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CHARACTERIZATION OF DIFFERENCES OF SUBLINEAR
FUNCTIONS

J. GRZYBOWSKI, D. PALLASCHKE, AND R. URBANSKI

ABSTRACT. In this paper, we present necessary and sufficient conditions for a
positively homogenous function defined on a plane to be a difference of sublinear
(convex) functions. In the case of such a function we give a formula for producing
two inclusion-minimal compact convex sets such that given function is equal to
the difference of support functions of these sets. We also show several examples
of application of our results.

1. INTRODUCTION

Differences of convex functions or dc-functions were studied by many authors
(e.g. [6,8,13] and [18]) in particular for generalized differentiation. Directional
derivatives of dc-functions are differences of sublinear functions or ds-functions.
Due to generalized Minkowski duality these derivatives are represented by pairs
of closed bounded convex sets (e.g. [7,9] and [11]). The mentioned pairs of sets
are called quasidifferentials and the convex sets are called respectively sub- and su-
perdifferential. Quasidifferential calculus, an important part of nonsmooth analysis,
was developed by many authors, especially Demyanov and Rubinov [1,2]. Positively
homogenous or ph-function in R" is a ds-function if and only if it is a dc-function.
Moreover, a ph-function in R™ is a ds-function if and only if its restriction to any
tangent hyperplane to the unit sphere S"~! is a de-function (see Theorem 1 in [14]).

A ds-function is uniformly Lipschitz. However a ph-function which is a Lipschitz
function does not have to be a ds-function (see [3] ). Gorokhovik at the ’Symposium
on Functional Analysis and Optimization: Stefan Rolewicz in memoriam’ in Warsaw
September 2016 posed a question how to recognize a ds-function. A dc-function of
one variable can be recognized with the help of total convexity (Theorem 3 in [12]
states that a function on an interval of a line which is a function of total finite
convexity is a de-function). Recognizing a dc-function of two variables is extremely
difficult. Zalgaller [17] proved that a dc-function of two variables defined on a
compact convex set has a unique maximal representation as a difference of two
convex functions. In Theorem 3.1, we characterize a ds-function of two variables
as a ph-function whose restriction to the unit circle is a function with finite total
convexity. Characterization of a ds-function of n variables is probably as difficult
as a characterization of a dc-function of n — 1 variables.

In Theorem 2.1, we present a method (an algorithm) of constructing two com-
pact convex sets A and B corresponding to a given ds-function h, which are sub-
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and superdifferentials of this function i.e. A = Ohly, B = Ohlg and h = hy — hp.
As we know a pair (A, B) is not unique. However, by [4] or [15] a pair (A, B) of
inclusion-minimal sub- and superdifferentials in the plane is unique up to trans-
lation. Inclusion-minimal means that if h = hy — hg = h/y — bz, A’ C A and
B’ ¢ B then A = A" and B = B’. Our method produces minimal pair of sets
(minimal quasidifferential). Because of Minkowski duality, minimal pair (A, B) of
sub- and superdifferentials of a given ds-function h gives us a pointwise-minimal
representation of h as a difference h; — hgy of sublinear functions.

2. MINIMAL REPRESENTATION OF DS-FUNCTION AS A DIFFERENCE OF TWO
SUPPORT FUNCTIONS

In this section we present a specific construction for a given ds-function h satis-
fying certain assumptions of two convex sets A and B such that h is a difference
of support functions hy — hp of mentioned sets. The constructed pair of convex
sets appears to be inclusion-minimal and as inclusion-minimal it is unique up to
translation.

Let h : R? — R be a positively homogenous (ph-) function. Let ¢ : [0,27] — R
be defined by ¢(t) := h(e'). Here we write ' := cost+isint instead of (cost,sint)
for the sake of brevity. In this paper we identify the plane R? with the plane of com-
plex numbers C whenever it is convenient. On the other hand h(z) = ||z||p(Argz) =
||z||p(—ilog ”i—”) Let us notice that continuity of ¢ is equivalent to the continuity
of the ph-function h.

We consider right derivative ¢/ (t) = lim,_,o+ e(t+9)=e()  We assume that o' (2m) =
¢'(0) so that the domain of ¢’ is the interval [0, 27]. The existence of all directional
derivatives of h is equivalent to the existence of right and left derivatives of ¢.
Namely,

h'(z;v) = lim Mz + tv) = Wz) = M((v,x>¢(Argx) + (v,ix)¢’ (Argr))

t—0+ t
for (v,iz) > 0, where (v, z) is the inner product of vectors (v1, v2), (21, z2) and (v, iz)
is the inner product of vectors (vi,v2), (—x2,x1). Our considerations are limited to
the right derivative. Analogous results can be obtained for the left derivative.

Theorem 2.1. Let h : R? — R be a positively homogenous (ph-) function. Let
¢ 1 [0,27] — R, p(t) := h(e®). If the function h is continuous and the right
derivative ¢ of p exists and has bounded variation then h is a difference of sublinear
functions, namely h = ha — hp, where ho and hp are support functions of compact
convez sets A and B described as follows. Let

ﬂw:A¢@w+¢w—ww

FH() = SV + 7). () = 5 (G () — 7)),

where Vi (f) is the variation of f on the interval [0,t]. Denote b:= 027r ietdft(s).

Let
(1) = 0 0 <t < Arg(ib)
GWEZ0 bl Arglib) <t <2
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FrH(t) = /O i d(f T+ g)(s), F~ (1) = /0 ie*d(f~ + g)(s)
and
A= ¢(0) + ¢’ (0) + convF ([0, 27]), B := convF ([0, 27]).

Moreover, (ha,hpg) is a minimal pair of sublinear functions such that h = ha—hp.
If also (hi,hs2) is any other minimal pair with hy — hy = h then hy = ha + [,
ho = hp + 1, where l is a linear functional.

Proof. Let positively homogenous function h satlsfy the assumptions of the theo-
rem. First, notlce that for the function f(t) fo s)ds its variation is equal to

Vi (f) = |f (s)|ds = 0 " lp(s)|ds. Slnce ¢ is continuous, the last integral is
finite. Therefore the function f is a function of bounded variation.

The functions f, f~ : [0,27r] — R are nondecreasing, the function f~ is non-
negative and f = fT — f~. Moreover, they are the smallest of such functions.
Notice that f*(0) = (0) and f~(0) = 0.

The point b € R? is defined by Stieltjes integral as

b:= /027r ie*dft(s) = (— /027r sin sdf *(s), /027r cos sdf+(s)>.

[ = | sed( [ o) : [
- /0 ieisgo(s)ds—l— /0 ieisdgp’(s)
-/ z'e“:o<s>ds+ / @( )is|
- [— /0 5o (s)ds + /O ieisdap’(s)]

= [ et + e s)is

Since

n /0 (¢ (s)d(i€™) + ie**di!(s))

s/

= 6“@( Mico +i€Q (s)]ie
= eo(t) +ie'Y(t) — w(O) — i (0),

we obtain
2w
/ ie'*df (s) = ™ p(27) + ie*™ ' (27) — p(0) — i/ (0) = 0.
0

Hence the point b € R? also satisfies the equality b = 027r iesdf~(s).
The functions g : [0,27] — R, FT,F~ : [0,21] — R are well defined. Let
us notice, that if b # 0 then F*(27) = 2” ieisd(er +9)(s) = 02” iedf T (s) +
T ieisdg(s) = b+ ieiA8) (g(27) — g(0)) = b +i[|b| oy = b—b=0. If b= 0 then



300 J. GRZYBOWSKI, D. PALLASCHKE, AND R. URBANSKI

g=20,and F™(2m) = f027r ie*d(fT 4+ g)(s) = 0% ie'*df*t(s) = b = 0. In a similar
way F~(27) = 0.

Now, we calculate the value of the support function h4 at pomts frorn the unit
circle {e”|t € [0,2x]}. For a fixed ¢ € [0, 27] denote I(t1,t2) : ft sin(t — s)d(f+ +
g)(s), where 0 < t; < to < 27w In fact I(0,t1) = (e F+(t1)> Notlce that
1(0,27) = 0. First, we prove that I(0,¢1) < I(0,t).

(i) If 0 < t1 < ¢ — 7 then I(0,t1) = I(0,t1) + I(0,27) = 1(0,t) ,
I(t,27r)) Since sin(t—s) < 0 for s € (0, t1)U(t, 27), we have I1(0,1) < 1(0,1).
(ii) If t —m <ty <t then I(0,t1) = 1(0,t) — I(t1,t), where I(t1,t) >
(iii) If t <t; <t+ 7 then 1(0,t1) = 1(0,¢) + I(¢,t1), where I(¢,t1) <
(iv) Tf ¢ + 7 < 1 < 2 then (0, t1) = 1(0.27) — I(t1,27) < 0 < 1(0, 7).

Hence we obtain

—~ —~

1
1

sup (e FH (1)) = sup I(0,t2) = I(0,1) = (", F* ().
t1€[0,27] t1€[0,27]

Therefore,

hale?) = max(e,a) = (e, 0(0) + i (0)) + sup (e, F*(t1)
acA t1€[0,27]

= (e, 9(0) +i¢'(0)) + (", F*(t)).

In a similar way, hp(e) = (e, F~(t)).
Then

hA(eit) _ hB(eit)

(e, 9(0) + 1/ (0) + FF (1)) — (", F(t))

(o0 +id O+ [ ieats + ) - [ ieats +0))

et i tieis s) ).
(e + i+ [ iear)
Since
/0 i€ df (s) = e p(t) + ie! (1) — p(0) — it (0),
we obtain
hale™) —hp(e) = (e, ep(t) + e (1)) = (€, (p(t) + i (1)
= ((1,0), (p(t), £ (1)) = (t) = h(e").

The last assertion of the theorem follows from the fact that the pair of compact
convex sets (A, B) is uniquely-up-to-translation minimal with respect to inclusion
in the class of pairs (C, D) of compact convex sets such that A+ D = B + C (see
Section 3 in [5]). O

In section 4 we show how to use the construction from Theorem 2.1 of the pair
of sets in finding a minimal sub- and superdifferential of specific ph-functions.
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3. NECESSARY AND SUFFICIENT CONDITIONS FOR A DIFFERENCE OF TWO
SUBLINEAR FUNCTIONS

The purpose of this section is to give sufficient and necessary conditions for a ph-
function to be a ds-function. The idea is based on the notion of bounded convexity
of functions of one variable [12].

Let f : [a,b] — R. The quantity

n—1

Ses1) = f(tx)  fltk) — f(te—1)

K2(f) = sup
alf) tr1 — g T — tp—1

P={a=to<t1<...<tn=b} k=1

is called the total convexity of the function f on [a,b]. A function f with finite
KX (f) is called a function of finite total convexity on [a, b).

Theorem 3.1. Let h : R? — R be a positively homogenous (ph-) function. Let
¢ :10,27] — R, ©(t) := h(e). The following statements are equivalent:
(a) The function h is a ds-function.
(b) The function h is continuous and the right derivative ¢ of ¢ exists and
is a function of bounded variation.
(¢c) The function ¢ is a function of finite total convexity
on [0, 27].

(d) lim n:i:i ‘go <W> —2(,0(2“’“) + (M)‘ < 00.

Proof. (a)<(b). The implication (b)=-(a) follows from Theorem 2.1. Let the func-
tion h be a difference of sublinear functions h; — he. In order to prove that A is
continuous and ¢’ exists and is of bounded variation it is enough to prove that hy, ho
are continuous and that corresponding derivatives ¢/, ¢, exist and are of bounded
variation. Hence proving the condition (b) for sublinear function h is all we need
to do.

Since the sublinear function h is convex, it is continuous. First, we are going
to prove that ¢’ exists and is of bounded variation on any interval [a,b] for 0 <
a <b<2m,b—a <7 Denote exp(ila,b]) := {e|a < t < b}. The set exp(i[a, b))
is a compact arc of the unit circle S! of the length less then 7. Since the origin
does not belong to the convex hull of exp(i]a,b]), the arc can be separated by a
streight line from the origin. In consequence, there exists a linear functional [ in R?

such that max [ < — max h. Hence the sublinear function h + [ takes only
exp(i[a,b]) exp(i[a,b])
negative values on the open nelghbourhood of the set exp(ifa — €,b+ ¢]) for some

0 <e<m—>b+a. Denote p(t) :=I(e). Since for any s,t € [a—s,b—i—e] we have

¢ = m%ﬁn, we obtain
s+t 2 et 4 it
SN = (4 htl
(re(5) = G+ =Dt )
2 eis + eit ezs 4 ezt
= Heis+ez‘t\|(h+l)( ) <+ (=)

(h+D)(e”) + (h+D(e") _ (s0+soz)(8) (90+s0z)()
2

N
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These inequalities and the continuity of the function ¢ + ¢; imply convexity of
© + ¢y on the interval [a — e, b+ ¢]. Then the convex function ¢ + ¢; is directionaly
differentiable and the right derivative (¢ + ;)" is bounded on the interval [a,b]
and nondecreasing, hence it is a function of bounded variation. Since ¢ is a linear
combination of sine and cosine functions, ¢ exists and it is of bounded variation.
Therefore, ¢’ exists and is of bounded variation on the interval [a, b]. We have just
proved that ¢’ exists and is of bounded variation on any interval shorter than .
This obviously implies the existence and bounded variation of ¢’ on all domain of
©.

(b)&(c). By Theorems 1 and 3 in [12], the condition (b) follows from KZ™(¢) <
o0. Moreover, K2™(¢) is equal to the total variation V™ (¢’) of ¢’ on [0,27]. The
implication (b)=-(c) is obvious.

(c)e(d). It is easy to see that

<27r (k + 1)> o (zzk) o (ZW(kn— 1)>"

In the next section we give examples where Theorem 3.1 helps us to decide
whether or not a given ph-function is a ds-function.

n—1

o) = ?JE&“Z

g

4. EXAMPLES OF APPLICATION

Max-min functions were first ds-functions studied in quasidifferential calculus
[1,2]. Our examples are not of this type. Several examples are rational functions
which are ds-functions by the fact that a product and a quotient of dc-functions are
de-functions [6] and since a ph-function which is a de-function is also a ds-function
(Section 8.1, p. 413 in [9]).

Example 4.1. Let

ha,y) ::{ e @) £ (00)

0 (z,y) = (0,0)
Using notations from Theorem 2.1 we obtain ¢(t) = 1sin2t, ¢/(t) = cos2t,
fo s)ds = —3 cos2t+ % and f(t) = 2 cos2t — 2. Since the function f(t) is increas-

ing in the intervals [, 7], [3T, 27] and decreasmg in the intervals [0, 3], [r, 3F], we

obtain

0 tel0,3] 3 — 3 cos2t tG 0,5]
3 3 s s
by ) Feos2t+q e (F,m] —y ) 3/2 € (5,7
T =19 372 te(my) T 0T 1o deosn fe (i W
Scos2t+ 9 te (35, 2n] 3 te(%ﬁ,%}
define and calculate the functlon F(t fo ze“df fot ie"d(3 cos2s — 3) =
(3sint — 1sin3t, 2 cost + 1 cos 3t — 1) 3jeit 4+ 1 3“ — 1. Then we can calcu-

late b = fzﬂie“fdf+() = F(2m) — F(%) + F(m) — F(i) = 0. Hence F*(t) =
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0 tef0.3)
s s
fg ie*dft(s). Then FT(t) = ?E?) };,((2,2,)) i E E;:%},] Thus
F(t) = F(5) + F(r) - F(5) te (F,2n]
(0,0) te 0, 5]
Fr(t) = (3sint — $sin3t — 1,2 cost + L cos3t) te (%,
(-1,-1 te (2]
[ (3sint — 1sin3t, 3cost+4cos?>t—1) t e (3%, 2r]

fo ie’*df~(s). Since f~ = f* — f, we obtain

EA
FO=0 Zrd) s - r i ™
| —F(5)+ F(m) - F(?’gﬁ) (37r 27T]
(—=3sint + £sin3t,—3 cost — $cos3t+1) te0,7]
_on ) (=1,1) te (E,ﬂ']
F=(t) = (—3sint+ $sin3t — 1, -3 cost — 1 cos 3t) t€(2 =
(0,0) te (3, 271']

The image the function F(¢) is an astroid (see Figure 4.1). The image of the func-
tion FT(t) translated by vector (©(0),¢'(0)) = (0,1) and of the function F~(t)
produce boundaries, respectively, of the sets A and B (see Figure 4.1).

-

Figure 4.1: Image of the function F' (astroid) from Example 4.1. Inclusion minimal
pair of sets such that h4 — hg = h from Example 4.1.

-2

Example 4.2. Let

h(x’y):{;igﬂ (@) # (0.0

0 (z,y) = (0,0)
Then ¢(t) = 1(sint + Sin 3t), ¢'(t) = Lcost + 2 cos3t, fg p(s)ds = —Xcost —
L cos3t + % and f( ) = 3 cos 3t — % Since the function f(¢) is increasing in the
intervals [%, 2%], [, 4X] [, 2] and decreasing in the intervals [0, %], [3F, 7], [4F, 5],

we obtain
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0 tel0,%]
F) = £(3) te (3,5
f+(t): f(%r)_.]%%) te (%771—}
fF@O) = f(m) + FCF) - £(5) te(mi]
FOF) = f(m) + FCF) = f(5) te (‘5‘%,%1
L FO) = FCD) +FE) = Fo) + FF) - £(5) te (5,27
—f(t) tel0,3]
—f(3) te (g,%n]
F(t) = —f()+ F(3F) = f(5) te(F,m
—f(m) + f(5) = f(3) t € (m, 4]
—fO) + fCF) = fm) + FF) = f(5)  te(F, %)
—fCR) + () = (o) + FCF) = f(5) te (5,2
Similarly like in Example 4.1, we have b = (0,0) and
( (0,0) telo,3]
F(t) - F(3) té(gy%”]
FH(t) = F(%) — F(3) te (5,
F(t)— F(m)+ F(%&) - F(3) te(mir] -
F(35) = F(m) + F(3) — F(5) te (5, 5]
F(t)—F(3)+ F() - F(m)+ F(&) - F(3) te (3F,2r]
—F(t) tel0,%]
~F(5) e (2, %)
e ) —E) P - F(3) te (&
O=Y —rm+rH-r3) te(r ] -
—F{t)+F(3) - F(m)+ F(%)-F(%) te (‘5*3—”, sy
—F(CN)+F(AF) - F(m)+ F(3) — F(%) te (%5, 27]

3
where F(t) := fg ieisdf(s) = fot ie*d(2 cos3s — %) = (4sin2t — }sindt, § cos2t +
Fcosdt — 2) = Lie7% 4 Lie®® — 3 The image of the function F(t) is a Steiner
curve (see Figure 4.2). The image of the functions F'*(¢) translated by the vector
(0,1) and of the function F'~(¢) produce boundaries, respectively, of the sets A and

B (see Figure 4.2).

Figure 4.2: Trajectory of the function F' (deltoid curve or Steiner curve). Minimal
pair of sets such that h4 — hg = h from Example 4.2.

In [10], Example 10.2.8, the function h was represented as a difference (h(z,y) +
2\/:1:2 +y2)— 2\/1’2 + y2, where the number a = 2 is the smallest number such that
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the function h(z,y)+ay/x? + y? is convex. Figure 4.3 shows a pair of subdifferential
A = dhlo = 9(h+2]-||2)|o and superdifferential B := dh|o = d(2]|-||2)]o- Obviously,
h = ha — hp, however, the pair (A, B) is not inclusion-minimal.

Figure 4.3: Sub- and superdifferential of the function A from Example 10.2.8 in [10].

Example 4.3. Let

hay) = | VALVt <lyl
’ Va?+y2 = V2| 2] >yl

Then
o(t) = V2| sint| — 1 | cost| < |sint|
1 — /2| cost| |cost| > |sint| ’
t—V2sint 0<t<Z
; g—t—\/ﬁcost %<t<%’r
/gp(s)dSZ —m+t++/2sint %{gt<%’f ,
0 T_t4+V2cost  ZLt< IR
—2r+t—+/2sint  TELtLon
V2sint 0<t< ]
V2cost T <t< 3T
P'(t) = —V2sint T LE< T
—+v/2cost %<t<7f
\@sint %<t<27r
t 0<t<%
us us U
5ot F<t<¥
flity=49 —m+t TLt<
Fooo Gee<h
—2r +t T <t<2r
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t 0<t<§é 0 0<t<%
+ s % §W<t<€ﬂﬂ - _%"'_: §W<t<€ﬂ—7r
Fre)=q —5+t  TSt<g ()= 2 a1 St<i
T oFsi<f —FHt FSt<T
-+t %ﬂétéZﬂ T %été?w
The image of the function F*(¢) translated by the vector (1 — g, 0) and of the

function F'~(t) translated by vector (@, 0) produce boundaries, respectively, of the
sets A" and B’ (see Figure 4.4), which are lenses. The Minkowski sum A’ + B’ is a
unit disc. We have h = hg — hp = hyr — hpr, while hgr + hp = || - ||2.

A

1

A"+ B’

1N
X

Figure 4.4: The lenses A’ and B’ from Example 4.3.

The following examples show usefulness of the criterion from Theorem 3.1.

Example 4.4. Let h(z,y) := infyen|ycos T — wsin7|. Notice that the func-
tion h is positively homogenous, piecewise linear and nonnegative. Then ¢(t) =

infen [sin(t — T)|. For t € [T, -75], n > 3 we have

(t) < sin(t 7r)< T T T
<sin(t — —) < ——=
7 n n—1 n (n—1n

Since n > %

and t < m — 1, we obtain

i t2 9
Plt) < EEN T
Then for t € [0,F] we have 0 < ¢(t) < t?, and the right derivative ¢/(0) exists
and ¢'(0) = 0. Since p(t) = p(t — ) for t € [m, 27|, we obtain ¢'(r) = 0. For
all t € [0,27], t # 0,7, 27 the right derivative ¢'(t) obviously exists and belongs
to [—1,1]. Therefore, the function ¢ is continous and Lipschitzian with a constant
1. Also the function A is continous and Lipschitzian with a constant 1. Let us
notice that for all n > 2, we have ¢'(T) = 1. Moreover for each n the function ¢’
is negative in some left neighborhood of . Hence the variation of ¢’ is infinite.
By Theorem 3.1 the function h is not a difference of sublinear functions. In [3]
Gorokhovik and Trafimovich gave another similar function with more complicated
definition.
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Example 4.5. For t € [7, 75|, n > 2 let us define

n—1

m 1 . m
E)a (n _ 1)2 Sln(
Let us put ¢(t) := p(t — ) for t > 7 and ¢(0) := 0. We define

ey = VP Fye(Arg(z+iy))  (z,y) # (0,0)
he.y): { 0 (z.4) = (0.0)

Again the function A is positively homogenous, piecewise linear and nonnegative.
Moreover, the right derivative ¢’ (t) exists and belongs to the interval [—1,1]. There-
fore, also the functions ¢ and h are continous and Lipschitzian with a constant 1.
Notice that right derivative ¢ is decreasing in each interval [T, -5 ), n > 2. More-

1
t) := min(—; sin(t —
o(t) mm(n2 sin(

).

n—1

over, ¢'(X) = 2 and

1
lim ¢'(t)= ————.
t/‘l—n’jl<p() (n—1)2

We can calculate that the variation of ¢’ is finite and equal to
1 72
8 — —4=8— —4=09,1594725.
HZ:I n? 6 ’

By Theorem 3.1 the function A is a difference of sublinear functions.

A
B

Figure 4.5: The sets A and B are determined by the images of the functions F*(t)
and F~(t) from Example 4.6.
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