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DISCRETE TIME PONTRYAGIN PRINCIPLES IN BANACH
SPACES

MOHAMMED BACHIR AND JOEL BLOT

ABSTRACT. The aim of this paper is to establish Pontryagin’s principles in a
dicrete-time infinite-horizon setting when the state variables and the control vari-
ables belong to infinite-dimensional Banach spaces. In comparison with previous
results on this question, we delete conditions of finiteness of codimension of sub-
spaces. To realize this aim, the main ideas are the introduction of new recursive
assumptions and useful consequences of the Baire category theorem and of the
Banach isomorphism theorem.

1. INTRODUCTION

The considered infinite-horizon Optimal Control problems are governed by the
following discrete-time controlled dynamical system.

(11) Tt41 = ft(SCt,’U,t), te N

where 2y € Xy C X, uy € Uy CU and f; : Xy x Uy — Xyy1. Here X and U are real
Banach spaces; X; is a nonempty open subset of X and U; is a nonempty subset of
U. As usual, the x; are called the state variables and the wu; are called the control
variables.

From an initial state 0 € Xy, we denote by Adm(o) the set of the processes
((z¢)eens (ut)ien) € ([Leny Xt) ¥ (Il;eny Ut) which satisfy (1.1) for all ¢ € N. The
elements of Adm(o) are called the admissible processes.

For all t € N, we consider the function ¢; : Xy x Uy — R to define the criteria.We
denote by Dom(J) the set of the ((z¢)en, (ut)ien) € ([ien Xt) X (Il;en Ut) such
that the series ZZ;OS’ o¢(x¢,uy) is convergent in R. We define the nonlinear functional
J : Dom(J) — R by setting

+o0o
(1.2) J((t)ten, (ue)ien) = Z Dr(we, ue).
t=0

Now we can give the list of the considered problems of Optimal Control.

(P1(0)): Find ((Z¢)sen, (Ut)ten) € Dom(J) N Adm(o) such that
J((Ze)een, (@ )ien) = J((2e)ten, (w)ien) for all ((z¢)ten, (ue)ien) € Dom(J)NAdm(o).
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(P2(0)): Find ((2¢)sen, (Ut)ien) € Adm(o) such that
lim supy, ., oo Z?:o(@(i’tvﬁt) — ¢d(xp,up)) > 0 for all ((z¢)ien, (ut)ien) € Adm(o).
(P3(0)): Find ((2¢)sen, (Ut)ten) € Amd(o) such that for all

((zt)ten, (ut)ien) € Adm(o), liminf, Z?;o(@(it, i) — d(x, 1)) > 0.

These problems are classical in mathematical macroeconomic theory; cf. [10], [6],
[13], [11] and references therein, and also in sustainable development theory, [8].

We study the necessary optimality conditions for these problems in the form of
Pontryagin principles. The main theorem provides multipliers
(Mo, (pes1)ten) € RT x (X*)N not all zero such that some necessary conditions are
satisfied along the optimal solution. Among the different ways to treat such a ques-
tion, we choose the method of reduction to the finite horizon. This method comes
from [5] in the discrete-time framework. Notice that this viewpoint was previously
used by Halkin ([7], Theorem 2.3, p. 20) in the continuous-time framework.

There exist several works on this method when X and U are finite-dimensional, cf.
[6]. In the present paper we treat the case where X and U are infinite-dimensional
Banach spaces. With respect to two previous papers on this question, [2] and [3],
the main novelty is to avoid the use of assumptions of finiteness of the codimension
of certain vector subspaces. To realize this we introduce new recursive assumptions
on the partial differentials of the f; of (1.1). We speak of recursive assumptions
since they contain two successive dates ¢ — 1 and ¢.

To make the reading of the paper easier, we describe the schedule of the proof of
the main theorem (Theorem 2.1 below) .
First step: the method of reduction to finite horizon associates to the considered
problems in infinite horizon the same sequence of finite-horizon problems indexed
by he N, h > 2.
Second step: we provide conditions to ensure that we can use Multiplier Rules (in
Banach spaces) on the finite-horizon problems. Hence we obtain, for each h € N,
h > 2, a nonzero list (A}, pl, ...,pZ_H) € R x (X*)"*1 where A} is a multiplier associ-
ated to the criterion and (p?, s pZ +1) are multipliers associated to the (truncated)
dynamical system which is transformed into a list of constraints.
Third step: we build an increasing function ¢ : N — N such that the subsequences

(NS (h))h and (p] _&))h respectively converge to A\g and p;y1 for each t € N,, with
(Mo, (pr+1)¢) nonzero. The Banach-Alaoglu theorem permits us to obtain weak-star
convergent subsequences of (A});, and (pfﬂ) p, for each t € N, and a diagonal process
of Cantor permits us to obtain the same function ¢ for all ¢ € N. The main diffi-
culty is to avoid having (Ao, (pr+1)¢) equal to zero. Such a difficulty is due to the
infinite dimension where the weak-star closure of a sphere centered at zero contains
zero. To overcome this difficulty, using the Baire category theorem, we establish
that a weak-star convergence implies a norm convergence on a well chosen Banach
subspace of the dual space of the state space.

The main result can be adapted to the case of a dynamical system described by
an inequality xy11 < fi(x¢,us). To do this, X is endowed with a structure of ordered
Banach space and its positive cone, denoted by X is closed convex and satisfies
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(X4+)N(=X4+) = {0}. Assuming that the interior of X is nonempty, it is possible
to process as in [2] and [3] to obtain the conclusion of the main result (Theorem
2.1) with an additional property: py11 > 0 for all ¢ € N.

Now we describe the contents of the paper. In Section 2 we present our assump-
tions and we give the statement of the main theorem on the Pontryagin principle.
In Section 3 we recall a characterization of the closedness of the image of a linear
continuous operator, a consequence of the Baire category theorem on the weak-star
convergence, and we provide a diagonal process of Cantor for the weak-star conver-
gence. In Section 4 we describe the reduction to the finite horizon and we establish
consequence of our recursive assumptions on the surjectivity and on the closedness
of the range of the differentials of the constraints in the finite-horizon problems. In
Section 5 we give the complete proof of our main theorem.

2. THE MAIN RESULT
First we present a list of hypotheses.
(H1): X and U are separable Banach spaces.

(H2): For all t € N, X; is a nonempty open subset of X and U is a nonempty
convex subset of U.

When ((Z¢)ten, (tt)en) is a given admissible process of one of the problems ((P;(o))),
i € {1,2,3}, we consider the following conditions.

(H3): For all t € N, ¢; is Fréchet differentiable at (&4,4;) and f; is continuously
Fréchet differentiable at (&, w¢).

(H4): Forallt e N, ¢t > 2,
D1 fi(@¢, 1) © Do fr—1(Z4—1, U—1)(U) + Do fe(2e, @) (Ty, (4)) = X

(H5): D1 fi(21,41) o Dafo(Zo,%0)(Ter, (o)) + Dafi(1, 41)(Te, (41)) = X
(H6): 7i(Ty, (o)) # 0 and ri(Ty, (41)) # 0.

In (H3), since U; is not necessarily a neighborhood of 4, the meaning of this
condition is that there exist an open neighborhood V; of (&, 1) in X x U and
a Fréchet differentiable function (respectively continuously Fréchet differentiable
mapping) ¢, : V; — R (respectively f; : V; — X) such that ¢; and ¢; (respectively
ft and f;) coincide on V; N (Xy x Up). Moreover Dy and Dy denotes the partial
Fréchet differentials with respect to the first (vector) variable and with respect to
the second (vector) variable respectively. About (H4), (H5) and (H6), when A is a
convex subset of U, @ € A, the set T4() is the closure of Ry (A — @); it is called
the tangent cone of A at @ as it is usually defined in Convex Analysis, [1] p. 166.
About (H6), if aff (T, (i)) denotes the affine hull of Ty, (u¢), 7i(Ty, (4:)) denotes the
(relative) interior of Ty, () in aff (Ty, (u:)). Such definition of the relative interior
of a convex is given in [12], p. 14-15, where it is denoted by rint.

Now we state the main result of the paper.
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Theorem 2.1. Let ((Z4)ten, (Ut)ten) be an optimal process for one of the problems
(Pi(0)), i € {1,2,3}. Under (H1-HG6), there exist \g € R and (pi41)teny € (XN
which satisfy the following conditions.

(1) (Ao, p1,p2) # (0,0,0).

(2) Ao >0.

(3) Pt = Pt41 © D1ft(ll:"t, th) + )\0D1¢t(it, ﬂt), forallt e N, t > 1.

(4) (AoD2¢e(Zt, Ur) + pr1 © Do fe(Ze, @), ur — ) < 0, for all uy € Uy, for all

teN.

In comparison with Theorem 2.2 in [3], note that

e assumptions (H1), (H2), (H3) are essentially identical to assumptions (A1),
(A2), (A3) of [3],

e assumptions (A4) and (A5) of [3] are replaced by (H4) and (H5) to permits
us to delete a condition of finiteness of a codimension,

e assumption (A6) of [3] is replaced by (H6) which also permits to avoid a
condition of finiteness of a codimension.

Notice that (H6) is automatically satisfied when the dimension of U is finite.

3. FUNCTIONAL ANALYTIC RESULTS

In this section, first we recall a characterization of the closedness of the image of
a linear continuous operator. Secondly we state a result which is a consequence of
the Baire category theorem. After this, we give a version of the diagonal process of
Cantor for the weak-star convergence.

Proposition 3.1. Let E and F be Banach spaces, and L € £(E,F) (the space of
all linear continuous mappings from E into F). The two following assertions are
equivalent.
(i) ImL is closed in F.
(ii) There exists ¢ € (0,+00) such that for all y € ImL, there exists x,, € E
verifying Lz, =y and [ly| > c/[z,]|.

This result is proven in [2] (Lemma 3.4) and in [4] (Lemma 2.1).

Proposition 3.2. Let Y be a real Banach space; Y* is its topological dual space.
Let (mp)neny € (YN and (pn)nen € (RN, Let K be a nonempty closed convex
subset of Y such that ri(K) # 0. Let a € K and we set S := aff(K) — a which is a
Banach subspace. We assume that the following conditions are fulfilled.

(1) pn — 0 when h — +oo.

(2) m, “50 (weak-star convergence) when h — +o0.
(3) For ally € K, there exists ¢, € R such that m,(y) < cypp for all h € N.

Then we have ||mp4||s+ — 0 when h — +oc.
This result is established in [3] (Proposition 3.5) where several consequences

and generalizations are provided. In the following result, when ¢t € N, we set
[t, +00)y := [t,+00) NN and N, := [1, +00)x.
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Proposition 3.3. Let Y be a real Banach space; Y* is its topological dual space.

For every (t,h) € N x Ny such that t < h we consider an element 7'(‘?_,_1 cY*. We
assume that, for every t € N, the sequence (ﬂerl)hE[t,Jroo)N is bounded in Y*. Then
there exists an increasing function 5 : N, — N, such that, for allt € N, there exists

Ter1 € Y™ verifying ﬂ_g(f{) N Ter1 when h — +00.
Proof. Using the Banach-Alaoglu theorem, since (W?)he[& +oo)y 18 bounded in Y,
there exists an increasing function aq : [0, +00)y — [0,400)y and 7T; € Y™ such

that Wfl(h) Y3 7, when h — ~+oo. Using the same argument, since (W?l(h))he[lﬂrmm

is bounded, there exists an increasing function g : [1,+00)y — [1,+00)y and

7o € Y* such that 75 rea2(h) W 2 when h — +oo. Iterating the reasoning, for

every t € N, there exist an increasing function o : [t,4+00)y — [t,+00)y and

Tir1 € Y™ such that Trtoﬁ”'oat(h) Zs Fyy1 when h — +0o0. We define the function

B :[0,400)y — [0,4+00)N by setting B(h) := a3 o ... o ap(h). we arbitrarily fix
t € N, and we define the function §; : [t, +00)n — [¢, +00)N by setting 0,(¢) := t and
d¢(h) :== ayq10...0ap(h) when h > t. When h = t, we have §;(t+1) = ay1(t+1) >
t+1>t=20(t). When h € [t +1,400)n, we have ayy1(h+ 1) > h+ 1 > h which
implies

6t(h+1) = (uy10...oap)(auy1(h + 1)) > (o1 0 .. 0 ap)(h) = 6(h)

since (ay410...0ay) is increasing. Hence we have proven that d; is increasing. Since

ﬁ‘[woo)N = (ay 0...0a4) 0 0, we can say that (W?_&))he[wwm is a subsequence of
(ﬂ_ta—ii...oat(h))he[t;’_oo)N, we obtain Wf_,’(_}i) w Ti+1 when h — +o0. O

4. REDUCTION TO THE FINITE HORIZON

Let ((@¢)ten, (Ut)ten) be an optimal process for one of the problems
(Pi(0)), i € {1,2,3}. The method of reduction to finite horizon consists of consid-
ering a sequence of finite-horizon problems as follows:

Maximize Jp (1, ..., Tp, U, ..., Up) := Z?:o e (e, up)
when (2¢)1<e<n € [T1y Xe. (ur)o<e<n € [ Ut
(Fn(0))
Vt € {0,....,h}, xe1 = fi(we, up)
T = 0, Tpt1 = Tt41

The proof of the following lemma is given in [5].

Lemma 4.1. When ((&¢)ten, (Ut)ten) is an optimal process for one of the problems
(Pi(0)), i € {1,2,3}, then, for all h € Ny, (Z1,...,Zn, g, ..., Up) s an optimal
solution of (Fp(0)).

Notice that this result does not need any special assumption. Now we introduce
notation to work on these problems. We write x" := (x1,...,21) € H?:l X, u =
(ug, .., up) € H::l:o U;. For all h € N, and for all ¢ € N, we introduce the mapping
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g+ (T1=y X1) x (T2 Ur) = Xyp1 by setting
—asl—l—fg(a,uo) if t=0
(4.1) gl uh) =8 g+ (e w) i te {1, h—1}
—Znt1 + [alTn, un).
We introduce the mapping ¢" : (H?:1 Xy) x (H?:o U) — XM defined by
(4.2) g"(x" ") = (gp (x" 0", g ().

Under (H3), g" is of class C'. We introduce the following conditions on the differ-
entials of the f;.

(4.3) Vt € N, ImD fy(2,4;) is closed in X.

(4.4)

Vt € Ny, Im(D1 f(&¢,0t) © Dafe—1(Ze—1, Up—1)) + ImDa fe(&4, ) = ImD fy(&y, Uy).
(45) YVt € N,t > 2, Imet(.’i't,at) = X.

(4.6) Im(Dy fi1(21,01) o Do fo(o, o)) + ImDa fi(21,11) = X.

Lemma 4.2. We assume that (H3) is fulfilled.
(1) Under (4.3) and (4.4), ImDg"(x",u") is closed.
(ii) Under (4.5) and (4.6), Dg"(x",u") is surjective.

Proof. (i) To abridge the writing we set th := D fy (24, Uy) and Dift = D, fi(Zy, Uy)
when i € {1,2}. The condition (H3) implies that g is Fréchet differentiable at
(x, uh).

We arbitrarily fix z" = (20, ..., 21) € ImDg"(x",u”). Therefore there exist y"° =
(39, .., y)) € XP and vP0 = (4, ...,0)) € UM such that

z" = DgT(x",u")(y™0, v?) which is equivalent to the set of the three following
equations

(4.7) —41 + Dafo(0, do)vg = 20

(4.8) Vte{1,...h—1}, —ydiy + Difiyd + Dafpv) = 2

(4.9) Dy fnypy + Dafnvh = 2.

We introduce the linear continuous operator Ly € £(X x U, X) by setting
(4.10) Lo(y1,v0) := =91 + Dafovo.

Notice that Ly is surjective since Lo(X x {0}) = X; therefore ImLg is closed in X.
From (4.7) we have zp € ImLy. Using Proposition 3.1 on Ly we know that
Jap € (0,400),V20 € X, 3y} € X, €U s.t. Lo(yi,v5) = 20
{ and max{[|y7], [lvg|l} < ao - [[z0]|
i.e. we have proven
(4.11) Elao*e (O,—l:oo),EIy’f € X, i eU st. }
—yi + Dafovg = z0 and max{[[y7]], G} < ao - |20l

It is important to notice that ag does not depend on zj.
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We introduce the linear continuous operator L € £(X x U, X) by setting

Li(y2,v1) :== —y2 + D2f1v1'
Since Li(X x {0}) = X, L is surjective and hence z; — lelyi‘ € ImLy. Using

Proposition 3.1 on Lq, we obtain
by € (0,+00),3ys € X,Tv] € U s.t.
Ly(y5,v7) =21 — D1fiyf and
max{|[y3|[, [T ]I} < b1 - |21 — D1 fryill-

Using (4.11) we deduce from the last inequality

br - (Iz1ll + I DAL - Nyt )
b1 - ([lz1l] + [[D1 Al - ao - [lzoll)
b1+ (1 +ag - [|D1frl]) - max{][zo], [|21]]}-

We set a; := max{ag, by -(1+ag- || D1f1)}, and then we have proven the following
assertion.

max{||yz], o7}

IN A IA

Jay € (0, +00), Iy}, y5,v5,v]) € X2 xU? s.t.
(4.12) —yt + Dafovg = 20, —y5 + Difiy + Dafivi = 21,
max{|yi [, ly3 1], |5l 1o} < a1 - max{]|zol[, [|z1]|}-

It is important to notice that a; does not depend on zg, z1. We iterate the reasoning
until h — 2 and we obtain

dap_9 € (OZ +00), ﬂ(yf)1gt3h—1 € Xh_l, H(Uf)ogtgh_g e yh-1 §.t.
(4.13)  —yi + Dafovy = z0, Vt€{1l,...;h =2}, —t; 1 + D1fy; + Dafev; = 2
max{maxi<i<p—1 ||y} ||, maxo<i<n—2 [V |} < an—2 maxo<i<n—2 [|2-

From (4.9) we know that zj, € ImD f,. Moreover we have

Difnzn_1 C ImDfy and Dy fy, 0 Dy fy_1y;_1 € ImD1 fy, C ImDfy,
and therefore we have
(4.14) zh 4 D1 fa_12h—1 — Difn o Difu_1yi_, € ImDfy.
Introduce the linear continuous operator A € £(U x U, X)) by setting
(4.15) A(v,w) := leh o Dgfh_lv + Dgfhw.

Under assumptions (4.4) and (4.5) we have ImA = ImD f, and ImA is closed in
X. After (4.14), using Proposition 3.1 on A we obtain

Je € (0,400),3(vy_ 1,vh) e U x U, s.t.

A(vi_,,v%) = 21 + Difazn-1 — Difn o Difa-1y;_,

i.e.

Difyo D2fh 11 + szhvh =

2 + D1 fnan—1 — D1fu o Dy fi- 19,1 and ) )
max{||vi_,|l, |vill} < ¢ llzn + D1 frzno1 — D1fn o Dy fro1yi_|l-

(4.16)
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From this last inequality, using (4.13), we obtain

max{||v;_4 ], [lop[l} A A

< ¢ ([lznll + [ D1 fll - Nlzn-1ll + 1D1fn 0 Difa—rll - lyp—1 1)
¢ (lznll + D1 fall - lzn—all + 1D1fn © Difrmall - an—z - maxi<icn—2 [|2e])
c- (L+ | Difp|l + an—2 - | Difr o Difr—1ll) - maxi<i<p || 2]

We set ¢1 := ¢ (1+ ||Difall + an—s - |D1fn o Difr_1]]) € (0,400). Then we have
proven the following assertion.

* *
. <
(4.17) Jer € (0, +o0), max{[jvg_q [, [lop I} < e1 - max. [ 2]
We set
(4.18) i := Dafn 19}y + Difn1yi 1 — 2n_1.

This equality implies

(4.19) i + Difu1yj 1 + Dafn1vj 1 = 2n1

which is the penultimate wanted equation.

Notice that we have [|y;|| < [[Dafa—1]l - [vf_y | + 1D1fa-rll - 15_sll + llzn-1], and
using (4.17) and (4.18) we obtain

lyill < | Dafn1ll - e1 - maxy<i<p, [|2]]
+|| Dy fr 1l - an—2 - maxy<p<p—2 ||zl + Iz
(c1 - [|D2fn-1ll + ans - | D1 foor|| + 1) - maxi<e<p || 2¢])-

IN

We set ¢y := ¢1 - | Dafu_1]| + an_sa - | Difa_1]| + 1, and so we have proven

. X< . .
(4.20) 3ez € (0,+00), i < ez mave |1

We set ap, := max{ap_3,c1,c2}, and from (4.13), (4.17) and (4.20) we have proven

(4.21) Jay, € (0, +00), max{ max Hyt Il, Orilagthvt I} <ap- [nax, | 2¢]|-

Now we show that the last equation is satisfied by y; and vj. Using (4.18) and
(4.16), we obtain

lehyh + D2fhvh
= D1fT(D2fh 101 + D1 fr— Who1 — 2h-1) + DthUh
= (D1fp o (D2fh 1)y + D2fhvh) + Difpo D1fh Wiy — Difnzn

= (2n + D1fuzn_1 — Difno Difu_ry;_y) + Difno Difu1vi | — Difuzn
= zp.

We have proven that

(422) lehy;; + DQfAh’U;; = Zp.
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From (4.13), (4.19), (4.21) and (4.22) we have proven the following assertion
Jap, € (0, +00), ¥(2t)o<t<n € ImDgy (X", a"),
(i )1<e<n € X", 3(vf)o<e<n € UM, such that ) )
—yi—i— DQvaSA: 20, YVt € {1, ooy h — 1}, —Yt+1 + lety;" + sztvf = z,
D1 fryy, + D2 frvy, = 2z, and
max{maxi<y<p [|y7 [, maxo<i<n [[0F[|} < an - maxi<pn ||z |-
This last assertion is equivalent to the following one
Jay, € (0,+00),Vz" = (2t)o<t<n € ImDg"(%", a"),
Jyh* = (yF )1i<t<n € Xh Ivhr = (v} )o<t<n € U1 such that
Dgh(%", a")(y"*, v?*) = 2" and |[(y"*, V") < an - [|2"]].

Now using Proposition 3.1 on the operator Dgh(fch,ﬁh), the previous assertion
permits us to assert that ImDg" (%", ") is closed in X"*!, and the proof of (i) is
complete.

(ii) We arbitrarily fix z" = (21, ..., z,) € X". Since Dfj, is surjective, there exists
y# € X and v# € U such that th(y#,v#) = zp. Since D f;, 1 is surjective, there
exists y#_l € X and U#—l € U such that th_l(y#_l, v#_l) = 2p_1 —}—y#. We iterate
this backward reasoning until ¢ = 2 to obtain

AS {2,...,h},3(yl‘#,vfﬁ) € X xU st. th(y#,v#) = zp }

4.23 .
( ) and Vte2,...,h—1,—y#+th(yf,vZ$) = 2.

Now we introduce the linear continuous operator M € £(U x U, X) by setting
M (vg,,v1);= D1f1 o Dafovg + Dafiv1. From (4.6) we have ImM = X ie. M is
surjective. Therefore we obtain

(4.24) H(U#,’Uf) eU x U s.t. lel ) _Dgf()'l)o# + Dgflvf =z + yf + lelzg.
We set yfé = Do fov# — zg. Hence we obtain
(4.25) —y# + Dgfovg/: = 2p.
Using (4.24) and (4.25), we calculate
—y§ + lelyfE + szwiéé = —yzﬁ + le1(DAzfoUBéé — 20) + Do i}
= —y¥ + (D110 szovgf + D2f1vff) — D1 f120
=y + (a1 + yf + D1 fiz0) — D1 fizo = 21.
We have proven
(4.26) —y) + Difyl + Dafrof =z
From (4.23), (4.25) and (4.26) we have proven
W(z)oze<n € XM 357 hi<een € XP,3(0] Jozezn € UMY st
(4.27) —yfE + .ADQf()US# =2y, Vte{l,..,h—1} — yﬁl + Df(yfé,v#) =2z
and D fu(yf,vff) = 2.
This assertion is equivalent to
vzl e XML gyh# e xh yh# e UhHL st Dot (xM, uh) (y" v ) = 2"
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which means that Dg"(x",u?) is surjective. O

Lemma 4.3. Let ((24)ten, (Ut)ien) be an optimal solution of one of the problems
(Pi(0)), i € {1,2,3}. Under (H1), (H2), (H3), (4.3) and (4.4), for all h € N,
there exist A} € R and (p}',1)o<i<n € (X*)"*1 such that the following assertions
hold.

(a) AR nd (pl" 1)o<i<n are not simultaneously equal to zero.
(b) Af >
(c) pf = pt+1 ° let(xhut) + A Dy ¢ (&, @) for all t € N,.
(d) <>\0D2¢t($t,ut) +ph 0 Do fy(de, ), ue — ) <0 for allt € {0,...,h}, for
all uy € Uy.
Moreover, for all h > 2, if in addition we assume (Hj), (H5) and (H6) fulfilled, the
following assertions hold.
(e) For all t € {1,....h + 1}, there exists a;,by € Ry such that, for all s €
{1, b}, [IPEI < aehd + be|lpk |-
(f) For allt € {1,....h}, (A}, pl) # (0,0).
(g) For allt € {1,..,h}, for all z € Ay = Dafi1(Ti—1,W—1)Tv,_,(U—1)),
there exists c, € R such that p}(z) < c, A} for all h > t.

Proof. Let h € N,. Using Lemma 4.1, (4.1) and (4.2), we know that (X", @") (where
M = (zh,..,2}) and @" = (u},...,ul)), is an optimal solution of the following
maximization problem,

Maximize Jp,(x", u”)
when  (x, u") € ([T Xo) % ([T V),
g (x", ) = 0.

From (H3) we know that Jj, is Fréchet differentiable at (%",") and ¢" is Fréchet
continuously differentiable at (X", @"). From (4.3), (4.4) and Lemma 4.2 we know
that ImDg" (%", @) is closed in X"*!. Now using the multiplier rule which is given
n [9] (Theorem 3.5 p. 106-111 and Theorem 5.6 p. 118) and explicitely written in
[3] (Theorem 4.4), and proceeding as in the proof of Lemma 4.5 of [3], we obtain
the assertions (a), (b), (¢), (d).

The proof of assertions (e), (f), (g) is given by Lemma 4.7 of [3]. The proof of
this Lemma 4.7 uses the condition 0 € Int[D f(Z¢, 0t ) (X x Ty, (t:)) N Bxxu| where
Bx«y is the closed unit ball of X x U. It suffices to notice that our assumption
(H4) implies this condition. O

Remark 4.4. In Lemma 4.5 of [3] the finiteness of the codimension of Im Dy f (¢, Gt)
is useful to ensure the closedness of ImDg" (%", #"). Here we can avoid this assump-
tion of finiteness thanks to the recursive assumptions.

The following proposition is used in the proof of the main result.

Proposition 4.5. Let (Z¢)ien, (Ut)ien) be an optimal solution of one of the problems
(Pi(0)), i € {1,2,3}. Under (H1-H6) we introduce

Zoy == Da fo(o,t0)(Tu, () and  Zy := Dafi(21, 1) (T, (41)).
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Then, for allh € N, h > 2, there exist \i € R and (p}',1)o<t<n € (X*)"1 such that
the following assertions hold.
(1) ANr>o0.
(2) PP = piy o D1 fi(@e, ) + ANsD1¢y (24, @) for all t € N,
(3) (A\bDagy(#1, 1) + Pl © Dafe(de, @), ue — ) <0 for all t € {0,...,h}, for
all uy € Uy.
(4) For all t € {1,....h + 1}, there exists a;,by € Ry such that, for all s €
{1, b}, P2 < aehd + bellpl])-
(5) (AGs P} 2 P312,) # (0,0,0).
(6) For all zy € Zy, for all z1 € Zy, there exists ¢, ., € R such that,
for all h > 2, p(20) + ph(z1) < CZO,Z1)‘6L-
(7) For allv € X there exists (z0,21) € Zo X Z1 such that
ph(v) = pi(20) + ph(21) — Af D161 (21, 41)(20) for all h > 2.

Proof. Proof of (1)-(4) Note that conditions (4.3) and (4.4) are consequences of

(H4). We use A} and (pl!, | )o<¢<p, which are provided by Lemma 4.3. Hence conclu-
sions (1), (2) and (3) are given by Lemma 4.3. The conclusion (4) is the conclusion
(e) of Lemma 4.3.

Proof of (5) From the conclusion (f) of Lemma 4.3, we know that (A}, p%) # (0,0).

We want to prove that [(A},p}) # (0,0)] implies (5). To do that we proceed by
contraposition; we assume that [)\8 = 0, p}f‘ 7z = 0, p}2‘| 7 = 0] and we want to

prove that [A} = 0,p} = 0]. Since A} = 0, using the conclusion (2) we obtain
ph = pb o Dy f1(41,71) which implies

Pt o Dafo(o, tio)(Tu, (o)) = ph o D1 f1(21, 1) © D2 fo(0, o) (T, (1)),

and since p’f‘ZO = 0, we obtain p& o Dy f1(#1,171) o Dafo(o,0)(Ty, (o)) = 0, and
since pngl = 0, using (H5), we obtain p? = 0 (on X all over). Hence p! =

ph o Dy f1(21,71) = 0. The proof of (5) is complete.
Proof of (6) Let zy € Zy , 21 € Z;1. Using conclusion (g) of Lemma 4.3, we obtain
that there exists ¢ € R such that pf(zg) < ¢ A} for all h > 1, and that there
exists ¢l € R such that p}(z1) < ¢l A} for all h > 2. Setting ¢z, = 2 +cl, we
obtain the announced conclusion.
Proof of (7) From (H5), for all v € X, there exist (o € Ty, (to) and ¢ € Ty, (41)
such that

v = D1 f1(&1,11) 0 D2 fo(0, 1i0)(Co) + D2 f1(&1,41)(C1)-

(

We set zg := Da fo(o,10)((o) € Zo and z1 := Do f1(21,11)(¢1) € Z1, hence we have
(4.28) v = D1 f1(21,01)(20) + 21.

From conclusion (2) we deduce

P o Dafo(o, i) = p o D1 f1(&1, 1) o Dafo(o, i) + A D1¢(d1, 1) © Dafolo, do).
Applying this last equation to (o we obtain

P (20) = P o D1 f1(21, 1) (20) + A§ D161 (81, 1) (20).
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Adding p%(z1) to this equality we obtain

Pl (20) + P (21) = ph o D1 fi(&1, 1) (20) + P (21) + Ay D11 (81, 101) (20)-

z
Using (4.28) we have p(20) + pB(21) = ph(v) + A\t D1¢1(21,11)(20) which implies
the announced equality. g

5. PROOF OF THE MAIN THEOREM

Proposition 4.5 provides sequences (A});>a, (p)n> for all t € N,. We set ¢l :=
p? o Dy fo(o,09) € U* and qél = p’zl o Dyfi(&1,u1) € U* for all h > 2. From
conclusion (5) of Proposition 4.5 we obtain

()‘ga Q{Z‘TUO (t0)> qg|TU1 (q}l)) # (Oa O) O)

We introduce X := aff (Ty, (tig) X Ty, (11)) the closed affine hull of Ty, (i) x Ty, (1)
which is a closed vector subspace since the tangent cones contain the origin. From
the previous relation we can assert that (A%, (¢}, qg)‘g) # (0,(0,0)). We introduce
the number
0" == Xp + (g}, gb)jclls- > 0.

Since the list of the multipliers of the problem in finite horizon is a cone, we can
replace \? by 9%)\6‘ and the p} by eihpf (without to change the writing), and so we
can assume that the following property holds.

(5.1) Vh>2, A§+[l(afs a)s s = 1.
Using the Banach-Alaoglu theorem, we can assert that there exist an increasing
mapping ¢1 : [2,4+00)ny = (2, +00)n, Ao € R, (q1,¢2) € X" such

(Agl(h)7 (Qfl(h)aqaal(h))m) SN (Mo, (q1,q2)) when h — +oo.

Now we want to establish that

(5.2) (Ao, (a1, 42)) # (0,(0,0)).

To do that we proceed by contradiction; we assume that A\g = 0 and (g1, ¢2) = (0,0).
From conclusion (6) of Proposition 4.5 we deduce that, for all (o € Ty, (o) and for
all (1 € Ty, (1), there exists ¢¢, ¢, € R such that qfl(h) ((0)+q§’1(h)(§1) < o, )\gl(h)
for all h > 2. Hence we can use Proposition 3.2 with Y = £, K = Ty, (to) X Ty, (41),
S =3 pp = )\gl(h), and m, = (qfl(h), q;m(h))m. Consequently we obtain that
limy, s 0o H(qfl(h),qfl(h))mﬂg* = 0. Since we also have limy, . )\gl(h)
obtain a contradiction with (5.1). Hence (5.2) is proven.

= 0, we

From conclusion (7) of Proposition 4.5 we have, for all z € X, there exists ({p, (1) €
> such that, for all A > 2,

pﬁl(")(x) = (Qfl(h),Qfl(h))|z(Co,C1) - /\gl(h)quﬁl(i‘l,%) o Da fo(o, 10)(Co)

which permits to say that there exists po € X* such that pgl(h) N po when h — +o0.

From conclusion (2) of Proposition 4.5 at ¢t = 1, we obtain that there exists p; € X*

such that pfl(h) 3 py when h — +oo, and from (5.2) we obtain

(5.3) (Ao, (p1,p2)) # (0, (0,0)).
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Since (pfl(h) )n>2 is weak-star convergent on X, using the Banach-Steinhaus theorem

we can assert that the sequence <prl(h)HX*)h22 is bounded. Since (/\gl(h))h22 is
convergent in R, it is bounded, and from conclusion (4) of Proposition 4.5, we deduce

that the sequence (pfl(h))he[tJroo)N is bounded for each t € N,. Then we can use
Proposition 3.3 to ensure the existence of an increasing function ¢ : [2,4+00)y —

[2, +00)n and a sequence (p;)ien, € (X*)N such that pflOW(h) “3 pr when h — +00

for all ¢t € N, and we have also )\glom(h) — Mo when h — +00. Hence we have
built all the multipliers. The properties of these multipliers are obtained by taking
limits from the properties of the /\6Z and the p}. Their non triviality is proven by
(5.3). Hence the proof of the main result is complete.
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