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FINITE ELEMENT ERROR ESTIMATES FOR OPTIMAL
CONTROL PROBLEMS WITH POINTWISE TRACKING

NIKLAS BEHRINGER, DOMINIK MEIDNER, AND BORIS VEXLER

ABSTRACT. We consider a linear-quadratic elliptic optimal control problem with
point evaluations of the state variable in the cost functional. The state variable is
discretized by conforming linear finite elements. For control discretization, three
different approaches are considered. The main goal of the paper is to significantly
improve known a priori discretization error estimates for this problem. We prove
optimal error estimates for cellwise constant control discretizations in two and
three space dimensions. Further, in two space dimensions, optimal error estimates
for variational discretization and for the post-processing approach are derived.

1. INTRODUCTION

In this article, we develop a priori error estimates for the discretization of a
linear-quadratic elliptic optimal control problem with point evaluation of the state
variable in the cost functional. That is, we consider the following problem:

(1.1a) Minimize %Z(u(azi) - &)+ %anig(m
icl

subject to

(1.1b) —Au=gq in
u=20 on 0f),

and

(1.1c) a<gq(z)<b fora.azxzel.

Here, Q C R? is a bounded, convex, polygonal /polyhedral domain with d € {2,3},
a >0, a,b € R, and a < b. Problem (1.1) seeks to minimize the distance of
the state u to prescribed values & € R at fixed points x; in the interior of  for
iel={1,2,...,N}.

The consideration of such a cost functional involving pointwise evaluation is mo-
tivated by parameter identification problems with pointwise measurements, see,
e.g., [23] for numerical analysis of a problem with a similar cost functional and fi-
nite dimensional control (parameter) variable. The optimal control problem (1.1)
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and its finite element discretization are considered and analyzed in recent publica-
tions [1,2,6]. The goal of this paper is to significantly improve the a priori error
estimates from these papers, see Table 1 and the detailed discussion below.

TABLE 1. Comparison of the orders of convergence of ||q — gn||72(0)

Discretization variational cellwise constant post processing
Known results @~ 2 h ill\ln h|
d=3 CEM=  hinap
Our approach d=2  I*|nhf? h|In h| h?|In h|?
o d=3  hlnh| hlln Al

As in the above mentioned papers, we discretize the state equation (1.1b) with
conforming linear finite elements, see Section 3 for details. With A > 0, we denote
the discretization parameter describing the maximal mesh size. For the control dis-
cretization, we consider the following three approaches. For each of the approaches
error estimates for the error between the optimal control ¢ and the discrete optimal
control gy, in terms of the discretization parameter h are derived.

o Variational discretization: In this case, the control variable is not discretized
explicitly. It is implicitly discretized through the optimality system leading
to an optimal discrete control being not a mesh function, see [12]. For this
case, estimates of order O(h) for d = 2 and O(h'~¢) for d = 3 are provided
in [1,6]. For the two-dimensional case we prove a quasi-optimal (up to a
logarithmic term) estimate of order O(h?|In h|?), see Theorem 7.5.

o (Cellwise constant discretization: In this case, the control variable is dis-
cretized by cellwise constant functions on the same mesh as used for the state
variable. For this choice, error estimates of order O(h|In h|) and C’)(h% In h|?)
for the dimensions d = 2 and d = 3, respectively, are derived in [1]. We prove
an error estimate O(h|ln k) for both d = 2 and d = 3 significantly improving
the known result for the three-dimensional case, see Theorem 6.6.

e Post processing approach: In this case, we use the approach suggested in [18]
for an optimal control problem with L? tracking. That is, we discretize the
control variable by cellwise constant functions and define a post-processed
control through a projection formula (7.9). To our best knowledge, there are
no results for this approach in the context of pointwise tracking in the liter-
ature. For the two-dimensional case we prove the same rate of convergence
as for the variational discretization, i.e., O(h%|In h|?), see Theorem 7.12.

These results in the case of cellwise constant discretizations for both d = 2 and
d = 3 as well as in the cases of variational discretization and of the post-processing
approach for d = 2 can not be further improved, see Table 1. To our best knowledge,
the question is open, if it is possible to prove second order error estimates (up to
logarithmic terms) for the three-dimensional case (d = 3) on general quasi-uniform
meshes. A possible way out is to use graded meshes locally refined towards the
points { z; }. By the techniques from [13], it seems to be directly possible to prove
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second order estimates on such meshes. On such meshes also the case of absence of
one or both of the control bounds (i.e. a = —oo or/and b = o0) can be covered.

The structure of the paper is as follows. In the next section, we discuss the
functional-analytic setting of the problem, provide optimality conditions and derive
regularity results. It turns out, that although the adjoint state Z possesses in general
only Whs(Q) regularity with s < d/(d — 1), the optimal control g is Lipschitz con-
tinuous due the presence of control constraints. In Section 3, the discrete problem
for different control discretizations is introduced and the corresponding optimality
conditions are stated. After some estimates for an auxiliary equation in Section 4,
we discuss in Section 5 properties of the continuous and the discrete Green’s func-
tions. Thanks to recent results from [14], we are able to show that the discrete
Green’s function has similar growth behavior close to the singularity as the contin-
uous one. This property is an important ingredient to prove our main results but is
also of an independent interest. Then, we prove error estimates of order O(h|ln h|)
(see Table 1) in Section 6 and finally estimates of order O(h?|In h|?) in Section 7.
The last section is devoted to numerical results illustrating our error estimates. For
both, the cellwise constant discretization and the post-processing approach in two
dimensions, the numerical results are fully in agreement with the presented the-
ory. We present also a three-dimensional example for the post-processing approach
and observe second order convergence, which is not covered by our theory, see the
discussion above and in Section 8 of this issue.

2. CONTINUOUS PROBLEM

In this section, we give a rigorous definition of the continuous optimal control
problem (1.1) and derive an optimality system as well as first regularity results for
the optimal control. To this end, let Q = L?(Q2) and

Qua={q¢c€Q|a<qg<bae inQ}.
Further, let % <s< % and % + é = 1. Then, in particular there holds s’ > d,
Whs(Q) — L2(Q), and W' (Q) — C(Q). The weak formulation of the state
equation (1.1b) reads as: For a given control g € @ find the state u € Wol’s (€2) such
that

(2.1) (Vu, V) = (q,9) Vo € Wy (),

where here and in the sequel, (-,-) denotes the L?(Q) inner product.
For the state equation one obtains (cf. [11], Theorem 3.2.1.2) the existence and

uniqueness of a solution u € H?(Q) N VVO1 o (©2) = C(Q). This allows us to define a

linear control-to-state mapping S: Q — C(2) as Sq = u where u is the solution of
(2.1). We have the following standard estimate for Sq:

(2.2) 154l L) < ClSqlla20) < Cllallrz2(o)-

For a mutually disjoint set of points {z; |[i € I} C Q with an index set I =
{1,2,...,N} C N and prescribed target values {&; },.; C R at these points, we
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define the cost functional J: Q x C(Q) — R as
1 «o
Ta.w) = 3 () & + Lol

24
el

We then aim at solving the following optimal control problem:

(2.3) Minimize J(g,u) subject to (2.1) and (g, u) € Qaq x C(Q).

Theorem 2.1. Problem (2.3) has the unique solution § € Q44

Proof. The proof can be done by standard arguments, cf., e.g., [27]. O

With the reduced cost functional j: Q — R given by means of the control-to-state
mapping S as
i(q) = J(q, Sq),
it is straightforward to see that problem (2.3) is equivalent to the problem
(2.4) Minimize j(q) subject to ¢ € Qaq.
Lemma 2.2. For q,0q € @, the first Fréchet derivative of the reduced function j is
given by
7'(a)(dq) = (aq + z,0q),
where z € Wol’s(Q) solves
(2.5) (V2. Vo) =) (Sa(w) — &)plai) Ve € Wy (Q).
el
The second Fréchet derivative is given for q,0q,7q € Q by
i"(9)(6g,7q) = > Soq(x:)STq(x:) + (g, 7q).
el
Proof. The proof is standard. The regularity of z can be found, e.g., in [3, Theorem
4]. O

Forie I, let z; WOI’S(Q) be given as the solution of

(2.6) (Vai, Vig) = (i) Voo € Wy™ ().
Then, it holds by construction that the solution z of (2.5) can be expressed as
(2.7) 2= (Sq(x:) — &)z

el

Theorem 2.3. A control § € Q.q with associated state . = Sq € WOI’S/(Q) is an
optimal solution to the problem (2.3) if and only if there exists an adjoint state
z € Wy () such that

(Va, Vo) = (, ) Vo € Wy (),

(2.8) (V£ V) = (alw:) — &)pla:) Yoo € W (),
i€l
(2.9) (ag+2,60g—q) >0 Vg € Qua-



ERROR ESTIMATES FOR CONTROL PROBLEMS WITH POINTWISE TRACKING 181

Proof. Tt holds by a standard result (cf. [16, Theorem 1.4]) that ¢ is a solution to
(1.1) if and only if 5'(7)(6g — q@) > 0 for all ¢ € Qaq. Then, Lemma 2.2 implies the
assertion. U

Proposition 2.4. A control § € Quq is the solution to the optimal control prob-
lem (2.3) if and only if ¢ and the solution z of (2.8) fulfill the projection formula

1
q= P[a,b] (—a2> .

Here the projection Pl is given by

Pl (9(2)) = min (b, max (a, g()))
for g(x) € RU{—00,00} at x € .

Proof. A proof of the equivalence of (2.9) and this projection formula can be found
in [27, Theorem 2.28]. O

Proposition 2.5. For the solution q € Q.q of the optimal control problem (2.3), it
holds
g€ H'(Q).

Proof. This result follows directly from [5, Lemma 3.3]. O

3. DISCRETE PROBLEM

We approximate the continuous state equation (2.1) using a Galerkin finite ele-
ment discretization. For this discretization, we use a family of triangulations { 7, }.
A cell K € Ty has the diameter hg. The discretization parameter h is given
as h = maxgeT;, hix. We also require the triangulation to be regular and quasi-
uniform.

For discretizing the state and adjoint equations, we consider the conforming space
Vi, € WH°(Q) of linear finite elements on the triangulation 7y,

Vi = { on € C(Q) | ok € Pi(K) VK € Ty and vh|, =0 } .

We consider two types of discretizations for the control variable. The first type
is the so-called variational discretization introduced by [12]. Here, the control vari-
able is not explicitly discretized. As second possibility, we consider a piecewise
constant control discretization on the family of triangulations { 7, } introduced for
the discretization of the states. Then, we define the space of discrete controls as

Qn ={an € Q| anlx € Po(K) forall K € T, } .

where Py(K') denotes the space of piecewise constant polynomials on a cell K. The
discrete admissible set is then defined as Q‘;had = Qf, N Qad-

In the following, we introduce properties for the discrete problem similar to the
continuous case in Section 2 before. To this end, @, aq serves as placeholder for
either Qaq (for variational discretization) or @ .4 (for cellwise constant discretiza-
tion).

The discrete state equation for up € Vj, with given ¢ € Q) reads as

(3.1) (Vun, Von) = (¢, 0n) Yeon € Vy
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and the discrete analog to (2.3) has the form
(3.2) Minimize J(gp,up) subject to (3.1) and (gp,up) € Qnad X Vh.

Again, we can define the discrete control-to-state mapping with S,: Q — V}, as
Snq = up. We define the discrete reduced cost functional j,: Q — R by

Jn(a) = J(a, Sha)-

We start with the following stability result for the discrete solution operator S}.

Lemma 3.1. For q € @, it holds
1Shqll o) < CllallL2(0)-
Proof. The proof is standard. The sub-optimal L error estimate [7, p. 168] implies
with (2.2) that
_d _d
15q = Shall (@) < Ch*~2[1Sql| 20y < Ch*~2]lgll 12(q)-

Hence,

_d
1Shall L (0) < 1Sl o) + 190 = Shall ey < C(1+ 177 2) gl 120

implies the assertion. O
Theorem 3.2. Problem (3.2) admits the unique solution G, € Qp, qad-
Proof. As Theorem 2.1, this can be shown by standard arguments. O

As in the continuous case, we have the following expressions for the first and
second derivatives of jp.

Lemma 3.3. For q,0q € Q, the first Fréchet derivative of the reduced function j is
given by
n(@)(8q) = (agq + 21, 0q),
where zp, € Vy, solves
(3.3) (Van, Veon) = > (Sha(xi) — &)enlxi)  Ven € Vi
el

The second Fréchet derivative is given for q,0q,7q € Q by

(@) (0q,7q) =Y Sndq(xs)Shrq(xs) + a(dq, Tq).

el

For ¢ € I, let zj,; € V}, be given as the solution of

(3.4) (Van,i, Von) = pn(wi)  Ven € Vi
Then, it holds by construction that the solution zj of (3.3) can be expressed as
(3.5) 2h =Y (Snq(w:) — &)z

i€l

In the following theorem, we formulate the optimality conditions for the discrete
problem.
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Theorem 3.4. A control g5, € Qp,qq with the associated state up, = Spqy € Vy, is
an optimal solution to the problem (3.2) if and only if there exists an adjoint state
Zn € Vi, such that

(Vap, Von) = (G, ¢n) Von € Va,
(3.6) (VZh, Vion) = > (n(xi) — &)enlwi)  Vn € Vi,
i€l
(3.7) (qn + Zn, 0qn — @n) = 0 Yoqn € Qh,ad-
Proof. The assertion of the theorem can be proved in the same way as its continuous
analogue of Theorem 2.3. O

Remark 3.5. Similar to Proposition 2.4 on the continuous level, condition (3.7)
can be formulated by the means of the projection P, . For Qpaq = Qad, it holds

1
dh = Play <—2h> :
«

In the case Qpad = @, 5q. the corresponding formula reads as

_ 1
qn = Py (—m%) :
e
where ), denotes the L? projection on Q5.

4. FINITE ELEMENT ERROR ANALYSIS FOR AN AUXILIARY EQUATION

For the numerical analysis carried out later, we first need to bound the error
u(x;) — up(z;) for given ¢ € Qaq. The are multiple results available for the state
equation in case of a bounded right-hand side, see e.g., [19,21,22] but mostly for
C? smooth boundaries in contrast to our case.

For given a f € L?(Q) let w € H(Q) be the solution of the auxiliary problem

(4.1) (Vw, Vo) = (f,0) Vo € Hy(Q).
Lemma 4.1. Let w € H}(Q) be the solution of (4.1). Provided that f € LP(Q2) with
p > d, it holds w € WH™(Q) with

[Vwl[ L) < Cllfllzr(0)-

Proof. For d = 2, the assertion follows from [11, Theorems 4.3.2.4 and 4.4.3.7] using
the convexity of Q which ensures the existence of p > 2 with w € W?P(Q) —
Whee(Q).

For d = 3 and given y € Q, let G(-,y) be the Green’s function associated to y.
Then, there holds by the convexity of Q2 and [17, Theorem 5.1.8] that

VyGz,y)| < |z —y|™ VeeQ, z#y.
This allows us to estimate by the Holder inequality for 1 = % + I% that
Vutl = | [ V6t i < [l - o

<N fllze) ||l — y’_QHLP'(Q) -
Since p > 3, the second factor is bounded, which completes the proof. ]
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We continue with a regularity result for the solution w of (4.1) in a subdomain
Q1 € Qg € (, provided that the right-hand side f has higher regularity in €.
Lemma 4.2. Let Q) € Qy € Q with Qo smooth and w be the solution of (4.1).

(i) Provided that f‘Qo € LP(Qq) for some 2 < p < oo, it holds w € W?P(£1) and

lwliwer,) < ColllfllLee) + 1fll20) }

where C, ~ Cp for p — oo.
(ii) Provided that f’ =0, it holds w € W*°() and
Qo

[wllwzee ) < Cllfll2(e)-

Proof. The proof of the first assertion follows along the lines of the proof of [15,
Lemma 2.5]. We choose a smooth €7 such that Q7 € Q7 € Qy. We first prove
that w € W26(€;). To this end, let @ € [0, 1] be a smooth cutoff function with the
properties

w=1 in Ql,

w=20 in \ QO-
Set v as v = ww. Then, there holds by the product rule

(Vo, V) = (V(ow), Ve) = (0Vw, Vo) + (wVo, Vo)
= (Vw, V(wp)) — (Vw, pVo) — (V- (wVD), )
= (0f,p) —2(VaVuw, p) — (WAD, )

and therefore v satisfies the following equation
—Av =wf —2VoVw — wAo in Qg,
v=20 on 0€).

By [10, Corollary 9.10], the W2(Qg) norm of v is bounded by the L%(Q) norm of
the right-hand side above. Using the smoothness of @, it follows

ol = lollwaogy < lollweogy < Claf — 2VaVw — wAD| sy
< C{IIf11Ls0) + IVl Loy + lwll Lo }-
By (2.2) and the continuous embedding w € H?(Q) — W16(Q) we get
wllypze@,y < CL ooy + 1f 12 -

For p < 6, this already states the assertion.
For p > 6, we iterate the previous steps with

w(xz)=1 in Qy,
w@)=0  inQ\Q,
and use the smoothness of Ql to estimate
leollwzogon = lollwzsion < Iolyang,

< Gpllwf = 2VwVw —wAwl| 1, g,
= Cp{HfHLp(Ql) + ”vaLP(Ql) + ”wHLP(QI)}a
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where C), can be traced from the proof of [10, Theorem 9.8, Theorem 9.9]. Exploiting
W26(Qy) — WHP(€) for all 1 < p < oo, we have
loll o + 1900 gy < Nwlhwzoay < CLI s + 12}

which concludes the proof of the first assertion.

The second assertion follows similarly. Noting that @ f = 0 on the whole domain 2
and the smoothness of Q, the first step implies v € H3(Qp) and hence w € H3(Qy).
Then, since also wf = 0 on the whole Q and Q) is smooth, the next step yields
veH 5((21) and consequently w € H®(€;). This implies the second assertion. [

Let wy, € V, be the Ritz projection of w given by
(4.2) (Vwn, Vn) = (f,0n) VYo € V.

We will use the following Schatz-Wahlbin-type estimate to bound the error between
the solutions w of (4.1) and wy, of (4.2) on a subset of .

Proposition 4.3. Let be Q1 € Qo € Q, v € HY(Q)NC(Q), and v, € V}, satisfying
(V(v—=vn),Vn) =0 Yoy € V.

Then, there are constants C,C" > 0, 0 < hg < 1, and r > 0 such that C'h < r,
dist(21,000) > r, and dist(Qy, Q) > r. For 0 < h < hg and any pp € Vy, there
holds

_d
[0 — vl ooy < C{mrhlllv — nllLeoe) + 77210 — vall L2 }-

Proof. See [26, Corollary 5.1]. The corollary there is stated in a slightly different
form. Applying it to v — @y — vp + @, yields the stated assertion. O

Lemma 4.4. Let Q1 @ Qo € Q with smooth Q. Further, let w € H} () be the
solution of (4.1) and wy, € V3, be the solution of (4.2).

(i) Provided that f’Qo € L>(Qo) there is hg > 0 such that

Jw = wp|gooy) < CRP AP {|| £l Lo o) + 11f 1220 }-

holds for h < hyg.
(ii) Provided that f‘ﬂo =0, it holds

[w — wh| (o) < Ch* A f]l 2 (0)-

Proof. We start with the first assertion. By Proposition 4.3, we have for a suitable
chosen smooth 2 with Q1 € Q1 € Qg and any ¢, € V3,

_d
lw = whl Lo () < C{Imrh|lw = @all oo @yy + 772 lw — Wil 20, -
Since r is constant, we can use a standard result to estimate the second term, i.e.,
_d _d
r 2w — wh”m(()l) <r7zflw —wpl[r2) < Ch2\|f||L2(Q)-

For the first term, we note that Lemma 4.2 ensures w € W2? () for all 2 < p < oo.
For ¢, = ipw being the standard nodal interpolant of w, it holds

_d _d
w = il e gy < CH25 V20 iy < CPRZ 5 {1l ) + 11220y -
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Choosing p = |In h| for small h, we get phZ_g < Ch?|In h|, which implies the stated
estimate.

The second assertion follows similarly by using the second assertion of Lemma 4.2
ensuring w € W2(Q):

lw — intwll e @y < CR 1920 iy < CR2 |20y O
(1) (1)

5. ESTIMATES FOR THE CONTINUOUS AND DISCRETE GREEN’S FUNCTIONS

In this section, we consider a point xo € {2 and the associated Green’s function
solving

—Ag = g, in Q,

(5-1) g=20 on 0N.

It is well-known that g € W(}’S(Q) for any s < d%'ll with
(5.2) IVallps) < C,
see, e.g., [3, Theorem 4].

Lemma 5.1. Let g be the solution of (5.1). Then, for every M > 0 there exists an
open ball B C Q containing xg such that

g(z) > M Vze B.

Proof. Tt is well-known, see, e.g., [4, (3.11)] that the asymptotic behavior of g for
x — xg is of type

|z—z0|

Ciln —— + O for d = 2,
(5.3) g(x) ~ o1 - for d —
17|ac—xo\ —+ Co ord=3

with C7 > 0. This directly implies the assertion. O

Lemma 5.2. For the solution g of (5.1) and any open ball B C Q containing xo,
it holds

g € Wh>*(Q\ B)n H*(Q\ B).
Proof. There exists an open ball B’ € B with zy € B’. As before, we consider a
smooth cutoff function w: Q — [0, 1] with the following properties
w=1 in O\ B,
w=20 in B'.
Let ¢ € Wol’sl (€). As in the proof of Lemma 4.2, it holds for v = wg that
(Vo, Vo) = w(zo)p(zo) = 2(VaVy, ¢) — (940, ¢)
= —2(VwVy,¢) — (98w, ),
since w(xg) = 0. Therefore, v satisfies the following equation
—Av = —gAw — 2VwVyg in Q,
v=20 on 0f2.
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For any s < %, we have g € Wh5(Q) from (5.2) and it follows v € W?25(Q).
Hence, by the smoothness of w, we obtain g € W24(Q\ B) — H'(Q\ B) .
Iterating the previous steps using g € H'(2\ B), we obtain v € H?(2) and hence
g€ H*(Q\ B) = WL5(Q\ B).
Iterating again using ¢ € W16(Q \ B) implies v € WH*®(Q) by Lemma 4.1.
Consequently, we obtain the assertion g € Wh*(Q\ B) N H%(Q \ B). O

Let g, € V}, be the Ritz projection of g given as solution of
(5.4) (Vgn, Veon) = on(x0) Veon € V.
Lemma 5.3. For the solutions g € WOI’S(Q) of (5.1) and g, € Vi, of (5.4), it holds
lg = gnllLr@y < Ch?[nhf?,
where C' is independent of h.

Proof. The assertion is a direct consequence of [20, Lemma 3.3 (ii)], cf. also [8] for
d = 2. However, the exponent of the log-term in [20, Lemma 3.3 (ii)] is different
from 2 in the three-dimensional case. Therefore, we give a proof here, which is a
direct consequence of Lemma 4.4, (i).

Let f = sgn(g — gn) and let w € H}(Q) and wy, € Vj, be the corresponding
solutions of (4.1) and (4.2). There holds

19 = gnllLr@) = (f,9 — gn) = w(wo) — wh(z0)
< Ch*nhf?|| ||z ) < CR?|Inh|?,
where we have used || f|| () < 1. O
Lemma 5.4. For the solution g, € V}, of (5.4), it holds
lgnllz2@) < C
with C' independent of h.

Proof. We write the discretization error as e = g — g, and define w € HS(Q) as the
solution of

(Vw, Vo) = (e.p) Vo€ Hy(Q)
and wy, € V}, as the solution of

(Vwp, Vo) = (e,;on) Yeop € V.
Then, the L? error on  can be expressed as

lellZ2(q) = (e;9) = (e 9n) = (Vw, Vg) — (Vwn, Vgn) = w(wo) — wa(xo)
and the sub-optimal L> error estimate [7, p. 168] implies
lel22q) < Ch*~2 el 20y

Hence, we get

lgnllz2) < Ch* % + 9l 2 < C
due to (5.2). O
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Lemma 5.5. For the solutions g € WOI’S(Q) of (5.1) and g, € V3, of (5.4) and any
open ball B C 2 containing xg, there is hg > 0 such that

lg = gnll 2@\ 5) < Ch*[In k|
for all h < hy.

Proof. We proceeded as in the proof of Lemma 5.4 by writing e = g — g, and
introducing the indicator function yp of B. Further, we define w € H} () as the
solution of

(5.5) (Vw, V) = (1= xp)e,p) Ve € Hy(Q)
and wy, € V}, the solution of
(Vwn, Vor) = (1 = xB)e,pn) Vo € V.
Then, the L? error on 2\ B can be expressed as
||e||%2(Q\B) = ((1 =xB)e,g9) — (1 = xB)e, zn;i) = (Vw,Vg) — (Vwy, V)
= w(xo) — wp(wo).

Since the right-hand side of (5.5) is zero on B, Lemma 4.4 implies by choosing a
suitable subdomain B’ € B containing xo that

Heuiz(g\g) = w(zo) — wh(wo) < [Jw — whlLeo(pr) < Ch?|ln hlllell 2 (\B)»
which concludes the proof. O

Lemma 5.6. For the solution g, € V3, of (5.4) and any open ball B C Q containing
xo there is hg > 0 such that

lgnllLe 3y <€ and [[Vanllp2\p) < C,
for all h < hg with a constant C' independent of h.

Proof. On Q\ B, we get by an inverse inequality (cf. [7, Theorem 3.2.6]), Lemma 5.5,
and by inserting the nodal interpolant ixg of g that

19 = 9nll oo @By < llgn = ingllze(o\m) + lling = 9l @\ 5)
< ChIIVgll ooy + Ch 2 lling — gnll 2oy
< Ch[|Vy|| L@\ 5)
+Ch™ 2 {|ling — gll 2 gy + 19 — 9nll 2oz
< Ch2 % |lnhl.

Here, we used that g € Wh*°(Q\ B) N H?(\ B) according to Lemma 5.2. Hence,
we get

l9nl oo By < N9l o) + 19 = gnll Lo ()
which implies the first assertion again by means of Lemma 5.2. For the second
assertion, we similarly obtain

IV (g = 9n)ll 20 By < CRIV?gll 1200 )

+ChHlling = gll 205 + 19 — 9nll 205}
< Chlln ).
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Here, we again used for the interpolation estimates that g € H2(Q2\ B). Then,

IVanll 2By < IVl + [IV(9 = 9r)ll 220\ 5)
together with Lemma 5.2 implies the second assertion. ([l

We close this section by a discrete analogue of Lemma 5.1 for d = 2 only.

Lemma 5.7. Let d = 2 and gy € Vj, be the solution of (5.4). Then, for every M > 0
there exists an open ball B € Q containing xg and hg > 0 such that for all h < hyg,
it holds

gn(x) > M Vx € B.

Proof. The main idea for the proof stems from the proof of [14, Theorem 4.6]. While
in [14], smoothness of the domain is required we do not need this for our particular
result since xg lies in the interior of {2 and we are only interested in the behavior of
gp in a neighborhood of zy and not close to the boundary. Hence, case 3 of the proof
of [14, Theorem 4.6] does not need to be considered here. We adapt the technique
to our case.

We distinguish the following two cases:

|z — xo| > kh|ln h|%: We show, that for this case we have pointwise conver-
gence of gp. This setting fulfills the assumptions of [26, Theorem 6.1] which
states the existence of constants x and C such that for h sufficiently small
and x,z9 € Qo € Q with |x — z9| > kh, it holds
h? |z — 0|

(56) 9(2) = 90(2)| < Cupp =g Iy

Abbreviating = |z — zo|/h ™!, the right-hand side of (5.6) becomes
C.n~2Inn. Since /{h|lnh|é < |x — x|, we have that n > /f|lnh|% which

means that for h small enough C,n~?Inn is maximal at 7 = x|ln h|% Com-
bined, we have

l9(z) — gn(x)| < Cen™?Inn < Cyllnh| ™' In|ln h|%

Hence, for h < hg sufficiently small, we obtain

1
gn(@) = g(z) + (gn(z) — 9(2)) = Sg(2),
which implies the assertion in this case by Lemma 5.1.
|z — xo| < kh|ln h|%: From [14, Lemma 4.8], we know that gp(zo) > C(1 +

Inhl). Due to [14, Lemma 4.9], the first derivative of g5 is bounded by
IVgnllpeey < Ch™'. Then, by the mean value theorem, it holds

g (2) > gn(0) — | Vanll ooyl — 20| > Cllnh| — C|lnhl3.

That implies |gp(x)| > M for h < hg sufficiently small.

Combination of these cases yields the assertion with a set B which can be chosen
independently of h < hg. O

Remark 5.8. To our best knowledge, the question is open, if it is possible to prove
a similar estimate for the discrete Green’s function g in the three-dimensional case
(d = 3) on general quasi-uniform meshes.
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6. ERROR ANALYSIS FOR THE OPTIMAL CONTROL PROBLEM

In this section, we derive estimates for the discretization error between the con-
tinuous optimal control ¢ € Q.4 and the discrete optimal control g, € @Qpaq for
the case of variational control (i.e. Qpad = Qada) and piecewise constant control
discretization (i.e. Qpad = Q,Clyad). In both cases, we derive error estimates of order
h|ln h|, cf. the Theorems 6.5 and 6.6.

Before doing so, we introduce an additional piece of notation. So far we have only
discussed the parts of the adjoint equation related to the singular behavior. Now
we also consider the coefficient Sg(x;) — & accompanying each z;. If this coefficient
becomes zero, the singularity at that point vanishes. For the rest of the paper we
define

L={iell|Sqz;)—-&=0}

to be the set of such indices.

Lemma 6.1. Let § € Qqq be the solution of (2.3). Then, for each i € I\ L there is
an open ball B; C Q containing x; such that, depending on the sign of Sq(x;) — &,
either q(z) = a or g(x) = b holds for all x € B; . Moreover, it holds § € W1>(Q)
with

IVl Lo () < C.

Proof. For the solution z of the adjoint equation (2.8), it holds
z=) (Sq(zi) — &)z
iel
with z; being the solution of (2.6). The Lemmas 5.1 and 5.2 applied to z; for any

i € I\ L ensure that for such i and any M > 0 there are open balls B; containing
x; such that

|zi(x)] > M Vz € B; and lzjllLoo(my)y < C forjeI\{i}.
Hence, by using Sq(z;) — & # 0, we can choose B; for i € I\ L such that either
1_ 1 _ 1._ 1 _
p=——) (Sa(x) — &)z <a or ——z=——3 (S4(rj) — &)z > b

jel Jjel

o
holds. Hence, by Proposition 2.4, we obtain the first assertion.

For the second assertion, we note that ¢ € H'(2) by Proposition 2.5. Hence, to
prove ¢ € W°°(Q) it is sufficient to ensure § € W1H>°(B;) for every i € I\ L and § €
Wheo(Q\ U,e L B;). The first result follows directly from the previous discussion.
Lemma 5.2 yields g € WH°(Q \ Uienz B;), which completes the proof. O

As preparation for deriving the error estimates for ||¢ — qnl/z2(q), We prove the
following three lemmas.

Lemma 6.2. For p,q,qn, € Q, it holds
allg = anll72q) < 3n(P)(a = ansa — an)-
Proof. This follows directly from Lemma 3.3. g
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Lemma 6.3. For q,0q € Q,q, it holds

13'(9)(8q) — 4 (a)(8q)| < Ch?*[Inh[?||6q| L~ ()
with a constant C' independent of h.

Proof. By the Lemmas 2.2 and 3.3, we arrive at
(6.1) 15" (@)(0q) — ju(@)(0q)| = |(z — 21, 09)| < |(z — Zp, 6q)| + [(Zn — 28, 9],

where 2z € Wol’S(Q) and z;, € V}, are the solutions of (2.5) and (3.3), respectively
and 2 € V}, denotes the solution of

(Vh, Veon) = Y _(Sq(@:) — &)enl(w:) Ven € Vi
iel
By construction, it holds
Zn = Z(SQ(%') — &) 2n,
iel
with zp,; given by (3.4).
For the first term on the right-hand side of (6.1), we get by (2.7) and Lemma 5.3
(2 = Zn, 6@)| < |2 = Zull L1 19g] Lo ()
<> 1Sq(x) — &illlzi — 2n
iel
< CR?nh*{||Sqll ) + €] }I6all = ()
< CR* I h*{|lqll @) + 1€1}H10q]l oo (02

@104l Lo ()

with [£ =3, &2

For estimating the second term on the right-hand side of (6.1), let Q1 € 9y € Q2
with smooth Qg such that {z; |t €I} C Q. Then, (3.5) and the Lemmas 5.4
and 4.4 yield

|(Zh = 2n,00)| < 120 — znll 220 194l 2 (o)
<> 1Sq(ws) — Sha(@a)llznill 2 16l r2 (@)
i€l

< C[[Sq = Snall Lo @n)l10dl 220

< Ch* Il ||q|| Lo o) 104 22(0)-
Inserting this back in (6.1) proves the lemma. O
Lemma 6.4. Let q,p,6q € Q. Then, it holds

7n(@)(0a) — jn(P)0a)| < Cllg — pll 2o ll19¢l L2 (0)-
Proof. Due to Lemma 3.3, it holds by the mean value theorem for any p € ) that
Jn(@)(89) — 74 (P)(8a) = 74 (p)(q — P, dq)

= Z Sn(q —p)(2:)Spoq(z;) + alqg — p,dq).
el
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Therefore, using Lemma 3.1, we can estimate
171 () (6q) — jn(P)(6q)| < ClISh(q — )l oo () l1ShIall oo () + al(q — p, 6q)|
< Cllg = pllz2 194l L2 (0)

which states the estimate. O

6.1. Variational Discretization. As first discretization, we consider the varia-
tional discretization approach as introduced by [12], i.e., we choose Qpad = Qad-
Note, that the following error estimate extends [2, Theorem 5.2] to domains with

polygonal or polyhedral boundary and for d = 3 improves convergence rate by h3
compared to [2, Theorem 5.2] and [6, Theorem 3.2].

Theorem 6.5. Let § € Q,q be the solution of the continuous problem (2.3) and
Gn € Qqq the solution of the corresponding discrete problem (3.2) with Qp qq = Qad-
Then, it holds

17 — anll2(@) < Chllnh|
with a constant C' independent of h.
Proof. Using Lemma 6.2, we have by the optimality conditions (2.9) and (3.7) that
allg = @ll32q) < JHP)@ — @@ — 1) = 3(D)(T — @) — 31(@) (T — Tn)
< (@)@ = an) = 5'(@)(a — an)
for arbitrary p € (). Since @, ¢n, € Q.q are bounded, Lemma 6.3 implies
allg = anll 72 i) < 3n(@)(@ — @) — 7@ — @) < CR? A — Gull (o)
< Ch*|Inh|?,
which yields the result. O
6.2. Cellwise Constant Control Discretization. We now consider the fully dis-
cretized case where the discrete state and adjoint are approximated by functions
in V}, and the discrete control is searched for in @, .q = @Y, 4. Note, that the fol-
lowing error estimate improves for d = 3 the—to our knowledge—best known error
1
estimate from [1, Theorem 4.3] by hz.

Theorem 6.6. Let ¢ € Quq be the solution of the continuous problem (2.3) and

dn € Qnad the corresponding solution of the discrete problem (3.2) with Qp qq =
% aq- Then, it holds

1G — anll2(@) < Chllnh|
with a constant C' independent of h.

Proof. We split the error as
17— anllz2) < 17 — mndllL2(0) + 170G — GnllL2()

where 7, denotes the L? projection on Q¢ given for v € L'(Q) by

(6.2) (mh) | = ’Il(\ /de:): VK € Th.
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Standard estimates yield by Lemma 6.1 that
(6.3) 17 — mnqll L2y < CRIIV{ll L2y < Ch.
To bound |[7nq — qnllL2(), note that mpq € QF 4. We derive by means of
Lemma 6.2, as well as the optimality conditions (2.9) and (3.7) that
allmng — anll72 () < 31 (P)(Thd — @n ThG — n)
= jn(ma@)(7hd — @n) — 54 (@n)(ThT — Gn)
< Jn(mh@) (mhd — ) — 3'(@)(q — an)-
By further splitting, we obtain
ollmng = GnllF2q) < 31 (Th0) (Thd — Gn)
—3"(@)(7nq = an) — §'(2)(q = 7nQ)
(6.4) = {3n(mn@)(7nq — Gn) — (@) (7T — G}
+{4(0)(7nd — @n) — 5'(@)(mnG — an) }
= 7(@)(@ = 7).
For the first term in (6.4) we apply Lemma 6.4 and (6.3) to end up with

7170 @) (ThG = @n) — 31D (ThG = @n)| < Cllmad — @ll 2y ll7nd — @nll 20
o
< Ch* + §H7Thq - Qh||%2(§z)~

The second difference in (6.4) can be dealt with as in Theorem 6.5. We apply
Lemma 6.3 leading by 714 oo (0) < [|@]| e (q) to

91(@) (7h@ — Gn) — §'(Q) (0 — @) | < CR* I AT — Gl Lo (o)
< CR?nhP{ 1@l (o) + 1@nll o) }
< Ch?|Inh|%
By the L? orthogonality of the projection 7, the last term in (6.4) amounts to
5(@)(7 — @)l = (g + Z,¢ — mq)| = |((ag + 2) — mn(aq + 2), 7 — Ta])]
< (g + 2) — (g + 2)|| 1@ 17 — Tadll Lo ()

Since Z is in WH1(Q) (cf. [3, Theorem 4]), we can use standard estimates for the L?
projection in L*(Q2) and L>(Q) to get
7)

7'(@(@ — )| < CR?|[V(aq + 2)|| 11 (o) Vall Lo (0

< CR{||V2[131 ) + IVl () } < CB?

by (5.2) applied to z and Lemma 6.1. Collecting the estimated for the right-hand
side of (6.4) and absorbing the term §||m,q — Gn || 12(0) O the left-hand side, yields

allmng = GnllZ2) < Ch?[In h|2

which implies the assertion together with (6.3). O
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7. IMPROVED ERROR ANALYSIS FOR THE OPTIMAL CONTROL PROBLEM IN TWO
DIMENSIONS

In this section, we improve the error estimates derived in Section 6 using a more
detailed analysis of the behavior of the discrete optimal control in two space di-
mensions. Moreover, when discretizing the controls by cellwise constants (i.e. for
Qhad = thad), we employ a post processing strategy to overcome the limitations
to first order convergence in this case. For variational discretization and for cellwise
constant control discretization with post processing, we derive error estimates of
order h?|lnh|?, cf. the Theorems 7.5 and 7.12.

Throughout this section, the analysis is restricted to d = 2. We start by proving
a result for the discrete optimal control g similar to Lemma 6.1. This is possible
due to the Lemmas 5.6 and 5.7.

Lemma 7.1. Let d = 2. Further, let g, € Qp qd be the solution of (3.2). Then,
for each i € I\ L there is an open ball B; C Q containing x; such that, depending
on the sign of Spq(z;) — &, either gn(x) = a or gn(xz) = b holds for all x € B; and
h < hg.

Proof. We first show that for ¢ € I'\ L the difference |Syqn(x;) —&| is bounded away
from zero provided that h is sufficiently small. For i € I\ L, it holds

0 < [Sq(zi) — &l
< [Shan(wi) — San(xi)| + 1S(qn — @) (@i)| + |Shgn(zi) — &
< Ch*[nhll|Gnll o) + CllT — @nllz2 () + [Sdn(xi) — &l
< Ch|lnh| + |Span(zi) — &l-
Here we used Lemma 4.4, (2.2), and Theorem 6.6. Thereby, we conclude that there

is hg > 0 such that Spqp(z;) — & #0 fori € I\ L and h < hyg.
For the solution z; € V}, of the discrete adjoint equation (3.6), it holds

2= (Shan(r;) — &)2n,
el
with the solutions z; € V}, of (3.4). Lemma 5.7 in combination with Lemma 5.6

applied to zp; for any i € I\ L ensures (by possibly reducing hg) that for such 4
and any M > 0 there are open balls B; containing x; such that

|zni(x)] > M Vz e B; and HZhJ'HLoo(Bi) <C forjel\{i}

for all h < hg. Hence, by using Spqn(zi) — & # 0, we obtain on B; for i € '\ L that
either

= Z(Sh@h(xj) —&j)zng < a
jel
or
1 1 )
—=2n === (Suln(w;) = &)2n; = b
jel

holds. In the case of variational discretization, i.e., for Qa4 = Qaq, the assertion
follows immediately from Remark 3.5 as in Lemma 6.1. For cellwise discrete control
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discretization where Qpaqa = @ 4q, let m, be the L? projection on Q5 as given
by (6.2). Then, again by Remark 3.5, it holds for K € T}, that

1 1
(Yh‘K = P[a,b] <—a(ﬁhfh)}K> = P[a,b] <—a2h(SK)> ,

where Sk denotes the centroid of the cell K, cf. Section 7.2. This implies the
assertion also in this case. O

Lemma 7.2. Let d = 2, § € Qquq be the solution of (2.3), and Gy, € Qp ad the
solution of (3.2). Then, there exist hg > 0 and open balls B; C Q2 containing x; for
i €I\ L, such that for all h < hy, it holds either

g(z) =qn(z) =a or g(z) = qn(x) =10 Vx € B;.
Proof. The assertion is a direct consequence of the Lemmas 6.1 and 7.1. 0

Lemma 7.3. Let d = 2 and B; C Q open balls with x; € B; fori € I\ L. For a
q € Qud, let z be the solution of (2.5) and Zy € Vi, be given as the solution of

(7.1) (Vin, Vion) = > _(Sq(@i) — &)pn(xi)  Yeon € Vi
el
Then, it holds for B = UieI\L B; that
Iz = Znll L2y < Ch*[Inh|?,
with a constant C' independent of h.

Proof. Let z; be defined by (2.6) and zj,; be defined by (3.4). We begin with the
splitting

(12) 112 = 2l < YoISates) — &) — (Sha(a) — &)anall sy
€L
+ Y I(Sa(wi) — &)z — (Shalwi) — &)ani
iel\L
To discuss the first term of (7.2), we note that for i € L there holds Sq(z;)—& = 0.
Therefore, we have for such 7 that
(Sq(xi) — &)z — (Sna(xi) — &)zni = (Sna(xi) — &i)zni = (Sha(zi) — Sq(xi))2h -
Then, we get by the Lemmas 4.4 and 5.4 that
1(Sa(@i) — &)zi — (Sha(@s) — &)zn,ill L2\ B)
= [|(Shq(xi) — Sq(xi))zn,ill 20\ B)
< |Shq(xi) — Sq(xi)ll|zn,q
< CR?[nh?||q|l o (o)-

L2(Q\B)*

(7.3)

|L2(0)

For the second term of (7.2), we split

(7.4) (Sq(x:i) — &)z — (Shq(xi) — &i)zng
= (Sq(wi) — &) (zi — zn4) + (Sq(w;) — Spq(wi))zni
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and obtain for the first term by (2.2) and Lemma 5.5 applied to z; and zj ; separately
on B; that
1(Sq(zi) = &) (zi — zni) L2y < {llallz2) + 11120 — 2n4
< Ch?*Inh|{lqllz2) + I€]}-

For the second term of the right-hand side of (7.4), we can proceed as for (7.3) to
obtain

‘L2(Q\B)

1(Sq(2i) = Sna(i)znill 25y < Ch? [l Lo @)
Collecting the terms, we get for the second term on the right-hand side of (7.2)

1(Sq(2:) — &)z — (Sha(@i) = &) znill L2y < ChP A {[la]l oo () + €]}
By adding up the two estimates for (7.2), we arrive at the result. O

Based on the previous lemma, we can improve Lemma, 6.3 for the case d = 2. The
improvement consists in the fact that the L norm of §¢ can be replaced by its L?
norm provided that dq vanishes in the neighborhood of the points x; for i € I'\ L.

Lemma 7.4. Let d = 2 and B; C Q open balls with x; € B; fori € I\ L. For
B = UieI\L B; and q,0q € Qqq with 5q‘B =0, it holds
15 (2)(8q) — jn(q)(8q)| < Ch*[InhP||6q|| 2.
with a constant C' independent of h.
Proof. The proof follows the lines of Lemma 6.3 obtaining
15(2)(8q) = jn(@)(9q)| < (= = Zn,0q)| + [(Zn — 21, Iq)-

with Zj, solving (7.1). The second term is treated as in Lemma 6.3. Using Lemma 7.3
for the first term then implies the result by

(2 = 20, 00)| < |2 = Znll 25y 10l L2 ()
since (5q|B = 0. .

7.1. Variational Discretization. The following result constitutes an improve-
ment of Theorem 6.5 in the case d = 2. Since the result relies on Lemma 5.7
which is available for d = 2 only, an extension to d = 3 is not directly possible.

Theorem 7.5. Let d = 2, § € Quq be the solution of the continuous problem
(2.3), and Gn € Quq be the solution of the corresponding discrete problem (3.2) with
Qh,ad = Qaa- Then, it holds

17 = @nllr2(@) < Ch*[Inh)?
with a constant C' independent of h.

Proof. The assertion is proven as Theorem 6.5: Let B = UiE L B; for the sets B;
given by Lemma 7.2. On B, it holds d¢ = ¢ — g, = 0. Hence, by using Lemma 7.4,
we conclude

allq = Gull7z0) < 15'(9)(89) — jn(a)(5q)]
< CR* I h*{||qll e (o) + 11317 = @nll 2o
Dividing by [|¢ — gn| z2(q) proves the theorem. O
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7.2. Cellwise Constant Control Discretization with Post Processing. We
adapt the proof technique from [18]. We split up the mesh into subsets with respect
to the regularity of §. For a given mesh 7, we define three subsets of cells

Th={KeT|qg=aorq,=0}, T2={KeTh|a<q|,<b},
and T, =T, \ (T, UT;).

Then, 7;? denotes the set of cells where ¢ is only Lipschitz continuous in contrast
to 7, U T, which consists of cells K where g is in H?(K). As in [18], we make the
following assumption:

Assumption 7.6. We assume the existence of a constant C' independent of h, such
that for all h sufficiently small, it holds

> K| < Ch.

KeT?

Similar assumptions have been made in the case of cellwise linear discretization
or a postprocessing approach in, e.g., [18,25].

Remark 7.7. By (5.3) applied to Zz, it seems likely that the active set
{z € Q| qg(x)=aVq(z) =0b} has rectifiable boundary. This would imply that the
boundary is a curve of finite length, i.e., it can be covered by a subset 77? C T
fulfilling Assumption 7.6.

We denote by Sk the centroid of a cell K € T,. For w € C(2), we define the
projection Ryw € Q) by

(7.5) Rhw‘K =w(Skg) VK € Th.
Further, we set
(7.6) rn, = Rpq,

which is well-defined by Lemma 6.1, and note that by construction, it holds rj, €
C
h,ad*

Proposition 7.8. Let f € H*(K) for a given cell K € Tp,. Then, it holds
1
[ 06~ i) ds| < ORI

Proof. See [18, Lemma 3.2]. O

Similar to [18, Lemma 3.3], we prove the following result adapted to the problem
considered here:

Lemma 7.9. Let d = 2, § € Quq be the solution of (2.3), and ), € Q.4 defined
by (7.6). Then, there is hg > 0 such that for alli € I\ L and all h < hg, it holds

1Su(q — 1) ()] < CH?

with a constant C independent of h.
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Proof. Let zp,; € V}, be the solution of (3.4). Then, we can write
Sp(@ = ra) (i) = (V2ni, V(ShG — Surn)) = (2hir @ — Th)-

For K € T,}, it holds q|K € {a,b}. Hence, we have 1, = ¢ there and (2p, 4, — rp)
vanishes on UEI Consequently, we get

(zhis@—7h) = Y /KZh,z'(tiTh)dl“+ > /KZh,z‘(fiTh)d$-

KeT? KeT?

Lemma 6.1 ensures the existence of open sets B; C Q for ¢ € I\ L with z; € B;
and g(x) € {a,b} for x € B;. For h < hg, the sets B; can be chosen such that
B, C U 7;3.

We first consider the integral over K € 7;13 Again by Lemma 6.1, we know that
g € WH°(K) which implies for z € K that

|G(x) = ra(@)| = 4(z) — @(Sk)| < Clz = Skll[VllLo@) < ChIIVE (o).

For B = Uy, Bi it holds B C U7,!. Hence, we have [J7,> C Q\ B and one
obtains

3 /th,z-@—rh)dx <y /K\zh,i(q—rhndx

KeT? KeT?
< Chllznill Lo (0 3y IVl oo () Z K|
KeT?
< ORIVl (o

by means of Assumption 7.6 and Lemma 5.6.
For a cell K € ThQ, we have that

/%,ﬂ"hdw:/ Zh,iCY(SK)dJE:/ 2n,i(SK )q(Sk) dz.
K K K

Using this, we obtain by Proposition 7.8 and the Cauchy-Schwarz inequality that

1

2
Z / 2,i(q — i) dz| < Ch? Z IV (zhi@) 1 22 )
reT? 'K KeT?

On |J 72, we have § = —a~'z. By the product rule, we get since 7,2 C Q\ B that

2
> IV ri) 172
KeT?
< Cllznill oo (05 1V 22l 200 58) + ClIV2hill L2003y I V2 oo (0 ) -
Using Lemma 5.6 for the terms involving zj,; and Lemma 5.2 for
2= > (Sq(z:) — &)z,
iel\L

we obtain the assertion by collecting the previous estimates. U
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Lemma 7.10. Let be d = 2 and B; C Q open balls with x; € B; fori € I\ L. For
Zn € Vi, given as the solution of

(7.7) (Vi’h, V(ph) = Z(ShTh(xi) — §l)g0h(xz) Yo € Vy,.
i€l
for y, defined by (7.6) and B = ;e\, Bi, it holds
12 = 2nll 2o B) < Ch?[Inh)?
with a constant C' independent of h.
Proof. We split
12 = Znll 2By < 112 = Znll 2\B) + 120 — 2ol 2By
where Zj, € V}, is the solution of (7.1). For the first term, Lemma 7.3 states
Iz — 2h||L2(Q\B) < Ch2]1n h|2
For the second term, we get from Lemma 5.4 that
120 — Znllz20 By < 120 — Zallz2) < C D _ISa(@ — ) ().
el
Then, by Lemma 7.9, we get
120 — 2l L2\ 3) < CR*.
Collecting the estimates yields the assertion. O
Lemma 7.11. Let d = 2, g € Q}, .4 be the solution of (3.2) with Qped = Q@ ad-
and 1y, defined by (7.6). Then, there exists hy > 0 such that for h < hg, it holds
1Gn — hllz20) < CR?|Inh|?
with a constant C' independent of h.

Proof. Asin [18], we first derive a variational inequality for ;. To this end let hg > 0
be sufficiently small such that the sets { By, C Q |i € I\ L} given by Lemma 7.2,

subsets { B1; C By, |i €1\ L}, and a subset of cells Ty, C T, fulfill the relation
By C Oy, C By
fOI’ BO = UiEI\L B()J‘7 Qho = U;ﬁlov and B1 = UiEI\L Bl,i'

By Lemma 5.2, we have that z € C(Q\ By). We now apply the optimality
condition (2.9), which holds true for all dg € Q,q4 and also pointwise on Q \ By:

(aq(z) 4+ 2(2))(6g — q(x)) 20 Vdq € [a,b], x € Q\ By

We apply this formula for x = Sk with K € 7, and K C Q\ Q, and g = ¢n(Sk)
which gives
(arp(Sk) + 2(Sk))(an(Sk) — ra(Sk)) > 0.
Integrating this inequality over K and summing this up over K € T, with K C
0\ Qp, yields
(arp, + RpZ, qn — rh’)LQ(Q\QhO) > 0.
Noting that g, — r, = 0 on By implies

(arp + RuZ, @n — 1) 2(\Bo) = O-
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By testing the discrete optimality condition (3.7) with dq, = 71, we get
(aGn + ZnsTh — @n) 200\ Bo) = 0
again by using r, — @, = 0 on By. Adding the last two inequalities results in the
estimate
(7.8)  alrn = @ullZeg) = allrn — @ull7zo5y) < (BrZ = 20:@n — ) 2(\Bo)-

We split the right-hand side of the above inequality to get

(BnZ = Zh, Gh — Th) 12\ By) = (BhZ = Z,Qn — Th) L2\ Bo)
+ (2= 2, @ = Th) L2\ Bo) T (Bh = Zh: Gh — Th) 12(00\ Bo)»
where Z, € V}, solves (7.7). We separately estimate the three terms on the right-
hand side.

Using Proposition 7.8, the fact that g, = r, on By, and that g, and rp are
piecewise constant, one arrives for the first term at

(ha—z qh—Th)Lz O\ By < |qh SK —Th SK ‘ ha—z
(2\Bo)
KeTy,

KCO\Qy,
2 _ 1 2_
< CR* Y |an(Sk) = ra(SEIK]2 V22| 12

KeTy
KCQ\Q}LO

< Ch?(|gn — rall 212l 200 By

where [|Z]| y2(\ 5,) is bounded due to Lemma 5.2.
For the second term, it follows by Lemma 7.10 that

(2 = 2hs @ — Th) 1200\ Bo) < CR2 AP (|G — 70l 220
For the last term, we have since g, — r, = 0 on By that
(2n = Zn, @h — 1) L2(\Bo) = (V(2n = Z1), VSu(@n — 7))
== (Su(@n —ra)(@:)* <0.

i€l
By using the last three estimates and (7.8), we complete the proof. U

Using the previous lemmas, we can conclude this section by formulating the error
estimate for the post-processed control ¢ given by

(7.9) dn = Pragy(—a'z),
where z, € V}, is the adjoint state associated to the solution g, € Qf .4 of the
discrete problem (3.2) with Qpaq = @, ad-

Theorem 7.12. Let d = 2, § € Q4q be the solution of the continuous problem (2.3),
and §p, given by (7.9). Furthermore, let Assumption 7.6 hold. Then, it holds

17 — dnllr2@@) < Ch?|In h|?
with a constant C' independent of h.
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Proof. By Lemma 7.2 there is B = UieI\L B; such that § = ¢ on B. Then, the
Lipschitz continuity of the projection operator Py, in L?(€2) implies
17 = dnllz2) = 17 — dnllL2(\B)
= || Py (—a™"2) = Py (=" 20) | 20 )
< Oz = Znll 20\ )
Then, we split
12 = Znll 203y < 112 = 20l 2\5) + 120 — Zall 2By
where Zj, solves (7.7). For the first term, we have by Lemma 7.10
||Z — thLQ(Q\B) < Ch2]ln h|2
For the second term, we get by the Lemmas 3.1, 7.11, and 5.4.
120 = 2nll 25y < 1120 — 2nllr2@) < C > _ISh(@n — ) ()]
i€l
< CH(jh — ThHLQ(Q) < ChQMIl h|2.

Combining the estimates implies the assertion. O

8. NUMERICAL RESULTS

We give numerical results to confirm the results of the previous sections. To
this end we consider different sample problems. The optimal control problems are
solved by the optimization library ROD0OBO [24] and the finite element toolkit
GASCOIGNE [9].

We consider the optimal control problem (1.1) with the slightly modified state
equation

—Au=f+gq
with given right-hand side f in a ball Q = Bys(x1) € R? with d € {2,3}. The
cost functional consist of one point evaluation at x1 = (0.5,0.5)7 for d = 2 and
respectively 21 = (0.5,0.5,0.5)T for d = 3. The choice of Q allows to give an exact
solution of —Az; = 05, by

{lln L 2 for d =2,
zZ1 =

2w [t—z1] 27

L1 L for d = 3,

4 Jz—m1] 2m

where || denotes the Euclidean norm of z € R%. We choose u(z) = cos(n|x — z1])
and & = u(x;) — 1. Hence, the adjoint solution z is then given as z = z;. By
choosing o = 1, the optimal control fulfills ¢ = P, 4 (—Z). The right-hand side f is
chosen such that u solves the state equation. Thus, we have f = —A cos(7|z|) — ¢.

First, we present results for cellwise constant discretization of the control. Here,
the bounds are chosen as —a = b = 1. The numerical results depicted in Figure 1
(left) confirm the estimates of Theorem 6.6.

Further, for choosing a different value for the bounds, —a = b = 0.2, we present
in Figure 1 (right) results for cellwise constant discretization of the control with
post processing. They confirm the estimate of Theorem 7.12, which was proved in
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FIGURE 1. Errors [|¢ — qnllr2(q) for cellwise constant control dis-
cretization (left) and |lg — gnl/z2(q) for cellwise constant control dis-
cretization with post processing (right)

d = 2 dimensions only. However, the numerical results for d = 3 indicate that a
similar convergence result may also hold in three dimensions.
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