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CONTROL THEORY FOR THE BURGERS EQUATION:
AGRACHEV-SARYCHEV APPROACH

ARMEN SHIRIKYAN

ABSTRACT. This paper is devoted to a description of a general approach intro-
duced by Agrachev and Sarychev in 2005 for studying some control problems for
Navier—Stokes equations. The example of a 1D Burgers equation is used to illus-
trate the main ideas. We begin with a short discussion of the Cauchy problem
and establish a continuity property for the resolving operator. We next turn to
the property of approximate controllability and prove that it can be achieved by a
two-dimensional external force. Finally, we investigate a stronger property, when
the approximate controllability and the exact controllability of finite-dimensional
functionals are proved simultaneously.

1. INTRODUCTION

In the paper [2], Agrachev and Sarychev introduced a new approach for in-
vestigating the controllability of nonlinear PDEs. They studied the 2D Navier—
Stokes equations on a torus controlled by a finite-dimensional external force and
proved the properties of approximate controllability and exact controllability in
finite-dimensional projections. These results were later extended to the Euler and
Navier—Stokes systems on various 2D manifolds; see [3, 12, 4].

The Agrachev—Sarychev approach was developed in many works, and similar
controllability results were established for a number of nonlinear PDESs, including
some equations for which the well-posedness of the Cauchy problem is not known
to hold. Namely, the 3D Navier—Stokes equations were studied in [14, 15], Ner-
sisyan [9, 10] investigated the 3D incompressible and compressible Euler systems,
and Sarychev [13] studied the cubic Schrédinger equation on a 2D torus. The
Lagrangian (approximate) controllability of the 3D Navier—Stokes equations was
proved by Nersesyan [11], and the approximate controllability of the 1D Burgers
equation with no decay condition at infinity was established in [16].

Let us mention that there is enormous literature on the problem of controllability
for nonlinear PDEs (e.g., see the books [7, 6, 5] and the references therein). However,
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we do not discuss those works here, since our main focus is the Agrachev-Sarychev
approach. We shall give a concise self-contained account of their method, using the
example of the 1D Burgers equation

(1.1) Opu — vO*u + udyu = h(t,z) + n(t,z), =z <€ (0,7),

where v > 0 is a fixed parameter, h is a given function, and 7 is a control. Equa-
tion (1.1) is supplemented with the Dirichlet boundary condition and an initial
condition at t = 0. It will be proved that, given any L? function 4 and a continuous
mapping F : L? — RY that possesses a right inverse on a ball centred at F(), any
initial point can be steered to an arbitrary small neighbourhood of % in such a way
that the value of F' on the solution coincides with F(4); see Section 4 for the exact
formulation. Finally, let us emphasise that the goal of this paper is to illustrate the
Agrachev—Sarychev method on a simple example, and we do not aim at doing it
under the most general hypotheses; the results presented in this paper can certainly
be extended in many directions.

The paper is organised as follows. In Section 2, we recall a well-posedness result
for the Burgers equation and establish some estimates and continuity properties
for the resolving operator. Section 3 is devoted to the problem of approximate
controllability. We formulate the result and give its detailed proof. In Section 4,
we establish the main result of the paper, extending the property of approximate
controllability. The appendix gathers some auxiliary assertions used in the main
text.

Notation. We write I = [0, 7] and J; = [0,¢] for ¢ > 0. For a closed interval J C R
and a Banach space X, we shall use the following functional spaces.

L? = L2(I) is the space of square-integrable measurable functions u : I — R; the
corresponding norm and inner product are denoted by || - || and (-, -).

H?® = H*(I) denotes the Sobolev space of order s on the interval I with the standard
norm || - ||s.

H§ = H{(I) stands for the closure in H® of the space of infinitely smooth functions
with compact support.

C(J, X) denotes the space of bounded continuous functions v : J — X.
LP(J, X) is the space of Borel-measurable functions u : J — X such that

1/p
lullr(sx) = (/J IIU(t)Ilg(dt) < 00

in the case p = oo, this norm is replaced by [|ul| oo (s x) = ess sup;e s [|u(t)| x-
We denote X (J) = C(J, L?) N L?(J, H}). In the case J = Jr, we shall write X7

L(X,Y) is the space of continuous linear operators from X to Y.

2. CAUCHY PROBLEM



CONTROL THEORY FOR THE BURGERS EQUATION 221

2.1. Well-posedness. Let us consider the Burgers equation on the interval I =
[0, 7] with the Dirichlet boundary condition:

(2.1) Oy — vO?u 4 udyu = f(t,z),

(2.2) u(t,0) = u(t,m) = 0.

Here u = u(t, ) is a real-valued unknown function, v > 0 is a parameter, and f is
a given function. Equations (2.1), (2.2) are supplemented with the initial condition

(2.3) u(0,2) = up(z).

The following theorem establishes the well-posedness of the Cauchy problem for the
Burgers equation in an appropriate functional space.

Theorem 2.1. Let T and v be some positive numbers. Then, for any ug € L? and
f € LY(Jr,L?), there is a unique function u € Xr that satisfies (2.1)—(2.3).

Proof. We confine ourselves to a formal derivation of an a priori estimate for so-
lutions and to the proof of uniqueness of solution. A detailed account of initial—
boundary value problems for some non-linear PDEs can be found in [8, 17].

A priori estimate. Let us set

Eu(t) = llu(t)|? + 20 /0 |0,u(s) | %ds.

We multiply Eq. (2.1) by 2u and integrate over I x J,. After some simple transfor-
mations, we get

£u(r) = ol +2 [ (£(6).u(e) ds
< ol + 211z s, 1) sup Jfus)]).
0<s<r
Taking the supremum over r € [0, ], we see that
(2.4) Eu(t) < 2luol® + 411310y, 12 for0<t<T.

Uniqueness. If uy,us € Xp are two solutions, then the difference u = u; — us
satisfies the equation

Oyu — V&%u + u0zuq + usdpu = 0.
Multiplying this equation by 2u, integrating over I x J;, and using the relations
(w2050, 2u) = —(Opuz, w?),  |[u?|| < [z Jull < C'llull g full,

we derive

Eu(t) = // uQ(Gmug — 20,u1) dxds
I><Jt
t
< / g() 1)l g1 [u(s) 1 ds
t 1/2
< ||u|rLz<Jt,H1)( /0 92<s>||u<s>|2ds> ,
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where g(t) = C ||0puz — 20,u1|| is an L? function of time. Estimating ||u(t)|| and
ull 27, m51) BY /Eu(t), it follows that

t
Eu(t) < (20)! / G ()Eu(s) ds.
0
Applying the Gronwall inequality, we conclude that u = 0. g

Remark 2.2. Let us denote by R : L? x L'(Jp, L?) — Xr the resolving operator
for problem (2.1)—(2.3), that is, a non-linear mapping that takes a pair (ug, f) to
the solution u € Xr. Using rather standard techniques (e.g., see the book [17] and
the references therein), one can prove that R is uniformly Lipschitz continuous on

bounded subsets. Moreover, the same property is true when L!(J7, L?) is replaced
by L?(Jr, H™1).

Remark 2.3. The above-mentioned results are valid in a slightly more general
setting. Namely, let us consider the equation

(2.5) O — vO2(u+w) + (u+v) Op(u+v) = f(t,x), x € (0,7),

supplemented with the initial-boundary conditions (2.2) and (2.3). One can prove
that, for any ug € L? and any functions

ve Xp+ L*(Jp,H?), weL'(Jp,H?), felL'(Jp,L*+L*(Jp,HY),

problem (2.5), (2.2), (2.3) has a unique solution u € Xp, and the associated resolving
operator that takes (v, w, f,ug) to u is uniformly Lipschitz continuous on bounded
subsets.

In what follows, we denote by Ri(ug, f) the restriction of R(ug, f) at time t.
That is, R; takes (ug, f) to u(t), where u(t, z) is the solution of (2.1)—(2.3).

2.2. Continuity of the resolving operator in the relaxation norm. In the
previous subsection, we discussed the existence and uniqueness of solution for prob-
lem (2.1)—(2.3) and the Lipschitz continuity of the resolving operator. It turns out
that the latter property remains true if the right-hand side is endowed with a weaker
norm in t and a stronger norm in x. Namely, define the relazation norm

/Otf(r)dr

on the space L!(Jr, H®) and denote by Bs(R) the set of functions f € L(Jp, H®)
such that || f||s < R.

(2.6) Ills = sup
teJr

Hs

Proposition 2.4. For any positive numbers R and T, there is C' > 0 such that
(2.7) IR (uo1, fr) = Rluoz, f2)llxr < C([luor —wozll + [1fr = f2llh),
where ugy, up2 € Br2(R) and f1, fo € B1(R) are arbitrary functions.

Proof. We first consider the linear equation

(2.8) O — vd*u = f(t,x)
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supplemented with the zero initial and boundary conditions. By Theorem 2.1, this
problem has a unique solution K f € Xr for any f € L'(Jp, H'), which can be
written in the form

t t
(2.9)  (Kf)(t) = / =932 £(5) ds = F(1) + v / =022 () ds,
0 0

where we set F(t) = fot f(s)ds. The function §2F belongs to C(Jr, H~1), and the
integral in the right-most term of (2.9) is a solution of (2.8) with f = 92F. Since
the mapping f — 02F is continuous from the space L!(Jr, H') (endowed with the
norm ||-[|1) to L*(Jr, H~1), recalling Remark 2.2, we see that the mapping f + K f
is continuous from L!(Jp, H') to Xr.

We now turn to the non-linear equation (2.1). Its solution can be written in the
form v = K f + v, where v € Xp is the solution of the problem

o —vd*v+ (w+ Kf)0,(v+ Kf) =0, v(0)=ug.

By Remark 2.3, this problem has a unique solution v € Xp. Moreover, v € Xp
is a Lipschitz function of the pair (ug, K f) varying in the space L? x Xr. As was
shown above, the mapping f + K f is continuous from the space L'(Jr, H') (with
the norm || - ||1) to Xr. Hence, we obtain the required Lipschitz-continuity of the
mapping R(uo, f). O

In what follows, we shall need an analogue of Proposition 2.4 for Eq. (2.5) in
the case when the right-hand side is endowed with the weaker norm | - [Jo. In this
situation, the resolving operator is only Holder continuous in f. The following result
is one of the key points of the theory developed in the next two sections.

Proposition 2.5. Let u; € Xp, i = 1,2 be solutions of problem (2.5), (2.2), (2.3)
corresponding to some data ug; € L?, v;,w; € L*(Jr, H?), and f; € L?(Jr, L?) that
belong to the balls of radius R centred at zero in the corresponding functional spaces.
Then there is a constant C > 0 depending only on R and T such that

1/3
(2.10)  [Jur — ugllxy < C(Jluor — uo2ll + | f1 — f2|||o/

+ [lvr = v2ll 205y, 2y + llw1 — ’LU2||L2(JT,H2))~

Proof. Let us represent a solution u of Eq. (2.5) in the form u = K f + 4, where
the linear operator K is defined in the proof of Proposition 2.4 (see (2.9)). Then @
must satisfy the equation

Ou—v:(u+w)+ (u+v+Kf)Opu(u+v+Kf)=0

and the initial-boundary conditions (2.2), (2.3). Therefore, applying Remark 2.3,
we see that

a1 — Gl xr < C(lluor — uo2ll + 1K fr — K fol xy
+ (o1 = vall L2 2y + lwr — wall 205, 12))-

Thus, the required inequality (2.10) will be established if we prove that, for any R
and T, there is a constant C7 > 0 such that

(2.11) K Fllap < CullFIE2,
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where f € L?(Jr, L?) is an arbitrary function whose norm is bounded by R.
To this end, note that

(2.12) 1K flle(rp,mry + 1K fll2 (g m2) < Ca.
Furthermore, we have the interpolation inequalities

1/2 1/2 2/3 1/3
Izl < Callz 2212, Izl < Call=13? 1201, 2 € H? N HS.

Combining this with (2.12), we obtain
1K fllar = 1K fllos,n2) + 1K fllzzm,
< Cu(IIK AU gy + VKIS g )
Thus, to prove (2.11), it suffices to show that
1K fller,ma-1) < Csllfllo-

This follows from (2.9) and the inequality [|02¢7%|| 21 < Cer /2, which is
true for 7 > 0. The proof is complete. O

3. APPROXIMATE CONTROLLABILITY

3.1. Formulation of the result and scheme of its proof. Let us consider
Eq. (1.1), in which h € LL (R, L?) is a given function and 7 is a control. We

loc

fix an arbitrary number 7' > 0 and a subspace E C L?.

Definition 3.1. We shall say that Eq. (1.1) is approximately controllable at time T
by an E-valued control if for any ug, 4 € L? and any ¢ > 0 there is n € L?(Jr, E)
such that

(3.1) IR (uo, h +n) —afl <e.

The following theorem shows that the approximate controllability is true for any
positive time with a control function taking values in a two-dimensional space.

Theorem 3.2. Let h € L (Ry,L?) and let E be the vector span of the func-
tions sinz and sin2x. Then Eq. (1.1) is approzimately controllable at any time T

by an E-valued control.

This result is proved in Section 3.2-3.5. Here we present the scheme of the proof.

Outline of the proof of Theorem 3.2. Let us fix positive numbers 1" and ¢, arbitrary
functions ug, @ € L?, and a finite-dimensional space G C H& N H?. We shall say
that Eq. (1.1) is e-controllable by a G-valued control (for given data ug, @, and T') if
there exists € L?(J7, G) such that (3.1) holds. Theorem 3.2 will be established if
we show that, for any ug, % € L?, Eq. (1.1) is e-controllable by an E-valued control.
The proof of this fact is divided into four steps.

Step 1: Extension principle. Along with (1.1), consider the equation

(3.2) O —vdi(u+C(t, ) + (u+ C(t,2)0e(u + C(t, x)) = h(t, ) + n(t, x),
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where 7 and ¢ are G-valued controls. We say that Eq. (3.2) is e-controllable by G-
valued controls if there are functions 7, ¢ € L?(Jr, G) such that the solution u € Xr
of (3.2), (2.2), (2.3) satisfies the inequality

(3.3) [u(T) — 4 < e.

Even though Eq. (3.2) is “more controlled” than Eq. (1.1), it turns out that the
property of e-controllability is equivalent for them. Namely, we have the following
result.

Proposition 3.3. For any finite-dimensional subspace G C H} N H? and any
functions ug, 0 € L?, Eq. (1.1) is e-controllable by a G-valued control if and only if
so is Eq. (3.2).

Step 2: Convexification principle. Now let N C H? N H} be another finite-
dimensional subspace such that

(3.4) N CdG, B(N)cCG,

where B(u) = ud,u. Denote by F(N,G) the intersection of H?N Hg with the vector
space spanned by the functions of the form!

(3.5) 1+ €08 + €8,

where 1, € G and ¢ € N. It is easy to see that F(N,G) C H? N H} is a well-
defined finite-dimensional space containing GG. The following proposition, which is
an infinite-dimensional analogue of the well-known convexification principle for con-
trolled ODE’s (e.g., see [1, Theorem 8.7]), is a key point of the proof of Theorem 3.2.

Proposition 3.4. Let N,G C H>N H& be finite-dimensional subspaces satisfying
inclusions (3.4). Then (3.2) is e-controllable by G-valued controls if and only if (1.1)
is e-controllable by an F(N,G)-valued control.

Step 3: Saturating property. Propositions 3.3 and 3.4 imply the following result,
which is a kind of “relaxation property” for the controlled Navier—Stokes system.

Proposition 3.5. Let N,G C H>N H& be finite-dimensional subspaces satisfying
inclusions (3.4). Then (1.1) is e-controllable by a G-valued control if and only if it
is e-controllable by an F(N,G)-valued control.

We now introduce the subspaces Ej, = {sin(jz),1 < j < k}, so that the space F
defined in Theorem 3.2 coincides with Es. We wish to apply Proposition 3.5 to the
subspaces N = Fq and G = Ej.

Lemma 3.6. For any integer k > 2, we have F(E1, Ex) = Fgy1.

Proposition 3.5 and Lemma 3.6 imply that Eq. (1.1) is e-controllable by an Ej-
valued control if and only if it is e-controllable by an FEjq-valued control. Thus,
Theorem 3.2 will be established if we find an integer N > 2 such that (1.1) is

INote that a function of the form (3.5) does not necessarily belong to H? N Hy, and therefore
the space F (N, G) may coincide with G.



226 ARMEN SHIRIKYAN

e-controllable by an Epn-valued control. We shall be able to do that due to the
saturating property

o0
(3.6) |J Ex is dense in L2,
k=2
which is a straightforward consequence of the definition of Fj.

Let us mention that, in general, explicit description of the subspace F(N, G) and
the proof of (3.6) are difficult tasks. In our situation, it is possible to do due to the
simple structures of trigonometric polynomials and of the domain on which they
are studied.

Step 4: Case of a large control space. It is easy to construct n € C(Jr, L?) for
which (3.1) holds. Using (3.6), it is not difficult to approximate 7, within any
accuracy 0 > 0, by a function belonging to C'(Jr, En). Since Ry (ug, ) is continuous,
what has been said implies that (3.1) holds for an Ey-valued control n. This
completes the proof of Theorem 3.2. O

3.2. Extension. Let us prove Proposition 3.3. If Eq. (1.1) is e-controllable by a
G-valued control, then so is (3.2), because one can take ¢ = 0. Let us establish the
converse assertion.

Let us denote by R the resolving operator for problem (3.2), (2.2), (2.3), that
is, a mapping that takes a triple (ug,n, () to the solution u € Xp of the problem
in question with h = 0. By Remark 2.3, the operator R is Lipschitz continuous
on bounded subsets of some appropriate functional spaces. Let ﬁ,é € L*(Jr,G) be
arbitrary controls such that

(3.7) IR (uo, b+, ¢) — it <e,

where ﬁt stands for the restriction of R at time ¢. In view of continuity of ﬁT(uo, h+
n, () with respect to ¢ € L?(Jr, G), there is no loss of generality in assuming that

(3.8) (€ C®(Jr,G), ((0)={(T)=0.

Consider the function u(t) = ﬁt(uo, h+#,C)+C(t). Tt is straightforward to see that
it belongs to the space Xr and satisfies Egs. (1.1), (2.2), (2.3) with n =7+ 9,¢ €
L?(Jr,G). Moreover, it follows from (3.7) and (3.8) that
w(0) = ug, |Ju(T) — il = |[Re(ug, h+ 1, ) —al| < e.

Thus, Eq. (1.1) is e-controllable by a G-valued control.

3.3. Convexification. Let us prove Proposition 3.4. It follows from the extension
principle that if Eq. (3.2) is e-controllable by G-valued controls, then (1.1) is e-
controllable by a G-valued control and all the more by an F(N, G)-valued control.

The proof of the converse assertion is divided into several steps. We need to show
that if n; : Jp — F(N,G) is a square-integrable function such that

(3.9) [Rr(uo, h+m) —a <e,
then there are n, ¢ € L?(Jr, G) such that
(3.10) IR (o, b +1,¢) — | < e.
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Step 1. We first show that it suffices to consider the case in which 7 is a piecewise
constant function. Indeed, suppose Proposition 3.4 is proved in that case and denote
Gy = F(N,G). For a given n; € L%*(Jr,G1), we can find a sequence {n™} of
piecewise constant G1-valued functions such that

H771 - anLQ(JT,Gl) —0 asm — oo.
By continuity of R;, there is an integer n > 1 such that
(3.11) IRy (uo, h+n") — il <e.

Since the result is true in the case of piecewise constant controls, we can find n,( €
L?(Jr,G) such that (3.10) holds.

Step 2. We now consider the case of piecewise constant Gl-valueii controls. A
simple iteration argument combined with the continuity of R; and R; shows that
it suffices to consider the case of one interval of constancy. Thus, we shall assume
that n1(t) = m € Gi.

We shall need the lemma below, whose proof is given at the end of this subsection.
Recall that B(u) = ud,u.

Lemma 3.7. For any m1 € F(N,G) and any 6 > 0 there is an integer k > 1,
numbers a; > 0, and vectors n,¢? € G, j =1,...,k, such that

k
(3.12) D =1,
j=1

(3.13) Hm — B(u) — (n—zk:aj(B(u + ¢ — V@i@)) H <6 forue H.
j=1

We fix a small § > 0 and choose numbers «;; > 0 and vectors 1, (/ € G satisfy-
ing (3.12), (3.13). Let us consider the equation

k
(3.14) Opu — v02u + Z aj(B(u+ ¢ (z)) — vd2¢ (2)) = h(t,z) + n().
j=1
This is a Burgers-type equation, and using the same arguments as in the case of the
Burgers equation, it can be proved that problem (3.14), (2.2), (2.3) has a unique
solution @ € Xp. On the other hand, we can rewrite (3.14) in the form
(3.15) Opu — vO?u 4+ udyu = h(t,x) +ny(x) — rs(t, ),

where 75(t,z) stands for the function under sign of norm on the left-hand side
of (3.13) in which u = (¢, z). Since R; is Lipschitz continuous on bounded subsets,
there is C' > 0 depending only on the L? norm of 7; such that

Rr(uo, h +m) — w(T)|| = |Rr(uo, h +m) — Rer(uo, h +m1 —75)||
< Cllrslpr(p,r2y < CTS6,

where we used inequality (3.13). Combining this with (3.9), we see that if § > 0 is
sufficiently small, then

(3.16) |1@(T) — @] < e.
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We shall show that there is a sequence (,, € L?(Jr,G) such that
(3.17) IR (uo,s h 41, Cm) — @(T)|| = 0 as m — oo.

In this case, inequalities (3.16) and (3.17) with m > 1 will imply the required
estimate (3.10) in which ¢ = (.

Step 3. Following a classical idea, we define a sequence (,, € L?(Jr,G) by the
relation (,(t) = ((mt/T), where ( : R — G is a 1-periodic function such that

Ct)y=¢ for0<t—(a1+--+aoj-1)<aj,j=1,... k.
Let us rewrite (3.14) in the form
Oyt — VR + G(t, 7)) + B+ Gu(t, 7)) = h(t, 2) +1(2) + fin(t,2),

where we set f, = fim1 + fime,

k
(3.18) fmi(t,z) = —uaggm + VZ aj(‘)igj,
j=1
k .
(3.19) fm2(t,2) = B+ (m) — > o B + ¢).
j=1

Note that the sequence {f,} is bounded in L?(Jr,L?). Therefore, by Proposi-

tion 2.5, we have
1R (o, b+ 1, Gn) — R (o, B4 0+ fons G| < C I Sl

Since u(T) = ﬁT(uo, h+n0+ fm,Cm) and fi, = fin1 + fime, convergence (3.17) will
be established if we prove that

(3.20) I fmillo + I fm2llo = 0 as m — oc.

Step 4. We first estimate the norm of f,,1. The definition of (,, implies that

tg
fmi(s)ds =0 for any integer k > 1,

te—1

where ty, = kT /m. It follows that

/ mts)ds = | m frn(s) ds,

where £, is the largest number ¢;, that does not exceed t. Since f,,1(t) is bounded
as a function with range in H?, we conclude that

/t:; fm1(s)ds

We now turn to the estimate for f,,o. If the function & was independent of time,
we could apply an argument similar to the one used above. However, this is not
the case, and to prove the required estimate, we shall approximate u by piecewise
constant functions. Namely, it is easy to see that the operator B is Lipschitz

< (i sup |t - fm’ < C2m71-
tedp

(3:21) Il fmillo = sup
tedr
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continuous from L?(Jp, H') to L'(Jr, L?). It follows that for any £ > 0 there is a
piecewise constant function . : Jy — H§ such that

[ fm2 = Frellorgr,22) < &,

where f£, stands for the function given by (3.19) with @ = @.. It follows that
I fm2 — fiollo < Te, and hence we can assume from the very beginning that 4 is
piecewise constant. In other words, there is a partition 0 =< <--- <7y =T
of the interval [0, T] and functions u,, € H}, n = 1,..., N, such that

k
Jma(t,z) = B(up + (m) — Za]—B(un + ) for Ty <t < Ty
j=1

Now note that if [tx_1,tx] C [Th—1, 0], then

23
fmg(t, .%') dt = 0.
tk—1
Repeating the argument used for f,,1, we easily prove that || fmzflo < Csm™" in
the case when @ is piecewise constant. Combining this with (3.21), we obtain the
required convergence (3.20). The proof of Proposition 3.4 is complete.

Proof of Lemma 3.7. 1t suffices to find functions 7, @' €, j=1,...,m, such that

m
(3:22) [ —n+> B <o
j=1
If such vectors are constructed, then we can set k = 2m,
1 . A .
0= Qjim =5 == =y forj=1,...,m.
m

To construct 7,(? € G satisfying (3.22), note that if 71 € F(N,G), then there
are functions 7;,§; € G and f} € N such that

m

(3.23) m =Y (7 — &0:8; — §0:€5).

7j=1
Now note that, for any € > 0,
§0.:8; + €50:€5 = B(e€j +e71€)) — €2 B(&) — e 2 B(&)).
Combining this with (3.23), we obtain

m m m

m =Y (i +e2B(E) + D Bleg; +e7'¢) =Y _B(&).
j=1 j=1 j=1
Choosing ¢ > 0 sufficiently small and setting

m

n=>Y (i +c?B(&)), =ct+e'E,

j=1
we arrive at (3.22). O
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3.4. Saturation. Let us prove Lemma 3.6 and the inclusion B(FE;) C FE,. For
¢ =sin(jz) and & = sinx, we have

£0,& + €0, = sin(jr) cosz + jsinx cos(jz)

(3.24) = %((j +1)sin(j + 1)z — (j — 1) sin(j — 1)z).

It follows that B(Fy) C Fy and F(FE1, E;) C Egy1. Furthermore, taking j = k
in (3.24), we write

sin(k + 1)x = :I_isin(k:—l)xﬁtkil

This relation implies that the function sin(k+1)x belongs to F(E1, Ej) and therefore
Er C f(El, Ek)

(sin(kz) 0, sinz + sin x 9, sin(kz)).

3.5. Case of a large control space. We wish to construct a control n € L?(Jr, Ey)
with a large integer N > 2 such that (3.1) holds. To this end, consider a function
u,, defined as

uy(t,z) =T7" (te“aﬁ%ﬂ + (T - t)eta%uo),

where ;1 > 0 is a small number that will be chosen below. The function w, belongs
to the space Xr and satisfies Egs. (1.1), (2.2), (2.3) in which

N =1y = Oy — V@iuu + u,Ozuy — h.
This function belongs to L'(Jr, L?). Furthermore,
(3.25) luu(T) — 4l = ||e“892612 —al| —0 aspu—0.

Choosing p > 0 sufficiently small in (3.25) and approaching 7, € L!(Jr, L?) by
continuous L?-valued functions, we can find 7 € C(Jr, L?) such that

(3.26) |Rr(uo, h+177) — | <e.

Let us denote by Py : L? — L? the orthogonal projection in L? onto the sub-
space Fj. In view of the saturating property (3.6), we have

sup ||Px7i(t) —7(t)|| =0 as k — oo.
te€[0,T]

By continuity of R;, we obtain
IR (ug, h + Prn) — Re(uo, h+7)|| = 0 as k — oo.

Combining this with (3.26), we see that, for a sufficiently large N > 1, the function
n = Pn7 satisfies (3.1). This completes the proof of Theorem 3.2.

4. EXACT CONTROLLABILITY OF FINITE-DIMENSIONAL FUNCTIONALS

4.1. Main result. Let us introduce a controllability property which is stronger
than the approximate controllability. To this end, we first define the concept of a
regular point for a continuous function.
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Definition 4.1. Let X be a Banach space and let F': X — RY be a continuous
function. We shall say that @ € X is a regular point for F if there is a non-degenerate
closed ball B € R centred at § = F(@) and a continuous mapping? F~' : B - X
such that F~1() = @ and F~! is the right inverse of F on F~!(B):

(4.1) F(F'(y) =y forycB.

For instance, if F' : X — R¥ is an analytic function such that F(X) contain
an open ball for some finite-dimensional affine subspace Xy C X, then the Sard
theorem implies that almost every point @ € Xy is regular for F'. In particular, if F
is a finite-dimensional projection in X, then any point is regular for F'.

Definition 4.2. Let E C L? be a closed subspace. We shall say that the Burgers
equation (1.1) is controllable at time T' > 0 by an E-valued control if for any con-
tinuous function F : L? — RY the following property holds: for any initial function
ug € L?, any regular point 4 € L%, and any ¢ > 0 there is n € C*°(J7, E) such that

(4.2) R (uo, h + 1) — il < e,
(43) F(Re(uo,h +m)) = F(@).
Thus, the controllability property is stronger than the exact controllability in

observed projection (cf. [2, 4]), but is much weaker than the usual concept of exact
controllability.

Theorem 4.3. Let h and E be the same as in Theorem 3.2. Then Eq. (1.1) is
controllable at any time T' > 0 by an E-valued control.

The proof of this result is outlined in the next subsection, and the details are
given in Sections 4.3-4.5.

4.2. Reduction to a uniform approximate controllability. The proof of The-
orem 4.3 is based on the property of uniform approximate controllability.

Definition 4.4. We shall say that Eq. (1.1) is uniformly approzimately controllable
at time T by an E-valued control if for any ¢ > 0 and any compact set X C L?
there is a continuous mapping ¥ : K x K — L?(Jr, E) such that

(4.4) w(K x K) € C®(Jr, E),

(4.5) sup || Ry (uo, b+ ¥ (up, @) — 4l <e.
ug, e
Thus, the uniform approximate controllability can be regarded as a parameter
version of the approximate controllability. The following result is an analogue of
Theorem 3.2 for this concept.

Theorem 4.5. Under the hypotheses of Theorem 3.2, Eq. (1.1) is uniformly ap-
proxzimately controllable at any time T > 0 by an E-valued control.

We claim that if Eq. (1.1) is uniformly approximately controllable at time T by
an F-valued control, then it is controllable. Indeed, let & € L? be a regular point
for a continuous function F : L? — R, let uy € L? be an initial function, and

2Let us emphasise that F~! is just a notation.
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let € > 0. We wish to construct a control n € C*°(Jr, E) such that (4.2) and (4.3)
hold.

By the definition of a regular point, there is a ball B C RY centred at the point
§ = F(1) and a continuous function F~!: B — L? such that F~!(§) = @ and (4.1)
holds. Without loss of generality, we can assume that the radius r of the ball B is
so small that

_ ~ g
(4.6) sup || F~ (y) —all < 7
yeB

Denote K = F~1(B) U {ug}, so that K is a compact subset of L?. Let us choose a
number § € (0,e/2) such that

(4.7) |F(u1) — Fu2)|| <7 for up,ug € K, ||ug — ug| < 6.

Theorem 4.5 implies that there is a continuous mapping ¥ : K — L?(Jr, E) with
range in C*°(Jr, E) such that

(4.8) SIElIIéHRT(UO’ h+¥(v)) — UH < 0.

Consider the mapping ¢ : B — RY defined by
®(y) = F(Rr(uo, h+ ¥ o F~(y))).
It follows from (4.7) that

sup 1®(y) — yll = jggHF(RT(um h+WoF l(y) - F(F ' (y)| <r

Thus, applying the Brouwer theorem to the mapping I' : B — B taking y to y —
&(y) + y, we can find g € B such that ®(y) = ¢. This equality coincides with
relation (4.3) in which = ¥ o F~!(). Furthermore, setting & = F~'(y) and
using (4.6) and (4.8), we obtain

IR (o, h+n) =il < [|Rr(uo, h+®(a)) —al + |F~H(g) —al <o+ % <e.

Thus, it suffices to prove Theorem 4.5. To this end, we repeat the scheme used
in Section 3, following carefully the dependence of controls on the initial and final
points. Namely, let us fix € > 0, a compact set K C L?, and a finite-dimensional
subspace G C L?. We say that Eq. (1.1) is (¢, K)-controllable by a G-valued control
if there is a continuous mapping ¥ : K x K — L?(Jr, G) satisfying (4.4) with E = G
and (4.5). We shall prove that some analogues of Propositions 3.3 and 3.4 are true
for (g, )-controllability. Once they are established, the required result will follow
from the saturating property and the fact that (1.1) is (e, K)-controllable by an
FEn-valued control with a sufficiently large V.

The realisation of the above scheme is based on a result on uniform approximation
of solutions for a Burgers-type equation. It is given in the next subsection. The
proof of Theorem 4.5 is presented in Sections 4.4 and 4.5.
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4.3. Uniform approximation of solutions. Let (C,d¢) be a compact metric
space and let b; : C - Ry, i=1,...,q, be continuous functions such that

q
(4.9) sz(y) =1 forallyeC.

=1

Let us fix some functions ¢! € H? N H&, 1 =1,...,q, and consider the following
Burgers-type equation depending on the parameter y € C:

q
(4.10) Oru — vOZu+ > bi(y)(B(u+ (' (x) — vd2(i(x)) = f(t,2).

i=1
For any y € C and ug € L?, this equation has a unique solution v € X7 issued
from ug. Let us denote by S : C x L? x L'(Jr, L?) — X a mapping that takes the
triple (y,ug, f) to the solution w of problem (4.10), (2.2). Recall that R stands for

the resolving operator of Eq. (3.2). The following result shows that the solutions
of (4.10) can be approximated by those of (3.2).

Proposition 4.6. Under the above hypotheses, for any positive numbers R, T,
and € there is a continuous function W : C — L?(Jrp, H?) such that

(4.11) (t;y) € {¢t,..., ¢} forallyeC, te Jp,
(4'12) Suprﬁ(uO?faw(y)) _8(yvu07f)H)(T <k,
y,u0,

where the supremum is taken over y € C, ug € L%, and f € L*(Jr, L?) such that
[uoll < R and || fl[L1(sp,02) < R

Proof. We repeat the argument used in Step 3 of the proof of Proposition 3.4.
The main point is to follow carefully the dependence on the parameter y and the
functions ug and f.

Step 1. Define a sequence of mappings ¥™ : C — L?(J, H?) by the formula
v (ty) = C(mt/T;y),
where ( = ((t;y) is a 1-periodic function depending on the parameter y such that
((ty)=¢ for 0<t—(bi(y)+ - +bii(y) <bi(y), i=1....q

The continuity of the functions b; implies that ¥ is also continuous. Let us denote
by u(y) = u(y, uo, f) € Xr the solution of (4.10), (2.2) and rewrite Eq. (4.10) in the
form

Oyuly) — v0z (uly) +¥™(y)) + Buly) + ™ (y)) = f(t, ) + fm(t, 19, u0, f),

where f,(t,z;y,u0, f) = fmi(t,z;y) + fma(t, x5y, u0, f), and the functions f,;
and f,2 are defined by formulas (3.18) and (3.19) in which (., and @ are replaced
by ¥ (y) and u(y,uo, f), respectively. Since the norm of ¥ (y) in L?(Jr, H?) is
bounded for m > 1 and y € C, Proposition 2.5 implies that

lu™(y, w0, £) — uly, o, )| xr < C | fm(y, o, £)I5,
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where u™ = u"(y, ug, f) = ﬁ(uo, f,¥™(y)). Thus, Proposition 4.6 will be proved
if we show that

sup || fm(y,uo, f)llo =0 as m — oo.
yyuo’f

The fact that the relaxation norm of each function fp,(y,uo, f) goes to zero as
m — 0o was established in Step 4 of the proof of Proposition 3.4. To prove that the
convergence is uniform in (y, ug, f), it suffices to prove that the family of mappings
£, :Cx L? x L'(Jr, L?) — L'(J, L?) taking (y,uo, f) to fm(y,uo, f) is uniformly
equicontinuous, that is,

(4.13) sup | fn (Y1, wor, f1) — fm (Y2, wo2, f2)llz1(,L2) = 0,

as dc(y1,y2) + [luor — woz|l + [f1 = fall L1 sy L2y = 0.

Step 2. Since the bilinear term B(u) = ud,u is continuous from H! to L?, it
follows from relation (3.19) with @ = u(y,uo, f) and (,, = ¥™(y) that conver-
gence (4.13) will be proved if we show that

(4.14) HU(’ylaUo1,f1)*u(y2,u02,fZ)HLQ(J,H1)+SU>Pl 1" (y1) =™ (y2)ll 25,1y — O.
m>

The fact that the first term goes to zero follows immediately from the continuous
dependence of solutions for (4.10) on the problem data. Thus, we shall concentrate
on the second term.

In view of the definition of ¥ and the periodicity of {(¢;y), we have

T
197 (1) — ™ () 2 = / 1C(mt /T 1) — C(mt /T o) |2
1
—7 /0 1€t 1) — (o) 2t
q

< CZ bi(y1) — bi(y2)|.
i=1
Since the continuous functions b; are uniformly continuous on the compact space C,
we see that the second term in (4.14) goes to zero as d¢(y1,y2) — 0. This completes
the proof of Proposition 4.6. O

4.4. Extension and convexification with parameters. Let us consider the con-
trolled equation (3.2). Given a number ¢ > 0, a compact set K C L?, and a
finite-dimensional subspace G C H?, we say that Eq. (3.2) is (e, K)-controllable by
G-valued controls if there exist two continuous functions ¥, ¥, : K x I — LQ(JT, G)
such that

(4.15) %(IC X ,C) C COO(JT,G), 1=1,2,
(4.16) sup | R (g, b + W1 (g, @), Wa(ug, @) — al| < e.

uo, e
The following result is a parameter version of Proposition 3.3.

Proposition 4.7. Let G C HiNH?. Then (1.1) is (¢,K)-controllable by a G-valued
control if and only if so is (3.2).
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Proof. Let ¥; : K x K — L*(Jr,G), i = 1,2 be two mappings satisfying (4.15)
and (4.16). Since C§°(Jr, G) is dense in L?(Jr, G), we can assume that the images
of both mappings are contained in a finite-dimensional subspace of C§°(Jr, G); see
Proposition 5.1. It follows that (cf. proof of Proposition 3.3)

(4.17) 7%(“0, h+W1(y), Ya(y)) + Ya(y) = R(uo, h + ¥1(y) + 0% (y)),

where we set y = (up,@). Since all the norms on a finite-dimensional space are
equivalent, the mapping

UK xK— L*(Jr,G), y— ¥i(y)+ 0:¥(y),

is continuous, and its image is contained in C§°(Jr, G). Finally, combining (4.16)
and (4.17), we conclude that (4.5) also holds. The proof is complete. g

We now turn to a parameter version of the convexification principle.

Proposition 4.8. Under the hypotheses of Proposition 3.4, Eq. (3.2) is (g, K)-con-
trollable by G-valued controls if and only if Eq. (1.1) is (&, K)-controllable by an
F (N, G)-valued control.

Proof. We repeat essentially the scheme used to prove Proposition 3.5. The main
point is to follow the dependence of all the objects on the initial and target func-
tions ug and 4.

Step 1. To simplify notation, set G; = F(N,G),C =K x K, and y = (up, ). Let
us assume that ¥ : C — L?(Jr,G1) is a continuous mapping satisfying (4.4) with
E = G and (4.5). By Proposition 5.2 and continuity of the resolving operator R,

we can construct a continuous function ¥ : C — L2(Jp, G1) that satisfies (4.5) and
has the form

s L
(4.18) U(y) =3 ) st

r=1[=1
where L = 2dim Gy, n',...,n" € G} are some vectors, and ¢, : C — R are non-
negative continuous functions such that
L

Zch«(y)zl forr=1,...,s.

1=1
We shall prove that, given any o > 0, one can find continuous mappings ¥ : C —
L?(Jr,G), i = 1,2 such that

(4.19) sup[Rer (o, b+ U (y)) — R (uo, b+ 97 (), % ()| < o

Once this property is proved, for a sufficiently small ¢ > 0 we shall have
suIC) HﬁT(UO, h+ % (y), Wg(y)) - ﬂ” <e.
ye

Finally, using Proposition 5.1, we can find continuous functions ¥, ¥, from C to a
finite-dimensional subspace of C§°(Jr, G) such that (4.16) holds. Thus, it suffices
to prove (4.19).
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Step 2. We first assume that s = 1, that is, there is only one interval of constancy.
In this case, we can rewrite (4.18) as

(4.20) U(y) = aly)n'

=1

Applying Lemma 3.7 to the functions 7', for any 6 > 0 we can find numbers a;; >0
and vectors &, (7' € G such that (cf. (3.12), (3.13))

k
(4.21) D =1,
j=1

k
(4.22) Hnl ~ B(u) - (51— 3 aj(Blu+ ¢ - uaggﬂ)> H <6 forue HY,
j=1
where [ = 1,..., L. Consider the equation

k L
(4.23) O —v2u+ > auey) (Blu+ ) — vd2h) = h+ €,
j=11=1

where we set

L

(4.24) E=Emy) =) aé ().

=1
Indexing the pairs (j,1) by a single sequence ¢ =1, ..., g, we rewrite (4.23) as
q . .
(4.25)  Qu—vOiu+ Y bi(y)(Blu+ (' (x) —vdali(x)) = h(t, ) + E(z;),
i=1

where b; are non-negative continuous functions whose sum is equal to 1. Equa-
tion (4.25) has a unique solution @ = (t;y) in X7 issued from uy € K. On the
other hand, we can rewrite (4.25) in the form (cf. (3.15))

(4.26) Au — vO*u + udyu = h(t, x) + U (y) — rs(t, 23 y),

where 75 is defined by

Note that, in view of (4.22), we have

sup ||rs(t;y)|| < Ld.
yeC
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Combining this with the Lipschitz continuity of Rz on bounded subsets, we see
that

sup [|[Rer (o, h+ (y)) — a(T;y)|

= sup R (uo, b+ @ (1)) — R (uo, h+ ¥ (y) — r5(y)) ||

< O rs ()l 1 (sp,12) < CTLY:

Recalling now inequality (4.5) with ¥ replaced by @, we conclude that if § > 0 is
sufficiently small, then

sup ||a(T;y) — 4| < e.

yeC
Thus, to prove (4.19) for s = 1, it suffices to construct, for any given o > 0, a
continuous mapping ¥§ : C — L?(Jr, G) such that

(4.27) sup |Rr (w0, h+E(y), ¥5 (y)) — WU(T;y)|| < o

The existence of such a mapping is a straightforward consequence of Proposition 4.6.
Step 3. We now turn to the case s > 2. Let us note that the construction of the
previous step implies the following result on approximation of solutions.

Lemma 4.9. Let J C R be a finite interval and let (C, dc) be a compact metric space.
Then for any elements n' € F(N,G), | = 1,...,L, any non-negative continuous
functions ¢; : C = R whose sum is identically equal to 1, and any positive numbers o
and R there are continuous functions

7 :C— G, W:C— L*J,G)

and a number 6 > 0 such that, for any up,v9 € Br2(R) and y € C satisfying the
inequality ||ug — vo|l < 9, we have

| R (uo, b+ lf/(y)) — ﬁ(vo, h+ Wi (y), a(y)) HX(J) <0,

where @(y) is defined by (4.20), and with a slight abuse of notation we denote by R
and R the resolving operators for (1.1) and (3.2) on the interval J.

Let us set J, = [t,—1,t,], 7 = 1,...,s, and define the restrictions of the required
mappings ¥{ and ¥ to J, consecutively from r = s to r = 1. Namely, let positive
numbers ¢, and R be such that

es + sup||Rr (o, h + @(y)) —al| <e, sup||R(uo,h+¥(y))|| <R-1.
yeC yel

If &, > 0 is constructed for some integer r € [2, s], we apply Lemma 4.9 with J = J,.,
o = &, and the above choice of R to find mappings

¥ (r,):C— G, W(r,-):C— L*(J,,G)
and a number § € (0, 1) such that, for any vy € L? satisfying the inequality |lvg —
Ry, (up, h +¥(y))| <0, we have

SlGlIC) | R (o, h + LZA/(y)) - ﬁ(vo,h + Wl(r;y),WQ(r;y))HX(JT) < eé&p.
y
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Setting €,_1 = d, we can continue the construction up to » = 1. We now define the
required mappings by the relation

W{T(y)’Jr:W{’(T;y), Wg(y)‘Jrzwg(r;y), yel, r=1,...,s.

It is easy to see that the constructed mappings satisfy the required inequality (4.19).
O

4.5. Completion of the proof of Theorem 4.5. Propositions 4.7 and 4.8 com-
bined with Lemma 3.6 imply that Eq. (1.1) is (g, K)-controllable by an E-valued
control if and only if it is (e, K)-controllable by an Ex-valued control, where the
spaces Ey are defined after Proposition 3.5. Thus, the proof of Theorem 4.5 will be
complete if we establish the latter property with a large N > 2.

Let w, = uyu(uo, @) and 1, = nu(up, @) be the functions defined in Section 3.5.

Then 7, maps continuously K x K to L?(Jr,L?) and has the property that
sup[lu(T) —all = sup [[Re(uo, h+ (o, @) — & > 0 as 0.
u0, €K ug, e
Using the density of C*°(Jr, L?) in L?(Jr, L?) and applying Proposition 5.1, for
any £ > 0 we can find a continuous function 7 : K x K — L?(Jr, L?) whose image
is contained in a finite-dimensional subspace of C°°(.Jp, L?) such that
sup ||Rr(uo, h + 7(ug, @) — 4| < e.
ug, e

The required mapping ¥ : K xX — L?(Jr, Ex) can now be constructed by repeating
literally the argument used in Section 3.5.

5. APPENDIX

5.1. Approximation of functions valued in a Hilbert space. The following
simple result implies, in particular, that when dealing with the property of uniform
approximate controllability, one can always assume that the image of the corre-
sponding control operator lies in a finite-dimensional subspace.

Proposition 5.1. Let C be a compact metric space, let H be a separable Hilbert
space, and let ¥ : C — H be a continuous mapping. Then, for any dense subspace
Hyg C H and any § > 0, there is a finite-dimensional subspace Hs C Hy and a
continuous function Wy : C — H whose image is contained in Hs such that

(5.1) sup ¥ (y) — s(y)||a < 6.
yeC

Proof. Let H™ be an increasing sequence of finite-dimensional subspaces such that
UpH™ is dense in Hy and, hence, in H. We denote by P,, the orthogonal projections
in H onto the subspace H"™. Then the sequence {P,} converges to the identity in
the strong operator topology. It is well known that, in this case, P,u — u as n — oo
uniformly with respect to u varying in a compact subset of H. It follows that

SUIC) ¥ (y) — P.%(y)|[lg =0 asn— oo.
ye

We see that, for any § > 0 and a sufficiently large integer n = n(é), the function
Us(y) = Py(5)¥ (y) satisfies the required property. O
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5.2. Approximation by piecewise constant functions. Let us fix T' > 0. For
given integers s > 1 and r € [1,s], we denote t, = rT'/s and write I, 4(t) for the
indicator function of the interval [t,_1,t,). The following proposition shows that one
can approximate square-integrable functions depending on a parameter by piecewise
constant functions of a special form.

Proposition 5.2. Let C be a compact metric space, let G be a d-dimensional vector
space, and let n : C — L%(Jr,G) be a continuous function. Then for any basis

e1,-..,eq of G the functionn can be approximated, within any accuracy, by functions
of the form
s 2
(5.2) CW) =D w0,
r=11=1

where ¢ : C — R are non-negative continuous functions such that
2d

(5.3) chr(y)zl foranyr=1,... s,
=1

n=Ce for1<1<d,nt=—-Cep_g ford+1<1<2d, and C >0 is a number.

Proof. We wish to prove that, for any ¢ > 0, there is a function ¢ : C — L?(Jr,G)
of the form (5.2) such that

sup [[n(y) — CW)ll12(r,0) < &
yeC
In view of Proposition 5.1, since C(Jr, G) is dense in L?(J7, G), there is no loos of
generality in assuming that n is a continuous function from C to a finite-dimensional
subspace of C(Jr,G).
Let us introduce a scalar product (-,-) in G for which {¢;} is an orthonormal
basis. Then 7 can be written in the form

d
(5.4) n(y) =nly:t) =Y _ @y te,
=1

where ¢;(y;t) = (n(y;t),e;). Note that ¢; is a real-valued continuous function
on C x Jp. Let us set
M = max|pi(y; 1), €= Md,
7y7

where the maximum is taken over [ = 1,...,d and (y;t) € C x Jp. Then (5.4) can
be rewritten as
( _t)zd:soz(y;t)JrM l+§:M_‘Pl(y§t) l+d§d:,¢( )
I=1 =1 =1
where 9; : C X Jr — R are non-negative continuous functions whose sum is iden-
tically equal to 1. It remains to note that ¢; can be approximated, within any
accuracy, by piecewise constant functions of the form ) ¢, (y)I s(t). O
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