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COMPLEXITY OF THE REGULARIZED NEWTON’S METHOD

ROMAN A. POLYAK

ABSTRACT. Newton’s method for finding unconstrained minimizer of strictly
convex functions, generally speaking, does not converge from any starting point.

We introduce and study the damped regularized Newton’s method (DRNM).
It converges globally for any strictly convex function, which has a minimizer in
R™.

Locally DRNM converges with quadratic rate. We characterize the neighbor-
hood of the minimizer, where the quadratic rate occurs. Based on it we estimate
the number of DRNM’s steps required for finding an e- approximation for the
minimizer.

1. INTRODUCTION

Newton’s method, which has been introduced almost 350 years ago, is still one of
the basic tools in numerical analysis, variational and control problems, optimization
both constrained and unconstrained, just to mention a few.

It has been used not only as a numerical tool, but also as a powerful instrument
for proving existence and uniqueness results.

In particular, Newton-Kantorovich’s method plays a critical role in the classical
KAM theory by Kolmogorov, Arnold and Mozer (see [1]). Another example is the
proof of Lusternik’s theorem on tangent spaces (see [3], [9]).

Newton’s method was the main instrument in the interior point methods (IPMs),
which preoccupied the field of optimization for a long time.

Yu. Nesterov and A. Nemirovski shown that a special damped Newton’s method
is particularly efficient for minimization self - concordant (SC) functions (see [6],
7).

They shown that from any starting point a special damped Newton’s step reduces
the SC function value by a constant, which depends only on the Newton’s decrement.
The decrement converges to zero.

By the time it gets small enough the damped Newton’s method practically turns
into Newton’s method and generates a sequence, which converges in value with
quadratic rate.

They characterized the size of the minimizer’s neighborhood, where quadratic
rate occurs. It allows establishing the complexity of the special damped Newton’s
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method for SC function, that is to find the upper bound for the number of damped
Newton’s step required for finding an e- approximation for the minimizer.

For strictly convex functions, which are not self-concordant, such results, to the
best of our knowledge, are unknown.

Therefore we introduced the regularized Newton’s method (RNM), which guar-
antee convergence to the minimizer of a strictly convex function from any starting
point (see [10]). The most important feature of RNM is the regularization at each
point. By taking Euclidian norm of the gradient as the regularization parameter
we guaranteed non only global convergence of RNM, but also local quadratic con-
vergence rate. It became possible due to the vanishing regularization parameter.

The important issue still is the size of the Newton’s and regularized Newton’s
area, where correspondent methods converges with quadratic rate.

The purpose of the paper is to introduce a new damped Newton’s method (DNM)
and a new DRNM for minimization of twice continuously differentiable and strictly
convex f:R™ — R and establish their complexity bounds.

First, we characterize the Newton’s areas for DNM and DRNM. In other words,
we estimate the minimizer’s neighborhoods, where DNM and DRNM converges with
quadratic rate.

Then we estimate the number of steps needed for DNM’s or DRNM’s to enter
the correspondent Newton’s areas.

The key ingredients of our analysis are the Newton’s and the regularized Newton’s
decrements.

On the one hand, the decrements provide the upper bound for the distance from
the current approximation to the minimizer. Therefore they have been used in the
stopping criteria.

On the other hand, they provide a lower bound for the function reduction at
each step at any point, which does not belong to the Newton’s or to the regularized
Newton’s area.

These bounds were used to estimate the number of DNM or DRNM steps needed
to get into the correspondent Newton’s areas.

2. NEWTON’S METHOD

We start with the classical Newton’s method for finding a root of a nonlinear
equation
f(t) =0,
where f : R — R has a smooth derivative f’.
Let us consider tg € R and the linear approximation

F(t) = f(to) + f'(to)(t — to) = f(to) + f'(to) At
of f at to, assuming that f’(t9) # 0.
By replacing f with its linear approximation we obtain the following equation
f(to) + f'(to)At =0
for the Newton’s step At.

The next approximation is given by formula
(2.1) t=to+ At =to— (f'(to)) ' f(to).
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By reiterating (2.1) we obtain Newton’s method
(2.2) lst1 =15 — (f/(t5>)_lf(ts)

for finding a root of a nonlinear equation f(t) = 0.
Let t* be the root, that is f(t*) = 0. Also we assume f (t*) # 0 and f € C2. We
consider the expansion of f at t5 with the Lagrange remainder

* ’ * 1 "o, A~ *
(2'3) 0= f(t ) = f(ts) + f (ts)(t - ts) + if (ts)(t - ts)2y
where i, € [t,,t*]. For t, close to t* we have f (t,) # 0, therefore from (2.3) follows
) 17

* — * 2‘
CE T e T )
Using (2.2) we get
1 ()], .
(2.4) [t = ton| = 5 |!§/((ts))l‘ 1t —t]?.

If Ay = [t* — t5] is small, then there exist @ > 0 and b > 0 independent on t, that
1" (£s)] < a and |f'(ts)] > b. Therefore, from (2.4) follows

(2.5) A1 < A

where ¢ = 0.5ab™ !,

This is the key characteristic of Newton’s method, which makes the method so
important even 350 years after it was originally introduced.

Newton’s method has a natural extension for a nonlinear system of equations

(2.6) g9(x) =0,

where g : R" — R" is a vector-function with a smooth Jacobian J(g) = Vg : R" —
R™. The linear approximation of g at xq is given by

(2.7) g(x) = g(xo) + Vg(zo)(x — x0).

We replace g in (2.6) by its linear approximation (2.7). The Newton’s step Az one
finds by solving the following linear system :

9(zo) + Vg(xg)Az = 0.
Assuming det Vg(zp) # 0 we obtain
Az = —(Vg(z0)) " g(x0).

The new approximation is given by the following formula:

(2.8) z =z — (Vg(x0)) g(x0).
By reiterating (2.8) we obtain Newton’s method
(2.9) Ts+l = Ts — (vy(l’s))ilg(xS)

for solving a nonlinear system of equations (2.6).
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Newton’s method for minimization of f : R” — R follows directly from (2.9) if

instead of unconstrained minimization problem
min f(x)

(2.10) n
st. xeR

we consider the nonlinear system
(2.11) Vi(x)=0,

which is the necessary and sufficient condition for * to be the minimizer in (2.10)
in case of convex f.
Vector

(2.12) n(x) = —(V*f(2) "'V f(z)

defines the Newton’s direction at x € R™.
Application of Newton’s method (2.9) to the system (2.11) leads to the Newton’s
method

(2.13) o1 = x5 — (V2 (25)) 7'V f(s) = x5 + n(as)

for solving (2.10).
Method (2.13) has another interpretation. Let f : R™ — R be twice differentiable
with a positive definite Hessian V2 f.

The quadratic approximation of f at xg is given by the formula

Fa) = (o) + (V (o), @ — o) + 3 (V2F(zo) a — w0), 7 — o).
Instead of solving (2.10) let us find
z = argmin{f(z) : x € R"},
which is equivalent to solving the following linear system
V2 f(z0)Az = =V f (o)

for Ax = 2 — xg.

We obtain
Az = n(zo),
so for the next approximation we have
(2.14) T =z — (V2f(20)) 'V f(x0) = 20 + n(xo).

By reiterating (2.14) we obtain Newton’s method (2.13) for solving (2.10).

The local quadratic convergence of both (2.9) and (2.13) is well known (see [2],
[4], [7], [8] and references therein).

Away from the neighborhood of z*, however, both Newton’s methods (2.9) and
(2.13) can either oscillate or diverge.

Example 2.1. Consider

—1, t € (—o0,—1]
(t+1)2—1, te[-1,0]
g(t) = —(t—1)%41, tel0,1]
1, t e [1,00).
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The function g together with ¢’ is continuous on (—oo,00). Newton’s method

(2.2) converges to the root t* = 0 from any starting point ¢: [t| < 2, oscillates
between t; = —% and tg1 = %, s = 1,2,... and either diverges or not defined for
any t: |t| > %
Example 2.2. For f(t) = V1 + t2 we have
f(t*) = f(0) =min{f(¢t) : —o00 <t < o0}.
For the first and second derivative we have
6 =11+ )75, (1) = (14 )75,
Therefore Newton’s method (2.13) is given by the following formula
(2.15) torr =ts — (1 +12)2t,(1+12)72 = —¢3,
It follows from (2.15) that Newton’s method converges from any ¢y € (—1, 1) oscil-
lates between t; = —1 and t541 = 1, s = 1,2, ... and diverges from any ¢y ¢ [—1, 1].

It also follows from (2.15) that Newton’s method converges from any starting point
to € (—1,1) with the cubic rate, however, in both examples the convergence area is
negligibly smaller than the area where Newton’s method diverges. Note that f is
strictly convex in R and strongly convex in the neighborhood of t* = 0.

Therefore there are three important issues associated with the Newton’s method
for unconstrained convex optimization.
First, to characterize the neighborhood of the solution, where Newton’s method
converges with quadratic rate.
Second, to find such modification of Newton’s method that generates convergent
sequence from any starting point and retains quadratic convergence rate in the
neighborhood of the solution.
Third, to estimate the computational complexity of a globally convergent Newton’s
and regularized Newton’s methods in terms of the total number of steps required
for finding an e-approximation for z*.

3. LOCAL QUADRATIC CONVERGENCE OF NEWTON’S METHOD

We consider a class of convex functions f : R™ — R, that are strongly convex at
x*, that is

(3.1) V2f(2z*) = mlI,

m > 0 and their Hessian satisfy Lipschitz condition in the neighborhood of z*. In
other words there is 6 > 0, a ball B(z*,d) = {z € R", ||z —2*|| < 6} and M > 0
such that for any z and y € B(z*, ) we have

(3.2) IV2f(2) = V2 f(y)ll < Mllz -y,

where ||z|| = (x,x)%

The following Theorem characterize the neighborhood of xz*, where Newton’s
method converges with quadratic rate.

There are several ways to proof this fundamental result(see, for example, [2], [4],
[7], [8] and references therein). In the following Theorem, which we provide for
completeness, the Newton’s area is characterized explicitly through the convexity
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constant m > 0 and Lipschitz constant M > 0 (see [7]). We will use these technique
later to characterize the regularized Newton’s area.

Theorem 3.1. If for 0 < m < M conditions (3.1) and (3.2) are satisfied, then

for § = g—]\"} and any given xo € B(x*,0) the entire sequence {xs}2, generated by

(2.13) belongs B(x*, ) and the following bound holds:

M
m— M|zs —a*[])

Proof. From (2.13) and V f(x*) = 0 follows
Tspr — = ws — & — [V2f ()] TV f ()
= zs —a* — (V2 f(2s)) N (Vf(ws) — V(")) =
(3.4) = [V2f(2s)] VP f(s) (s — %) = (V[ () = V f(2"))].
Then we have
1
Vf(zs)— Vf(x*) = /0 V2f(z* + m(xg — 2%))(zs — z¥)dT.
From (3.4) we obtain
(3.5) Top1 —x* = [V2f(xs)] 1 Hy(zs — 2*),

where

|lxs — x*||2, s> 1.

(3.3) e ==l < g

1
H, _/ (V2f(2s) — V2f (2" + 7(xs — 27))]dr-
0

Let As = ||xs — z*||, then using (3.2) we get
1
V) = | /0 (V2 () — V2F(2 + 7(za — 2*)]dr]
1
< [ 19250 = P25 + 7l — ) i <
0
1
< / Mo — 2" — (25 — 2*)|dr <
0

1
M
< [ M=, - o fir = A
0 2
Therefore from (3.5) and the latter bound we have

Ayt < (V2 f () M Hsll2s — 27 <
M _
(3.6) S I(V2f (@) M AL
From (3.2) follows
IV2f(zs) = V2 (@) < Mjzs — 2™ = MA,,
therefore

V2 (z*) + MAT = V2f(zs) = V2 f(z*) — MA,L
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From (3.1) follows
V2f(xs) = V2f(x*) — MA = (m — MA)I.

Hence, for any Ay < mM~! the matrix V2f(z;) is positive definite, therefore the
inverse (V2f(2®))~! exists and the following bound holds

1
2 S —1 < .
(V@) < i
From (3.6) and the latter bound follows
M
3.7 Agpg < ——— A2
( ) +1—2(m_MAS) s

From (3.7) for Ag < g—ﬁ follows Ag11 < Ag, which means that for § = g—ﬂ and any
xo € B(z*,0) the entire sequence {xs}2, belongs to B(z*,§) and converges to z*
with the quadratic rate (3.7).

The proof is complete. O O

The neighborhood B(z*,d) with § = 2% is called Newton’s area.

In the following section we consider a new version of the damped Newton’s
method, which converges from any starting point and at the same time retains
quadratic convergence rate in the Newton’s area.

4. DAMPED NEWTON’S METHOD

To make Newton’s method practical we have to guarantee convergence from any
starting point. To this end the step length ¢ > 0 is attached to the Newton’s
direction n(x), that is

(4.1) & =x+tn(r) =2 —t(Vf(2)) V().

The step length ¢ > 0 has to be adjusted to guarantee a ”substantial reduction” of
f at each x ¢ B(z*,d) and t = 1, when x € B(z*,J).

Method (4.1) is called the damped Newton’s Method (DNM)(see, for example, [2],
71, 19)

The following function A : R” — R.:
(4.2) M) = (V2 f(2) 'V [ (@), V()" = [=(V f(2),n(x))]",

which is called the Newton’s decrement of f at x € R”, will play an important role
later.

At this point we assume that f : R” — R is strongly convex and its Hessian V2 f
is Lipschitz continuous, that is, there exist co > M > m > 0 that

(4.3) V2f(z) = ml
and
(4.4) IV2f(z) = V2 f(y)ll < M|z - y]|

are satisfied for any x and y from R".
Let zg € R™ be a starting point.
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Due to (4.3) the sublevel set Lo = {x € R™ : f(z) < f(z0)} is bounded for any
given zg € R™. Therefore from (4.4) follows existence L > 0 that
(4.5) IV2f(2)] < L
is taking place.
We also assume that € > 0 is small enough, in particular,
(4.6) 0<e<m?L™

holds.
We are ready to describe our version of DNM.
Let zg € R™ be a starting point and 0 < € < § be the required accuracy. Set
T =z
1. find Newton’s direction n(z);
2. if the following inequality

(4.7) [l +n(x)) < f(x) +0.5(V f(x),n(x))
holds, then set ¢(x) := 1, otherwise set t(z) = m(2L)™!;
3. set z 1=z + t(z)n(z);
4. if A(z) < ', then z* := z, otherwise go 1.
The following Theorem proves global convergence of the DNM 1.-4. and estab-
lishes the upper bound for the total number of DNM steps require for finding e-
approximation for x*.

5. GLOBAL CONVERGENCE OF THE DNM AND ITS COMPLEXITY

Theorem 5.1. If f : R™ — R is twice differentiable and conditions (4.3) and (4.4)
are satisfied, then for § = %% it takes

27712
PO (o) — 1)),

DNM steps to find x € B(x*,d) by using DNM.
Proof. From (4.5) follows
(5.2) V2f(z) < LI

On other hand, from (4.3) follows the existence of the inverse (V2 f(x))~!. Therefore
from (5.2) follows

(5.3) (V2f(x) ' = L7'L.

From (4.2) and (5.3) we obtain the following lower bound for the Newton’s decre-
ment

(5.4) Mz) = (V2f(2) "'V f(2), V(@) >
> (LT f@)?)** = L7V f(2)].

(5.1) No=9

From (4.3) we have
IVf(@)lllz — 2| = (Vf(2) = Vf(z"),x —2*) = ml|z — 27|
or

(5:5) IVF@)[| = mljz — .
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From (5.4) and (5.5) we obtain
(5.6) Mz) > L% m|z — z¥.
From (4.6) and the stopping criteria 4. follows
(m2L 1% > 15 > \(z) > mL™%5 ||z — 2%,

or ||z — 2*|| < e, which justifies the stopping criteria 4.

On the other hand, Newton’s decrement defines the lower bound for the function
reduction at each step.

In fact, for Newton’s directional derivative from (2.12), (4.2) and (4.3) follows

#0) = TEXD) o (9 1(2),n(w)) =
5:7) (V2 ()ne), n(x) < ~min(a)|”.

Due to the strong convexity of p(t) = f(z+tn(z)) the derivative ¢ (t) = (Vf(z+
tn(z)),n(x)) is monotone increasing in ¢ > 0, so there is t(x) > 0 such that

(5-8) 0> (Vf(z +t(z)n(x)),n(x)) > %(Vf(x)an(x)),

otherwise (Vf(z + tn(z)),n(z)) < 3(Vf(z),n(z)) < —im|n(z)|*t > 0 and
inf f(x) = —oo, which is impossible for a strongly convex function f.
It follows from (5.7), (5.8) and monotonicity of ¢'(¢) that for any ¢ € [0,¢(z)] we
have
df (z + tn(x))

= = (Vf(x +tn(x)),n(x)) <

(Vf(x),n(x)).

N | —

Therefore

fla + t()n(@) < f(@) + 51(@)(VF (), n(z).

Keeping in mind (4.2) we obtain
(5.9) f(@) = flx +t(x)n(x)) >
Combining (5.7) and (5.8) we obtain

(Vf(z +t(x)n(x) - Vf(z),n(z)) = %Hn(x)Hz-

From the mean value Theorem applied to ¢(t) = (V f(z +t(x)n(x)) — V f(x),n(z))
follows existance 0 < 6(x) < 1 such that

t(@) (V2 f(z + 0(2)t(x)n(2))n(z), n(2)) = t@)(V2f()n(z),n(z)) > %Hn(l’)HQ,
t@)IV2FO)llln(2)]? > %lln(ﬂﬂ)\lz-
From (4.3) follows

m
5.10 t(r) > —
(5.10) ()2 2
which justifies the choice of step length ¢(z) in the DNM 1.-4..
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Hence, from (5.9) and (5.10) we obtain the following lower bound for the function
reduction per step
V@,

(5.11) Af() = f(z) = flz +ta)n(2) = 7

which together with the lower bound (5.6) for the Newton’s decrement \(x) leads
to

m3
(5.12) Af(z) = f(z) = flz +tz)n(z)) = e - z*||*.

It means that for any x ¢ B(z*, ) the function reduction at each step is proportional
to the square of the distance between current approximation x and the solution z*.
In other words, ”far from” the solution Newton’s step produces a ”substantial”
reduction of the function value similar to one of the gradient method.
For z ¢ B(z*,8) we have ||z —z*|| > 2 therefore from (5.12) we obtain A f(z) >
5
% IRIvER

So it takes at most

L2 M?
o (f(w0) — £*))
Newton’s steps to obtain € B(z*,J) from a given starting point g € R™. The
proof is completed. O
From Theorem 3.1 follows that O(Inlne~!) steps needed to find an e- approxima-
tion to z* from any x € B(z*,0), where 0 < ¢ < ¢ is the required accuracy. There-
fore the total number of Newton’s steps required for finding an e-approximation to
the optimal solution z* from a starting point zg € R" is

N =Ny +O(lnlne™1).

The bound (5.1) is similar to (9.40) from [2], but the proof is based on our version
of DNM and the explicit characterization of the Newton’s area. It allows to extend
the proof for the regularized Newton’s method [10].

The DNM requires an a priori knowledge of two parameters m and L or their
corresponding lower and upper bounds.

The following version of DNM is free from this requirement. To adjust the step
length t > 0 we use the backtracking line search.

The inequality

(5.13) [z +tn(x)) < f(x) + at(V (), n(z))

with 0 < a < 0.5 is called the Armijo condition.
Let 0 < p < 1, the backtracking line search consist of the following steps.

1. For t > 0 check (5.13). If (5.13) holds go to 2. If not set ¢ := tp and repeat
it until (5.13) holds, then go to 2.
2. set t(z) :=t, v : =z + t(x)n(zx)
We are ready to describe another version of DNM, which does not requires an a
priori knowledge of the parameters m and L or their lower and upper bounds.
Let zg € R™ be a starting point and 0 < € << § be the required accuracy.

No=9

1. Compute Newton’s direction

(5.14) n(x) = —(V2f(2)) "'V f(2);



COMPLEXITY OF THE REGULARIZED NEWTON METHOD 337

2. set t := 1, use the backtracking line search until

f(x +in(x)) < f(x) +0.5L(V (), n(z));
3. set t(z) :=t, v =z + t(x)n(x);
4. if \(z) < ' then o* := x otherwise go 1.

The complexity of the DNM with backtracking line search can be established
using arguments similar to those in Theorem 5.1

Unfortunately, in the absence of strong convexity of f : R® — R Newton’s method
might not converge from any starting point.

In case of Example 2.2 Newton’s method does not converge from any ¢ ¢ (—1,1)
in spite of f(t) = v/1+ t? being strongly convex and smooth enough in the neigh-
borhood of t* = 0.

In the following section we consider the Regularized Newton’s Method (RNM)(see
[10]), which eliminates the basic drawback of the Classical Newton’s Method. It
generates a converging sequence from any starting point zg € R and retains qua-
dratic convergence rate in the regularized Newton’s area, which we will characterize
later.

6. REGULARIZED NEWTON’S METHODS

Let f € C? be a convex function in R®. We assume that the optimal set X* =
Argmin{f(z) : x € R"} is not empty and bounded.

The corresponding regularized at the point x € R™ function F, : R® — R is
defined by the following formula

(6.1) F(y) Zf(y)+% IVF@) lly ==

For any x ¢ X* we have ||V f(z)|| > 0, therefore for any convex function f :
R™ — R the regularized function F) is strongly convex in y for any = ¢ X*. If f
is strongly convex at x*, then the regularized function F, is strongly convex in R".
The following properties of F, are direct consequences of the definition (6.1).
1°. Fm(y)|y=z = f(l‘),
2°. vaax(y)\yzx = Vf<1'),

3. V2, Fu(y) e = V2 (@) + [V @)1 = Hia),

where [ is the identical matrix in R".

For any = ¢ X*, the inverse H!(z) exists for any convex f € C2. Therefore the
regularized Newton’s step

(6.2) &=~ (H(z))"'Vf(z)

can be performed for any convex f € C? from any starting point = ¢ X*.

We start by showing that the regularization (6.1) improves the ”quality” of the
Newton’s direction as well the condition number of the Hessian V2f(z) at any
x € R" that = ¢ X*.

Let 0 < m(z) < M(x) < oo be the smallest and largest eigenvalue of the matrix
H(z), then

(6.3) m(@)llyll® < (V2f(2)y.y) < M(x)llyll®
holds for any y € R".
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The condition number of the Hessian V2f at z € R is
cond V2f(z) = m(x)(M(z))~".

Along with the regularized Newton’s step (6.2), we consider the classical Newton’s
step

(6.4) &=~ (V2f(2)) 'V [f(2).

The regularized Newton’s direction (RND) r(x) is defined by the system
(6.5) H(x)r(z) = =V f(x).

The ”quality” of any direction d at x € R" is define by the following number

 (Vf(@).d)
Vi@l -na ="

For the steepest descent direction d(x) = —Vf(z) || Vf(z) ||~! we have the best
local descent direction and ¢(d(z)) = 1. The “quality” of the classical Newton’s
direction is defined by the following number

(6.6) q(n(z)) = — (Vf(z),n(x))

IVF@)] - [In(x)]]
For the RND r(z) we have

0<gq(d) =

(Vi@)re)
IV F@)] - llr (@)
The following theorem establishes the lower bounds for ¢(r(x)) and g(n(z)). It

shows that the regularization (6.1) improves the condition number of the Hessian
V2f for all x € R*, x ¢ X* (see [10]).

(6.7) q(r(z)) =

Theorem 6.1. Let f: R” — R be a twice continuous differentiable convex function
and the bounds (6.3) hold, then:

1.
12> q(r(x)) = (m(z) + |V f(2)[) (M (2) + ||V f(2)[[)
= cond H(x)>0 for any x & X*.
2.
12 g(n(e)) 2 m(@)(M(z))"! = cond V?f(z)
for any x € R".
3.
cond H(x)— cond V?f(x) =
(6.8) IVf(@)I[(L — cond V2 f(x))(M(z) +[|V f(2)|) 7! >0

for any x & X*, cond V2f(x) < 1.



Proof.
(6.9)

(6.10)

(6.11)

(6.12)

(6.13)
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1. From (6.5), we obtain
V@) < [[H ()] - [lr(2)]].
Using the right inequality (6.3) and 3°, we have
[[H (2)|] < M () + [V f(2)]],
From (6.9) and (6.10) we obtain
IVf(@)]] < (M(z) + [V £ (@)D (@)]]-
From (6.5) the left inequality (6.3) and 3° follows
~(Vf(z),r(x)) = (H(z)r(z),r(2)) = (m(z) + |V f(@)[)]r ()]
Therefore from (6.7) follows
q(r(z)) = (m(x) + |V f(@)[[)(M(2) + [V f(2)|)) 7" = cond H(a).

. Now let us consider the Newton’s direction n(z). From (6.4), we have

Vf(x) = =V*f(x)n(),
therefore,
~(Vf(2),n(x)) = (V2 f(z)n(z),n(z)).
From (6.11) left inequality of (6.3), we obtain

= - (V /() n(z)) m(x)||n(x)|| - )|t
() = e T 2 @@ V@)

From (6.11) and the right inequality in (6.3) follows
IVf@)I| < IV2F@)]] - [In(2)]] < M(2)[In(2)]].
Combining (6.12) and (6.13) we have

m(z) _
q(n(x)) > M) cond V2 f(z).

. Using the formulas for the condition numbers of V2 f(z) and H (x) we obtain

(6.3) O

Corollary 6.2. The regularized Newton’s direction r(x) is a decent direction for
any convex f : R™ — R, whereas the classical Newton’s direction n(x) exists and it
is a decent direction only if f is a strongly conver at x € R™.

Under condition (3.1) and (3.2) the RNM retains the local quadratic convergence
rate, which is typical for the Classical Newton’s method.

On the other hand, the regularization (6.1) allows to establish global convergence
and estimate complexity of the RNM, when the original function is only strongly
convex at x*.
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7. LOCAL QUADRATIC CONVERGENCE RATE OF THE RNM

In this section we consider the RNM and determine the neighborhood of the
minimizer, where the RNM converges with quadratic rate.

Along with assumptions (3.1) and (3.2) for the Hessian V2f we will use the
Lipschitz condition for the gradient V f

(7.1) IVf(z) = VIl < Lz —yll,

which is equivalent to (4.5).
The RNM generates a sequence {z5}5°:

-1
(7.2) o1 = x5 — [V2f(ws) + [V () I] V(as).
The following Theorem characterizes the regularized Newton’s area.

Theorem 7.1. If (3.1), (3.2) and (7.1) hold, then for § = 3]\3% and any xog €
B(z*,0) as a starting point, the sequence {xs}22, generated by RNM (7.2) belongs
to B(x*,0) and the following bound holds:

M +2L 1

. s+1 — s+1 — * <
(73) Dot = lltwps = o) < F2 22

A2 s>1.

Proof. From (7.2) follows
Tor1 — 3" = wy — 3" — [V2f(2s) + |V (@)l T] T (VF(s) — V().
Using
1
Vf(xs) — Vf(z*) = / V2f(z* + 7(xs — 2%))(zs — 2¥)dr,

0
we obtain
(7.4) Tos1 — 7 = [V () + |V F ()] " Hylas — 27),
where

1
H, = /0 (V2 f(zs) + |V f ()l = V2 f (2" + 7(xs — 2%)))dr.

From (3.2) and (7.1) follows

1
A / (V2f(2s) + IV F @)l — V2 (" + (25 — 2*))) dr |
1 1
<| / (V2f(22) — V2 (o + 7(as — 2*)))dr] + / IV £ () ldr
0 0
1 1
< / IV f(2s) — V2 F(a* + 7(e — ) dr + / IV (2s) — Vf(a*) |dr
0 0
1 1
g/o Mjzs — o — 7(zs — @ )\|d7+/0 Lilzs — *||dr

! . M + 2L .
(7.5) :/0 (M(1—7)+ L)||zs — x™||dT = THxs—x |-
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From (7.4) and (7.5) we have

N -1
Ag1 = [[zspr — ™| <[ (V2 f(@s) + IV f(2s)|1T)

- || - s — =7

(7.6) < P29 1) + 19 () 1) 1A%
From (3.2) follows

(7.7) IV2f(xs) = V2 f ()| < M||zs — 2*|| = MA,,

therefore we have

(7.8) V2f(x*) + MAGT = V2 f(xs) = V2f(x*) — MASI.

From (3.1) and (7.8) we obtain
V2 f(as) + IV ()|l = (m+ ||V f(xs)|| = MAG)L.

Therefore for Ag < w the matrix V2 f(z5) + ||V f(zs)||] is positive defi-
nite, therefore its inverse exists and we have

1

2 -1

||(V f(xs) + ||Vf(l‘s)”l) H < m —+ va(xs)n _ MAS -
1

m— MA,

(7.9)

For Ag < from (7.6) and (7.9) follows

M+2L 1

2 m— MA,

Therefore from (7.10) for 0 < Ag < 3M+ 7 < m+H7\j(wS)” we obtain
3M + 2L

Ay € S5 AT A,

3M+2L

(7.10) Agi1 < A%

Hence, for § = 3]\%}:% and any xo € B(z*,0) as a starting point the sequence
{zs}52, generated by (7.2) belongs to B(z*,d) and the bound (7.3) holds.
The proof of Theorem 7.1 is complete. O

Corollary 7.2. Under conditions of Theorem 7.1 for § = 3]\3% and any x €
B(x*,0) the Hessian V2 f(z) is positive definite and

(7.11) V2f(x) = mol,
where mo = m(M + 2L)(3M + 2L)~1
In fact, from (4.4) follows
V2f(z*) + MAzI = V2f(x) = V2f(z*) — MAzI,
so for any z € B(x*,d) we have

V2f(z) = (m - %) I =m(M +2L)(3M + 2L) "I = myl.

From the latter inequality follows

IVf@)lllz —a*|| = (Vf(x) = VF(@*),z - 2%) = molz — 2*|]%,
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that is for any x € B(z*,d) we have
(7.12) IVf ()| = mollz — 2.

It follows from Theorem 7.1 that B(z*,d) with § = 3]\3% is the Newton’s area
for the RNM.

So it takes O(InIne~1) regularized Newton’s steps to find an e-approximation for
x* from any x € B(z*,0) as a starting point.

To make the RNM globally convergent we have to replace the RNM by DRNM
and adjust the step length. It can be done by backtracking line search, using Armijo
condition (5.13) with Newton’s direction n(x) replaced by regularized Newton’s
direction r(z). In the following section we introduce another version of the DRNM
and estimate the number of RNM steps required for finding = € B(z*, ) from any
given starting point xg € R"”.

8. DAMPED REGULARIZED NEWTON’S METHOD

Let us consider the regularized Newton’s decrement

(8.1) () = (H™ @)V f(x), V()2 = [~(Vf(2),r(x))]2.
We assume that € > 0 is small enough, in particular,

(8.2) 0 <’ <mo(L+|Vf()])~,

for Va € Ly.
From (4.5) follows

(8.3) (V2f (@) + IV (@) 1) 2 (L+ [V f(@))I.

On the other hand, for any x € B(z*,d) from the Corollary 7.2 we have
V2 f(2) + IV f (@) = (mo + |V f(x)|)1.
Therefore the inverse (V2f(z) + ||V f(x)||I)~" exists and from (8.3) we obtain
H™ N (z) = (V2 f(2) + V@)1~ = (L + [V f(@)I)7'.
Therefore from (8.1) for any x € B(z*,0) we have
Ay (@) = (H H(2)V (@), Vf(2))*° > (L+ ||V (@) )"V f ()],
which together with (7.12) leads to
Ay (@) = mo(L + ||V f ())& — 2*]|.
Then from X(;)(z) < &' and (8.2) follows
mo(L + [V f(@)[)™% > " > Ay (@) > mo(L + [V F(2)[) 7"l — 2]

or
|z —a*|| < e,V € B(z*,0).
Therefore A, (z) < el can be used as a stopping criteria.
We are ready to describe the DRNM.
Let g € R™ be a starting point and 0 < € < § be the required accuracy, set
T = X.
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1. Compute the regularized Newton’s direction r(z) by solving the system
(6.5);
2. if the following inequality

(8.4) flz+tr(z)) < f(z) +0.5(Vf(x),r(z))
holds, then set t(z) := 1, otherwise set t(z) := (2L) Y|V f(2)||;
3. x:=x+t(x)r(x);
4. if \p(x) < e'?, then x* := z, otherwise go to 1.

The global convergence and the complexity of the DRNM we consider in the fol-
lowing section.

9. COMPLEXITY OF THE DRNM

We assume that conditions (3.1) and (3.2) are satisfied. Due to (3.1) the solution
z* is unique. Hence, from convexity f follows that for any given starting point
xo € R™ the sublevel set Ly is bounded, therefore there is L > 0 such that (4.5)
holds on L.

Let B(z*,r) = {z € R" : ||x — 2*|| < r} be the ball with center z* and radius
r >0 and ro = min{r : Lo C B(z*,7)}.

Theorem 9.1. If (5.1) and (3.2) are satisfied and § = 31\3%, then from any given
starting point xg € Ly it takes

1 (L*3M +2L)3
(9.1) Ny = 5 <(+)

DRN steps to get x € B(x*,9).

(1 + ro)(f(z0) — f(x*)))

(mom)3

Proof. For the regularized Newton’s directional derivative we have

V@), (9 1(0),r(a)) =

— ((V2f(2) + IV @) [ (@), r(x)) <

(9.2) —(m(@) + |V f(@)IDlr ()],

where m(z) > 0 and ||V f(z)|| > 0 for any x # z*. It means that RND is a decent
direction at any = € Ly and z # z*.

It follows from (9.2) that ¢(t) = f(z + tr(z)) is monotone decreasing for small
t>0.

From the convexity of f follows that ¢'(t) = (V f(z+tr(z)), r(x)) is not decreasing
in ¢t > 0, hence at some ¢ = t(z) we have

1
(9:3) (VI +tz)r(@),r(@) = =5 (m(@) + IV @) DlIr@)]*,
otherwise inf f(x) = —oo, which is impossible due to the boundedness of L.

From (9.2) and (9.3) we have

(VF (e + (@) Vf(a), () > OO e
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Therefore there exist 0 < (z) < 1 such that
t(@) (V2 f (2 + 0(2)t(x)r(2)), r(z)) = t(z) (V2 f()r(z), r(x))
L m@) V@I

= 2
m(z) + [V f ()]l
2

or
t(@)| V2Ol (2)]* = I ()11
Keeping in mind that ||V2f(-)|| < L we obtain

m(@) + V@) o V()]
(9.4) t(x) > 5L > ST

It means that for ¢t < w the inequality

df (x + tr(x)) 1
Ve @) < L f(@).r(a)
holds, hence

Af() = f(&) ~ o+ ta)r(e) >
(95) SV (@), (@) = SN ().

Therefore finding the lower bound for the reduction of f at any z € L such that
x ¢ B(z*,d) we have to find the corresponding bound for the regularized Newton’s
decrement.

Now let us consider z € B(x*, ) then from (7.11) follows

(9.6) (Vf(x) = Vf(a*),z —a*) = mollz — ™|
for any = € B(z*,9). B
Let & ¢ B(z",0), we consider a segment [¢*,Z]. There is 0 < ¢ < 1 such that
T=(1—-t)z*+tz € OB(z*,9).
From the convexity f follows
(Vf(@" + 8 —27)), & — 2%) =0 < (Vf(a" +1(E — 27)), & — 27) |, <
(Vf(z" +t(z —x%), — 2%)|=1,
or
0=(Vf(@@"),2—2%) <(Vf(2), & —2") < (Vf(Z),2—a")
The right inequality can be rewritten as follows:
|

(V@& -t = 1T

In view of (9.6) we obtain

(V@) —=Vf(),z—2%) < (Vf(@),z—2").

A~

~ oo~ o 1=
5 (Vf(x)—Vf(x),x—x)Z?

Keeping in mind that = € 0B(z*, ) we get

T — ¥

IVF@)E -] > |

mol|Z — a;*H2

2mom

. r)| > T2 = ———.
(9.7) V(@) > moll7 - o = o7 oe
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On the other hand from (7.1) and & € L follows

(9-8) V@) = IVf(@) = V()] < L& — 2*|| < Lro.
From (4.5) follows
(9.9) V2f(z) < LI.

For any & ¢ S(z*,8) we have ||V f(#)| > 0, therefore H(2) = V2f(2) + ||[Vf(2)||]
is positive definite and system (6.5) has a unique solution

(&) = —H &)V f(2).
Moreover from (9.9) follows
(V2f(@) + IVF(@)I) = (L+ IV F(@)IDI-
Therefore
(9.10) H™N&) = (L+ ||V f(@)[1)""I.
For the regularized Newton’s decrement we obtain
(911)  Ap(@) = (H™'(@)VF(@), V(@) > (L+ V@) "IV (@)
Keeping in mind
V@) = IVFf(2) = V()] < Ll|Z — =]
from (9.4), (9.8) and (9.11) and definition of r¢y we obtain

IVf(@)]°

)13
i) = W v = I

Using (9.7) we get

. 2mom 3 1
>
Af@) 2 <3M+2L> AL2(1 + o)

2(mom)? 1
(BM +2L)3L2%2 (1 +1p)

Therefore it takes
372 ,
No = (f(z) — f(z*) (A1 (@)t = 2 BM+2L)7L7(1 +ro)

2 (mom)?

(f(z) = (7))

steps to obtain x € B(z*,d) from a given xy € Ly.
The proof of Theorem 9.1 is completed. O (I

From (7.3) follows that it takes O(InIne~!) DRN steps to find an e-approximation
for z* from any x € B(z*, ).

Therefore the total number of DRN steps required for finding an e-approximation
for z* from a given starting point zg € R" is

N = No +o(Inlne™).
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10. NEWTON’S METHOD AS AFFINE INVARIANT

The bounds (5.1) and (9.1) depends on the size of Newton’s and regularized
Newton’s areas, which, in turn, are defined by convexity constant m > 0 and
smoothness constants M > 0 and L > 0. The convexity and smoothness constants
dependent on the given system of coordinate.

Let consider an affine transformation of the original system given by x = Ay,
where A € R™"™ is a nondegenerate matrix. We obtain ¢(y) = f(Ay).

Let {zs}22, be the sequence generated by Newton’s method

Ts41 = Ts — (VQf(xs))ilvf(xs)

For the correspondent sequence in the transformed space we obtain

Ysr1 = ys — (V20(ys) " Veo(ys).-
Let ys = A~ 'z, for some s > 0, then

Yst1 = Ys — (V20(ys)) 7 Veo(ys) = ys — [ATVAf(Ays) AT ATV f(Ays) =

A ey — AT V2 f(2) IV f(2s) = A ag gy

It means that Newton’s method is affine invariant with respect to the transformation
x = Ay. Therefore the areas of quadratic convergence depends only on the local
topology of f(see [7]).

To get the Newton’s sequence in the transformed space one needs to apply A~!
to the elements of the Newton’s original sequence.

Let N is such that zy : ||[xy — 2*|| < e, then

lyn =yl < A7l — 27|l
From (3.3) follows

I || < M [ |2
- 2(m — M|jzs — x*[])
Therefore
1 M
— < ||A7T —z*|| < 2| A7 ———=¢2
lyv1 =yl < AT llenr = 27 < 5l H(m_ME)ﬁ
Hence, for
e< (14+05]A7Y)
- M
we have

lynve1 =yl <e.

We would like to emphasize that the bound (9.1) is global, while the conditions
(3.1) and (3.2) under which the bound holds are local, at the neighborhood of z*.
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