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NECESSARY CONDITIONS FOR SOLUTIONS OF SET
OPTIMIZATION PROBLEMS WITH RESPECT TO VARIABLE
DOMINATION STRUCTURES

ELISABETH KOBIS, THANH TAM LE, CHRISTIANE TAMMER, AND JEN-CHIH YAO

ABSTRACT. In this paper, we introduce several set relations equipped with a
variable domination structure, which is not necessarily given by a cone-valued
map. We also derive relationships between the solution concepts for set opti-
mization problems given by set approach and vector approach. The main part of
this work is devoted to investigate necessary optimality conditions for solutions
of set optimization problems based on set approach. These necessary optimal-
ity conditions are derived in terms of Mordukhovich’s coderivative for optimal
solutions of set-valued problems with respect to various set relations.

1. INTRODUCTION

Set optimization is a growing field of optimization theory with many applications
in bilevel programming, economics, mathematical finance, health care and uncer-
tain optimization (see [2, 4, 14] and references therein). There are three approaches
to defining solution concepts in set optimization, namely the vector approach, the
set approach and the lattice approach (see [14, Section 2.6]). The so-called vec-
tor approach is an interesting concept from the mathematical point of view and
many authors have investigated it. Optimality conditions for set-valued optimiza-
tion based on the Bouligand derivative and generalized differentiation objects by
Mordukhovich are presented in the literature (see [6] and references therein).

In this paper, we consider set optimization problems with respect to (w.r.t.)

variable domination structures. These optimization problems are very important
and interesting from the mathematical as well as from the practical perspective
because they have many applications in production theory, radio therapy treatment
and welfare economics (see, for instance, [3, 7, 9, 14, 15, 16, 17, 19, 20]).
We study set-valued optimization problems with a set-valued objective map F :
X = Y, where X and Y are Banach spaces. The solution concepts are defined
using a domination map K : Y = Y or a domination map Q : X = Y. This leads
to the following set-valued optimization problems

2010 Mathematics Subject Classification. 90C46, 49J53, 54C60.

Key words and phrases. set optimization, variable domination structures, set relations, set ap-
proach, vector approach, normal cone, Mordukhovich’s coderivative, necessary optimality condi-
tions, alliedness property, Asplund space, openness of a composition set-valued mapping.



318 E. KOBIS, TH. T. LE, CHR. TAMMER, AND J.-CH. YAO

and
(Po) Q- 11\/2)1(1 F(x).

It is important to mention that the solution concepts based on the vector approach
in [10, 11] are given by a domination map K : Y = Y, where Y is the image
space of the set-valued objective map F' : X == Y, whereas the domination map
Q: X =Y in[7,19, 20] is acting between the same spaces like the objective map F.
In addition, [19, 20] have followed the set approach to derive characterizations for
many kinds of solutions for problem (Px) by using suitable scalarizing functionals.

In the literature, necessary optimality conditions for solutions of set optimization
problems based on vector approach are derived (see [3, 7] and references therein).
Although the solution concept based on vector approach is of mathematical interest,
it cannot be often used in practice. A solution Z given by the vector approach
depends on only one certain special element y of the image set F'(Z) and other
elements of F'(T) are ignored, see Definition 3.8 in this paper. In other words, this
definition does not care how elements in the set F'(z)\ {g} perform. The aim of our
paper is to derive necessary optimality conditions for solutions of set optimization
problems (Py) based on set approach using corresponding results for solutions of
set optimization problems (Pg) defined by the vector approach (see [7]). For this
reason we show relationships between the solution concepts given by the vector
approach and by the set approach.

Recently, these relationships are investigated in [18] for the case that K(-) and
Q(-) are fixed-cone valued mappings. Eichfelder and Pilecka [11, 12] have derived
some of these relationships in which the vector approach is equipped with a domina-
tion structure acting onto the image space of the objective function. Furthermore,
Eichfelder and Pilecka [12, Theorem 5.1] have presented necessary optimality con-
ditions working on primal spaces where derivative concepts for set-valued maps are
used. Moreover, necessary optimality conditions for solutions of set-valued opti-
mization problems are shown by Dempe and Pilecka in [4, 5].

Our paper is organized as follows: The following section prepares the notions
which will be used in the sequel. In the subsequent section, we recall six binary
relations to compare two sets and some properties of them. These relations are
equipped with a domination structure not necessarily given by a cone-valued map.
This section is also concerned with the set approach and the vector approach to
define solutions of a set-valued problem. In the subsequent part, we derive some
results concerning relationships between these solution concepts based on two given
approaches. The final section deals with finding optimality conditions for solutions
of the set-valued problem based on the set approach. By means of the results
given in the previous sections and the optimality conditions for solutions of set-
valued problems with variable domination structure given in [7], we derive necessary
conditions for solutions w.r.t. lower set relations (ﬁf , -45, and -45). Furthermore,
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we obtain necessary optimality conditions for solutions w.r.t. the upper set relations

(ﬁf, 4162) by means of coderivatives in Asplund spaces.

2. PRELIMINARIES

Let X,Y be Banach spaces over the real field R. We denote the open ball with
center z € X and radius ¢ > 0 by Bx(z,¢), and by Sy- the unit sphere of Y*. P(Y))
denotes the set of all nonempty subsets of Y. X* is the topological dual space of X
and w* is the weak star topology on X*. For x € X, we denote by V(z) the system
of the neighborhoods of z. Let C' C X, we denote by clC' and int C' the closure and
interior of C, respectively. C' is a cone if for each ¢ € C'; A > 0 it holds that A ¢ € C.
C' is pointed if C' N (—=C) = {0}. In addition, C is proper if C' # X and C # {0}.
For a cone C, we set C* := {y* € Y* | Vy € C': y*(y) > 0} for the positive dual
cone of C.

Let A C X be given. We denote the smallest cone containing A by cone(A), that
is,
cone(A) := U tA.
>0

Let A C X be given, A # (). The algebraic interior of A is denoted by core(A)

and given as follows

core(A) :={a€A|VzeX, 36§>0VAe[0,0]: a+ \x € A}.
It is stated in [27], if A is convex, then the following assertion holds true
core(A) :={a € A| cone(A—a)=X}.

Let C: Y =Z Y and F, Q: X = Y be set-valued maps. As usual, we denote by
Gr F and Dom F' the graph and the domain of F', respectively. They are defined as
follows
Dom F := {x € X| F(z) # 0},
and
GrF :={(r,y) e X xY|ye F(z)}.
If S C X, we denote the image of S under F' by F(S) := |J F(z) and the inverse

x€S
set-valued map of F is F~!:Y = X given by (y,z) € Gr F~1 if (z,y) € Gr F.

In this paper, we are dealing with the dual approach and derive necessary opti-
mality conditions by means of Mordukhovich’s coderivative (see the book [22] by
Mordukhovich for more details). We now introduce the mains objects we use in the
sequel.

Definition 2.1. Let €2 be a nonempty subset of a normed space X and let z, = € ,
e > 0.

(i) The set of e— normals to © at x is defined by

Ju—z|

(2.1) N.(Q,z) == {x* € X7 limsupw < 5},
Q
u—rz



320 E. KOBIS, TH. T. LE, CHR. TAMMER, AND J.-CH. YAO

where u % 2 means that v — = and u € Q. If e =0, we call elements
of (2.1) Fréchet normals and their collection, denoted by N(€,z), is the
Fréchet normal cone to 2 at z.

(ii) The basic (or limiting, or Mordukhovich) normal cone to  at Z is defined
as

N(Q,z):={z" € X*| e, 1 0, x,, 2 z, = v, z*, zf e N., (Q,x,) (n e N)}.

Remark 2.2. If X is an Asplund space (i.e., a Banach space where every convex
continuous function is generically Fréchet differentiable, see [22] for more details),
and € is closed around Z (i.e., there is a neighborhood V' of z such that 2 NclV is
closed), the formula for the basic normal cone looks as follows:

N(Q,7)={z* € X* | Jap S 7,25 % 2%, 2% € N(Q,zn) (n € N)}.

Correspondingly, two concepts of coderivatives for set-valued maps are introduced
in the following definition.

Definition 2.3. Let F': X = Y be a set-valued map and (z,y) € Gr F.

(i) The Fréchet coderivative of F at (,7) is the set-valued map D*F(z, ) :
Y* = X* defined by

DF@ ) = (" € X°| (o', —y") € N(Gr F, (@ D)}
(ii) The normal coderivative of F at (Z,y) is the set-valued map D*F(z,y) :
Y* = X* given by
D*F(z,y)(y") :={z" € X*| (2", —y") € N(Gr F, (Z,9)}.

A main tool for the proof of the necessary optimality conditions in terms of Mor-
dukhovich’s coderivative is the incompatibility between openness and optimality.
Here, we introduce the corresponding notations.

Definition 2.4. F': X = Y is said to be open at linear rate L > 0 (or L—open)
around (Z,y) € GrF if there exist two neighborhoods U € V(z),V € V(j) and
a positive number € > 0 such that, for every (z,y) € Gr F N (U x V) and every
p € (0,¢),

By (y,pL) € F(Bx(z,p)).
F is said to be open at linear rate L > 0 or (L—open) at (Z,7) if there exists a
positive number € > 0 such that, for every p € (0,¢),

By (7, pL) € F(Bx(T, p))-

It is necessary to mention that the openness at linear rate is a stronger property
than the openness. We say that F' is open at (zZ,y) € Gr F' if the image through F’
of every neighborhood of z is a neighborhood of 4.

Now, we are concerned with some compactness requirements related to a subset
of an Asplund space and a set-valued map.

Definition 2.5. Let X, Y be Asplund spaces, {2 be a subset of Y and @ : X =Y
be a set-valued map. Let (z,y) € Gr Q and u € 2 be given.
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(i) Q is said to be sequentially normally compact (SNC) at a, if

Q — * * * ; *
[yn — U, Yy s 0, y, € N(Qa yn)] = Y, 0.
(ii) Q is said to be partially sequentially normally compact (PSNC) at (z,7), if

G R — * * * * ok %
(xnayn) _r—Q_) (x’y)a xn w—> 07 yn — 07 (‘rnvyn) E N(GI‘ Q? (l'n,yn))

implies z}, — 0.

Observe that, if C'is a proper, closed, convex cone and int C' # () then C is (SNC)
at 0, see [7] for more details.

In order to show necessary optimality conditions in terms of Mordukhovich’s
coderivative, we need certain assumptions concerning the alliedness of sets (for
more details, see [24, 25] and the references therein).

Definition 2.6. (Allied sets) Let S1, .52, ..., Sk be closed subsets of a normed vector
space Z, z € ﬂle S;. One says that they are allied at z whenever (z;,) C S;,
(2in) — Z, 25, € N(Si,zin), the relation Zle z¥ — 0 implies (z},) — 0 for all
i=1,... k.

Notice that Definition 2.6 is equivalent to the definition of n-regularity introduced
and characterized in [21, Definition 7, Proposition 10]: The sets Sy, Ss,..., Sk are
n-regular at Z € S1 N --- NSy if there exist v, § > 0 such that

k k
1> 201 = 2D 11,
i=1 i=1

for every z; € B(2,0) N S;, 2 € N(Si,aci), ¢t =1,...,k. In addition, these notions
also imply the metric inequality of (Si,...,Sk) at Z [8, Theorem 4.1], which is used
as a main tool to establish chain rules for the limiting Fréchet subdifferentials [23].

In order to derive optimality conditions for set optimization problems based on
set approach, we will concern the alliedness property of two sets given by

Cy:={(z,y,k): (z,y) e Gr F, k€ Y},
and Cy:={(z,y,k): (x,k) e GrQ, yeY}.

Definition 2.7 (Lower semicontinuous mapping [1, Definition 1.4.2]). The set-
valued map F': X =2 Y is called lower semicontinuous (Isc, for short) at z € Dom F’
if for any y € F(z) and for any sequence (x,) — T there exists a sequence (y,) =y
with y, € F(x,). F is said to be lower semicontinuous if it is lower semicontinuous
at any point z € Dom F.

Remark 2.8. As shown in [1, Pages 40 and 42], if Dom F' is closed then F is lsc
if and only if the core of any closed subset is closed. We also have that F is Isc at
x € Dom F' if and only if F(x) C liminf,/ _,, F(2).
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3. SOLUTION ONSEPTS FOR SET-VALUED OPTIMIZATION PROBLEMS

3.1. SET RELATIONS. In this part, we will introduce different solution concepts
for set-valued optimization problems. For doing this, we recall some concepts from
the theory of ordered sets that will be used.

Definition 3.1. Let A, B,C € P(Y) and a binary relation < be given. < is said
to be
(i) reflexive, if A 5 A.
(ii) transitive, if A < B, B < C implies A < C.
(iii) symmetric, if A < B implies B < A.
(iv) antisymmetric, if A < B, B < A implies A = B.
In the following, we recall the definition of several set relations given in [11].

Notice that we do not require the domination structure K : Y = Y to be a cone-
valued map.

Definition 3.2. Let A,B€ P(Y), K:Y =Y be a set-valued map. We define the
binary relations on P(Y) w.r.t. K as follows:
(i) The variable generalized lower less relation (<) is defined by
ALfB <= BC|J(a+K().
acA
(ii) The variable generalized upper less relation (5~) is defined by
A B = AcC|Jo-K®).
beB
(iii) The variable generalized certainly lower less relation (<) is defined by
ANB — BC ﬂ(a—FIC(a)).
acA
(iv) The variable generalized certainly upper less relation (<X ) is defined by
A5, B = AC(Ob-K®).
beB
(v) The variable generalized possibly lower less relation (—41’2) is defined by
ANB <« Bnl|J(a+K(a) #0.
acA
(vi) The variable generalized possibly upper less relation (sfu) is defined by
A5, B = An|JO-K®) #0.
beB
We derive the following proposition by directly using Definition 3.2.

Proposition 3.3. Let A,B € P(Y) and consider the relations (i)-(vi) given by
Definition 3.2 . The following assertions hold true.

(i) AsfB = B<xFA
(i) A B «— B=x A

Ncu ~el
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(i) AgS B «— B\_ZICA

pu
iv) Ak B = A<’CB — AN B
v) Ak B = A<’CB — AxK B

Remark 3.4. Each of the above relations has its own meaning in practical prob-
lems. For example, in uncertain optimization problems —\<§C is used by a decision
maker who is interested in minimizing the best case, and when the worst case is
concerned, he will choose the relation <X,

In order to derive some properties of the relations given in Definition 3.2, some
of the following properties of the domination structure given by a set-valued map
K:Y =Y will be used:

VyeY: 0eK(y);

VyeY: K(y)+K(y) € K(y);
VyeY,de K(y): Ky+d) C
VyeY,de K(y): K(y—d) C

) VyeY : K(y) [ (-K(y)) = {0}.

Obviously, if K(y) is a convex, pointed cone in Y for all y € Y, then K satisfies the
properties (3.1), (3.2) and (3.5).
The relations given in Definition 3.2 satisfy the following properties.

(y);

K
K(y);

Proposition 3.5. The following statements hold true:
i) If K satisfies property (3.1), then the binary relations <€ and <X are re-
(i) property ; Y p u

flexive.

(ii) If KC satisfies properties (3.2) and (3.83), then the relations <;C and <§ are
transitive.

(iil) If K satisfies properties (3.2) and (3.4), then the relations <& and <X, ar
transitive.

(iv) If K satisfies K(Y) N (=K(Y)) = {0}, then the relations < and <&, are
antisymmetric.

The proof of Proposition 3.5 is similar to that one in [11, Lemma 2.1] for a
cone-valued map K.

From now on, we denote by <X one of the relations (i) — (vi) given in Definition
3.2, t € {l,u,cl,cu,pl,pu}. If A, B € P(Y) such that A < B and B <K A, we will
write A ~ B. Let A be a family of sets in P(Y’). We recall some minimality notions
of A w.rt. <K, which are used in the next sections.

Definition 3.6. Let A be a family of nonempty subsets of Y, K : Y = Y be a
set-valued map and t € {l, u, cl, cu, pl, pu}.
(a) A set A € Ais called a minimal element of A w.r.t. < if
AcAAskd = AgkA
(b) A set A € Ais called a strongly minimal element of A w.r.t. < if
VAec A\{A}: AF A
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(c) A set A € Ais called a strictly minimal element of A w.r.t. < if
AcAAFA — A=A

We denote respectively by Miny (A4, <), SoMiny (A, <) and SiMiny (A, <I) the
sets of all minimal, strongly minimal and strictly minimal elements of A w.r.t. <,
t € {l,u,cl,cu,pl,pu}. The index ”Y” in Miny, SoMiny, SiMiny is used to mark
that we consider concepts of minimality in the image space Y. In Definition 3.9, we
introduce additionally corresponding concepts in the pre-image space X.

Remark 3.7. Let t € {l,u,cl,cu,pl,pu}. We note the following properties by
taking into account the definition of the sets Miny (A, <K), SoMiny (A, <{) and
SiMiny (A, <£).
(i) It is clear that if <[ is transitive and A € Miny (A, <), then for all B such
that B ~ A, it holds that B € Miny (A, <K).
(ii) Obviously, we have the inclusions SoMiny (A, <¥) C Miny (A, <X) and
SiMiny (A, <) € Miny (A, <5).
(iii) We have that

A € SoMiny (A, <5) <= VAec A\ {A}: A<K 4
Proposition 33 4 ¢ 4\ {A}: A <K A
— A € SoMiny (A, <X).

Therefore, we get that SoMiny (A, <X) C SoMiny (A, <X). Similarly, we
can obtain that SoMiny (A, <F) C SoMiny (A, %I’fl).
In addition, it yields from Definition 3.6(c) that

A € SiMiny (A, xiy) <= VA#A: ALy A
Propog)n 3.3vA7éA: A;é;c;l
— A€ SiMiny (A, <),

Thus, SiMiny (A, <5) € SiMiny (A, <)
Similarly, we have that SiMiny (A, ) C SiMiny (A, <X).

For the relations 45, <’CCU, and <K

pu the following assertions also hold true:

SoMiny (A, %) € SoMiny (A, <X) C SoMiny (A4, <X))

» Ncu » Npu

and

SiMiny (A, xk,) C SiMiny (A, <}) € SiMiny (4, <5,).

3.2. SOLUTION CONCEPTS BASED ON VECTOR APPROACH AND
SET APPROACH FOR SET OPTIMIZATION PROBLEMS. First, we
consider the problem (Pg), where the domination map Q : X = Y is acting between
the same spaces as the set-valued objective map F' : X = Y. Furthermore, we
assume that for all x € X : F(x) # (. We define solutions of (Pg) by using the
vector approach as follows.
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Definition 3.8. Let FF: X = Y and Q@ : X = Y be two given set-valued maps,
and (z,y) € X x Y with g € F(z).
(i) (z,y) € GrF is called a nondominated solution of the problem (Pg) w.r.t.

Q if
g¢ |J (F@) +(Q@)\ {0}).
zeX
The set of all nondominated solutions of (Pg) w.r.t. Q is denoted by
ND(F(X), Q).
(ii) (z,y) € GrF is called a minimal solution of the problem (Pg) w.r.t. Q if
y & F(X)+(Q)\ {0}).

We denote the set of all minimal solutions of (Pg) w.r.t. Q by Min(F'(X), Q).

Obviously, if (z,y) € Min(F(X), Q), then it is also a nondominated solution of
(Po) w.r.t. Q: X =2Y defined by
Vee X: Qx)= Qz).
Now, we follow the set approach to define solutions of (Px), £ : Y = Y, w.r.t. the
relation 45, where t € {u,l,cu,cl,pu,pl}. The solution concepts in the following

definition are given in the pre-image space X, whereas the solution concepts in
Definition 3.6 are formulated in the image space Y.

Definition 3.9 ([11, Definition 5.2]). Let F': X = Y, £ :Y =2 Y be two given
set-valued maps and t € {u,l, cu, cl, pu, pl}.
(a) A point Z € X is called a minimal solution of (Pc) w.r.t. <X if
ve X, Fz) <K F() = F(2) <X Fa).
We denote by Min(F(X), <F) the set of all minimal solutions of (Pc) w.r.t.
<t
(b) A point 7 € X is called a strongly minimal solution of (Px) w.r.t. < if
VeeX\{z}: F(@) <\ F(z).
We denote by SoMin(F(X), <) the set of all strongly minimal solutions of
(Pc) w.r.t. <.
(c) A point 7 € X is called a strictly minimal solution of (Px) w.r.t. < if
reX, Flz) N F(@) or F(z) = F(Z) = IT=u.
We denote by SiMin(F(X), <K) the set of all strictly minimal solutions of
(P;C) w.r.t. —45
Remark 3.10. Let t € {l,u, cl, cu, pl, pu}.

(i) Observe that if < is transitive and z € Min(F(X), <K), then it also holds
true for all z € X satisfying F(x) ~ F(Z).
If for all x # ', F(x) # F(2') holds true, then the Definition 3.9(b) and (c)
are equivalent to F(7) € SoMiny (F(X), <K) and F(z) € SiMiny (F(X), g}
), respectively.
Let [F(z)] :=={F(z) € F(X)| F(z) ~ F(z)}. Then, it holds that

Z € SiMin(F(X),<K) = [F(2)]={F(®)}.
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(ii) Definition 3.9 implies that SiMin(F(X), <X) and SoMin(F(X), <) are sub-
sets of Min(F(X), <X). Furthermore, by using the same lines as in Remark
3.7(iii) the following relationships for the lower relations —\<fc, 45, and #I’fl
hold true:

SoMin(F(X), <X) € SoMin(F(X), <) C SoMin(F(X), <)

pl
and

SiMin(F(X), <) € SiMin(F(X), <)) € SiMin(F(X), <5).

Similarly, we have the following relationships for the upper relations —45,
<K and <X .

cu Npu*

SoMin(F(X), <X ) € SoMin(F(X), <) € SoMin(F(X),<X)

pu

and

SiMin(F(X), <},) € SiMin(F(X), <X) C SiMin(F(X), <5,).

cu

4. RELATIONSHIPS BETWEEN SOLUTION CONCEPTS BASED ON SET APPROACH
AND VECTOR APPROACH FOR SET OPTIMIZATION PROBLEMS

In the following, we derive the relationships between solution concepts of (Px),
K:Y =Y, and (Pg), Q: X =Y given in Definition 3.8 and Definition 3.9. The
following theorems will use two set-valued maps O: X =2Yand O : X =Y
respectively determined by:

(4.1) VoeX: Q)= (] K),
yeF(z)

and

(4.2) VeeX: Q)= |J Ky
yEF ()

Let us recall a result by Eichfelder and Pilecka [12] about the relationships be-
tween strictly minimal solutions of (Px) w.r.t. the variable generalized possibly
lower less relation (—45) introduced in Definition 3.2, (v), and nondominated so-
lutions (see Definition 3.8, (i)) of the set-valued optimization problem (Pg) w.r.t.
Q.

Theorem 4.1 ([12, Lemma 5.1]). Consider problem (Px) w.r.t. 41’5, K:Y =
Y which satisfies that K(y) is a proper, convezx cone for all y € Y, and let some
vector T € SiMin(F(X), \pl) be given. Let Q : X =Y be given by (4.1). If there

exists §j € F(&) such that § ¢ F(z) + Q(z) \ {0}, then (z,7) € ND(F(X), Q).

Now, our intention is to derive a corresponding result for strongly minimal so-
lutions of (Pc) w.r.t. the variable generalized lower less relation <, introduced
in Definition 3.2, (i), and nondominated solutions of the set-valued optimization
problem introduced in Definition 3.8, (i).
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Theorem 4.2. Consider problem (P ) w.r.t. <;C, K:Y ==Y, and let some vector
T € SoMin(F(X), <)) be given. Suppose that there is j € F(Z ) such that

(4.3) Vy e F(z)\{g}: 9 ¢ y+K(y)

Furthermore, assume that K :' Y =Y satisfies properties (3.1)-(3.3), and (3.5).
Let Q:X =Y be given by (4.1). Then, (%,7) € ND(F(X), Q).

Proof. Since Z € SoMin(F(X), <), it holds that
Ve e X\ {z}: F(z) <) Fz).
Furthermore, it holds that
F(z) s{* F(x),
since 0 € K(y) for all y € Y. Thus, we obtain
Vee X : F(z) <X F(a),

which is equivalent to

(4.4) VeeX:F)C | (w+K@).
yEF(T)

Suppose by contradiction that (Z,7) ¢ ND(F(X), Q). This means that
JreX: jeF(z)+ Qx)\ {0}
= 3reX FyeF)\{g}: gey+Q)\{0}

(4.5) — JrxeX, e Fa)\{j}: jey+ Q) Cy+K().
From (4.4), taking into account that K satisfies (3.3), we have that
(4.6) WeFE): yeyg+K@H = Ky K@)

Therefore, we can conclude

(4.7) = yey+Ky) Sy+K®)
Taking into account (4.3), we obtain that g = ¢ . By (4.7), we get

y+K(y) Cy+K@) =5+ K@)
Furthermore,
(4-8) yey+Kly) = K@ cKy).
Since (4.6) and (4.8), it holds that K(y) C K(y) = K(y) C K(y).
Thus, K(y) = K(y). Taking into account (4.6), (4.8) and y = g, we get that

y—y € K@) n (K@) = {0}.

This means that y = §. This is a contradiction to y € F(z) \ {g}. Therefore,
(z,9) € ND(F(X), Q). O
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In the following theorem, we show a result about the relationships between
strongly minimal solutions of (Px) w.r.t. the variable generalized certainly lower
less relation (<X) introduced in Definition 3.2, (iii), and nondominated solutions
of the set-valued optimization problem introduced in Definition 3.8, (i). It is
shown in Remark 3.10(ii) that SoMin(F(X), <%) C SoMin(F(X), <)), ie., if 7 €
SoMin(F(X),<K) then it holds that z € SoMin(F(X), <[).

Therefore, we present the following corollary without proof since it can be proved
by using the same arguments as in that one of Theorem 4.2.

Corollary 4.3. Consider problem (Px) w.r.t. 45, K:Y =Y and & €
SoMin(F(X),<K). Suppose that there is y € F(z) satisfying condition (4.3). Pur-
thermore, assume that KK : Y =Y satisfies properties (3.1)-(3.3), and (3.5). Let
Q: X =Y be given by (4.1). Then, (z,7) € ND(F(X), Q).

On the other hand, under some assumptions we can derive a stronger result as
follows.

Theorem 4.4. Consider problem (Pg) w.r.t. <N, K :Y =Y, where K satisfies
properties (3.2) and (3.3), and T € SoMin(F(X),<K) . Assume that there ewists
y € F(&) satisfying F(%) C§+K(5). Let Q' : X =Y given by (4.2) such that
Vo e X : Q) )(-Q(x) = {0}.
Then, (Z,7) € Min(F(X), Q).
Proof. Since Z € SoMin(F(X), <X), it holds that
VeeX\{z}: Fz) <N F(z)

= VeeX\{z}: F@)< () (y+K(y)
yEF(7)
(4.9) <— VzeX\{z}, Vye F(x): F(z) Cy+K(y).

From the assumption F(Z) C g 4+ K(y) and taking into account that K satisfies
(3.3), it holds that

Vye F(z): yey+K(y) =  K(y) K@)
This implies
y+K(y) Cy+ K@)+ K@) Cy+K©),
since IC satisfies (3.2). Taking into account (4.9), we get
Ve e X\ {7}, Vy e F(z): Fz) Cy+K(y) Cy+K®).
In addition, because of F(z) C y + K(y), we obtain
F(X)Cy+K(@y) Cy+ ().

Now, we claim that (Z,7) € Min(F(X), Q’). Indeed, suppose that there is = € X
satisfying

y € F(x)+ Q') \ {0}
(4.10) — JyecF(x), ted@\{0}: g=y+t
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Since F(X) C 7+ Q/(%) and y € F(X), we have that:
(4.11) It ed@): y=g+t.
From (4.10) and (4.11), we get that
t=—t'e Q@) \{0}[ (-2 (x) =0, a contradiction.
The proof is complete. 0
We illustrate the three theorems above by Figure 1.

T € SoMin(F(X),<K) T € SoMin(F(X), <) z € SiMin(F(X), <) F—
Theorem 4.4 Theorem 4.2 Theorem 4.1
Q' defined by (4.2) Q defined by (4.1)

(z,7) € Min(F(X), Q) (Z,9) € ND(F(X), Q)

FiGURE 1. Illustration of Theorem 4.1, Theorem 4.2 and Theorem 4.4

In order to derive some relationships between the solution concepts from Defi-
nition 3.9 and Definition 3.8 in the converse direction, it is necessary to introduce
the following concepts of domination property of a family of sets A C P(Y'). These
concepts are introduced in [11] in order to study relationships between optimal solu-
tions according to the set approach and those ones according to the vector approach,
where the domination structure in the latter one acts onto the output space of the
objective function F'.

Definition 4.5. Let a family A C P(Y) of nonempty sets and a relation <\
(t € {u,l,cu,cl,pu,pl}) be given. We say that,
(i) A has the weak domination property w.r.t. < if for each set A € A there
exists a family of sets I'{ C A such that I'{ C Miny (A, <) and
U{B:Bei} <t A

(ii) A C A has the domination property w.r.t. i if Miny (A, xI) # 0 and for
each set A € A there exists a set B € Miny (A, <) such that B xf A.



330 E. KOBIS, TH. T. LE, CHR. TAMMER, AND J.-CH. YAO

Observe that Definition 4.5(i) is weaker than Definition 4.5(ii) which is first in-
troduced in [13, Definition 4.9] for constant ordering cones.

In the next theorem, we discuss the relationships between nondominated solutions
of (Pg) (see Definition 3.8) and minimal solutions of a set-valued optimization
problem where the solution concept is governed by the variable generalized lower
less relation < (see Definition 3.2, (i)) with respect to a certain set-valued map K
under the assumption that the set F(X) := {F(z)| € X} has the weak domination
property w.r.t. <§C.

Theorem 4.6. Consider problem (Pg), Q : X =Y, and (z,y) € ND(F(X), Q).
Let K:Y =Y be given by

N Q) ifyeF(X),
(412) ]C(y) = { zeX:yeF(x)
{0} ify ¢ F(X).
Suppose that F(X) has the weak domination property w.r.t. 4;? Then, there exists
a minimal solution =’ € Min(F(X), <) provided that y € F(2').

Proof. Since (Z,y) € ND(F(X), Q) it holds that
(4.13) v¢e Y () \ {0})).
reX

Taking into account the weak domination property of F(X), it holds that there is
a family of sets F(X) C F(X) such that

F(X) € Miny (F(X), 51),
and

U{B: Be F(X)} < F(2).

We suppose that there exists S C X such that forallz € S : F(z) € F(X), ie., x €
Min(F(X),<K). Let F(S) = U{B: B € F(X)}. Thus, F(S) < F(z). This is
equivalent to

Fz)c |J (w+K®)).

yeF(S)

Taking into account § € F(Z), there is 2’ € S C X, y € F(2') such that

)

(4.14) jey+Kw) =y+ [ Q) Cy+).
{zeX: yeF(z)}

(4.13) and (4.14) imply that y =y € F(2/).
In addition, F (') € Miny (F(X),<y), i.e., 2/ € Min(F(X), <), and the proof is
complete. O

Furthermore, we explain the relationships between nondominated solutions of
(Pg) (see Definition 3.8) and minimal solutions of a set-valued optimization problem
where the solution concept is governed by the variable generalized certainly lower
less relation <% (see Definition 3.2, (iii)) with respect to a certain set-valued map
K under the assumption that F(X) has the weak domination property w.r.t. <.
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Theorem 4.7. Assume that (Z,y) € ND(F(X),Q), Q@ : X = Y. Suppose that
F(X) has the weak domination property w.r.t. <’CCZ with K :Y =Y given by (4.12).
Then, there is S C X such that for allz € S : F(z) = {g} and z € Min(F(X), <N).

Proof. By using the same arguments as in Theorem 4.6, it holds that there is S C
X such that S € Min(F(X),<%) and F(S) <N F(z). Taking into account the

definition of 45, we get

F@) < (] w+K®).
yeF(S)
This yields
Vre SVyeF(x):yey+K(y) Cy+ Qx).
Taking into account (Z,y) € ND(F(X), Q), it holds that § = y. This conclusion
holds true for all y € F(z), such that we obtain for all z € S : F(x) = {y}. O

We finish this section by the following figure illustrating Theorem 4.6 and Theo-
rem 4.7.

T € SoMin(F(X),<K) T € SoMin(F(X), <) z € SiMin(F(X), <) —
Theorem 4.4 Theorem 4.2 Theorem 4.1
O’ defined by (4.2) Q defined by (4.1)

(#,9) € Min(F(X), Q") (&) € ND(F(X), Q)

FIGURE 2. Ilustration of Theorem 4.6 and Theorem 4.7

5. OPTIMALITY CONDITIONS

This section is devoted to deriving necessary optimality conditions for strongly
and strictly minimal solutions of (Pc) w.r.t. <X, where t€ {I,pl, cl,u, cu}. The so-
called vector approach for handling set optimization problems is very suitable for
deriving these necessary optimality conditions due to relationships between between
solutions of the vector and set approach. In this section, we will formulate such
optimality conditions based on the derived results from Section 4. Less general
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results, for a fixed domination structure, can be found in [18] under the following
optimality notion, where the spaces X and Y and the map F' are defined as in this
paper, and for A, B € P(Y) and K being a proper, closed, convex cone in Y, we
define

AE R e ALF Bwith K:=int K
for te {I, pl}.

Definition 5.1 (Local Minimal Points w.r.t. <& (xi"¥)). Let K be a closed,
convex, proper and pointed cone in Y.

(i) Z € X is a local minimal point w.r.t. < if there is a neighborhood U of Z
such that there does not exist € U \ {Z} such that F(z) <& F(Z).

(ii) Let int K # (). T € X is a local minimal point w.r.t. <X if there is a
neighborhood U of T such that there does not exist x € U \ {Z} such that
F(z) <MK p(z).

Note that for all necessary optimality conditions for a local minimal point w.r.t.
<K and <MK (with t€ {I,pl}) in Section 4 of [18], the following assumption needs to
be added: For a given T € X, assume that for ally € F(z), (F(z) —y)N(—K) C {0},
or (F(Z) —g)N(—int K) = ), respectively. We demonstrate this with the following
result.

Theorem 5.2 ([18, Theorem 4.10]). Let X,Y be Asplund spaces, F: X =Y be a
closed-graph multifunction, K be a proper, closed, convexr cone in'Y and T € X be
a local minimal point w.r.t. <§. Suppose that K is (SNC) at 0. Assume further
that for all y € F(T), it holds that (F(z) —y) N (—K) C {0}. Then, there exists
some Y € F(T) and some y* € K\ {0} such that

0€ D*F(z,5)(y").
We discuss the usefulness of the assumption (F(z)—-7) N (—K) C {0}, or
(F(z) —y) N (—int K) = 0, respectively, for all § € F(Z), in the remark below.

Remark 5.3. The relation (F(z) —y)N(—K) C {0}, or (F(z) —y)N(—int K) = 0,
respectively, for all § € F (), is useful if the set-valued objective map F' at the
point T is given as Pareto frontier of a vector optimization problem. Moreover, it is
possible to generalize our results to the case of so-called minmaz-set relations (see
Jahn, Ha [13]), that compare sets based on their minimal or maximal elements in
terms of the vector approach. In this case, the above assumption does not impose
any additional restriction.

Now, we extend our discussion to set optimization problems equipped with a vari-
able domination structure. Before recalling a theorem about necessary optimality
conditions for nondominated solutions of set-valued optimization problems given in
[7], it is necessary to discuss an assumption concerning the domination structure
Q: X =Y by which the original problem (Pg) is equipped. That is

Ve € X : Q(x) is a closed, convex, pointed, proper cone.
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Note that when K(y) is not necessarily a cone-valued map for all y € Y, this
requirement can be fulfilled for the mappings Q and @ given respectively by (4.1)
and (4.2). This will be illustrated by the following examples.

Example 5.4. Let F : R? = R? be given as
V(Scl,xg) € R2 : F(xl,xg) = {(dl,dg)‘ 0<d; < ‘$1|, 0<dy < |x2\}
and K : R? = R? be determined by:

V. dg) € RE : KC(dy,do) ::{{<yl,y2>ryzz P} U{(dL0)} i d #0,

{(y1,y2)ly1 0,92 > 0} ifd; =0.
Then, for all (x1,z2) € R? it holds that
Qa1 x2) = ﬂ K(dy,da) = {(y1, y2)| y1 <0, y2 > 0}.

(d1,d2)€F ()

It is obvious that for all (x1,29) € R? we have that Q(xy,z9) is a closed, convex,
pointed cone. However, KC(y1, y2) is not a cone for all (y1,y2) € R?\ {0}. See Figure
3 for the illustration of this example, where the image spaces of F', K and O are
combined.

(z,9) € ND(F(X), Q)

K given by (4.12)
F(X) satisfies weak domination property

Jz’ 1§ € F(a') IS C X :Vz e S: F(z) ={y}
z' € Min((F(X), <)) z € Min(F(X),=<5)

FiGure 3. Illustration of Example 5.4

Example 5.5. Let F : R =% R? be defined as
Ve € R: F(z) = {(dy,ds) € R?| dg = |x|dy}
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and K : R2 = R? be determined by

d .
W(di,ds) € B2 : K(dy,dg) i= 4 082l 12 S92 < il i di#0,
{(y1,92)] y1 >0, y2 = 0}, if d; = 0.

Then, it holds that:
veeR:Q'(x)= | K(di,da) = {(y1,92)| 0 <o < |z[yn}.
(d1,d2)€F ()

This is a closed, convex and pointed cone. However, K(d;,ds) is not a cone for all
(d1,d2) € F(x)\ {0}. For an illustration, see Figure 4, where the image spaces of
F, K and Q' are combined.

Y2,
|z2|
F(z1,22)
Kldr, d2) EN

Y2 = m’yl
O(x1, z2
da

0 di |21 Y1

FIGURE 4. Illustration of Example 5.5

Thus, from now on, we consider the vector approach to define the solution of (Pyg)
with the assumption that for all 2 € X, Q(z) (Q(z) := Q(z) or Q(z) := Q'(x)) is
a closed, convex, pointed, proper cone in Y.

In the next theorem, we recall a necessary condition for nondominated solutions
of (Pg) (see Definition 3.8) given by Durea, Strugariu and Tammer in [7, Theorem
4.10]. The main idea in the proof of the necessary condition in [7, Theorem 4.10]
is the incompatibility between openness and optimality (previously developed in
[6]). It is interesting to mention that for the proof of [7, Theorem 4.10] Ekeland’s
Variational Principle is involved by the application of sufficient conditions in terms
of coderivatives for the openness of the composition of multifunctions in Durea,
Huynh, Nguyen and Strugariu [8, Theorem 4.2]). A corresponding result is shown
by Bao and Mordukhovich in [3, Theorem 3.8] where the authors derived the result
using the Extremal Principle as the main tool.

Theorem 5.6 ([7, Theorem 4.10]). Let X, Y be Asplund spaces, F, Q : X =Y
be two set-valued maps such that for all x € X, F(x) # (. Consider the set-valued
optimization problem (Pg) and (z,y) € ND(F(X), Q). Furthermore, assume that
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Gr F and Gr Q are closed around (z,7y) and (%,0), respectively. In addition, suppose
that the following assumptions hold:
(a) The sets C1 = {(z,y,k) : (z,y) € GrF, k € Y} and Cy = {(z,y,k) :
(x,k) € GrQ, y € Y} are allied at (z,7,0);
(b) there is a neighborhood U of T such that () Q(z) # {0};

zelU
(¢) Q is lower semicontinuous at T;

(d) F~1is (PSNC) at (§,2) or Q71 is (PSNC) at (0,7%).
Then, there exists y* € Q(z)™ \ {0} such that
0€ D*F(z,9)(y") + D*Q(z,0)(y")-

Now, we are ready to show necessary optimality conditions for minimal solutions
of (Px) based on the set approach.

Necessary optimality conditions for strictly optimal solutions of a set-valued op-
timization problem working on primal spaces (where the Bouligand derivative of a
set-valued map is used) are presented by Eichfelder and Pilecka in [11, Theorem
5.1].

In the following theorems, we derive necessary optimality conditions using gen-
eralized differentiation objects lying in the dual spaces, i.e., we will use Mor-
dukhovich’s coderivative (see Definition 2.3).

First, we show a necessary optimality condition for strongly minimal solutions of
(Pc) w.r.t. the variable generalized lower less relation </, introduced in Definition
3.2, (i) using Theorem 5.6.

Theorem 5.7. Consider problem (Px) w.r.t. the variable generalized lower less
relation <X, K : Y =Y, and T € SoMin(F(X),<). Assume that there is an
element § € F(Z) satisfying
Vy e F(2)\{y}: 9 ¢ y + K(y)-

Furthermore, suppose that KK :' Y =2 Y satisfies properties (3.1)-(3.3), and (3.5).
Let Q: X 3Y given by (4.1) and assume that the assumptions in Theorem 5.6
hold true for the two multifunctions F, Q. Then, there exists y* € Q(z)* \ {0} such
that R

0e D*F(z,9)(y") + D*Q(z,0)(y")-
Proof. Consider z € SoMin(F(X), <§C) Then, from Theorem 4.2, it holds that for
the element § € F(Z) satisfying Vy € F(z)\ {9} : § ¢ y+ K(y) that (z,7) €
ND(F(X), Q). Since all assumptions in Theorem 5.6 hold true for F and Q, it
holds that X

0€ D*F(z,9)(y") + D" Q(z,0)(y")-
The proof is complete. O

The following result is an assertion about a necessary optimality condition for
strictly minimal solutions of (Px) w.r.t. the variable generalized possibly lower less
relation -\<Z’fl introduced in Definition 3.2, (v).

Theorem 5.8. Consider problem (Pi) w.r.t. the variable generalized possibly lower
less relation ﬁl’fl, K :Y =Y, which satisfies that K(y) is a proper, convex cone
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forally € Y, and & € SiMin(F(X), ﬁz’fl). Let Q: X =Y be determined by (4.1).

Suppose that there is §j € F(Z) satisfying § & F(&) + Q(z) \ {0}. Assume that the
two multifunctions F, Q satisfy the assumptions given in Theorem 5.6. Then, there
exists y* € Q(z)T \ {0} such that

0 € D*F(z,9)(y") + D*Q(z,0)(y").
Proof. We follow the line of the proof of Theorem 5.7. O

Now, we show a necessary optimality condition for strongly minimal solutions of
(Pc) w.r.t. the variable generalized certainly lower less relation <%, introduced in
Definition 3.2, (iii).

The following theorem is a consequence of Theorem 5.7. It is proved by directly
applying Collorary 4.3 and Theorem 5.6 and therefore, the proof is skipped.

Theorem 5.9. Consider problem (Px) w.r.t. the variable generalized certainly
lower less relation <5, K:Y =Y, and 7 € SoMin(F(X),<N). Assume that there
is an element y € F(Z) satisfying

Vy € F(2)\{y}: ¥ ¢ y + K(y).

Furthermore, suppose that K :' Y = Y satisfies properties (3.1)-(3.3), and (3.5).
Let Q : X =Y given by (4.1) and assume that the assumptions in Theorem 5.6

hold true for the two multifunctions F, Q. Then, there exists y* € Q(Z)*\ {0} such
that

A~

0e D*F(z,y)(y") + D*Q(z,0)(y").

In addition, we obtain a stronger necessary optimality condition for strongly
minimal solutions of (Px) w.r.t. <X again using Theorem 5.6 as follows:

Theorem 5.10. Consider problem (Px) w.r.t. the variable generalized certainly
lower less relation <, K :Y =Y, and & € SoMin(F(X),<K), where K: Y =Y
satisfies properties (3.2) and (3.3). Suppose that there exists y € F(Z) satisfying
F(Z)Cg+K(®@). Let Q' : X =Y be given by (4.2) such that

Vo e X: Q(x)( (-2 () = {0}.

Assume in addition that the following assumptions are fulfilled:

(i) Q'(z) # {0} and Q'(%)is closed ;
(ii) F~!4s (PSNC) at (y,z) or @'~ is (PSNC) at (0,%).

Then, there exists y* € Q'(z)1\ {0} such that
0€ D*F(Z,9)(y")-

Proof. By Theorem 4.4, it holds that (z,7) € Min(F(X),<'). Thus, (Z,7) €
ND(F(X), Q,), where Q) : X = Y is defined by

Ve e X : Ql(z) := Q'(z).
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Now, we will prove that F' and Q; satisfy all assumptions supposed in Theorem 5.6.

DOl (u k) (k) = {a* € X*|(", k") € N(Gr &, (u,k))}
= {z* € X*|(z*, —k*) € N(X x O'(2), (u, k)}
= {2* € X*|(«*, —k*) € N(X,u) x N(Q'(z), k)}

(5.1) = {o}.

The last equation is obtained by using [26, Proposition 6.41] and N(X, u) = {0}.

Therefore, the alliedness property of (Cy, Cs) trivially holds (see [7]).

We have for all neighborhood U of z that () Q. (z) = Q'(z) # {0}, i.e., assumption
zeU

(b) in Theorem 5.6 is fulfilled.
Since Q) (z) = liminf Q/(2') = Q/(Z), it holds that Q. is Isc at Z (Remark 2.8).
' =T

Now, we apply Theorem 5.6 and get that there exists y* € Q.(z)*\ {0} = &' ()*\
{0} such that

0 € D*F(z,5)(y*) + D*O.(z,0)(y").

By using the same lines to obtain (5.1), it also holds that D*Q’(z,0)(y*) = {0} and
thus we get the desired conclusion as follows:

Jy* e O(z)*\ {0} such that 0 € D*F(z,7)(y*).
O

As shown in the previous parts, necessary optimality conditions are derived by
means of the relationships between the minimal solutions of problem (Pyx) w.r.t.
the lower set less relations (%C, <§ and 4;2) and solution concepts of problem

(Pg). According results concerning the upper set less relations (g%, <X and 4;?“)
do not hold true in general, since these relations are related to the 'worst cases’.
On the other hand, the definitions of nondominated and minimal solutions of (Pg)
are given similarly when we concern to the ’'best’ cases. Therefore, in the sequel,
we use another approach to obtain necessary optimality conditions for solutions of
problem (Px) w.r.t. the upper set less relations (X and <X ). Now, we briefly
illustrate our method to derive these necessary optimality conditions. It is necessary
to mention that in [7] the authors derive optimality conditions for solutions of
problem (Pg) by means of the sufficient conditions for the openness of a sum valued-
mappings, that is '+ Q. However, we are concerning the set-valued problem (Px),
where F': X =Y and £ : Y ==Y, ie., F and K have different pre-image spaces.
Futhermore, looking at the definitions of the relations <% and <% | we can see that
they are related to composition of multifunctions F' and . For that reason, we
study the sufficient conditions for the openness of a composition of multifunctions
contributed from our objective function F' and the variable domination structure
K. These sufficient conditions in terms of Mordukhovich’s coderivative are recently
given by Durea, Huynh, Nguyen and Strugariu in [8].

Let F1: X =2 Y1, Fy: X =2 Yy and G : Y] X Yo =2 Z be set-valued mappings where
X,Y1,Ys, Z are Asplund spaces. Consider the following composition multifunctions
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H : X = Z defined as
(5.2) H(x):= ] Gy )

y2€Fa(x)

y1EF(x)
The next theorem gives sufficient conditions in terms of coderivatives for the open-
ness of the composition of set-valued mappings (see [8, Theorem 4.2]), where Eke-
land’s Variational Principle is the main tool in the proof.

Theorem 5.11. [8, Theorem 4.2] Let X, Y1, Yo, Z be Asplund spaces. Suppose that
. X2, F: X223Ys and G : Y1 XYy =2 Z are closed-graph multifunctions and
(Z,71,Y2,2) € X x Y1 X Yo x Z be such that z € G(y1,92), (V1,92) € F1(T) x F2(Z).
Assume that the following sets are allied at (Z,Y1, Y2, Z)

Ch = {(2,y1,y2,2) € X x Vi x Ya x Z: y1 € Fy(x)},
Co = {(x,y1,y2,2) E X X Y1 x Ya x Z: ys € Fy()},

(53) CA13 = {($’y1)y272) € X X }/1 X Y2 XZ: z€ G(y17y2)}
Suppose that there exists ¢ > 0 such that
(5.4)
Z"f c b*F1(u1,’U1)(t91‘)
< lim inf ot +ag): {72 € DT luzv2)(E5) )
(f17t2,w)%(ﬂl7@2,5),5l’0 (27 +t7,25 +t5) € D*G(tr, t2, w)(w*)

Gr Py Gr Iy lw*ll =1, ll27]l <6, llz3]l <
(u1,01) =2 (2,51), (uz,v2) 7 (Z,52)

Then, for every L € (0,¢), H (given by (5.2)) is L-open at (Z,Z).

In order to apply the Theorem 5.11 to our problem (Px), it is necessary to
determine appropriate set-valued maps as follows.
Let Y1, Y5 and Z be equal to the space Y, and suppose that the set-valued mappings
i, F5b: X=2Y and G:Y xY ==Y are respectively determined by

Ve e X : Fi(z) := F(x),
VeeX: Fyz):= {0},

W (yl,yg) ceY xY: G(yl,yg) = (I — IC)(yl) =Y — IC(yl).

Because G only depends on yi, instead of studying G, we invest the following set-
valued map

such that

Let H : X =Y defined by
Hz) = |J ¢w= |J w-Kw).
yeF (x) YEF (x)

From the setting of Fy, Fb, G, the allied property of (C’l, Co, C’g) in (5.3) becomes
the allied property of (E1, Fy) given as

Ey:={(z,y,2) e X xY xY: ye F(zx)},
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Ey:={(z,y,2) e X xY xY: ze G(y)}
Proposition 5.12. Consider problem (Px) w.r.t. the variable generalized upper

less relation <N, K 'Y =Y satisfying (3.1), and Z € SoMin(F(X),<X) and

(Z,7) € Gr F. Suppose that there is a neighborhood U of & such that H(U)— (| H(x)
zelU

is a proper cone. Then, H is not open at (Z,7).

Proof. Since for ally € Y, 0 € K(y), we get that F(z) <X F(z). Taking into account
that Z € SoMin(F(X), <), it holds that

(5.5) VieX: F() <y F(z) < F@c |J (y-K@)).
yeF(z)

Let y € F(Z) be arbitrarily given. Then, (5.5) implies that

VeeX:ge | w-K)=H).
yEF ()
Suppose, by contradiction, that H is open at (Z,7). Then, for the given neighbor-

hood U of Z, there is an open set V(7 € V) such that V C H(U), which is equivalent
to

ve |J w-Kw).

yeF(U)
Let us choose y € V arbitrarily. Then, there is x € U such that

Therefore,

This implies

Since the first set is absorbing and the second one is a cone, it follows that

Y CH®U)- (H(=),
zelU

contradicting the fact that H(U) — () H(x) is proper.
zelU
O

Now, we show a necessary optimality condition for strongly minimal solutions of
(Px) w.r.t. the variable generalized upper less relation <X, introduced in Definition
3.2, (ii).
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Theorem 5.13. Let X, Y be Asplund spaces. Consider problem (Px) w.r.t. the
variable generalized upper less relation <X, K : Y =Y, and & € SoMin(F(X), <X).
Suppose (z,y) € Gr F, F and G :=1—K be closed graph multifunctions. Suppose
in addition that the following assertions hold true:

(i) Yy e Y : 0€ K(y);

there is a neighborhood U of & such that H(U) — () H(x) is a proper cone;
zcU

(i

i)
(iii) {Eh, E2} are allied at (Z,9,79);

(iv) F Uis (PSNC) at (§,Z) and G~ is (PSNC) at (§,7);
(v) D*G(3.9)(0) = {0}. )
Then, for all y € F(x) there exist w* € Y* \ {0} and t* € D*G(y,y)(w*) such that

0 € D*F(z,5)(t").

Proof. We have from Proposition 5.12 that H is not open at (Z,y), hence it is
not linearly open at this point. Since the other conditions from Theorem 5.11 are
satisfied, the condition (5.4) does not hold true. Consequently, there exist sequences
(Un, Up) SSIEN (Z,9), (tn,wy) SSLEN (9,9), (w}) C Sy=, (z}) € X*, 2z — 0 such that

(5.6) YV n: ah€ D Fun,v,)(th), 25+t € D*G(tn, wn)(w}) and ||z|| — 0.

n

Now we prove that (¢}) is bounded. Suppose the contradiction and by 2} — 0
we get that for every n € N| there exists k, € N sufficiently large such that

(5.7) < ([l + N2 l-

For the reason of keeping the notation simple, we denote the subsequences (¢7,), (25,
by (t& ), (z%), respectively. Because of the positive homogeneity of the Fréchet
coderivatives, we have that

x) AL ty
Fn eD F(un,vn)(ﬁ),
and
1 * * kA w:,
E(Z" +t,)eD G(tn,wn)(?).
It yields
x* _t* Z* _|_t>|< _w* N "
(Xn n ) € N(GI“F (unavn)) and (Tn7 Tn) € N(GI‘ Ga (tnawn))-
Thus,
x* _t* R B Z* +t* _w* R B
(;na Tn70) € N<E17 (un7v’fhy)) and <07 %7 Tn) S N<E27 (xvtnuwn))
Since w} € Sy+, z; — 0 and ||z} || — 0, it holds that
(L2, =, 0) 4 (0, 5T tn, 2l _ (Ta 2 TRy
n’ n n n n'n’ n

~+

Then, the alliedness of the sets (E1, E») implies L (27 +%) — 0, which is impossible
in virtue of relation (5.7).
Consequently, since Y is Asplund and (t}) is bounded, we get that there is a sub-

sequence of (¢!) which weak* converges to t* € Y*. Also, since (w})) C Sy-, (w})
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contains a weak* convergent subsequence to an element w*. For simplicity, we de-
note this subsequence also by (w}).

We claim that t* = w* = 0 does not hold true. Indeed, suppose that t* = w* = 0,
ie, tt 25 0 and w %= 0. Taking into account F~' is (PSNC) at (y,z), and
x; — 0, it holds that ¢; — 0. From z; — 0 we get (¢}, + 2;) — 0. In addition,

wy, Y% 0and Glis (PSNC) at (y,9), it holds that w} — 0, which contradicts the
fact that (w};) C Sy~.
In addition, taking into account (5.6), it holds that there exist some w* € Y* and

t* € D*G(7, ) (w*) satisfying 0 € D*F(z, ) (t*) .

It is obvious from the assumption D*G(y,y)(0) = {0} that if w* = 0, then t* =0,
a contradiction. Then, w* # 0. The proof is complete. g

Now, we consider the variable generalized certainly upper less relation 4’02.

From Remark 3.10 (i), we know that z € SoMin(F(X),<X) implies 7 €

)’ Neu

SoMin(F(X),<X). Therefore, from Theorem 5.13, we have the following result.

Theorem 5.14. Let X, Y be Asplund spaces. Consider problem (Px) w.r.t.
the variable generalized certainly upper less relation <’§u, K:Y =Y, and x €
SoMin(F(X),<X). Assume (z,5) € GrF, F and G := I — K be closed graph mul-
tifunctions. Suppose in addition that the assumptions (i)-(v) in Theorem 5.13 are
fulfilled. Then, for all §j € F(z) there exist w* € Y*\ {0} and t* € D*G(y,7)(w*)
such that
0€ D*F(z,y)(t").

Proof. Since z € SoMin(F(X),<X), we get Z € SoMin(F(X),<X). Since all as-

» Neu
sumptions given in Theorem 5.13 hold true, we follow the same line of its proof to

obtain that: for all § € F(Z) there exist w* € Y*\ {0} and t* € D*G(7, §)(w*) such
that

0 € D*F(z,3)(t).

6. CONCLUSIONS

In this work, we investigate very general set relations w.r.t. a variable domination
structure, which is not necessarily given by a cone-valued map. We consider two
approaches to define solutions of a set optimization problem and investigate the
relationships between these two approaches. The main result of this paper consists
in deriving necessary optimality conditions in terms of Mordukhovich’s coderivative
for solutions of set-valued problems w.r.t. to various set relations. Our research
leaves many possibilities for future investigations. The next step is to apply our
results to real-world applications, for example taking into account uncertainties in
economic, radiotherapy treatment and behavioral sciences.

ACKNOWLEGEMENTS

The authors would like to thank the anonymous referees for helpful comments
which improved the manuscript. Thanh Tam Le would like to thank the Ministry
of Education and Training of Vietnam for financial support. Moreover, the authors



342

E. KOBIS, TH. T. LE, CHR. TAMMER, AND J.-CH. YAO

are grateful to Professor Bao Truong for his helpful hints and for pointing out some
necessary assumptions in [18].

1
2]

(10]

[11]

[12]
(13]
(14]
15]
[16]

(17]

(18]

(19]
[20]

21]
22]

23]

REFERENCES

J-P. Aubin and H. Frankowska, Set-Valued Analysis, volume 2 of Systems & Control: Foun-
dations € Applications, Birkhduser Boston, Inc., Boston, MA, 1990.

T. Q. Bao and B. S. Mordukhovich, Relative Pareto minimizers for multiobjective problems:
existence and optimality conditions, Mathematical Programming 122 (2010), 301-347.

T. Q. Bao and B. S. Mordukhovich, Necessary nondomination conditions in set and vector
optimization with variable ordering structures, J. Optim. Theory Appl. 162 (2014), 350-370.

S. Dempe and M. Pilecka, Necessary optimality conditions for optimistic bilevel programming
problems using set-valued programming, J. Global Optim. 61 (2015), 769-788.

S. Dempe and M. Pilecka, Optimality conditions for set-valued optimisation problems using a
modified demyanov difference, J. Optim. Theory Appl., DOI 10.1007/s10957-015-0745-5

M. Durea and R. Strugariu, On some Fermat rules for set-valued optimization problems, Op-
timization 60 (2011), 575-591.

M. Durea, R. Strugariu and Chr. Tammer, On set-valued optimization problems with variable
ordering structure, J. Global Optim. 61 (2015), 745-767.

M. Durea, V. N. Huynh, H. T. Nguyen and R. Strugariu, Metric regularity of composition
set-valued mappings: metric setting and coderivative conditions, J. Math. Anal. Appl. 412
(2014), 41-62.

G. Eichfelder, Variable Ordering Structures in Vector Optimization. Springer, Heidelberg,
2014.

G. Eichfelder and T. X. D. Ha, Optimality conditions for vector optimization problems with
variable ordering structures, Optimization 62 (2013), 597-627.

G. Eichfelder and M. Pilecka, Set approach for set optimization with variable ordering struc-
tures part I: set relations and relationship to vector approach, J. Optim. Theory Appl. 171
(2016), 931-946.

G. Eichfelder and M. Pilecka, Set approach for set optimization with variable ordering struc-
tures part II: scalarization approaches, J. Optim. Theory Appl. 171 (2016), :947-963.

J. Jahn and T. X. D. Ha, New order relations in set optimization, J. Optim. Theory Appl.
148 (2011) ,209-236.

A. A. Khan, Chr. Tammer and C. Zalinescu, Set-Valued Optimization. An Introduction with
Applications. Springer, Heidelberg, 2015.

E. Kébis, Variable ordering structures in set optimization, J. Nonlinear Convex Anal. 18
(2017), 1571-1589.

E. Kobis, Set optimization by Means of variable order relations, Optimization 66 (2017),
1991-2005.

E. Kobis and Chr. Tammer, Characterization of set relations by means of a nonlinear scalar-
ization functional, Modelling, Comp. Optim. Info. Sys. Manag. Sci. Adva. Intel.Sys. Comp.
359 (2015), 491-503.

E. Kobis, Chr. Tammer and J.-C. Yao:, Optimality conditions for set-valued optimization prob-
lems based on set approach and applications in uncertain optimization, J. Nonlinear Convex
Anal. 18 (2017), 1001-1014.

E. Kébis, Th. T. Le, Chr. Tammer and J.-C. Yao, A new scalarizing functional in set opti-
mization with respect to variable domination structures, Appl. Anal. Optim. 1 (2017), 311-326.
E. Kobis, Th. T. Le and Chr. Tammer, A generalized scalarization method in set optimization
with respect to variable domination structures, Vietnam J. Math. 46 (2018), 95-125.

A.Y. Kruger, About regularity of collections of sets, Set-Valued Anal. 14 (2006), 187—206.

B. S. Mordukhovich, Variational Analysis and Generalized Differentiation. Vol. I: Basic theory,
Springer, Berlin, 2006. .

H. V. Ngai and M. Théra, Metric inequality, subdifferential calculus and applications, Set-
Valued Anal. 9 (2001), 187-216.



NECESSARY CONDITIONS FOR SOL. OF SET OPTIMIZATION PROBLEMS W.R.T. V.D.S. 343

[24] J-P. Penot, Cooperative behavior of functions, relations and sets, Math. Methods Oper. Res.
48 (1998), 229-246.

[25] S. Li, J-P. Penot and X. Xue, Codifferential calculus, Set- Valued Var. Anal. 19 (2011), 505-536.

[26] R. T. Rockafellar and R. J-B. Wets, Variational Analysis. Springer, Berlin, 1998.

[27] C. Z&linescu, Convex Analysis in General Vector Spaces. World Scientific, River Edge, 2002.

Manuscript received December 1 2017
revised April 20 2018

E. KOBIS
Martin-Luther-University Halle-Wittenberg, Germany
FE-mail address: elisabeth.koebis@mathematik.uni-halle.de

Tu. T. LE

Martin-Luther-University Halle-Wittenberg, Germany; and

University of Transport and Communications, Viet Nam
FE-mail address: le.thanh-tam@mathematik.uni-halle.de

C. TAMMER
Martin-Luther-University Halle-Wittenberg, Germany
FE-mail address: christiane.tammer@mathematik.uni-halle.de

J.-CH. Yao
Center for General Education, China Medical University, Taichung, Taiwan
E-mail address: yaojc@mail.cmu.edu.tw



