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OPTIMALITY CONDITIONS FOR STRONG SEMIVECTORIAL
BILEVEL PROGRAMMING PROBLEMS VIA A CONJUGATE
DUALITY

ABDELMALEK ABOUSSOROR, SAMIR ADLY", AND FATIMA EZZAHRA SAISSI

ABSTRACT. We are concerned with a strong semivectorial nonlinear bilevel pro-
gramming problem where the upper and lower levels are vectorial and scalar
respectively. For such a problem we give a duality approach via scalarization,
regularization and a conjugate duality. Then, via this duality approach, we pro-
vide necessary and sufficient optimality conditions for the initial semivectorial
bilevel programming problem. This duality approach extends the one given in
[1] from the scalar case to the semivectorial one.

1. INTRODUCTION

In this paper, we are concerned with the following strong semivectorial bilevel
programming problem where the upper and lower levels are vectorial and scalar
respectively

(S) V= IZIéI)I(I F(Q},y),
yEM(z)

with M(x) is the solution set of the scalar lower level problem

P(x) min  f(z, 2),

9(@,2)<0

F=(F,.,Fi)T :RPxR?I - RF f:RPxRI =R, g=(g1,..., gm)" : RP xRI —
R™ m > 1, are convex functions, and X and Y are two nonempty compact convex
subsets of RP and RY, respectively. The notation ”v — min” means that we are
concerned with a vectorial minimization problem.

A semivectorial bilevel programming problem is a bilevel problem where exatly
one of the two levels is vectorial. Note that several papers dealing with such prob-
lems have appeared in the last decade. Let us summarize some recent interesting
works of them.

In [2], Ankhili and Mansouri considered a semivectorial bilevel optimization prob-
lem with a linear vectorial lower level. For such a problem the authors gave an exact
penalty method. They showed that any accumulation point of a sequence of solu-
tions of the penalized problems is a solution of the initial problem. An algorithm
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is presented with a numerical example. In [4], Bonnel and Morgan were interested
with a semivectorial bilevel programming problem with a scalar upper level. Then,
using weakly efficient solutions of the lower level problem, they proposed a penalty
approach to solve the bilevel programming problem. In [7], the authors considered
a semivectorial bilevel programming problem with a linear vectorial lower level and
the constraint sets of both levels are polyhedral. Considering a reformulation of the
problem, and dealing with efficient and weakly efficient solutions of the lower level
problem, they showed that a solution exists among the extreme points of the feasible
set. In [8], Dempe et al. were interested in strong semivectorial bilevel program-
ming problem where the upper level is scalar. Using a scalarization technique, they
considered a transformation that leads to a problem with inequality constraints
by means of the value function of the parameterized lower level problem. Then,
using the notion of generalized differentiation, they derived first order necessary
optimality conditions for both smooth and nonsmooth cases. In [16], the authors
proposed a penalty method for a semivectorial bilevel programming problem with a
linear vectorial lower level. Using the duality theory of linear programming and the
Benson’s method, the authors transformed the problem into a single level problem.
Then, via the penalty method a solution of the initial problem is obtained. Finally,
an algorithm with numerical examples are given. In [21], the authors considered a
semivectorial bilevel programming problem with a linear vectorial lower level. The
authors presented an exact penalty method with an algorithm that gives a solu-
tion of the initial problem via a projection on its feasible set. For more reading on
semivectorial bilevel optimization, the reader can consult the references cited in the
above works.

In this paper, the approach that we consider for the semivectorial bilevel pro-
gramming problem (.5) is different from those considered in the literature and is
based on the use of three operations : a regularization, a scalarization and a con-
jugate duality. One of the classical constraint qualification that we will use in our
investigation is the so-called Slater condition. Unfortunately, as easily remarked,
due to the constraint y € M(x), the problem (S) and its scalarized problem in
the sense of Geoffrion ( [10]) do not satisfy this condition. In order to avoid this
situation, we first proceed to a regularization of problem (S). More precisely, for
e > 0, we consider the following regularized problem (S¢) of (S) ( [13])

(Se) v— min F(z,y)

zeX
yEMe(x)

with M (z) is the set of e—approximate solutions of problem P(x). As a main
stability result, we show that any accumulation point of a sequence of regularized
properly efficient solutions is a properly efficient solution of the initial problem (.S).
Then, by construction, the regularized problem (S,) and its scalarized problem (S?)
satisfy the Slater condition. The conjugate duality that we adopt in our study is
the so-called Fenchel-Lagrange duality. Such a duality was first introduced for the
scalar convex case by Wanka and Bot, in [19] and then extended to the vectorial case
in [6] for optimization problems with convex vectorial objective function and d.c.
constraints. In order to start our procedure of dualization, and since the problem
(S¢) has a non convex constraint set, we first consider a decomposition of problem
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(Se) into a family of vectorial convex minimization problems (Se.+), z* € RP. For
every * € RP, and via scalarization, we give the scalarized problem ( jx*) of (Sez+).
Since the scalarization preserves the convexity, this allows us to give the Fenchel-
Lagrange dual (D¢ ) of the scalarized convex subproblem (S5¢ .). Afterwards, and
under the Slater constraint qualification condition, we establish strong duality and
provide optimality conditions for the scalar primal-dual pair (S¢ .. )-(D¢ ,+). Finally,
via this duality approach we provide necessary and sufficient optimality conditions
for problem (.S). The obtained results extend those given in [1] from the scalar case

to the semivectorial one.

The outline of this paper is as follows. In section 2, we give some preliminaries
related to convex analysis and multiobjective optimization. In section 3, we define
the regularized problem (S¢) of () and establish some stability results. In section
4, we decompose the problem (S¢) into the family of convex semivectorial bilevel
programming problems (Se z+)z+cre. In section 5, for a given 2* € RP we define the
Fenchel-Lagrange dual (D . ) of the scalarized problem (S¢ +) of (S ;+) and provide
optimality conditions for problem (S¢,.). In section 6, we provide necessary and
sufficient optimality conditions for the initial problem (S). The necessary optimality
conditions are given for a class of properly efficient solutions of problem (5).

2. PRELIMINARIES

In this section, we recall some fundamental definitions and results related essen-
tially to convex analysis and multiobjective optimization that we will use in the
sequel. For two vectors = (x1,...,2,)", and y = (y1,...,4,)" in R?, (z,y) will

denote their inner product, i.e., (z,y) = > " | z;y;. Let A be a nonempty subset of
R™. We will denote by 94 and o4 the indicator and the support functions of the
set A, respectively, defined on R™ by
0 if x € A, _
o ={ G0 HIET ad oal) = swealo)

Let h : R®™ = R be a function.The conjugate function of h relative to the set A
is denoted by A% and defined on R" by

ha(p) = igg{m@ — h(z)}.

When A = R"”, we get the usual Legendre-Fenchel conjugate function of A, de-
noted by h*. We denote by domh the effective domain of h, i.e., the set defined by

domh = {z € R" / h(z) < +o0}.
We say that h is proper if h(x) > —oo, for all z € R™, and domh # {).

When A is a nonempty convex subset of R” and Z € A, the normal cone N(Z)
of A at T in the sense of convex analysis is the set defined by

Na(@) ={a* e R"/ (¢*, 2 — 7) <0,Vz € A}.

Now let h : R® — R U {+o0} be a convex function. Let £ € domh. The
subdifferential Oh(Z) in the sense of convex analysis of h at Z, is the set defined by

Oh(z) = {z* € R" / h(z) > h(z) + (z*,x — ), Vo € R"}.
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An element x* in Oh(Z) is called a subgradient of h at Z.

Remark 2.1. We have the following properties
i) x* € Oh(Z) <= (2, Z) = h(T) + h*(z¥),
i) h(z) + h*(x*) > (z*,x), Va,x* € R" (Fenchel’s inequality).

Theorem 2.2 ( [17]). Let h : R — R U {400} be a proper conver and lower
semicontinuous function, and C be a compact subset of int(domh). Then, the set
Uzec Oh(x) is compact.

Theorem 2.3 ( [17]). Let hy, ..., hym : R™ — R be proper convex functions. Assume
that (i, ri(domh;) # 0. Then, for any x € R", we have

(Son) w=, e {Sne]
=1

.....

] +...+tTm=c

and the infimum is attained, where for a subset A of R™, riA denotes the relative
interior of A, i.e., the topological interior of A relative to the smallest affine set
containing A.

Let us recall some definitions and fundamental results relating to multiobjec-
tive optimization that we will need in our study. Consider the following vector
optimization problem

(P) v —minf(z)

zeX
where X c R, f(:c) = (fl(ac), - fr(a:))T and f; : R - R, i = 1,...,r, are
functions. We will consider the following partial order on R" defined as follows. For
y=W )y = Wreny) ER
y < y, if and only if y; < y; for alli =1,...,7.
The relation y < y means that y; < y; foralli =1,...,7.

In what follows, we will adopt the following definitions in our study.

Definition 2.4. An element z € X is said to be efficient (or Pareto-efficient) for
problem (P) if f(x) < f(z), for some = € X, then f(z) = f(x).

Definition 2.5 ( [10]). An clement Z € X is said to be properly efficient for
problem (P) if it is efficient and if there exists a real number M > 0 such that
for each i € {1,...,r} and = € X satisfying fi(z) < fi(Z), there exists at least one
j€{1,..,7} such that f;(z) < f;(x) and

fi@) ~ @) _ ),
fi(z) = f(z)
We recall the following result in the convex case that characterizes the proper
efficiency via scalarization.

Theorem 2.6 ( [10]). Assume that X and f are convezr. A feasible point & is prop-
erly efficient for problem (P) if and only if there exists A = (A1,...A,) " € int(R"})
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with Y ;_y Ai = 1, such that & solves the following scalar convex minimization prob-

lem
-

P ik Y A,

zeX i—1

3. REGULARIZATION AND STABILITY RESULTS

As mentioned in the introduction, we will need the Slater constraint qualification
condition for the application of the Fenchel-Lagrange duality in our study. Since
(S) does not satisfy this condition, we will first proceed to its regularization. Then,
unlike (S), by construction the obtained regularized problem will satisfy this con-
dition. This regularization uses e-approximate solutions of the lower level problem
( [13]). As a main stability result, we show that any accumulation point of a se-
quence of regularized properly efficient solutions is a properly efficient solution of
the initial problem (.5).

Throughout the paper, we set I = {1,....,k} and J = {1,...,m}. For = € RP, let

Z(x) = {y €Y/gi(x,y) <0,Vi € J} and v(x)= inf f(z,y)
yEZ()
denote respectively the feasible set and the infimal value of problem P(z). The

graph of the multifunction Z(-) relative to the set R? x Y denoted for simplicity by
GrZ(-) is defined by

GrZ(-) = {(:L‘,y) ERPxY/ye€ Z(x)}
Throughout the paper, we assume that the following assumption is satisfied
(H) For every x € X, the set Z(x) is nonempty.

Remark 3.1. 1) The functions f, F and g are continuous on RP xRY as finite
convex functions.
2) The function v(-) is convex on R (see [17]).
3) Let x € RP. We distinguish the following cases:
i) If Z(x) # 0, then, since the function f(x,.) is continuous on the com-
pact set Z(x) (a closed subset of Y compact), it follows that v(z) is a
finite real number. Moreover, according to assumption (H), we have
X C domu(-) ={x € R? / Z(x) # 0}. In particular, {v(z),x € X} C
R.
i) If Z(z) =0, then, v(z) = 4o0.
So that, from the two cases we deduce that {v(z),z € RP} C RU{+4o00}.

For € > 0, we consider the following multiobjective regularized problem of (5)

(Se) V= Izlél)l(l F(SL‘,y)
yEMe(x)

with M(z) ={y € Z(z)/ f(z,y) < v(x)+ €} is the set of e—approximate solutions
of problem P(x). This expression of M (x) results from the fact that v(x) is a finite
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real number [see 3)-i) of Remark 3.1]. Then, the problem (S¢) can be rewritten in
its value form as ( [15])
(Se) V- min F(z,y).

flz,y)—v(z)<e
9i(z,y)<0,i€J

Throughout the paper, (€,), is a sequence of positive real numbers such that

en, \¢ 07, and we denote the problem (S, ) and the multifunction M, (-) by (Sy)
and M, (-) respectively.

Proposition 3.2 ( [13]). Let assumption (H) hold. Then, for any x € X and any
sequence (xy)n converging to x in X, we have imsup,,_, | o My (z,) C M(z).

Lemma 3.3. Assume that assumption (H) and the following assumption are sat-
isfied

(Q) For any x € X, and any nonempty subset J' of J, there exists y, y €Y,
such that g;(x,y, ) <0, Vie J.

Then, for any x € X and any sequence (x,) converging to x in X, we have
Z(z) C liminf, 100 Z(2p).

Proof. The result is deduced from a general case considered in [12]. O

Let Gr(M) and Gr(M,) (¢ > 0) denote the graphs of the multifunctions M(-)
and M.(-) respectively relative to the set X x Y, i.e.,

GrM) = {(z,y) € X xY/y € M(z)} and Gr(M,) = {(z,y) € X xY/y €

In what follows, for two subsets A and B of R", the relation A & B means that
A C B and there exists x € B such that © ¢ A. The following theorem establishes
that any accumulation point of a sequence of regularized properly efficient solutions
is a properly efficient solution of problem (.5).

Theorem 3.4. Let assumptions (H) and (Q) hold. For n € N, let (xn,yn) be a
properly efficient solution of problem (Sy). Let (Z,y) be an accumulation point of

the sequence (Ty,Yn)n. Then, (Z,y) is a properly efficient solution of the initial
problem (S).

Proof. Feasibility. We obviously have (Z,7) € X x Y. Let N be an infinite subset
of N such that (z,,y,) = (Z,7) as n — +oo,n € N. For n € N, we have (z,,yn)
is a feasible point of (S,,). It follows that for all n € N/

(3.1) f(@n,yn) —v(xn) <€, and gi(xn,yn) <0, for all j € J.

Let us show that limsupna}m v(xy) < v(x). Since z € X C domu(-), then

ne
v(Z) € R. Moreover, from the continuity of g;, ¢ € J, we have g;(z,7) < 0, for all
i€ J. Let y € Z(Z). From Lemma 3.3, there exists g, € Z(z,,),n € N and 4, = y
asn — +oo,n € N. So that v(xy,) < f(2n,Yn). Using the continuity of the function
f, we obtain
limsupv(z,) < lim  f(zn, Gn) = f(Z,y).

n—-+oo n—+0oo

neN neN
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Since y is arbitrary in Z(z), it follows that lim SUP oo v(zy) < v(z). Hence,
ne

passing to the limit in (3.1) as n — +o00,n € N, we obtain

limsup f(zn, yn) = f(2,9) < v(2).

neN

Therefore, § € M(Z) and hence (Z,7) is a feasible point of (.5).

Optimality
Efficiency. Let (z,y) € Gr(M) such that
(3-2) Fi(z,y) < Fy(z,9), Viel

Let us show that for all i € I, we have F;(x,y) = Fi(Z,y). We have (z,y) € Gr(M) C
Gr(M,,) and (x,,yn) € Gr(M,,). Let i € I. We distinguish the following cases:

1) Assume that there exists ng € N such that F;(x,y) < F;(xn,y,) for all n €
N,n >ng. For n € N, (z,,y,) is a Pareto efficient solution of (S,,). Then,

Fi(z,y) = Fi(xn, yn)-
Passing to the limit as n — co,n € N, we obtain F;(z,y) = F;(z, 7).
2) Assume that there exists an infinite subset AN’ of A, such that
Fi(z,y) > Fi(zn,yn) forall ne N .
Then, passing to the limit as n — co,n € A7, we obtain
Fi(z,y) > Fy(2,9).
Using (3.2), we deduce that Fj(x,y) = F;(Z,9).

By means of the two cases, and since i is arbitrary in I, we deduce that F(x,y) =
F(z,7).
Proper efficiency. Now, let us show that (Z,y) is a properly efficient solution of

(S). Assume the contrary. Let M > 0 be arbitrary. Then, there exist (z*,y*) €
Gr(M) and i € I, such that

Fl(ZE*, y*) < Fl(ja Zj)
and
for all j € I'\ {i}, verifying F}(z,y) < F;(z*,y*). Set
1z,5) = {j € I\ {i}/ Fy(2.5) < Fy(a".y")}.
Therefore, since I is finite, then we easily deduce the following property:
(L) There exists ng € N, such that for all n > n3, n € N, we have

i1) Fj(xp,yn) < Fj(z*,y*), Vj € 1(Z,7),

Fi(zn,yn)—F; *7 * ] Y
i41) Fjg*j*))fFj((zn,Zn)) > M, VjeI(z,7).
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Set
I, ={j € I\ {i}/ Fj(zpn,yn) < Fj(z*,y*),Vn > nz,n € N'}.

Let us show that the third assertion in property (£) is also true for all j € I,,,.
Then, let j € I,,,. We distinguish the following cases:

3) If j € I(Z,y), then, there is nothing to prove.

4)1f j & I(z,7y), then F;(z,y) > Fj(z*,y*). Two subcases arise.

Subcase 1: Assume Fj(Z,y) > Fj(«*,y*). This implies that there exists ny € N
such that

(3-3) Fj(xn,yn) > Fj(z",y")  Vn>ngnelN.

Set ns = max{ng,n4}. Then, for all n > nz, n € N, we get a contradiction
between (3.3) and the fact that j € I,,.
Subcase 2: F;(Z,y) = Fj(z*,y*). Assume that there exists an infinite subset

N’ c{neN/n>n3}, such that

E($n7 yn) - Fl(x*v y*)

Fj(z*,y*) — Fj(2n, yn)
According to property iii) above, we have Fj(z*,y*) — Fj(xn,yn) — 07, as n —

400, n € N'. Then, since Fy(Z,7) > Fi(z*,y*), we have

lim E(xnayn) _Fi(x*ay*) = 400
i Fy(a*,y*) = Fy(@n, yn)

(3.4) <M VneN'

which leads to a contradiction in (3.4). On the other hand, for all n € N, we have
M(z*) € Mp(x*). So that, (z*,y*) € Gr(M,,). That is (z*,y*) is a feasible point
of problem (S,,), for all n € N. Then, in summary, we have shown the following
property :

~

(L) For M > 0 arbitrary, there exist (z*,y*) € RP x RY, i € I, and ng € N, such
that for all n > n3, n € N, we have
i) (2%, y") € Gr(My),
it) Fi(x*,y*) < Fi(Tn,yn),

oo Fy(@n,yn)—Fi(2*,y*) .
) oo )= F, (onyn) > M,Vj € I,.

A

Therefore, the property (L£) gives a contradiction with the fact that (z,,y,) is a
properly efficient solution of (S,,), n > n3, n € N. Then, we conclude that (Z,7) is
a properly efficient solution of (S). O

4. DECOMPOSITION OF THE REGULARIZED PROBLEM (S,)

In order to apply the Fenchel-Lagrange duality in our study, in this section we
will first decompose the regularized problem (S¢) (¢ > 0) into a family of convex
semivectorial programming subproblems (Se o+ )+ cre-

Define on X x Y the following functions

hie(z,y) =0 and he(z,y) =v(z)+ e
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Then, the regularized multiobjective problem (S,) can be rewritten in the follow-
ing form
S, v — min F(x
(Se) o min (z,y)
Yx xy (®:y)—hy (2,4)<0
f(zy)—hg ¢ (2,y)<O0
9;(z,y)—h1 e (z,y)<0, VieJ

which under the data is a multiobjective minimization problem with convex vectorial
objective function and d.c. constraints. This formulation will allow us to apply some
existing results in the literature in [6] and [14]. As mentioned in the introduction
our duality is based on the use of conjugacy. So that, we will express the constraints
of the regularized problem in terms of the conjugates of the functions involved.

Proposition 4.1. Let assumption (H) hold. Then, for all (x*,y*) € RP x R?, we

have
i) b1 (2%, y%) = V0,0 (", ¥),
%€ ’ férZ()('x*?O> — €, Zf y* = 0.
Proof. The results are obvious. So that the proofs are omitted. O

For € > 0, let A° denote the feasible set of problem (S), i.e.,

Ae = {(l‘,y) S RP x Rq/wXXY(xay) - hl,E(':C’y) S 05 f(xay) - h?,e(xay) S Oa
gi(@,y) ~ hio(w,y) <O,Vi € T},

We obtain the following expression of A€ using the conjugate of functions.

Proposition 4.2. Let assumption (1) hold. We have
A= U {@y e R <RI B (2% y7) + bxer(@,y) = (1) (2) <0
(x* ,y*)ERP xRT
(t* 2% ) ERP X RY

(u¥,v¥)ERP XRY Vi€ J t*
’LT,Etf*l,;’5>—ew§gXxy(z*e,y*)go 287, 27) + flay) = (), () <0
By (1%,2%) = f* (t%,2%) <0 .
o )= (uF ) <o vies Lewro]) + gi(ey) = (1), (2) <0,vi € T}

Proof. The proof is a direct application of Lemma 2.1 in [14]. So that, it is omitted.
O

For z* € R? and € > 0, set
Al = {(m,y) eXxY/ fgrz(.)(x*,ORq) + f(z,y) — (2%, x) <,
gi(z,y) <0,Vi e J}.

Then, using the results of Proposition 4.1 and proceeding to a simplification in the
formula of Proposition 4.2, we obtain the following expression of A€ in terms of the
sets AS., z* € RP.

Proposition 4.3. Let assumption (H) hold. Then A® = «cpp Agpr-
Proof. The result is obvious. So that, the proof is omitted. O
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For given x* € RP and € > 0, consider the following convex semivectorial pro-
gramming problem
Se x* v— min F(x,y).
(Se.ar) oD, (z,y)
Proposition 4.4. Let (Ze,y.) be a properly efficient solution of (S¢). Then, there
exists x7 € RP such that (Z,7c) is a properly efficient solution of problem (Sczx).

Proof. We have

Se) v— min Fl(z,y).
(Se) Lo (2,9)

Since (Z, ¥e) is a feasible point of (Se), then according to Proposition 4.3 there
exists ¥ € RP such that (Z,7.) € A;Z. Then, (Z, y.) is a feasible point of problem
(Se,x:)-

Let us show that (Z,y.) is a properly efficient solution of (S g ).

Efficiency. Let (Z¢, ) € A%« such that F(Ze, ge) < F(Zc,Tc). Since (Z., ) € A
and (Ze, ye) is efficient for (Sg)e, it follows that F(Z.,¥.) = F(Z¢, Je), and the result
follows.

Proper efficiency. Let M > 0 be the constant given by the proper efficiency of
(Ze, Ye) to problem (S). Let (z,y) € A5 and i € I such that Fi(z,y) < F;(Zc, ¥e).
Since (x,y) € A€, then

Jj e {1,...,k}\{i} suchthat F;(Zc, v.) < Fj(z,y)
and

Fi(jeage)_Fi(xvy)
Fiwy)FGeg = M-

Hence, (Z, yc) is a properly efficient solution of problem (S z+). O

Then, according to Proposition 4.4, we obtain a decomposition of problem (.S)
into the family of convex semivectorial programming problems (Se z+)z*cRre.

5. DUALITY AND OPTIMALITY CONDITIONS FOR THE SCALARIZED PROBLEM OF
(Se x*)

In this section, for given ¢ > 0 and x* € RP, we first consider the scalarized
problem (S? ) of (Se.+) in the sense of Geoffrion ( [10]). Then, we give the Fenchel-
Lagrange dual (Df ,.) of (S¢ ), establish strong duality between them, and finally

€,x*
provide necessary and sufficient optimality conditions for problem (S¢ . ).

For ¢ > 0 and z* € RP, we consider the following scalar convex minimization
problem associated to the multiobjective problem (S ;)

(Sss,ac*) N (¢,y)erP xR Z?:l )‘]'Fj(wa y)

ge(z.y)<0
where A = (Aq,..., \p) ' € int]R{i is fixed, and ge = (Vxxv, Jo,e, I1,e ...gme)T, with
{ §0,€($7y) = férz(.)(w*7 0) + f(xay) - <IL'*,.’L'> -6
Gie(T,y) = gi(w,y), Vi € J.

We will use the following constraint qualification (the Slater condition)
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(CQ)ex+ There exists (zf .+, ¥, ,+) € X x Y such that

f( /E(E 7yéx*)+férz()(x*,0Rq) <x xex*> < 6,
gl( 6x*7yez ) < O,VZ € J

Consider the following dual problem of (S?,.) called the Fenchel-Lagrange dual
([19])

(D?4e) L (JZ:Aij)*(a, D)= (@70 (—a, ) }.

G=(d0,-dma1) T ERT+2

Let us give an explicit formulation of the objective function of problem (ﬁix*)
Using Theorem 2.3, we obtain

*

k k
Z/\ij (@)= min Z(/\ij)*(aj,bj).
Jj=1 (@b)=XF_, (a;.b;) Jj=1
We have
k *
. - _ ; k N (. B
_(Z/\JF]) (a,b) = (ajybglel]}%w Zj:l()‘JFJ) (aj,bj)
=t (@:0)=3"K_, (a;.b;)
- _ ; x(9 bj
= - L, TLNEGHD)
(a.0)=3F_, (aj.b))
— ¥\ (% b
- (aj,b?)lgnggxmq ZJ 1( AF )()‘ )‘j)'
(a.0)=3F_, (aj.b5)
So that .
B = Sup (a,b)err xra { ( -1 )\ij> (a,b) — (ngg)*(—a, _b)} =
6]Rm+2
Sup(ab)eRPqu{maX ez S (NF)(E,3) — (37507 (—a, )}
er7H2 (a,b)= zj L(aj.b))
Set a = aj b = %, j=1,...,k. Then, we obtain
k T ~ k
B = sup {Zj:l(_/\jF;)(aj?bj) (ngE)*(_ Zj:l/\ (ay?bj))}
(a;.,b;)eRPx]Rq
gerTt?

On the other hand, we have
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CUANED PN 2’;1 Ajb’-)

- ) O - aaiew)
T (ea)eRrxEs {<< Sk >\] bj> (z)> ~ (i §Qi+1§i7e)(x’ "}
— :cyse%gxﬂ{q < S )\ b >, <;>> —Yxxy(,y) — é@iﬂ@i,e(%y)}
<Z 4i+19i e) ( Z)‘J“w Z)‘
XxY J=1

So that (Dﬁ’z*) and the following problem

(D¢ 2+) SUD  (aj.b;)€RP xRY { E L NG ET (aj,bj)—

G=1,...k,
( Qz‘gi,e) Xy( Zx\aj, ZAb)}

m+1
=0

have the same optimal value. Finally, via simple calculatlons, we obtain the follow-
ing simplified form

k
(D p«)  SUD (a;b))empxra inf { E (a;
) J’
o 21k (z,y)eX XY )
(@05 qm>eR;ﬂ+1

(5700, 00 (@0F + 3 ) )+ o (0, 0m0) — 9}
g=17I i=1

¢ o) instead of (73?1*), and without
losing the sense of this duality, we will also call it the Fenchel-Lagrange dual of
problem (S¢ .).

In the rest of this section € > 0 and x* € R™ are given. The following proposition
establishes that weak duality always holds between (S? ,.) and (D ).

In what follows, we will use the problem (D?

Proposition 5.1. Let assumption (H) hold. Then, we have inf S ;. > sup Dy ,.

Proof. The result uses the fact that sup 735 - =sup D¢ . and the well-known result
of weak Fenchel-Lagrange duality between (S ,.) and (ﬁj”r*)(see [6] where duality
for scalar problems is considered). g

The following theorem establishes strong duality between (S¢,.) and (D .. ).

Theorem 5.2. Assume that assumption (H) and the constraint qualz’ﬁcatian (CQ)eax
are fulfilled. Then strong duality holds between problems (S _.) and (D? ,.), i.e.,

€,x* €,x*
inf S¢ .« =sup D¢ . and (D¢ ,+) admits a solution.

6]}
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Proof. The result follows from Theorem 3.3 in [6]. O

The following theorems provide optimality conditions for the primal-dual pair

(822+) = (DEz)-
Theorem 5.3. (Necessary optimality conditions) Assume that assumption (H) and
the constraint qualification (CQ)e = are fulfilled. Let (% z+,Yeq) be a solution of
problem (S¢,+). Then, there exists a solution ((ac,be),ac) of (D¢ ), with ac =
(ale, . ake), bE = (blg, . bke), Qe € ]Rp, bis S Rq,i = 1, . k, Qe = (OzQ,e, ey am76)—'— S
RTH, such that the following optimality conditions are satisfied

D) (1) € 0Fj (e, Yewr ), = 1,0k,

ii) { a076(f(3367x*,y6’z*) + férz(.)(x*’ ORq) — <$*,l'e,x*> — 6) =0,

ai,egi(xe,x*aye,x*) =0,V € J,

* k

Qg™ — D Y 1 Ni@e

111) < o k‘Zl_l o > € 8(04076]0—’_2?;1 ai,egi) (xe,x*aygx*)"_
— 2 im1 Aibic

NXXY (xe,ar:* y Ye,x* ) .

Proof. The properties i) and i) are directly obtained by application of Theorem
3.4 in [6]. Let us show the property 4i7). From Theorem 3.4 in [6], we also have

(ao,ef + 2221 O‘i,egi)ixy (040,61'* - 25:1 AiGie, — Zf:l )\ibie) =

_zfz >\1 3 e.x*
< (_ Zk:ll Aizie)7 (zejx* ) >+a076(férz() («T*7 ORQ) o 6).
Then, using the first property in ii) we obtain
(aoef + 200 @iegi)t,, (o™ — Sy Nittie, — Yohy Aibie) =

Sk aa
< (_ %7}6211 11225)7 (525:) >+O[07€ (<I*, $67x* > - f(xevx* ? y€7x* )) :
So that, using the second property in i), we obtain
_ Sk - *
(CEm ), (o)) = (@0 + T i) (e Year) =

Ye,x*

3k Naictaoesty g m v X %V
(O, (2)) = (q0ef + Xl avegd) @), V(wy) € X x Y.

i.e., (Tea*, Yeu+) solves the problem
. Zf:l )\iaiefao,ex* x m i . }
womin AR, () + (nef + S o)
Then
k

i— >\2 i€ € *
(gif;) S 8(010,6](: + ZZL ai,eQi) (xs,ac*vye,x*> + ( =2 f:(ll Ailjj? * )+

NX xY (:EG,{L‘* y Ye,x* ) .
It follows that

k
<Oéo,e$* — D ic1 )\iaie)

m
k € a(a07€f + Z ai,ggi)(ze,x* , ye,x*) + NXXY(:Ee,x* y Ye,z* )
= 2im1 Aibie

i=1
U
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Theorem 5.4 (Sufficient optimality conditions). Assume that assumption (H) and
the constraint qualification (CQ)c .+ are fulfilled. Let (e g, Ye =) and (ae,be, o)
be feasible points of problems (S; ) and (D¢ ,.) respectively satisfying the above
properties 1) — iii) with ac = (A1, vy Qke), be = (b1ey oy be)s aie € RP ;e € RY1 =
1.k a= (a07€,...,am75)T € RTH. Then, (Tez+,Year) and (ae,be, o) solve the
problems (S¢ ,«) and (D{ ;) respectively, and strong duality holds between them.

€,T*
Proof. The result is obtained by application of Theorem 3.4 in [6]. O

Remark 5.5. It is not difficult to see that if g > 0, then, the first complementary
slackness condition i) in Theorem 5.3 yields the following property

<$ > € ae(f+¢G%Z(-))(x6,w*7ye,r*)-

ORra
6. OPTIMALITY CONDITIONS FOR PROBLEM (5)

In this section, we provide necessary and sufficient optimality conditions for the
semivectorial nonlinear bilevel programming problem (S). We will need the follow-
ing additional assumptions

(H1) For every e > 0 sufficiently small, there exists (z¢,y.) € int(X x Y) such

that g;(ze,ye) <0, Vi € J, and f(ze,ye) < infyez@) f(Te,y) +

(H2) There exists (z,7) € RP x R? such that we have

Fj(i‘,g)<Fj($,y), V(:p,y)GGrZ(-), VjEI,
(H?)) inny]Rq f(xa y) < infyeZ(a:) f(xa y)a Ve e X.
For x € RP, we define the function f,(-) on R? by f.(y) = f(x,y).
Remark 6.1. 1) Assumption (Hi1) implies that ye € M(e,x.). Hence, (e, Ye)

is a feasible point of problem (S;).
2) Assumptions (Ha) and (Hs) imply respectively, that

Ogre .

i) ( ) #0 (S5 \iFy) (5,9), (@) € Gra (),
ORra

i1) For every x € X, Ora ¢ 0f,(y),Vy € Z(x).

Let the following example where assumptions (H), (H1) — (H3) and assumptions
of convexity and compactness are satisfied.
Example 6.1. Let X = [0,1], Y = [-1,2], F;,i = 1,2,3,f and g1,92 be the
functions defined on R x R by
Fl(m,y)=x2+y, F2(x7y):ya F3($,y):2$2—|—2y,

flay) =r+y. gy =2~y ¢y =y-=z
Then, X and Y are compact convex sets and F, f and g are convex functions. For
r € R, we have

Z(z)={ye[-1,2]/2* <y <z} and v(z)= inf f(z,y)=2"+=.
yEZ(x)

The graph of Z(-) relative to R X Y is
GrZ(-) ={(z,y) e Rx [-1,2]/2* <y < z}.
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It is easy to verify that assumption (Q) in Lemma 3.3 is satisfied. Let us verify
if assumptions (H) and (H1)-(H3) are satisfied.

The verification of the fulfillment of assumption (H) is trivial.

-Assumption (H1) : Let € > 0 sufficiently small and x € [0,1]. We have M (x) =
(22, 2% 4+ €. Let xc = % and ye = €+ %. Then, z. € int X and y. € intY . Moreover,
we have

91(ze,ye) = —€ <0,
92(3567 ye) - %
f(ze,ye) < v(me) + €.

So that, assumption (H1) is satisfied.

-Assumption (Hz) : Let (Z,7) = (0,—2). Then, for all (z,y) € GrZ(.), we have
2= Fl(-ivg) < F1($7y) =a? Ty,
2= FQ(jvg) < FQ(LU,Z/) =Y,
—4 = F3('i7’g) < Fg(.’,ﬂ,y) = 22 +2y.

So that, assumption (Hs2) is satisfied.

-Assumption (H3) : Let x€[0,1]. Then infyer{r + y} =—o0 and inf ¢z, {z +
y} = 2% + 2. So that, assumption (H3) is satisfied.

Let €, \, 07 and (z,,y,) be a properly efficient solution of problem (S,) given
by assumption (#;). The following theorem gives necessary optimality conditions
for the properly efficient solutions of problem () which are accumulation points of
the sequence (Zn, Yn)n-

Theorem 6.2 (Necessary optimality conditions). Let assumptions (H), (Q), and
(H1)-(H3) hold. Assume moreover that the following constraint qualification is sat-
isfied for every e >0 :

(CQ). For all z* € RP, there exists (v, 4+, Y. ,+) € X X Y such that
f(ﬂ?le’l.*,y;x*) + féTZ() (x*7 ORq) — <$*’ ,Z/E’x*> < €,
Gi(Tp s Ye o) < 0,V € .,

Let (Z,y) be an accumulation point of the sequence (Tn,Yn)n. Then, (Z,7) is a
properly efficient solution of problem (S), and there exist x* € RP,a; € RP,b; €
RY,¢ € I,q € R, such that

i) () €0F(z,9), § =1,k i0)(7) € OF(2,9) + Narz() (7. 9),

Proof. We have (zn,y,) € A,. By Proposition 4.4, there exists z} € RP such
that (z,,y,) is properly efficient to (Sc,.x). From Theorem 2.6, there exists
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A= (A, ., AD) € int(]Ri),Zf:l A = 1, such that (zn,y,) solves the scalar
minimization problem

Se mf N Fj(z,y).

On the other hand, the constraint qualification (C Q)e,, implies the constraint quali-
fication (CQ)e,,o;- Then, from Theorem 5.2 the problems (S¢ ..) and (D¢ ,.) are
in strong duality. Furthermore, Theorem 5.3 implies that there exists a solution
((@n,bn), Gn) to the dual problem (D7 ,«),dn = (Gon;-sGmn) € R+ such that
the following optimality conditions are satisfied

a) () € OF(@n,yn), § =1,k

b) Qo,n(f($n, yn) + f(*;rz()(x;kn OR‘I) — €n — <$;km xn>) =0,
@L,ngz($nuyn) = 07 Vi S J7

QO ’nx;.; - Z] 1 )\?ng - ~
C) € a(QO,nf + 2211 Qi,ngi)(l’na yn) + NXXY(xna yn)a
ZJ 1 )\?b
First of all, let us show that g, > 0, for large n € N. Assume that there exists
an infinite subset N* of N such that gp,, = 0, for all n € N*. Let n € N'*. From

assumption (1) we have g;(zn,yn) < 0, for all ¢ € J and (zp,y,) € int(X x Y).

Orp

This latter property implies that Nxxy (2n, yn) = { ( ) } On the other hand,

ORra
(2, yn) satisfies b). Hence, §; ngi(zn,yn) =0, for all ¢ € J. It follows that g, = 0,
for all ¢ € J. Then, property c¢) becomes

Qo — Z] 1 A} agn
Zj 1)\?1)
That is, for all (x,y) € RP x RY, we have

N QO,n$:L - Z] 1 >‘J A jn T — Tp ~
qo,nf(x, y) > Z ) + qO,nf(xna yn)

b b Y= Yn

8(@0,71.]0) (l‘nv yn)

Since ¢o,, = 0, then
Ej 1 A} @ T — T
, <0, V(z,y) € RP x RY.
ZJ 1 )\] b y - yn
ie.,

-k 1 Aj Gjn Ore
= ENRPXRq(mnayn> = .
Z] 1 )\;‘b ORra
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From property a) we have (Z] ) € 0Fj(xn,yn), i.e.,
C~L]’n T — Tp
(6.1) Fj(z,y) > Fj(xn,yn) + ~ , , Vi€, ¥(x,y) € RP x RY.
bjn Y—Yn

Then, for all (z,y) € RP x R?

Aiajn T — 1,
)‘?FJ(:E’CU) 2 )‘?Fj(xnayn) + i ; , Vjel
)‘j bjn Y—Yn
Hence

k
>N E(,y)
j=1

HM;?

xnayn
Z] 1 A ajn r— Ty .
, , Vjel, VY(x,y) € RP x RY.
ZJ 1 )\?b Y= Yn
So that
Ogre Z 1 Al k
(6.2) < ) = =1 €0 Z)\?Fj (xnayn)'
ORrq Z] 1)\?1) =1

Furthermore, assumption (#2) implies that there exists (Z,7) € RP x R? verifying
Fj(z,9) < Fj(z,y), Vj €I, V(z,y) € X x Y. Then,

k
inf Z)\ Fj(z,y) < ZA?FJ-(% y
j=1

(z,) ERPXRQ
< Y N'Fi(z,y), V(z,y) € X x Y.

Since the function Z ._1 A} Fj is lower semicontinuous on R? x R? and X x Y is

compact, it follows that

inf Z)\Fwy min Z)\F:Ey

xy)eRPx]Rq (z,y) €X><Y

Therefore

Orp k
( ) ¢ (DN ) (@ ya)
which gives a contradiction with (6.2). Hence gp , > 0, for a large n € N. We deduce
that there exists ng € N such that for all n > ng,n € N, gp,, > 0. Now, let us show
that the accumulation point (Z, §) is a properly efficient solution of problem (.5). Let
N be an infinite subset of N such that (z,, y,) — (Z,9),as n — +oo,n € N,n > ng.
Since (zy, yn) is a properly efficient solution of (S,,), then, from Theorem 3.4, (z,9)
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is a properly efficient solution of (S). In order to show the properties i) — #ii), set
Ni=Nn{neN/n>np}.
Property 4): For n € N7, we have

ajn
<~ ) €OF(znym) C |J  OFj(z,y).
bj (z,y)eX XY

Since X x Y C int(domF) = RP x R? and X X Y is compact, it follows that
Uyexxy OF (2, y) is compact (Theorem 2.2). Then, there exists an infinite subset
N of N such that the sequence (@;n, Ejn)neNZ converges to (aj, b;). Then, passing
to the limit in (6.1) as n — +oo,n € Na, we deduce that

a;
_ | € 0F;(z,y), Vj el
bj
Hence, the property i) is satisfied.
Property ii): Let n € Ny. Since §o,, > 0, the first complementary slackness condi-
tion in b) yields

férZ(.)(x;;70Rq> = < (xn> ) (wn) > - f(xrwyn) + €

Ora/  \Yn
xy, T
- ’ — @)
(w,y)sequrZ(.) {< <0Rq> (y) > (z y)}
So that
(6.3) F@,y) > f(@nyn) + (@5, 0 — 22) — €n, V(z,y) € GrZ(-).

Hence, for all x € RP, we have

inf f(a:,y) = U(I) > U(xn) + <x:<w T — xn> — €n
yeZ(x)

i.e., o¥ € O, v(xy). Let €* > 0. Since €, \ 0", n € Ny, then, there exists n; € N3
such that €, < €*, Vn > ny,n € Ny. Hence

Oe, v(Ty) C Oesv(xy) n>mny, Vn € Ns.

Since z}, € O, v(2y) C U ex Oe-v(x) which is compact (Theorem 2.2), then, there
exists an infinite subset N3 of N3 such that =7 — z*, as n — +o0o,n € N3. After
passing to the limit in (6.3) as n — +o0o0,n € N3, we obtain

f(@,y) = f(2,9) + (2,2 — T), V(z,y) € GrZ ().
Then

< (()Rq) ’ <y> > — f(z,y) <{ <0Rq> ; (g) > — f(&,9), Y(z,y) € GrZ(-).

So that

(wapearz() {< <0Rq> ’ <y> > - f(x’y)} - < (ORQ> ) (y) > - [(@,9),
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Jn 2@, Oma) = ( (;) , @ ) = f(@,9).

Which is equivalent to (“%*) € 0f(z,9) + Ngrz()(Z,7). That is property i) is
satisfied.

ie.,

Property 4ii): Let n € N. From property ¢) and the fact that (z,,,y,) € int(X x
Y) we have

ZJ 1 )\?b
That is for all (z,y) € RP x RY, we have

a@o,nf) (’:UTM yn)

_ Z] 1)‘JG’J"1

x; qO n xr = :L‘n
(6.4) f(z,y) > f(wn, yn) + < k ’ >
XA Y~ Yn
qO n
So that
1‘; Z;?:filo,): o
€ Of (Tn, yn)-
i Nbn
110 n

Moreover, we have Of(p, yn) C U(%y)ExXY@f(:E,y). Since, U(wvy)eXXyﬁf(:E,y) is
compact (Theorem 2.2), then, there exists (r1,72) € RP x R? and an infinite subset
Ny of N3, such that

nrx n
X Z] 1 A} jn ZJ 1/\gb
rp =2, — == " 5 and r2n:—7—>r2,
qo,n qo,n

as n — +o00,n € Ny. Passing to the limit in (6.4) as n — 400, n € Ny, we obtain

(6.5) f(z,y) > f(z,9) + <<T1> , (ﬂé‘ - j) > Vo € RP Yy € RY.
T2 y—y

That is (r1,r2) € 0f(Z,y). For x = Z in (6.5), we deduce that ro € 9fz(y). Moreover,
from assumption (#1), we have g;(zn,yn) <0, Vi € J. Passing to the limit as n —
+oo,n € Ny, and using the continuity of the functions g;,7 € J and the closedness
of the set Y, we deduce that § € Z(&). Moreover, assumption (H3) implies that
Ora ¢ Ofz(y). So that ro # Ogra. We have ||ra,|| — ||r2|| as n — +oo,n € Nj. Since
r9 # Ogra, then, there exists no € Ny such that

|[r2nl| > 0, ¥n > na,n € Na.

13251 A7bjnll

Traa]

have Z?:l A7 =1, and A7 > 0, then, A} € [0,1],j € I. From the compactness of

Hence, for all n > ng,n € Ny, we have G, = . Since for each n € N we
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the set [0, 1], there exists N5 C Ny such that A} — Aj,asn — +oo,n € Ns. So that

2

5\5 sn—>+oo,n€N5.

Mw

7j=1
Hence
- H Z 1 JnH _ Zl?:l /_\jgj
qom——jHr2 |J| —>q:7]”r2|| , asn — +o0o,n € N5.
n
Then
e Z? 1)‘?‘%” * Z?:l Ajaj
n QO n x q
— L , asn — +oo,n € Ns.
51 ATbyn =1 by
q0 n q

On the other hand, passing to the limit in (6.4) as n — +o00,n € N5, we obtain
o Ximi NG

x r—I
f@y) = £@.9) + R ). V() € R x B
=1 by y—7
q
So that
o Z?:};\j@j
| €9f(z,9).
51 Asby
g
That is the property i) is satisfied. (|

Theorem 6.3 (Sufficient optimality conditions). Assume that assumption (H) is
satisfied. Let (Z,y) € X x Y, satisfying ¢;(Z,y) < 0, for all i € J. Assume that there
evists z* € RP,a; € RP,i = 1,..,k,b; € R%,i = 1,..,k,q € R}, X € int(RY) such
that the following optimality conditions are satisﬁed

D(Z“A%EGF@y)j:LMh

Zk
11) (8) € af(j’g) +NG’TZ()(:E7§)7
T — Zle_Aiai
i) | eoar@a.
_ i=1 )\’Lb’L
q

iv) (Z,9) solves the problem (Qg+): max(, exxyif(®,y) — (v, 7)}.
Then, (Z,y) is a properly efficient solution of problem (S5).

Proof. Feasibility: Follows from ii).
Efficiency: Let x € X, and y € M(x) such that

F(z,y) < F(z,9).
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Let us show that F(z,y) = F(Z,y). From i) for j € I, we have
_ - =1 71" o
Fy (Z AﬂuZ&@) = < e ( >> — Fj(z,7).
k —
i=1 i=1 Diz1 Aibi Y

Hence, for all (Z,7) € RP x R?, we have

Zf: i z Zf: G T
< kl _ ,<>>—F](.%',y)2< kl _ 7<~>>_Fj(i7g)
Diz1 Aibi Yy Diz1 Aibi Yy

For (Z,9) = (x,y), we obtain

Zle Qi r—x
(66) F‘j(jag) < F](IE,Z/) + & _ o ; Vj = ]-a ak
Zi:l Aib; y—vy

From iii), for all (z',y') € R? x R?, we have

o o Zf:(lj/\ifli Lz
f(x,y)Zf(éf,ﬂ)+< o >

k 7. _
— iz ibi y =7
q

Then, for all (z',y") € RP x R4

k a ,
Zi:(l;‘lal r — 7 ., x* r —
k _ ; , 3 Zf(f,?j)—f($,y)+ ) , B .

For (z',y') = (z,y), we obtain

Zf:l Aid = * =
= r—I - x r—1I

(6.7) < R ( _>>2f(ﬂf,y)—f(w7y)+<< )( _>>
Zi:é Aibi y—y 0 y—vy

On the other hand, property iv) implies f(z,y) — (z*,z) > f(z,y) — (z*, x). Hence,

k _
Zi:l_)‘iai T —7
7

q
Sy Aibi T
q
Fi(z,y) < Fj(z,y), Vj =1,...,k. Hence F(z,y) = F(z,7).

from (6.7) we obtain < > > 0. It follows, from (6.6) that

Proper efficiency: Let us show that (Z,y) is a properly efficient solution of (S).
Assume the contrary. Let M > 0 be arbitrary. Then, there exists (2/,y') € GrM
and ¢ € J such that

E($I, y/) < Fz('i'a g)
(©68) 31(1*(1 9)—Fi(@' )
i\T,Y) L (T ,Y
Fj(xlvy/)_Fj(jvg) > M
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for all j € J, verifying F;(z,y) < F;(2',y'). From i), for j € I, we have

b k ona\ [z
‘Fj (Z_: )‘zauz)‘lb2> = < ZZ:l 5 ) <>> - Fj(ivg)

i Abi) g
Hence, for all (Z,y) € RP x R?, we have

Zi’le AiG; z Zf:l AiG; z
k _ o _Fj(i7g)2 i _ ’ _ _F](i‘)g)
> ie1 Aibi Yy > inq Aibi Y
For (z,9) = (2, y'), we obtain
Z?:l AiQ; z—a
(6.9) Fj(z,9) < Fj(@',y) + : ,Vi=1,..k

E?:l Aibi
From iii), for all (Z,7) € RP x R?, we have

Sr g Nids S s * S s
= T—z o o x T—z
& _ i _ Zf(xvy)_f(xvy)+< o B >
iz Aibs g—y 0 g—y
q
For (z,7) = (2/,y'), we obtain
S i = * r =
T r —X > - ’ X xr —Xx
610) ({2 |- (y, “y = @ - s +((5) (57 0).
q
On the other hand, property iv) implies f(z,9) — (z*,z) > f(2/,y") — (z*,2').
Hence, from (6.10) we obtain

Zf:(ljkﬂv: T
() ()
iy dibs v -7
q
It follows, from (6.9) that Fj(z,y) < Fj(«’,y'), Vj = 1,...,k. Then, for j = i, we
obtain F;(Z,y) < F;(2',y'). Hence, from (6.8) we obtain

Fi(2',y) < F;(z,79) < Fi(«,v)

Fi(z,5)—F;(«',y)
Ry -Fay > M

for all j € J verifying F;(z,7) < Fj(«’,y'). Then, F;(«',y) < F;(«',y’) and M <0,

0>

and we obtain a contradiction. O
Example 6.2. Let X = [-3,3], Y = [0,1] x [-1,1], F = (F1,F, F3)", f and

g=(g1,92) " be the functions defined on R x R? by
Fi(z,y) = =2|z — 2y1 + y3 — 242, Fy(z,y) = =2z — 241,
Fy(w,y) = =2zl =251 =1,  f(z,y) =2+,

3 3
91(w7y)=x2—y1+17 gz(w,y)ZxQ—yQJr?
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with y = (y1,y2)*. Then, the functions F, f and g are convex and X and Y are
convexr compact sets. We have

Z(z) =[2"+ 2,1%, v(x) =222 + 3, M(z) = {z? + 2} x [22 + 3,1].

Then, the multiobjective bilevel programming problem that we consider is
(S) v — min ze[—% %] { _2|$| _2y1+y%_2y27

y6{12+ %} 243 1) —2x — 2y1, —2|z| — 2y —1}.
Let us determine a point (z,y) € X XY, with f2—§1+% <0 and a’c2—§2+% <0, that
satisfies the sufficient conditions in Theorem 6.5. Then, we are led to verify if there
exist z* € R and @; € R,b; = (b, b;) € R%i =1,2,3,§ € R, A = (A1, M, A3)T €
intRij’r such that the following optimality conditions are satisfied

i) (23 € 0F;(2.9), j = 1,23,

?

SH
i) (3) € 0f(2.9) + Narz() (2, 9),
iii) 5 € 0f(2,9),

q
iv) (Z,) solves the problem (Qu+): max(,  yexxy{a® +y1 — ¥z}
Forxe X andy €Y, we have
{-2} x{(-2,2y2—2)T} ifr>0andycY
OF(z,y) = (=221 x{(-2,20o—2)T} ifz=0andyeY
{2} x {(—2,2y2 —2)T} ifr<0andyeY

OF(x,y) = {2} x {(-2,0)"}

(-2} x {(-2,0)"} ifr>0andyeyY
OF3(z,y) = ¢ [-2,2] x {(=2,0)"} ifr=0andycY
{2} x {(=2,0)T} ifr<0andy €y
Assume that & > 0 (if it exists), then from the first property i), we have

and

S i S N i
S22 Al | € {20 x {(=2,200-2)T}, | 2 Al | = [ -2

3 N 0
Z?:l Aibi Z?Zl Aibi

3 3 3
(Z /\iai, Z )\ibia Z )\ZBI)T S {—2} X {(—2, O)T}.
=1 =1 =1

On the other hand, ii) implies that (y1,92) € M(Z), e, 1 = >+ 3 and
Yo € (2% + 3,1]. Moreover, from (iii), we have

(qu —Zm, Zw, ZAb € q0f(z,7) = {2qz} x {(3,0)"}.
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Then, we obtain the following system

A1a1 + Agas + Azaz = —2 (51)
A1bt + Aoby + Agby = —2 (&2)
A1by + Agby + Agb3 =230 —2=0 (&)
qr* — (>\1a1 + Agag + )\3a3) = 2qx (54)
—(Ab1 + A2ba + Azbs) = ¢ (€5)
—(A1b1 + A2b2 + A3b3) =0 (&)
We easily deduce that g2 =1, ¢ = 2 and equation (E4) yields
(6.11) 22% + 2 = 47.
Moreover, the problem (Qg+) is reduced to Max(, e~ 1140, h(z,y1), with
h(z,y1) = x? +y1 — x*z, which corresponds to a mazimization of a convex function
over the convex compact set [—3, 3] x [0,1]. So that, the mazimum is attained at an

extreme point of [—%, %] x [0,1]. Let us verify if (Z,y1) can be chosen among these

extreme points. The values of h at the extreme points are

500 = 3+ 5a"h(5,0) = § — 5 (=3, 1) = 2+ Lat k(1) = & — a”
Comparing the values % + %x* and % — %:c*, we easily verify that the maximum is
attained at (%, 1) in the case where x* = 0. Furtheremore T = % and z* = 0 satisfy
(6.11). According to Theorem 6.3, (z,(41,92))" = (3,(1,1))T is a properly effi-
cient solution of the multiobjective bilevel problem (S) (by letting A = (1,1,1),a1 =
—1,a3 =0,a3 = —1,b; = 0,by = —1,b3 = 1,b; = by = bg = 0).

7. CONCLUSION

As it is well known the most considered semivectoriel bilevel problems in the
literature have a scalar upper level. In this paper we have considered a strong
semivectorial bilevel programming problem (S) in which the upper level is vecto-
rial. For such a problem we have provided necessary and sufficient conditions for
global optimality. These optimality conditions are obtained via a procedure using
three operations: regularization, scalarization and a conjugate duality. The neces-
sity to involve these three operations results from the fact that our problem (S5) is
not convex and does not satisfy the classical Slater condition. The lack of convex-
ity and the non fulfillment of this latter condition are due to the presence of the
lower level’s solution set in the constraints of (). In order to avoid this situation,
we have first associated a regularized problem (S,) to (S) ( [13]) that satisfies the
Slater condition. As a stability result, we showed that any accumulation point of
a sequence of regularized properly efficient solutions is a properly efficient solution
of (S). In order to use the Fenchel-Lagrange duality, we have first decomposed the
non convex problem (S) into a family of vectorial convex minimization subproblems
(Sez)aere. Then, for every subproblem (S -y, we have associated its scalarized
problem (Sfx) The preservation of the convexity by scalarization allows us to
give for every convex subproblem (5S¢ ,.) its Fenchel-Lagrange dual (D ,.). Under
a Slater constraint qualification condition, we have established strong duality and
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provided optimality conditions for the scalar primal-dual pair (S¢ . )-(D¢ ). Fi-

nally, via this duality approach we have provided necessary and sufficient optimality
conditions for problem (S). We note that these optimality conditions are new for
the class of semivectorial strong bilevel programming problems where the upper
level is vectorial. These optimality conditions are expressed in terms of subdiffer-
entials and normal cones in the sense of convex analysis. Moreover, the obtained
results extend those given in [1] from the scalar case to the semivectorial one. Our
future research will consist in extending this approach to the case where the two
levels are vectorial.

REFERENCES

[1] A. Aboussoror, S. Adly and F. E. Saissi, An extended Fenchel-Lagrange duality approach and
optimality conditions for strong bilevel programming problems, SIAM J. Optim. 27 (2017),
1230-1255.

[2] Z. Ankhili and A. Mansouri, An ezact penalty on bilevel programs with linear vector optimiza-
tion lower level, European J. Oper. Res. 197 (2009), 36—41.

[3] H. P. Benson, An improved definition of proper efficiency for vector mazimization with respect
to cones, J. Math. Anal. Appl. 71 (1979), 232-241.

[4] H. Bonnel and J. Morgan, Semivectorial bilevel optimization problem: penalty approach, J.
Optim. Theory Appl. 131 (2006), 365-382.

[5] J. M. Borwein, Proper efficient points for mazimizations with respect to cones, SIAM J. Control
Optim. 15 (1977), 57-63.

[6] R. I Bot and G. Wanka, Duality for multiobjective optimization problems with convex objective
functions and D.C. constraints, J. Math. Anal. Appl. 315 (2006), 526-543.

[7] H. I. Calvete and C. Galé, On linear bilevel problems with multiple objectives on the lower
level, Omega 39 (2011), 33-40.

[8] S. Dempe, N. Gadhi and A. B. Zemkoho, New optimality conditions for the semivectorial
bilevel optimization problem, J. Optim. Theory Appl. 157 (2013), 54-74.

[9] G. Eichfelder, Multiobjective bilevel optimization, Math. Program. Ser. A 123 (2010), 419-449.

[10] A. M. Geoffrion, Proper efficiency and the theory of vector mazimization, J. Math. Anal. Appl.
22 (1968), 618-630.

[11] M. I. Henig, Proper efficiency with respect to cones, J. Optim Theory Appl. 36 (1982), 387-407.

[12] M. B. Lignola and J. Morgan, Convergence of marginal functions with dependent constraints,
Optimization 23 (1992), 189-213.

[13] P. Loridan and J. Morgan, On strict e-solutions for a two-level optimization problem, in:
Operations Research Proceedings of the International Conference on Operations Research
90 in Vienna, W. Buhler, G. Feichtinger, F. Hartl, F. J. Radermacher and P. Stahly (eds),
Springer Verlag, Berlin, 1992, pp. 165-172.

[14] J.-E. Martinez-Legaz and M. Volle, Duality in d.c. prorgamming: the case of several D.C.
constraints, J. Math. Anal. Appl. 237 (1999), 657-671.

[15] J. V. Outrata, A note on the usage of nondifferentiable exact penalties in some special opti-
mization problems, Kybernetika 24 (1988), 251-258.

[16] A. Ren and Y. Wang, A novel penalty function method for semivectorial bilevel programming
problem, Applied Math. Modeling, 40 (2016), 135-149.

[17] R. T. Rockafellar, Conver Analysis, Princeton University Press, Princeton, 1970.

[18] T. Tanino, Y. Sawaragi and H. Nakayama, Theory of multiobjective optimization, Mathematics
in Science and Engineering, Vol. 176, Academic Press Inc, New York, 1985.

[19] G. Wanka and R. I. Bot, On the relation between different dual problems in conver mathe-
matical programming, in: Operations Reseach Proceedings 2001, P. Chamoni, R., Leisten, A.
Martin, J. Minnermann, H. Stadtler (eds), Springer-Verlag, 2002, pp. 255-262.

[20] J. J. Ye, Necessary optimality conditions for multiobjective bilevel programs, Maths. Oper. Res.
36 (2011), 165-184.



176 A. ABOUSSOROR, S. ADLY, AND F. E. SAISSI

[21] Y. Zheng, J. Chen and X. Cao, A global solution method for semivectorial bilevel programming
problem, Filomat 28 (2014), 1619-1627.

Manuscript received February 4 2019
revised April 5 2019

ABDELMALEK ABOUSSOROR
Université Cadi Ayyad, Faculté Polydisciplinaire de Safi, Laboratoire LMC, B.P. 4162, Sidi Bouzid,
Safi, Morocco

E-mail address: aboussororabdel@hotmail.com

SAMIR ADLY
Université de Limoges, Faculté des Sciences et Techniques, Laboratoire XLIM UMR-CNRS 6172,
123 Avenue Albert Thomas, 87060 Limoges Cedex, France

E-mail address: samir.adly@unilim.fr

FATIMA EZZAHRA SAISSI
Université Cadi Ayyad, Faculté Polydisciplinaire de Safi, Laboratoire LMC, B.P. 4162, Sidi Bouzid,
Safi, Morocco

FE-mail address: saissi-fz@hotmail.fr



