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WEIGHTED AVERAGES-BASED ALGORITHM FOR A
NUMERICAL SOLUTION OF AN INFINITE HORIZON
OPTIMAL CONTROL PROBLEM WITH DISCOUTNING IN
DISCRETE TIME

ILYA SHVARTSMAN

ABSTRACT. In this paper we develop an algorithm for a numerical solution of a
deterministic infinite horizon optimal control problem with discoutning in discrete
time.

1. INTRODUCTION AND PRELIMINARIES

This paper is devoted to developing an algorithm for a numerical solution of the
following infinite horizon optimal control problem with discounting in discrete time:

Minimize J (u, yo) = Z alg(y(t), u(t)),
t=0

(1.1) y(t+1) = f(y(t),u(t)), teT :={0,1,...},
y(0) = wo,
y(t) €Y,

u(t) € U(y(t)).
Here Y is a nonempty compact subset of IR™, U(-): Y — Up is an upper semicon-
tinuous compact-valued mapping to a compact metric space Uy, f : IR™ xUy — IR™
is a continuous function, « € (0, 1) is a discount factor.

There are various natural criteria of optimality for infinite horizon optimal control
problems, such as strong optimality, overtaking optimality, etc., see, e.g., [3], [4],
[5] and references therein. Asymptotic properties of optimal processes in problems
with infinite horizon are studied, e.g., in [11], [12] and [13]; in nonsmooth setting
discrete problems of optimal control are considered in, e.g. [6] and [7]. In this paper,
which continues the line of research started in [8] and [9], we consider optimality
with discounting.

In [8] it was established that problem (1.1) is closely related to an infinite dimen-
sional linear programming (LP) problem and its dual. In [9], the results of [8] were
used to establish necessary and sufficient optimality conditions for problem (1.1),
and the latter conditions were applied for a construction of a near optimal control.
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In this work we present an alternative scheme for finding a near optimal control,
which is based on the necessary and sufficient optimality conditions from [9].
The last two constraints of (1.1) can be combined into one by writing

u(t) € Ay(t)),
where, for y € Y,

(1.2) Aly) ={ue U(y)| f(y,u) €Y}

We say that a process (y(-),u(-)) is admissible, if it satisfies the constraints of
(1.1). Denote
G :=graph A = {(y,u)ly € Y, u € U(y), f(y,u) € Y}
It is easy to see that GG is a compact subset of Y x Ujy. Also denote

Uyo) := {ul-) (y(-),u(-)) is admissible}
to be the set of admissible controls and let
(1.3) V(yo) :== min J(u,yo)
u(-)eUu
be the value function of problem (1.1).

Throughout the paper we assume that the set A(y) is not empty for any y € Y.
This assumption implies that the set U(y) is not empty for any y € Y. It can be
shown that under this assumption, an optimal solution of problem (1.1) exists and
the optimal value function V'(-) is lower semicontinuous and bounded on Y. Also,
V(+) is a solution of the equation

(1.4) V(y) = ug}g&){g(y,w +aV(f(y,u)} Vyevy,

which is the dynamic programming principle for problem (1.1) (see, e.g., [1] or [8]).
For a lower semicontinuous function ¥ : Y — IR denote

Hy(y) == ug&){a(w(f(y, u)) —¥(y) +9(y,u)}.

Then relation (1.4) can be written as
Hy(y) — (1 —a)V(y) =0,
which resembles the Hamilton-Jacobi-Bellman equation for continuous time sys-
tems.
Let us outline some notations and results that are used further in the text. For

an admissible process (y(-),u(+)), a probability measure 7, is called the discounted
occupational measure generated by wu(-) if, for any Borel set @ C G,

(1.5) (@) = (L =a) Y a'lo(y(t). ult)),
t=0

where 1g(+) is the indicator function of Q. It can be shown that this definition is
equivalent to the validity of the relationship

(1.6) /G ot i) = (1= ) 3 'alu() u(0)
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for any Borel measurable function ¢ on G.

To describe convergence properties of occupational measures, we introduce the
following metric on P(G) (the space of probability measures defined on Borel subsets
of G):

o0

=33

=1

q] y, u)y (dy, dU)—/qu'(y,U)v”(dy,dU)

for v',4" € P(G), where ¢;(-), 7 = 1,2,..., is a sequence of Lipschitz continuous
functions dense in the unit ball of the space of continuous functions C'(G) from G
to IR. This metric is consistent with the weak* convergence topology on P(G), that
is, a sequence v¥ € P(G) converges to v € P(G) in this metric if and only if

lim [ q(y, u)y"(dy,du) = /G q(y, w)y(dy, du)

k—o00 G

for any ¢ € C(G).
The following lower semicontinuity property is valid (see Theorem 2.1 in [2]): if
a sequence v* € P(G) converges to v € P(G) then for any open set B C G

lim inf v*(B) > ~(B).
k—o0

Let I'(yp) denote the set of all discounted occupational measures generated by the
admissible controls, that is,

u(-)€U(yo)

Notice that T'(yg) # 0 since U(yg) # (). Due to (1.6), problem (1.1) can be rewritten
as

(1.7) win [ g(y. w1 (dy. ).
vel(yo) J &
Along with problem (1.7) consider the problem
(18) min [ gly.u)(dy. du) = g"(on).
YEW (o) J@

where W (yp) is a subset of P(G) defined by

W) = {1 € P [ lale(f (1) = o(v)

(1.9)
+ (1= a) (o) — p(y))y(dy,du) =0 Vp € C(Y)}.

Note that (1.8) is an infinite-dimensional problem of linear programming (IDLP)
since both the objective functions and the constraints defining W (yo) are linear in
the “decision variable” 7. It can be shown that W (yo) is equal to the closure of the
convex hull of I'(yo) (see [8], Corollary 2).
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Also consider the max-min problem

Iiré%yig{ffw(y) + (1= a)(@(yo) —¥(y))}

(1.10) = max inf {g(y,u) + a(¢(f(y,u)) — ¥ (y))

PeLS (y,u)eG
+ (1 =)@ (yo) — ¥ (y)} = 1" (o),

where maximum is taken over the class of bounded lower semicontinuous functions
from Y to IR (denoted as LS). It has been established in [8], Theorem 4.1, that the
maximum in (1.10) is reached at » = V, the optimal values in problems (1.8) and
(1.10) coincide and are equal to the optimal value of (1.1) multiplied by (1 — «),
that is,

(1.11) W (yo) = 9" (yo) = (1 — a)V(yo)-

Is it clear that a constant shift of a maximizer ¢ in (1.10) is also a maximizer,
but, in fact, the set of maximizers in (1.10) can be much broader than the function
V or its constant shifts (see an example in Section 2 of [9]). In the next theorem
necessary and sufficient optimality conditions for problem (1.1) in terms of any such
maximizer are established.

Theorem 1.1 ([9, Theorem 2.1]). Let ¢ be a solution of (1.10). Optimality of an
admissible process (y(-),u(-)) is equivalent to the relation

(1.12) (y(t),u(t)) = argmin, e {9(y, u) + b (f(y,u)) — P (y)},

or, equivalently,

u(t) = argminge 4,y {9(y(t), w) + o (f(y(t),u))},
y(t) = argming ey {Hy(y) — (1 — )y (y)}-

If a solution 1) of (1.10) is known, optimal control satisfies the first of the formulas
(1.13). However, finding exact solution of (1.10) is, in general, difficult. In [9] a
procedure of finding an approximate solution to this problem was developed. We
outline this procedure below.

Let {¢i}2, be a sequence of functions in C(Y) with the following properties:
(i) any finite collection of functions from this sequence is linearly independent on
any open set, (ii) for any ¢ € C(Y) and any § > 0 there exist N and scalars AV,
i = 1,...,N such that sup,cy [¥(y) — SN AVei(y)| < 5. (An example of such
sequence is the sequence of monomials y’l'1 coyim iy, iy = 0,1, .., where Yj
stands for the jth component of y.)

Define the finite dimensional space Dy C C(Y') by

(1.13)

N
Dy :={p € COYV)|¥(y) =Y _ Nidi(y), N € R, i =1,...,N}
=1

and consider the N-approzimating problem to (1.10)
(1.14)
sup. min {g(y,u) + a(@(f(y, u)) — () + (1 — ) ((yo) — ¥(¥)} =: ki (vo)-

YeDN (yu)eG
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It is easy to show that
A}im pn(yo) = (1 — )V (yo)-
—00

Let Ry, be the reachable set for system (1.1) in finite time. It can be shown (see
[9], Proposition 5) that the maximizing function ¢» € Dy in (1.14) exists under a
simple controllability-type assumption

(1.15) int (clRy, ) # 0.

Let (1.15) hold and %" be a solution of the N-approximating problem. Motivated
by formula (1.13), define control " by

(116) uN(y) - argminueA(y) {g(y7 U) + Q¢N(f(ya 'LL))}
and let the corresponding trajectory y~ be given by
(1.17) y N+ 1) = FyN (@), M (N (1))

with v (0) = .
The theorem below asserts the convergence of u™(-) and y™(-) to the optimal
control and the optimal trajectory u(-) and y(-), respectively, as N — oo.

Theorem 1.2 ([9, Theorem 4.1]). In addition to (1.15) assume that the functions
f and g are Lipschitz continuous and that the optimal solution v* of problem (1.8)
is unique. Assume also that there exists an optimal admissible process (y(-),u(-))
such that:

(a) For any t € T there exists an open ball Q; centered at §(t) such that the
minimizer u® (y) in the right hand side of (1.16) is uniquely defined for

Yy e Qt;
(b) u™N(-) is Lipschitz continuous on Q; with Lipschitz constant independent of
N and t;
(c) yN(t) € Q; YVt € T for sufficiently large N.
Then

lim oV (N (@) = a(t) YteT,
N—oo
(1.18) Jim (1) =g(t) VieT,
lim VY (yo) = V(yo),
N—oo

where VN (yo) = 2020 a'g(y™ (1), u™ (y™ (2))).

Consider the semi-infinite dimensional problem of linear programming

(1.19) min / oy, Wy (dy, du) = gl (o),
YEWN(yo) J&

where
Witon) : = { € PG [ [a(6(£(0) = o)

(1.20)
+ (1 — a)(@i(yo) — di(W))](dy,du) =0, i=1,..., N}.
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Since Wi (yo) D W(yp) for all N, the set Wi (yp) is not empty. It is clear that it is
compact in weak* topology, therefore the minimum in problem (1.19) is reached.

It can be shown that the optimal value of problem (1.19) is equal to the optimal
value of the N-approximating problem (1.14), that is, gy (v0) = pn(yo) (see [9],
Lemma 4.1).

Proposition 1.3 ([9, Proposition 7]). Among the optimal solutions of problem
(1.19), there exists one (denoted below as v ) that is presented as a conver com-
bination of at most N + 1 Dirac measures with concentration points in G. More
precisely,

(1.21)
Ky Ky
WN:ZB%@M%, where BY >0, j=1,....Ky<N+1, Y BV=1
j=1 j=1

and where 5(yN uVy are the Dirac measures concentrated at (yJN, uév) € G. Moreover,
J g

the concentration points (yJN, ujv), j=1,..., Ky satisfy the following relationships:
N : N N N

u] = argmlnueA(y;V){g(yj 7u) + Oﬂ/J (f(y] 7“’))}7

y; = argmingey {Hyn (y) — (1 — a)y™(y)},

where YN is a solution of the N -approzimating problem (1.14).

(1.22)

In the next proposition it is established that any point along the optimal process
is a limiting point of the set of concentration points {(yjz\]/V , uﬁv )} as N — co.

Proposition 1.4 (]9, Proposition 8|). Let (y(-),u(-)) be an optimal process in (1.1)
such that the conditions (a),(b) and (c) of Theorem 1.2 are satisfied and let vV be
an optimal solution of (1.19) that is represented in the form (1.21). Then, for any
t, there exist points (uﬁv,yﬁv) € {(ij,ué»v), j=1,...,Kn} such that

(1.23) (w(e), (1) = Jim ()

An optimal solution (1.21) of the semi-infinite LP problem (1.19), its optimal
value g3, and an optimal solution YN of the N-approximating problem (1.14) can
be found numerically. When " is found, a control " (y) can constructed as a
minimizer in (1.16), and this u” (y) is near optimal in (1.1) for sufficiently large
N due to Theorem 1.2. This numerical approach is carried out in an example in
Section 5 of [9]. However, finding a minimizer in (1.16) may be difficult, since the
problem on the right-hand-side of (1.16) is generally not of the convex programming
class. A simple heuristic algorithm that circumvents this difficulty was suggested
in Section 6 of [9]. The latter algorithm is appealing for its simplicity, but it does
not take into account the weights {ﬂJN}, j =1,..., Ky, and convergence of this
algorithm cannot be, in general, asserted. In Section 3 of this paper we propose
a mathematically rigorous algorithm that accounts for the aforementioned weights
and converges to the optimal process under appropriate assumptions. To justify the
algorithm, we establish a few theoretical results that have independent significance
in Section 2. A numerical example is illustrated in Section 5.
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2. ASYMPTOTIC PROPERTIES OF MEASURES

Throughout the rest of the paper we assume the following.

(A1) The optimal solution v* of the IDLP problem (1.8) is unique.

(A2) For any optimal trajectory in (1.1), either all points are distinct, or it is
periodic, in which case no point is visited more than once within one period.

Proposition 2.1. Under Assumptions (A1)-(A2) the optimal process in (1.1) is
UNIQUE.

Proof. Let (y(-),u(-)) be an admissible process in (1.1) that generates occupational
measure 7y,. From the definition of occupational measure (1.5), it follows that when
all points of the trajectory y(-) are distinct, we have for all ¢

(2.1) Y({(y(®),u®)}) = (1 - a)al,
and, for a periodic trajectory with period T', we have

1—a)a”

(2.2) {0, u)) = (1 - ) Y ar+? = L2V
k=0

where 7 € {0,...,T — 1} is the first time when the trajectory enters the state y(t).

Assume that there exist two different optimal processes in (1.1): (y(-),u(-)) and
(g(+),a(-)). It is clear that both processes must generate v*, and the sets of points
{(y(t),u(t))}52, and {(y(t), u(t))};2, coincide (otherwise, these processes can’t gen-
erate the same occupational measure). Hence, if one of the optimal trajectories is
periodic with period T, the other also has to be periodic with the same period.
Since the processes are different, there exist 7 and 72, 71 # 79, such that

(2.3) (y(11),u(m1)) = (Y(72), u(72)).
If the points along both the trajectories are distinct, the latter equality implies via
(2.1) that

(1—a)a™ =(1—-a)a™,
which is not possible. If both trajectories are periodic with the same period T, then
equality (2.3) is not possible either due to (2.2). O

Denote the unique optimal process in (1.1) by (g(-), u(-)).
Let v be an optimal solution of (1.19) that is represented in the form (1.21).
Denote

(2.4) N = (y?,u?), j=1,...,Kn},
that is, y is the set of points from representation (1.21). Also denote
Br(ga a) = {(y,U)’ |y - Zj| + ‘u - ﬂ‘ < T‘}.

Proposition 1.4 asserts that each point along the optimal process is a limiting point
of a sequence from y as N — o0o. Propositions 2.2 and 2.3 below are related to a
converse statement; they imply that the total v"¥-measure of points in y outside any
neighborhood of the optimal process tends to zero as N — oo.
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Proposition 2.2. Assume that all points of the optimal trajectory y(-) are distinct.
Let 6 > 0 be arbitrary and S € T be such that

(2.5) > Y@@ am)} = ot < §/6,
t=S+1

Then for any r > 0 there exists Ng such that for all N > Ny

(2.6) 7Y i\ Ui Be(F(¢), 0(t))) < 6.

Proof. Assume that the proposition is not true. Then there exist rg > 0 and a
sequence IN; — oo such that

(2.7) 7 (i \ U Bro (3(2), (1)) = 6.
Taking into account that
(2.8) 7N\ U Bro (7(2), (1)) = 1 = 4™ (UZoBro (7(t), (1)),

the convergence vV — 4* (due to (Al)) and semicontinuity property of occupa-
tional measures

(2.9)

YN (U0 Bro (3(t ) a(t))) > 7" (Uo B (§(t), a(t))) — 6/2  for sufficiently large N,

we obtain from (2.7)-(2.9) that
Y (U0 Bro (5(t), w(1))) < Y™ (Uil Bro (5(1), a(1))) + 6/2
= (1= 7™ (i, \ UiZo Bro (7(1), 0(t)))) +6/2 < (1 = 8) +6/2 =1~ 5/2.

Therefore, taking into account (2.5), we obtain

(2.10)

00 S 00
1=y {@®),a®)}) => v {@®,at)h) + > v {@®),at)})
t=0 t=0 t=5+1
<A (UioBr (1), 0(1)) + Y " ({(@(1), a(t)}) < (1—6/2) +6/6 < 1,
t=S5+1
which is a contradiction. O

Proposition 2.3. Assume that the optimal trajectory y(-) is periodic with period
T. Then for any § > 0 and r > 0 there exists Ng such that for all N > Ny

7™\ UiZ5 B (3(t), a(¢))) < 0.

Proof. Assume that the proposition is not true. Then there exist rg > 0 and a
sequence N; — oo such that (2.7)-(2.10) hold with S replaced with 7' — 1. Further-
more,

~
L

L= 7 (@), a(t)}) < v (Uig By (3(t), a(t)) < 1 —6/2,

#
I
=)

where the last inequality is due to (2.10). This contradiction completes the proof
of the proposition. O
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Proposition 2.4. For any 6 > 0 and t € T there exists p = p(0,t) > 0 with the
property: for any r € (0, p| there exists Ny such that for all N > Ny

(2.11) VY (B (1), a(t) — v {(m(0), a(t))})] < 6.

This proposition can be interpreted as follows: each point along the optimal
process is surrounded by a cluster of points from y. As N — oo, the radius of each
cluster shrinks to zero and its total 4V-measure approaches v*({((t),@(t))}) (given
by (2.1) or (2.2)).

Proof. Suppose now that the proposition is violated for some § > 0 at a point 7 € T.
Then for any p > 0 there exists € (0, p] and a sequence N; — oo such that

(2.12) (B (g(r), a(r) — v ({(F(7), a(7))})] > 6.

Assume first that all the points of the optimal trajectory are distinct. Let S € T
be such that (2.5) holds. By increasing S, if necessary, we can assume without loss
of generality that S > 7. Take p > 0 such that

(2.13) B,(5(t'), u(t')) N B,(5(t"), u(t")) = 0 for 0 < t' <" < S.

Then, by construction, for any r € (0, p],

7 (Br(g(7), u(r) *({ (M)} U (U {(@(), u(t)}))

(2.14) ({3 > < D) + /6.

From (2.12) and (2.14) we obtain

(2.15) N (B ((7), 1(7)) — ¥ (B (§(r), alr)))| > 5/6.

From the semicontinuity property of probability measures

(2.16) lim inf o (B,(5(1), 1(1))) > 7 (B(3(1), (1)) for all
—00

we conclude that (2.15) can only hold if

(2.17) YN (B (g(r),a(r)) = v (B (g(7), a(r))) > 56/6.
It follows from (2.5) that

S S
S (B ) > 3 v (), a()))
t=0 t=0
2.18 e e
(2.18) S {Emam) - S v (@0 a0))
t=0 t=S+1

>1-46/6.
Due to (2.16) we can assume that for all N; and 0 < ¢ < S we have

(2.19) V(B (y(t), a(t) = v (Br(5(t), u(t))) — 6/(6S).
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Taking into account (2.17)-(2.19) and that 0 < 7 < S, we obtain

(2.20) s 5
+ “(Br(y(t),ut) — —5
t=§# <7 ! 65)
S
=Y A (Be(y(t), ult))) +55/6 — 5/6
t=0
> (1—6/6)+506/6 — /6
—1+4/2,

which contradicts the inequality Zf:o ANi(B,(g(t),u(t))) < 1 and, thus, proves the
validity of (2.11).

If the optimal trajectory is periodic with period T, we take S equal to T'— 1 and
the proof follows the steps above with small adjustments, which we omit. O

3. NUMERICAL ALGORITHM BASED ON WEIGHTED AVERAGES

In this section we describe the construction of an approximating trajectory
(yn(t),un(t)), t € T starting with the case when all point of the optimal trajectory
are distinct.

For the initial point of the trajectory we set yn(0) = yo.

Take § : 0 < 6 < 1— «a and let S be such that (2.5) holds. Take r > 0 such that
for all y € Y we have

(3.1) |y — yo| < r implies that |y — g(¢)| >r, forallte {1,...,S}.
Then

B, (yo,u(0)) N Br(y(t),u(t)) =0 forall t € {1,...,S}.
By reducing r, if necessary, we can assume that r < p(0,d), where p(-,-) is from
Proposition 2.4. Due to the latter proposition, for sufficiently large N, relation
(2.11) holds with ¢t = 0. Since v*({(v0,%(0))}) = 1 — «, we conclude from (2.11)
that
(3.2) l—a-0<) B <1—a+s,

J

where ,85\7 are the weights from representation (1.21) and the summation is taken
with respect to the indices j such that (uév , yJN ) € By (yo,u(0)). We can also assume

that N is large enough to ensure that (2.6) holds.
Select the point (n1,11) from y whose first component is closest to yp, that is,

m = argmin{|y — yo|, (y,u) €n}.
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If there is a tie, take a point arbitratily. (Here and below we will not indicate
explicitly dependence of 1y, etc., on N.)

Assume without loss of generality that (n1,11) is the first point in y, that is,

(m,v1) = (¥, ul). Notice that we must have |1, — yo| < 7 because the contrary

would mean that y N By(yo,T(0)) = 0, contradicting (3.2). Continuing to select
points from y closest to yg, we obtain a sequence

12 = argmin{ly — yol, (y, ) €x \{(n1,¥1)}},

ik, = argmin{ly — yol, (y,u) ex \ U5 {(n5,v5)}}
and we can assume without loss of generality that (n;,v;) = (yJN , uév ), i=1,... k1.

Let us show that there exists k1 : 1 < k1 < Ky such that

k1
(3.3) l-a-0<) BY <1—a+25
7j=1

that is, the total ¥V-measure of the points selected in this process must fall in the
interval [1 — a — §,1 — a + 2§] at some stage. Indeed, assume that this is not the
case. Then there exists k: 1 < k < Ky for which

k—1 k
(3.4) > BN <l-a-0 and Y BN >1—a+24.
j=1 j=1

Denote
Oy = {(nj”/j)}?:r
Consider the equality
O = (1B (90, 1(0))) U (@ N (UE B (), (1)) U (O \ (U B ((0), (),

which follows from the fact that the right side is the union of three disjoint sets.
From the inclusion Q2 Cy the latter implies that

(3.5) Qn C (yNBx(y0,1(0))) U (N (Us=;Bx(F(t), 0(t))) U (4 \ (Ui=oBx (F(£), U(t))).

Let us show that both inequalities |n; — yo| < 7 and |nx — yo| > 7 lead to a contra-
diction, thus confirming (3.3).

If |nr — yo| < r then, by construction, |n; — yo| < r for all j < k, therefore, due
to (3.1),

(njvj) ¢ Ui B, ((1), a(t)),
or, equivalently,

(3'6) Qv N (UleBr(g(t)v ﬂ(t))) = 0.
From (3.5) we obtain

k
> 8Y =2 () < 7N (aMBx(v0,1(0))) + 7" (N (UEZ;B:(3(¢), (%))
j=1

+ N (| (URooBe(F(1), 8(t))).
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Taking into account the second inequality in (3.2), along with (3.6) and (2.6) we
get

ZﬁN (1—a+0)+0+5=1—a+24,

which contradicts the second inequality in (3.4).

On the other hand, if |y — yo| > r, then, by construction, there there are no
points in y N By (yo,T(0)) other than those in the set {(n;,v;)}*=
the first inequality in (3.4)

p 1, therefore, due to

~

-1

(3.7) YN (Br(y0, w(0))) = 7™ (wMBx(y0,8(0))) < Y B <1—a—4,

.
Il

which contradicts the first inequality in (3.2). Existence of ki satisfying (3.3) is
proved.

Let k1 be the minimum integer such that (3.3) holds. This ensures that |n; —yo| <
rforall j: 1 <j <k (otherwise, we arrive at a contradiction to the first inequality
n (3.2)) and, consequently,

(3.8) (nj,vj) & Ui Be(g(1),a(t))), j =1, k1.
Set
Z?lﬂ ﬂgN’/j
3.9 un(0) 1= =100
(3.9) ~(0) S oY

that is, un(0) is the weighted average of {Vj};‘-“:l. Note that if the mapping U(y)
does not depend on y (i.e, U(y) = Up) and is convex, then uy(0) € U,.
Let us estimate the distance |un(0) — @(0)]. In the set {(n;, Vj)};‘flzl there must

exist at least one point (n;, ;) that lies in B, (yo, @(0)) (otherwise (3.2) cannot hold),
hence, for this point |v; — @(0)| < . Assume that for the first £* points from the

set {(nj,v;) fl ; we have |v; — u(0)| < r, that is,

(3.10) lvj —u(0) <r, j=1,...,k

and, for the remaining points,

(3.11) r<ly;—a(0)] <dy,, j=k"+1,... ki,

where dyj, := max, ey, [u' — u”| is the diameter of Up. From (3.9) we have

S ANy — a(0))

un(0) —u(0)

k1 N
(3.12) - folﬁj i} N
_ Zj:l B; (vj —u(0)) n ZJ k*+1 B (vj —u(0))
Sk B S B |

For the first sum, due to (3.10), we have the estimate
k* —
> i1 B vy — u(0)] _,
k
>t By

(3.13)
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Due to (3.8) and (3.11) we have
(nj,v5) €n \ (Ui=oBe(7(t),0(¢))) ,  =K"+1,... k,
)-

k N
hence, > L., B < 6 due to (2.6
have the estimate

Therefore, for the second sum in (3.12) we

> 1 B vy — u(0)] _dny
Sk By ik By
Thus, from (3.12), (3.13), and (3.3), we get

B dUo dUo
. - ki aN < 1—a—6
(3.14) |un (0) U(O)\<T+Zz@_ 5N6—r+1—a—55
J=1"j

(Notice that this estimate deteriorates when a + ¢ close to 1.) Set
(3.15) yn (1) := f(yn(0), un(0)).
If f is Lipschitz with constant [, we have
_ _ _ du
(3.16)  Jyn(1) =g < U(lyn(0) = F(O)| + |un (0) = a(0)]) < Ur + T—>—=).
Taking into account that r and ¢ can be taken arbitrarily small, we completed the

proof of the following proposition.

Proposition 3.1. Assume that f is Lipschitz. For any € > 0 there exists Ny
such that for all N > Ny for the approzimation un(0) of the optimal control given
by formula (3.9) and the corresponding approximation of the optimal trajectory
yn (1) :== f(yo,un(0)) we have

lun(0) —u(0)] <e,

lyn(1) —y(1)] <e.

Moreover, if U(y) = Uy and Uy is convez, then un(0) € Up.

(3.17)

For the construction of ux (1) (an approximation of the optimal control at ¢t = 1)
we use an approach similar to the one used in the construction of ux(0). However,
there is an additional factor to take into account: since yn(0) = yo, the point yo
is in the center, with respect to the y variable, of the set y N By(yo,T(0)). At the
same time, since yny (1) # g(1), the point yn (1) is not the center of yNB.(§(1),T(1))
with respect to the y variable (the error is estimated by (3.16)). Next we outline
the procedure of construction of ux (1) and yn(2).

Take §: 0 < § < (1 — @) and let S be such that (2.5) holds. Take € and r > 0
such that for all y € Y we have

ly —9(1)| <r+¢e implies that [y —y(t)| > r, forallt € {0,2,3...,5}.

By reducing r, if necessary, we can assume that r < p(1,9), where p(,-) is from
Proposition 2.4. Then, for sufficiently large N, relation (2.11) holds for ¢ = 1 and
(3.17) is true. Since v*({(y(1),u(1))}) = (1 — a)a, we conclude from (2.11) that

(3.18) (1—aa—5<25N (1—a)a+4,
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where 5]]-\7 are the weights from representation (1.21) and the summation is taken
with respect to the indices j such that (ujv,y]N) € B,(y(1),u(1)).

Select the point (7g,+1,Vk,+1) from the set y (minus the points {(nj,yj)}flzl),
whose y-component is closest to yn (1), that is, let

My +1 = argmin{ly — yn (1)), (y,u) €x \ UsLy {(n5,v5)},

where k; satisfies (3.3). Notice that we must have |ng,+1 — yn(1)] < r + € because
the contrary would mean that |, 1 — (1)] > 7, that is, y N B.(§(1),T(1)) = 0,
which contradicts (3.18). Continuing to select points in y closest to yx (1), we obtain
a sequence

. k j—1 .
M+ = argmin{|y — yn (1)), (y,u) €x \ U5 (n5,05)}), 3 =2, ka.

Assume without loss of generality that (9,4, Yk, 45) = (y,i\i+j, uﬁﬂ),j =1,...,k—
k1. It can be shown similarly to the proof of (3.3) that the number ko : k1 +1 <
ko < K can be chosen as the minimum integer with the property

ko
I-a-6< > BN <(1-a)a+24
j=ki1+1
Set i
k
ijzk1+1 ﬁJN

Similarly to the estimates (3.14) and (3.16), we obtain

un(1) := and yn(2) := f(yn(1),un(1)).

_ du,
lun(1) —a(l)| <r+ mcs

and

_ _ _ dy

lyn(2) —9(2)] < U(lyv (1) —=g()] + [un (1) —a@)]) < Ue+7+ m—T——=0),.
(1-—a)a—9¢

where [ is a Lipschitz constant of f. By reducing r and § and increasing N, if

necessary, we obtain the estimates

lun (1) —a(1)| <e,
lyn(2) — §(2)| < 2le.

Continuing in a similar manner, we obtain a sequence (yn(t),un(t)), t > 1 such
that

lun(t) —u(t)] <e,

lyn (t) = 5(1)] < (t+1)le,
for which the error remains bounded on any bounded time interval. We summarize
the described procedure in a form convenient for numerical implementation below.

Summary of the algorithm of constructing an approximating optimal
process in the case if all points of the optimal trajectory are distinct.

1. Set yn(0) = yo. Select the interval 0 < ¢ < S on which the optimal process
will be approximated and take & € (0, (1 — a)a).
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2. Keep selecing points {(n;,v;)} €y with the corresponding weights ﬁjN whose
first component 7; is closest to yo. Let k1 be the minimum integer such that

k1
l—a—6<) BY<1-a+20
j=1
(It is shown above that for sufficiently large N such k; is guaranteed to exists.) Set
k
) 5JNVJ'
k )
Ejlzl BJN
that is, un(0) is the weighted average of the second components of the selected
points, and set

un(0) :=

yn (1) == f(yo,un(0)).
3. Continue a similar process for all natural p : 1 < p < S. That is, find points

{(nj,v)) fp:*l;lpﬂ from y \ (Ulj{":l{(yj,nj)}> with the corresponding weights 5, j =
kp+1,. .., kpt1 whose first component is closest to yn(p). Here kp41 is the minimum
integer for which
Ept1
(3.19) I-—a)a?—6< Y B <(1—-a)’+26
Jj=kp+1
Set .
1 N
U ( )': —Zjﬁkp 15' i
NP kpt1 BN ’
Jj= kp""l
and

yn(p+1) := f(yn(p), un(p))-
If f is Lipschitz, then for any € > 0 there exists Ng such that for N > Ny the
estimate

(3.20) lun (t) —a®)| +lyn(t) —g@t)| <e
holds for all 0 < ¢ < S.
Od

Assume now that the optimal trajectory is periodic with period T, in which case
formula (2.2) rather than (2.1) is valid. Therefore, the algorithm above can be
adjusted by setting S =T — 1 and replacing condition (3.19) with

kpt1

(1—a)a (1—a)a?
7—5< 5
1—aTl ];_1BJ = 1-al +9

in which case the estimate (3.20) still holds.

Of course, it is not known a priori if the optimal trajectory is periodic. However,
it is possible to determine this, as well as to find the period of a periodic trajectory,
by using the fact that if the optimal trajectory is periodic with period T, for any
sufficiently small r > 0 the yV-measure of the set y N By(yo,@(0)) can be made
arbitrarily close to {— by increasing N.
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4. NUMERICAL EXAMPLE
Consider the optimal control problem (1.1) with
y=(y1,92), u=(u,u2), g(y,u)=—yi(t)uz(t)+ y2(t)ui(t)

and with f(y7 U) = (fl(y7 U), fQ(yv U)), where

(4.1) Fily,u) = %y - %u P12

The sets U and Y are given by U(y) = U = [-1,1] x [-1,1] and Y :=[-1,1] x
[—1,1]. It is easy to see that for all uw € U and y € Y we have f(y,u) € Y, therefore,
A(y) = U (see (1.2)).

The semi-infinite LP problem (1.19) was formulated for this problem with the
monomials ¢;, 4, (y) = y'y2, i1,i2 = 0,1, ..., 7, as the functions ¢;(-) used in defining
W (yo) in (1.20). This problem and the corresponding N-approximating problem
(1.14) were solved numerically using the algorithm similar to the one described in
[10] with the number of constraints N = (7 + 1)? = 64. The discount factor a was
taken to be equal to 0.7, and the initial conditions were taken to be

y1(0) = —0.5,  2(0) =0.

In particular, the optimal value of the semi-infinite LP problem was evaluated to
be approximately equal to g} (yo) = —0.89.

The construction of the optimal trajectory is illustrated in Figure 1, in which the
points from the set y (see formula (2.4)) and the calculated trajectory are shown.

t=3, w=0.108
=2 (0.103)
038 Q
‘
w=0.150
| - (0.147)
T T R
t=1, w=0.209 t=10

t=9, w=0.0088 (0.210) 04
(0.0121)

02 t=4, w=0.076
(0.072)

t=0,w=0.296

@ (0:300) o
4 .

1 0.8 06 -0
t=8, w=0.0168

(0.0173) o

0.4

-0:6

t=7, w=0.026

(0072 —T 0.050)
il t=6, w=0.037
(0.035)

FIGURE 1. The state trajectory between ¢ = 0 and t = 10.
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At t = 0, one point from the set y happens to coincide with (yi¥(0),y5 (0)) =
(=0.5,0). The weight of this point is 0.296, which is very close to the value of
1 —a = 0.3 (see formula (3.2)). The values of the u-components at this point are
(ud (0),ud (0)) = (1,—1) and (y (1), yd (1)) are evaluated as

1 1
yV(1) = 5(=0.5—1) = —0.75, Y (1) = 5(0+1) =05.

This point, again, happens to coincide with a point from y with the weight 0.204,
which is close to (1 — a)a = 0.21 (see formula (3.18)). The u-components at this
point are (ul¥(1),ud (1)) = (=1, —1), therefore,

1 1
YV (2) = 5 (=075 + 1) = 0.125, Y (2) = 5(05+1)=0.75.

In the vicinity of the latter point there are four points in y with the total weight
0.150, while (1 — a)a? = 0.147. (The values of (1 — a)a! are given in Figure 1
in parentheses.) The weighted average of the u-components of these four points is
(ud(2),ud(2)) = (—1,—-0.984) and we can evaluate (y1¥(3),y2'(3)) = (0.56,0.87).

Continuing in a similar manner we obtain a sequence of point on the trajec-
tory until ¢ = 10, when the total weight of the remaining points in y not used in
the preceding steps becomes very small, making further calculations not possible.
Parameter N would have to be increased to calculate the trajectory for ¢t > 10.
However, it can be conjectured that the optimal trajectory approaches a square-like
limiting cycle, similarly to the example in Section 5 of [9], where the same dynam-
ical system with different initial conditions was treated using a different numerical
approach.

It can be noticed that for t < 8 the relative error of the weight of the clusters
|lw— (1 —a)at|/(1 — a)al is small, but at + = 9 it becomes significant: (0.0121 —
0.0088)/0.0121 = 0.27. Therefore, it is not surprising that the calculated position
of the trajectory at t = 10 is noticeably off its expected location. The value of the
cost functional until time ¢ = 9 is v}’ := Z?:o atg(y™(t),uN (t)) = —2.87. Since

gn (o) = v (o) < 1 (o) = (1 — )V (yo) < (1 — )V (yo),
we have
VN (y0) = Vi(yo) < VN (o) — gn(yo) (1 — )71,
hence,
vy’ = V(yo) < vy — gn(yo)(1—a)~".
Taking into account that gn(yo) = —0.89, we have
v — V(yo) < —2.87 +0.89/0.3 = 0.10.

Since g(y(t),u(t)) < 2 for any admissible trajectory, we have

o0
V(o) — v | <2 o' =0.19,
t=10

therefore,

vy = V(o) = (v§ — V™)) + (VN(yo) — V(yo)) > —0.19.
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Combining this with the estimate above, we obtain

—0.19 < v} — V(yo) < 0.10,

which shows that the value of vév is close to the optimal value of the cost function.
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