0,T; H).

Because {7 (t)}n is bounded in V for all t € [0,7] and ¥, — 7 strongly in
L?(0,T;V), we have 7,° — %° and 7,2 — %? weakly in L?(0,T; H) implying
F,.(yn) — F,(y) weakly in L%(0,T; H).
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Now, writing the weak form of (2.82) corresponding to (¥n,Zz,) and passing to
the limit we get that (y,z) = Up(7,Z). As the same holds for any subsequence this
ends the proof of the continuity of Wr.

In conclusion ¥ satisfies the conditions of Schauder’s theorem and has a fixed

point, ¥(y) = y.

The uniqueness is proved using system (1.21)—(1.23) before expanding F’(y+¢uo)-
We consider two solutions (y1, 1), (y2,22) and denote y = y; — y2, 2 = 21 — 22. We
write the equations corresponding to these solutions and subtract them

1
yo+ A+ AT =2y — (A7 = DF (51 + po) = F'ly + 90))
-f—l(A*1 —I)z— ’Y—l(A*1 — Dy = fuv, in (0,00) x Q,
T T

2t + l(A -1z + A(I — A)y = fou, in (0,00) x Q,
7’ T
y(0) =0, 2(0) =0, in Q,

where F’(r) = r3 — r. Next, we multiply the first equation by y and the second by
Az, with A a value to be specified later, getting

SOl + 5
< CuA™ Y0,y + Cally Ol + ~ (T = A () = F/(12), V),

+ Co((A7 = 1)2(0),y(6)) i + Cul=(0) s
+ C(y(0), 2(0)) 1+ ColAy(®) =00 + (For(0), )1 + ALfor(®), =)

and proceed by estimating the terms in a similar way as in the previous calculations.
Here, Y; := yl(t) + Yoo, t = 1,2, Y =Y1-Y= y(t)

We present only some less evident estimates. We recall that by (2.55), (2.56),
that BB* is continuous from V' to H and write

(fou®), Az()) g < Al foru®) | all2(0) | < M LU @l3ll2(0)]|
= AIBB*R(y(t), 2(t)) Il z(t) [lr < CAIR(y(2), 2(8)) [l l|2(8)]|
< CAll(y (@), () v ll=(8) |
< 3| A2y ()3 + CsX[l=(8)II7 + %HAI/ZZ(t)H% + CA=(®) 3,

v A
I2()1H + ﬁllAmy(t)H%q + ;”A1/2Z(t)H%I

where Cj denotes several constants depending on §. Then, we have
([-AH(F'(Y1)~F'(Y2),Y)y = (F'("1) = F'(Y2), (I - A7N)Y)

= (v - Y23,Y)H -1 —Ya,Y)y

— (Yf’ - Y3, Ale)H + (Y1 - Y5, Ale)H
and note that the first term on the right-hand side is nonnegative. For the third
scalar product we evaluate only one term, the others obeying a similar estimate:

JoYYZATYde < |V pa)llY2 2@l A7Y || 1aga)
<Y IvIValZ Y v < e A2y @) ally ()] o
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The last term we evaluate is
A(Ay(t), () = MAY2y(t), AY22(t)3 < S| A2y ()13 + CsX*[|2(8)]| -

We obtain

1d

v
O+ 5 <=0+ (5~ hod) 14201

A
+ (50 - ) 142201 < Cally Iy + Call(0

where kg is a positive integer. For § and A chosen small enough, this relation implies
the uniqueness.

In the proof of the well-posedness on [0,T] the value r; does not depend on T.
Thus, we can extend (y,z) from [0,00) to D(AY?) x D(AY?), by (y(t),z(t)) =
(yr(t), zr(t)), for any t € [0,T], where (yr(t), 27 (t)) denotes here the solution on
[0, 7] constructed before. By the uniqueness proof, (yr(t), zr(t)) = (yp(t), 2+ (t))

n [0,7] C [0,7'] and so (y, z) is well defined. Moreover, by the first part of the
proof, under the assumption (2.78) it follows that (y,z) € Ss which is Sp with
T = o0.

Finally, to prove the stabilization result we multiply equation (2.75) by R(y(t), z(t))

scalarly in H x H. We get

5 25 (R, 2(0), ((0), () e
(2.90) 5 (4O + 1A= + 1B R, 20)]2an)
< G (w(t)) | RLy(t). =)
< |Gt (| Ay(t) s+ A=D1

a.e. t € (0,7). Here we used (2.60). We recall (2.84) and (2.48) and compute the
right-hand side

I = Cry/Ca (114250 + ool 21 A2yl ) (IAy(©) s + 42(0)]1 1)
Cl Ay (O AV 2y(0) 13 + CIAY ()3 Ay (1)1 | A= ()|
+Clpocl | Ay (D3I AV 2y ()| 2

+Cloc 2 LAY () || A2y () | 12 I AY 2y (4) 132 1 A= ()

Cl Ay AY 2y ()13 + CIAY2y() |14 + CIAY 2y () 1311 A=()|%
+Cloc | Ay () |3 1AV 2y ()| 2

+C oo N Ay O IAY2y(8) |11 + Cllool 2 A28 ]| A= (1) [

IN

IN

Since (y,2) € Sao , we have ||AY2y(t)||z < r and so

I < Ci(lAy@)II + 1AzON1F) (2 + llpoollZer),
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where C7 depends on the problem parameters, Q and ||F(po)|/co- Replacing in
(2.90), we conclude that for a.e. ¢ we get

(2.91) %(R(y(t% (1)), (y(t), 2(0)) e + || Ayl + 1| A2 )1
< C1 (14yl1F + 1Az11F) (7 + llpoolZr) -

Now, we impose
Cy:=1-C; (7‘2 + ||<poo||gor) >0

and so we get

R 72 N
ol + T llensllt, + 4T3

2.92 <rg: —
(2.92) r<ry e

We fix p by (2.88) where

(2.93) r < ro:=min{ry,r2}.

In conclusion, we have got that

d
(2.94)  —(R(y(t),2(2)), (y(2), 2(t))) 1 + O (I AyO1H + 1Az(2)|7) <0
a.e. t € (0,00). Recalling (2.48) and (2.59), we deduce that

o g B0, 60, 0)n

+ Coco(R(y(t), z(t)), (y(t), 2(t)))uxma <0, a.e. t € (0,00).
This implies
(2.96) (R(y(t), (1)), (y(8), 2(0)) rrxrr < €= (R(yo, 20), (%0, 20)) rrx 1t

where k := % and, owing on (2.59), we deduce that

72kt”(

Cl”(f‘/(t)aZ(t))”%(m/?)xp(mm) < ce yO7ZO)||2D(A1/2)><D(A1/2)7 a.e. t>0,

which leads to (2.80). As seen along the calculations, the constants k, ¢1, co in the
relation before depend on on the problem parameters and || F'(¢o)||oo Which reduces
here t0 ||@oo|loo-

Thus, one can fix p by (2.88) depending on the problem parameters and on
|| Pco||co such that the stationary solution is exponentially stabilized. This concludes
the proof. O

3. STABILIZATION OF THE VISCOUS CAHN-HILLIARD SYSTEM
WITH THE LOGARITHMIC POTENTIAL

In this section we discuss the stabilization of system (1.21)—(1.23) in which F
is the logarithmic potential (1.7). For this singular function we cannot follow the
computations as provided before, but we need to work first with a regular potential
which will be obtained by applying a cut-off function to F.

Let € be positive fixed, € € (0,1) and assume that

(3.1) Voo is analytic in Q, |peo(z)] <1 —¢ for z € Q.
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We define x. € C§°(R) such that
1, for |r|<1-—¢
Xe(r) = { 0, for [r|>1- 5,
and
0<xe(r) <1 for re(=14+5,-1+cJU[l—¢,1-5).
We also define the regularized potential

F(r), forre[l—e,1+¢]
Fr) =14 F(r)xe(r), forre(=1+5-14+¢eU[l—g1-5%)
0, for |r|>1- 5,

which is of class C§°(R). The singular function F' in (1.21) will be replaced by the
regular function F;(r) and similar results as those presented in Section 2 will be
first proved for this new function.

We mention that, due to (3.1), F; and its derivatives computed at ¢o coincide
with the derivatives of F' at ¢, and so we can omit for them the subscript ¢ (that is
why in (1.21) we can keep the notation F”(p~)). Moreover, F. and its derivatives
are continuous (and bounded) on [~1 + 5,1 — 5] and they are zero outside this
interval. We also specify that the derivatives of F' that will be involved in the next
computations are continuous on {r;|r| <1— 5} . Let us denote

Cp = F"||poe(-1121-2) OF = [ F" |l (—1121-2),
and set

(3.2) Cr = max{C%, C¥}.
Due to the definition of F; it follows that
[F e (—145,1-5) < CCp < CCp, ||F||poe(-145,1-5) < CCF.

The value Cg is a constant but we let it written as it is in order to recall its
connection with the function F. In this case the nonlinear system (1.21)-(1.23) is

1 /! — l _
vt A+ AT =2y — —(AT = D(E(po)y) + (AT =Dz = T(AT D)y
(3.3) _ fou+ %(A*l _D)F.(y), in (0,00) x O,
(3.4) o+ %(A _ D)+ é(z ~ Ay = fou,, in (0,00) x O,
(3.5) y(0) = yo, 2(0) = 2o, in Q,

where F, . is the rest of second order in the Taylor expansion of F.(y+ ¢o), written
in the integral form

1
(3.6) Foo(y) = /0 (1= 5)FY (9o + sy)ds.

Therefore, we get the same linearized system (2.2)-(2.4) with the corresponding
operator A given by (2.7) and consequently, all results in Sections 2.1 and 2.2, that
is Propositions 2.1-2.4 remain valid, with the constants depending on the problem
parameters, Q and possibly on Cp via || F" (¢so)]0o-
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The nonlinear system in the closed loop form is

%(y(t),Z(t))+«4(y(f),2(t)) = G:(y(t))—BB*R(y(t), 2(t)), a.e. t>0,

(¥(0),2(0)) = (%0, 20),
where G.(y) = (G:(y),0), and
(38) Gely) = ~(A™ = D)F,(y).

The main results are enunciated in Theorem 3.1, for the function F; and Theorem
3.2, for the function F.

(3.7)

Theorem 3.1. Let (yg,20) € D(AY?) x D(AY?). There exists p (depending on
the problem parameters, Q@ and Cr) such that if (2.78) takes place, the closed loop
system (8.7), corresponding to F., has a unique solution in the spaces (2.79). The
solution is exponentially stable, and satisfies (2.80), for some positive constants koo
and Cys which depend on the problem parameters, Q and Cp.

Proof. The arguments are the same as in the proof of Theorem 2.5, but some mod-
ifications in the computations are necessary due to the current expression of the
potential. We shall point out only the computations which are different.

We define St as in (2.81). To prove the existence of the solution to (3.7) we
proceed again by the Schauder fixed point technique, set (7,%) € Sy and introduce
problem (2.82) with G replaced by G.. We show that the new G.(y) € L?(0,T; H).
We have by (3.8),

(3.9) IG=@®)llir < CellFre@0)lla < CaCrllAY?y(t)I1F,

where Cg denotes various constants depending on €2 and on the problem parameters.
Next, since (y,%) € St we obtain

T T
(3.10) / |G- @) 13t < CaC? / |AY2g(1) | ydt < CoChrt,
0 0

Therefore, problem (2.82) has a solution (2.83). To prove that Ur(S7) C St we
recall (2.86) and impose the condition

4C%
ijQ + —BCqCErt < r?
C1 C1

where %C’G := Cy depends on the problem parameters, Q and Cr (via || F(¢o0)|/00)-

Here we can choose again

C1
3.11 ]
(3.11) P ="\ 25

and CoC2r* < = This yields

1 1

3.12 < =y =.
(3.12) rsnis e E

Further, the proof of the solution existence follows as in Theorem 2.5.
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In the part concerning the uniqueness there is only one change for the term
involving F.(y 4+ ¢oc), namely

(I = A (FLy1 + ¢o0) = FLly2 4 ©00))s 4) 5
= (FL(Y1) = FL(Ya),(I = A7NY)
<|FL(W1) — FL(Y2)|ull(I = A YY|lg < CCR|Y |-

Here, we used the fact that F is Lipschitz with the constant C.
The last part concerning the stabilization result is led in the same way as before,
recalling (3.9). We resume the right-hand side in (2.90) and using (2.48) we have

CrllGe(yO) | ([ Ayl + [[Az(@) ] 1)
< CFCRI Ay )3 1Ayl + | A=(t)1r)
< GO A 2y(0) | (1 Ay + 1A 2y(0) 1| A=) )
< ciCpr (1A I3 + 142503 + 14201
Finally, we obtain
CrlGe(y®))llz (1Ay(O) i + [ A=()l) < 2CTCr (IIAy @)1 + | A=(0)]17) 7

Therefore, (2.91) becomes

%(R(y(t), (1)), (y(t), 2(0))mxar + | Ayll; + 1Az]1E < 2C5Cpr (|| Ayl + | Az1%)

and we have a new condition 2CCpr < 1, which provides

1
< = .
"= o0k

Thus, we can fix p by (3.11), with r set by
(3.13) r < ro = max{ry,ra}

and the proof is continued as in Theorem 2.5. The constants in the relations estab-
lished in this case depend on the problem parameters and on Cr given by (3.2). O

Theorem 3.1 provides a general result for a function F. which together with its
derivatives up to the third order are continuous.
We present the consequence for the logarithmic function F.

Theorem 3.2. Let ¢ € (0,1) be arbitrary but fivred. For all pairs (yo,z0) €
D(AY2) x D(AY?) with lvoll piarrzy + 20l parrzy < p, the closed loop system (5.7)
corresponding to the logarithmic potential F' has, in the one-dimensional case, a

unique solution belonging to the spaces (2.79). The solution is exponentially stable
and satisfies (2.80).

Proof. We recall the result of Theorem 3.1 for the system (3.3)—(3.5) corresponding
to F.. To be more specific we write (3.3) in the form

_ Y+ ;VQ(A +AT - 2)y - %(A’l — D)(FL(y + ¢s0) — F'(¢0))
| —l—%(A*l—I)z—%l(Afl—I)y:fwv, in (0,00) x Q,
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which is exactly that before expanding F!(y + ¢) in Taylor series. Obviously, here
we can write F'(po) instead of F/ (¢ ), because of (3.1). We know that there exists
p given by (3.11) such that if the initial datum is in the ball with the radius p we
have

Iyl parz) + 120 pearey < Coce™ = (lyoll parrzy + 120l prarszy)

3.15
(3.15) < Cpoe™Feotp,

The argument we use further is based on the compactness H'(£2) in C(Q) which
holds for d = 1. Since

(3.16) ()] < Hy(t)Hc(ﬁ) < CQHy(t)HD(Al/?) < CoCoe™™"p

relation (3.15) implies that |y(t)] — 0, as t — oo and so, for a sufficient large t,
t > t In %, we can find the values of |y(¢)| in a ball with the radius less than
1—-e.

Moreover, one can set a new p such that the solution remains less than 1 — ¢ for
all ¢ > 0. Because |¢oo| < 1 — g, we can write |poo| <1 —¢e — 9, with § € (0,1 —¢)
and so we can impose in (3.16) that

ly(t)| < CqCuoe ™ =tp < § for all t > 0.
This happens if

<
P= CoCn

and, recalling (3.11) we can set a new p as

< min 0 r “a
p= CoCx’ \ 265

with r < rg by (3.13). Then, we have
ly(t) + poo| <0 +1—e—d=1—cforallt>0,

and consequently we can write F.(y + ¢o0) = F'(y + ¢oo) in (3.14). In conclusion,
our solution y(t) actually satisfies system (3.14), (3.4)-(3.5) corresponding to the
function F' and we have the stabilization result in the one-dimensional case. O

The following consequence for the system in 6 and ¢ is immediate.

Theorem 3.3. There exists p such that for all pairs (vg,0y) € D(AY?) x D(AY?)
with

0 = ool prarrzy + 180 — Osc) + Lo — Yool prarrzy < p
the closed loop system (1.9)—-(1.12), with (1} v,1%u) replaced by (2.74), correspond-
ing to the double-well potential (1.6), has a unique solution belonging to the spaces
(2.79). The solution is exponentially stable and satisfies

lo(t) = ool prarrzy + [1(0() = bs0) + U{p(t) — Poo)ll parrzy
(817) < Cooe™ (g0 — Pocll pparsay+1(B0 — Be)+(00 = 9oc)l prarsey);
for all t > 0.

This result remains true for the logarithmic potential (1.7), but in the one-dimensional
case.
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