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ABSTRACT. We study the generalized sequential normal compactness conditions
in variational analysis and establish their complete calculus in Asplund spaces; we
also extend the calculus of Mordukhovich generalized differential constructions
utilizing these conditions.

1. INTRODUCTION AND PRELIMINARIES

As variants/generalizations of Lipschitz properties of mappings and sets, sequen-
tial normal compactness conditions play an essential role in the development of
Mordukhovich’s generalized differentiation theory in variational analysis, which is
a very active and fruitful field of mathematics in the past few decades; we refer the
readers to [2,3] as well as [1,10] and references therein for extensive expositions of
the field and its applications.

In this paper we study the generalized sequential normal compactness conditions
introduced in [11] and provide further results following [12] in Asplund spaces,
which are spaces on which every continuous convex function is generically Fréchet
differentiable. The set of Asplund spaces is a very broad class of Banach spaces
containing reflexive spaces, Fréchet smooth spaces, etc. We shall develop complete
calculus rules of the generalized sequential normal compactness conditions for sets
and mappings under various operations, and extend the calculus of Mordukhovich
generalized differential constructions employing these conditions. The readers can
find more discussion of these conditions and results in this direction in general
Banach spaces in [14].

Let X be a Banach space with its dual space X*. For a sequence {x}}32, C X*
and a functional z* € X*, by 2y — 2* (K — o00) we mean that the sequence
converges to z* in the norm topology of X* when k approaches infinity (we often

omit writing k& — oo when no confusion arises), and by z} “S 2* we mean that
the sequence converges to x* in the weak-star topology of X*. Given a nonempty
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subset Q of X with Z € Q and a scaler € > 0, the set N.(;€2) of e-normals of Q) at
Z is defined as

« o -
limsup@fo> < 6},
e ezl

]/\\75(56;9) = {x* e X”

where % 7 means z — 7 with € Q. When 7 is an isolated point, NE(E;Q)
is defined as X*. When e = 0, the set N(z;9Q) := No(z;Q) is called the Fréchet
normal cone.

In the sequel, we often consider products of Banach spaces in the form

(1.1) X=HXJ~, YZHYJ', Z:HZJ’

Jje€JIx JjE€Jy jedz
where m,n,p € N, Jx ={1,--- ,m}, Jy ={1,--- ,n}, Jz ={1,--- ,p}, and X}, Y},
Z; are Banach spaces, respectively. As the main object of the paper, the generalized
sequential normal compactness (GSNC) can be defined as below:

Definition 1.1. Let Ji,Jo C Jx, 2 C X be a nonempty set with & € 2. We say
that Q is generalized sequentially normally compact (GSNC) at & € 2 with respect
to {X; | j € Ji} (or Jy for simplicity) through {X; | j € J2} (or J for simplicity) if

for all sequence ¢, | 0, x, 2 z,and z} = (2], ..., 2} ) € Nek (xk; ), the following
holds:
(1.2) i = 0 (5 & o) = [z, = 0 (j € J1)]

| T = 0 (j € o) T

When X is an Asplund space and the set € is closed around Z, we can equivalently
replace the e-normal cones in Definition 1.1 by the Fréchet normal cones. If J; =
Jx, Jo = (0 in Definition 1.1, then the GSNC reduces to the sequential normal
compactness (SNC) of Q at z; if Jo = Jx\Ji, then the GSNC reduces to the
partial sequential normal compactness (PSNC) of Q at z with respect to Jy; if
Jo = ), then the GSNC reduces to the strong partial sequential normal compactness
(strong PSNC, or SPSNC) of © at z with respect to J;. In this way the GSNC
condition unifies the existing SNC/PSNC/strong PSNC conditions. We refer the
readers to [4,6,7,12-14] or [2] and references therein for more discussions of these
compactness conditions and related notions both in Banach spaces and in Asplund
spaces.

For the subset J; C Jx as in Definition 1.1, and nonempty subsets 1, s of
X, recall that {Q,Q0} is said to satisfy the mixed qualification condition at & €
Q1 N Qy with respect to {X; | j € Ji} (or Ji for simplicity) if for any ¢ | 0,

O Qy _ * T * * nT :
up = T, v S T, uf = (W )jerx € Ney(ug; ), v = (Vjp)jerx € Ney(vg; Q2) with
(uf,vp) = (u*,v*) (k — o0), one has

[ + 05 50 (€ I\1),  wlhy+ 0l =0 (j €)= u =v" =0.

The mixed qualification condition was introduced in [6] for the development of the
calculus of sequential normal compactness conditions. When J; = Jx, the mixed
qualification condition reduces to the limiting qualification condition introduced
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in [5]. Clearly both qualification conditions are implied by the following more re-
strictive normal qualification condition corresponding to the case J; = 0:

N(z; Q1) N [ = N(7;92)] = {0}.

See [5,6] or [2] for further discussions.

We proceed to recall more notions to be used in the paper. By taking the
Painlevé-Kuratowski outer limit of e-normal cones, we obtain the Mordukhovich
normal cone N (Z;§):

N(@:Q) = {a" € X7 | Je L 0,0} > &%,y 5 @ with af € N, (a0 D)}

Let F': X =Y be a set-valued mapping/multifunction. By gph F' we mean the
graph of F', and by ker F' we mean the kernel of F' defined by

ker FF:={x € X |0€ F(x)}.

TheMordukhovich normal coderivative Dy F(Z,y): Y* =2 X* of F' at (Z,y) € gph F’
is defined as

* - * * * W ok xwt i hE
DNF(‘T7y)(y ):: {'CL‘ €X |38k¢0’xk%x 7ykli>l‘ v(wkvyk) gp4> (:Cay)
with (2}, —yi) € Ne, ((zr,yk);gph F) ) Vy* € Y™

If the weak-star-convergence y; N y* in the above definition of D} F(Z,y) is re-
placed by the norm-convergence y; — y*, then we have the Mordukhovich mixed

coderivative D}, F(z,y). If x “ 2* in the above definition of Dy F(z,y) is re-
placed by xj;, — 2*, then we have the Mordukhovich reversed mixed coderivative
Dy F(z,9). _

Letting ¢: X — R := RU {oc0} = (—o0, 0], we denote its epigraph by epip
and assume that ¢(zZ) < oo for some z € X. ¢ is said lower semicontinuous
(Ls.c.) around Z if epiyp is closed around (Z,¢(Z)). Let E,: X = R be a set-
valued mapping specified by the relation gph E, = epi; then the Mordukhovich
subdifferential d¢(7) and singular subdifferential 0°°p(z) of ¢ at T are respectively
defined as

9p(z) := DNE,(Z,0(7))(1), 0%¢(F) := DNE,(Z,¢(7))(0).

The Mordukhovich normal cone, coderivatives, and subdifferentials are funda-
mental notions in variational analysis and its applications; we refer the readers
to [2,3] and references therein for their history, calculus rules, and applications as
well as related topics. Readers can find more development on these notions in [8,9].

For a multifunction F': X = Y with y € F(Z), we say that F' is inner semicon-
tinuous at (Z,y) if for any sequence xy — T with F(x) # 0, there is a sequence
yr € F(xy) such that yx — ¢ (kK — o0). We say that F' is inner semicompact at
z if for any sequence xy — T with F(xp) # 0, there is a sequence yr € F(xy)
that contains a convergent subsequence. We refer the readers to [2] and references
therein for more information about these two notions, and to [8,9] for recent de-
velopment. In the following two sections, when these two conditions are involved,
we only present the results in the case of inner semicompactness, and omit the
corresponding formulations for the case of inner semicontinuity for simplicity; see
Remark 3.9 for more details.
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In the rest of the paper, we develop calculus of the GSNC conditions in Asplund
spaces in section 2, and then establish extended generalized differentiation results
utilizing the GSNC conditions in section 3.

2. GSNC 1IN ASPLUND SPACES

We study preservations of the GSNC properties of sets/mappings under various
set/mapping operations in Asplund spaces in this section. The obtained calculus
rules extend /unify the corresponding results in [4,6]. First we recall the intersection
rule for the GSNC of intersections of sets from [11,12] extending Theorem 3.3 in [6]:

Theorem 2.1. Let X as in (1.1) be a product of Asplund spaces and Qq,Qs C X
be locally closed around T € Q1 N Q. Let Ji1, Jio C Jx with JuNJip =0 (i=1,2)
and J11 U Jo1 = Jx. Suppose that the following assumptions hold:
(i) Q; is GSNC at T with respect to J;1 through Ji (i =1,2);
(ii) Either Qy is strongly PSNC at T with respect to Jaga, or Qg is strongly PSNC
at T with respect to Jio;
(iii) The mized qualification condition with respect to JioUJag holds for {1, Qa}
at T.
Then Q1 N Qs is GSNC at T with respect to J11 N Ja1 through Jio U Jao.

As demonstrated in the remaining part of the section, the intersection rule above
implies many useful calculus results for the GSNC of sets or graphs of mappings.
We first point out two simple cases. Let F;: X = Y, p;: X — R (1 = 1,2) and
consider the mappings F; N Fy: X =Y, max{y1, p2}: X — R defined by
(2.1)

(F1 N Fy)(x) = Fi(x) N Fy(z), max{y1,p2}(r) = max{pi(x),p2(x)} Vre X.
Then we can directly apply Theorem 2.1 to obtain the corresponding GSNC results
for gph(F) N Fy) and epi max{p2, p2} due to the relations

gph(Fy N Fy) = gph F1 Ngph Fy,  epimax{p1, p2} = epiys Nepips.

For simplicity we omit the details (cf. Proposition 4.6 in [6]).
For a multifunction F': X =Y and a set © C Y, the inverse image F~1(6) of ©
under F'is defined as

FlO@)={zecX|F(x)n© #0}.
The following result extends Theorem 3.8 in [6] regarding the normal compactness

of inverse images.

Theorem 2.2. Let F: X = Y be a multifunction with its graph gph F' closed,
© C Y be a closed subset with ¥ € F~Y(0), where X, Y as in (1.1) are products
of Asplund spaces, and let Jx; C Jx, Jy; C Jy (i = 1,2) with Jx1 N Jx2 = 0,
Jy1 N Jys = 0. Assume that the mapping S: X =Y defined by

S(z)=F(x)N® VrelX
is inner semicompact at T, and that for every y € S(Z) the following hold:

(i) gph F' is GSNC at (Z,y) with respect to {X; | j € Jx1} U{Y; | j € Jy1}
through {Xj |j S JXQ} U {Y; |j S Jyg};
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(ii) © is PSNC at y with respect to {Y; | j € Jy\Jy1}, and is strongly PSNC at
this point with respect to {Y; | j € Jya};
(iii) F' and © satisfy the qualification condition

(2.2) N(y;0)Nker Dy F(z,y) = {0}.

Then the inverse image F~1(0) is GSNC at T with respect to {X; | j € Jx1}
through {X; | j € Jx2}.

Proof. Take any sequence ¢, | 0, z — T with x;, € F~1(0), and xy = (x;‘-k)jejx €

Ne, (21 F71(O)) with 2%, — 0 (j € Jx2) and 2% % 0 (j € Jx\Jx2). It suffices
to show that x7, — 0 (j € Jx1) along a subsequence under the assumptions made.
According to the choice of 2, F(25)NO # (. Then by the inner semicompactness of
the mapping S at Z, there is a sequence y; € F'(zx) N O that contains a convergent

subsequence. We may assume, without loss of generality, that yr — y. Then
g € F(z) N © due to the closedness of gph F' and O. Let

Qp:=gphF, Q:=XXx0.

Then both €7 and €y are closed and (z,7) € Q1 N Qy. One can verify by the
definition of e-normal cones that

(2.3) (2},0) € Ny ((z1, 94); Q1 N Qa), k€N,

We see that Q9 is PSNC at (z,§) with respect to {X; | j € Jx}U{Y; | j € Jy\Y1},is
strongly PSNC at this point with respect to {X; | j € Jx2}U{Y} | j € Jy2}, and the
qualification condition (2.2) implies the qualification for {€;,Q2} in Theorem 2.1.
Taking into account assumption (i) on the GSNC property of gph F', we can apply
Theorem 2.1 and obtain z7, — 0 (j € Jx1) by (2.3), which completes the proof. [

Theorem 2.2 reduces to the two cases of Theorem 3.8 in [6] in the following two
special situations: (i) Jx1 = Jx, Jx2 = 0, Jy1 = 0, Jys = Jy; (ii) Jx1 = Jx,
Jxo =0, Jy1 = Jy, Jya = 0. When Y = R in Theorem 2.2, we obtain the GSNC
properties of level sets of scalar functions below, which extends Corollary 3.9 in [6].

Theorem 2.3. Let ¢: X — R with p(z) = 0, where X as in (1.1) is a product of
Asplund spaces, and let Jx1,Jxo C Jx with Jx1 N Jxo = 0. Then the following
assertions hold:
(i) If ¢ is l.s.c. around Z, epip is GSNC at (Z,0) with respect to {X; | j € Jx1}
through {X; | j € Jx2}, and the qualification condition

(2.4) 0 & dp(z)

holds, then the set {z € X | ¢(x) < 0} is GSNC at T with respect to
{X;|j € JIx1} through {X; € Jx2}.

(ii) If ¢ is continuous around Z, gph¢ is GSNC at (z,0) with respect to {X; |
J € Jx1} through {X; € Jxa}, and the qualification condition

(2.5) 0 ¢ 9p(z) UO(—p)(T)

holds, then the set {z € X | ¢(x) = 0} is GSNC at T with respect to
{X;|j € Jx1} through {X; € Jxa}.
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Proof. Case (i) corresponds to Theorem 2.2 with F' = E,, Y = R, and Jy; = Jy,
Jyo = 0; case (ii) corresponds to Theorem 2.2 with F' = ¢, and Jy1 = Jy, Jyg =
0. O

Combining Theorem 2.1 and Theorem 2.3, we can develop results concerning
GSNC properties of the constraint sets

{reX|pi(z) <01 <i<q)pi(r)=0(qg+1<i<qg+r)}

for scalar functions ¢;: X — R with ¢;(z) =0 (1 <i < g+ ), where p,r € N. We
leave the formulations of these results to the readers (cf. Theorem 3.10 in [6]).

We proceed to study preservations of GSNC properties of mappings under addi-
tions.

Theorem 2.4. Let F;: X = Y (i = 1,2) be multifunctions with closed graphs
and §y € (F1 + F»)(Z), where X, Y as in (1.1) are products of Asplund spaces,
and let Jxi,JJxio C Jx, Jyir, Jyio C Jy with Jx11 U Jx21 = Jx, Jxi1 N JIxi2 =
JyinNdyia =0 (i =1,2). Assume that the mapping S: X xY =Y x Y defined by

S(z,y) ={(y1,y2) €Y xY|y1 € Fi(x),y2 € Fa(x),;n +y2 =y} V(z,y) € X XY

is inner semicompact at (Z,y), and that for every (g1,92) € S(Z,y) the following
hold:
(i) gph F; is GSNC at (z,y;) with respect to {X; | j € Jxii} U{Yj | j € Jyir}
through {Xj ’j € JXZ'Q} U {}/j ’j S Jy,’g} (Z =1,2);
(ii) FEither gph Fy is strongly PSNC' at (Z,y1) with respect to {X; | j € Jxa2},
or gph Fy is strongly PSNC' at (Z,y2) with respect to {X; | j € Jx12};
(i) Fi, Fy satisfy the qualification condition

(2.6) DN Fi(2,91)(0) N [ = DY Fa(Z, 52)(0)] = {0}

Then gph(F1 + F3) is GSNC at (z,y) with respect to {X; | j € Jx11 N JIx21}U{Yj |
jeJynn U Jygl} through {Xj ’j € Jx12 U JXQQ} U {Y] |j € Jy1a U JYQQ}.

Proof. 1t is sufficient to show that for any sequence e | 0, (g, yx) — (Z,y) with
Yk € (F1 + F2)(z), and zf = (25 )jeux, Yk = (Yjk)jes With
(2.7) (@}, yk) € Ney ((z1, yr); gPh(Fy + F))

and 27, — 0 (j € Jx12UJx22), 7, 50 (j ¢ Jx12UJx22), Yok = 0(j € Jy12Udya),
Yok %0 (§ ¢ Jy12 U Jyag), one has
(2.8) i = 0(j € Ixnn NJxa1,  Yjr — 0(j € Jy11 U Jyar)

along some subsequence. By the choice of (2, yx), S(zk, yx) # 0. Since the mapping
S is inner semicompact at (Z, %), there exists a sequence (Y1, yor) € S(zk, yx) that
contains a convergent subsequence. We may assume, without loss of generality, that
(y1k,y2r) — (U1,72). It follows that (g1,92) € S(Z,y) because gph Fy, gph F, are
closed. Construct the sets 21, C X X Y x Y such that

Q; = {(z,u1,u2) € X XY xY |u; € Fi(x)} (i =1,2).
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Clearly these two sets are closed, (Z,91,72) € Q1 N9, and one can verify directly
by the definition of e-normal cones that (2.7) implies

(2.9) (%Z,y:,y;) € Nak((xk,ylk,ygk);ﬂ1 ﬂQQ), k € N.
By the structures of 21, 29 and the GSNC assumptions on Fj, Fy, it follows that

(i) 1 is GSNC at (Z, 71, y2) with respect to {X; | j € Jxui}, {Y; | j € Sy}
in the first Y-component in X x Y x Y, and the second Y-component in
X xY x Y through {X; | j € Jxi2} and {Y; | j € Jyi12} in the first
Y-component in X x Y xY;

(ii) Q9 is GSNC at (Z,y1,y2) with respect to {X; | j € Jxa1}, the first Y-
component in X x Y x Y, and {Y; | j € Jy21} in the second Y-component
in X xY xY through {X; | j € Jx2} and {Yj | j € Jya} in the second
Y-component in X XY xY;

(iii) Either © is strongly PSNC at (Z, 71, 72) with respect to {X | j € Jx22} and
{Y; | j € Jy22} in the second Y-component in X XY x Y, or Qy is strongly
PSNC at (z, y1,%2) with respect to {X; | j € Jxi2} and {Y; | j € Jy12} in
the first Y-component in X xY x Y;

(iv) the qualification condition (2.11) implies the qualification condition (iii) in

Theorem 2.1.
Therefore we can apply Theorem 2.1 and obtain from (2.9) that (2.8) holds. The
proof is complete. O

When Jx11 = Jx21 = Jx, Jx12 = Ix22 = 0, Jy11 = Jya1 = Jy, Jyiz = Jye =
(), Theorem 2.4 reduces to Theorem 4.4 in [6]. Note that the qualification condition
(2.6) corresponds to the normal qualification condition of gph F;, which can be
replaced by a more delicate condition involving the mixed qualification in terms of
normal cones of gph F; (i = 1,2). In the case Jy11 = Jyo1 =0, Jy12 = Jyo = Jy,
we can improve (2.6) to (2.10) using the mixed coderivatives of F; (i = 1,2) in the
following result.

Theorem 2.5. Let F;: X =Y (i = 1,2) be multifunctions with closed graphs and
gy € (F1 + F2)(Z), where X, Y as in (1.1) are products of Asplund spaces, and let
JIxit, Jxiz C Jx with Jx11 U Jxo1 = Jx, Jxi1 NJIxio =0 (i = 1,2). Assume that
the mapping S: X XY =Y XY defined in Theorem 2.4 is inner semicompact at
(Z,9), and that for every (y1,7y2) € S(z,y) the following hold:
(i) gph F; is GSNC at (z,7y;) with respect to {X; | j € Jxin} through {X; | j €
Ixip} U{Yj lj e Jy} (1=1,2);
(ii) FEither gph Fy is strongly PSNC at (Z,%51) with respect to {X; | j € Jxa2},
or gph Iy is strongly PSNC' at (Z,%2) with respect to {X; | j € Jx12};
(iii) F1, Fy satisfy the qualification condition

(2.10) Dy Fi(z,51)(0) N [ — D3, F2(Z,52)(0)] = {0}.

Then gph(F1 + F») is GSNC at (z,y) with respect to {X; | j € Jx11NJx21} through
{XjjeIxi2UJdxn}tU{Y;|je€ v}

Proof. The proof is similar to the proof of Theorem 2.4 (for the case Jy11 = Jy91 =
0, Jy12 = Jyoe = Jy) except we can directly check that the qualification condition
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(2.10) implies the qualification condition (iii) in Theorem 2.1 for the set system
{4,Q9} defined in the proof of Theorem 2.4 at (&, 41, y2).. O

We single out a special case (Jx12 = Jx22 = @) of Theorem 2.5 which gives a
natural extension of Theorem 4.1 in [6] (corresponding to the case Jx1 = Jx2 = Jx
below):

Theorem 2.6. Let F;: X =Y (i =1,2) be multifunctions with closed graphs and
g € (F1 + F»)(Z), where X, Y as in (1.1) are products of Asplund spaces, and let
JIx1, Jxo C Jx with Jx1UJxe = Jx. Assume that the mapping S: X XY Y xY
defined in Theorem 2.4 is inner semicompact at (Z,7), and that for every (yi,y2) €
S(z,y) the following hold:

(i) gph F; is GSNC at (z,y;) with respect to {X; | j € Jx;} through {Y; | j €

Jy} (i=1,2);
(il) F1, Fy satisfy the qualification condition
(2.11) Dy Fi(z,51)(0) N [ = Dy Fa(2,52)(0)] = {0}.

Then gph(F1 + F») is GSNC at (Z,7y) with respect to {X; | j € Jx1 N JIxa2} through
{Yjljelv}

In the case of L.s.c. scalar functions, we have the following corollary of Theorem 2.4
or Theorem 2.5 by setting F; = E,, (i =1,2).

Theorem 2.7. Let ¢;: X — R be Ls.c. functions around & € X with p(T) < oo
(i=1,2), where X as in (1.1) is a product of Asplund spaces, and let Jx;1, Jxi2 C
Jx with Jx11 U Jx91 = Jx, Ixi1t N JIxi2 = 1] (’L = 1,2). Assume that
(i) epipi is GSNC at (z,¢;(z)) with respect to {X; | j € Jxi1}} through {X; |
Jj € Jxie} (i=1,2);
(ii) either epip is strongly PSNC' at (Z,1(Z)) with respect to {X; | j € Jxa2},
or epi sy is strongly PSNC' at (Z,p2(Z)) with respect to {X; | j € Jx12};
(iii) @1, w2 satisfy the qualification condition

(2.12) %p1(Z) N [~ 0%p2(7)] = {0}.
Then epi(p1 + p2) is GSNC at (Z,7) with respect to {X; | j € Jx11NJIx21} through
{X; 7€ Jx12Uxa}.

When Jx12 = Jx22 = 0, Theorem 2.7 reduces to the following result extending
Corollary 4.3 in [6].

Theorem 2.8. Let p;: X — R be l.s.c. functions around & € X with p(z) < oo
(i=1,2), where X asin (1.1) is a product of Asplund spaces, and let Jx1,Jx2 C Jx
with Jx1 U JJx9 = Jx. Assume that

(i) epiy; is strongly PSNC at (Z,¢;(Z)) with respect to {X; | j € Jxi} (i =
1,2);
(ii) @1, w2 satisfy the qualification condition
(2.13) 9%p1(z) N [ - 8%pa(z)] = {0}.

Then epi(p1 + p2) is strongly PSNC at (z,7) with respect to {X; | j € Jx1 N Jx2}.
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In the case of continuous scalar functions, we have the following corollary of
Theorem 2.4 or Theorem 2.5 in the case F; = ¢; (i = 1,2).

Theorem 2.9. Let ¢;: X — R be continuous functions around € X (i = 1,2),
where X as in (1.1) is a product of Asplund spaces, and let Jxi1,JJxie C Jx with
Ix11 U JIxo1 = Jx, Ixit N Jx0 = 0 (Z = 1,2). Assume that
(i) gphy; is GSNC at (z,¢;(z)) with respect to {X; | j € Jxi}} through
{X; 17 € Jxe} (i=1,2);
(ii) either gph ey is strongly PSNC' at (Z, p1(Z)) with respect to {X; | j € Jxa2},
or gph o is strongly PSNC' at (Z,p2(Z)) with respect to {X; | j € Jx12};
(iii) @1, w2 satisfy the qualification condition

(2.14) [0%p1(Z) U™ (—p1)(T)] N [ = (0%p2(T) U™ (—2)(7))] = {0}.

Then gph(aip1 + aspa) is GSNC at (Z,y) with respect to {X; | j € Jx11 N JIxa1}
through {X; | j € Jx12 U Jx22} for any a1, a0 € R.

When Jx12 = Jx29 = 0, Theorem 2.9 reduces to the following result extending
Corollary 4.5 in [6].

Theorem 2.10. Let p;: X — R be continuous functions around T € X (i = 1,2),
where X as in (1.1) is a product of Asplund spaces, and Jx1, Jx2 C Jx with Jx1 U
Jxo = Jx. Assume that
(i) gph; is strongly PSNC' at (Z,¢;(Z)) with respect to {X; | j € Jxi} (i =
1,2);
(ii) @1, w2 satisfy the qualification condition

(2.15) [0%¢1(2) U™ (—p1)(@)] N [ = (0%p2(T) U™ (—p2)(2))] = {0}
Then gph(aip1 + aps) is strongly PSNC at (Z,y) with respect to {X; | j € Jx1 N
Jxa} for any aq, a0 € R.

Next we establish the GSNC calculus for compositions of mappings.

Theorem 2.11. Let G: X = Y and F: Y = Z be multifunctions with closed
graphs and z € (F o G)(Z), where X, Y, Z as in (1.1) are products of Asplund
spaces, and let Jx; C Jx, Jyi1,Jyia C Jy, Jzi C Jz (i = 1,2) with Jx, N Jx, =
Jy11 NJy1e = Jyo1 N Jyos = Jz1 N Jz0 = 0, Jy11 U Jysr = Jy. Assume that the
mapping S: X X Z =Y defined by
S(x,2)=Gx)NF 1 (2) VY(z,2) e X xZ
is inner semicompact at (Z,z), and that for every y € S(z,z) the following hold:
(i) gph G is GSNC at (z,y) with respect to {X; | j € Jx1} U{Y; | j € Jy11}
through {Xj | j € Jxa} U {Yj | 7 € Jy12};
(ii) gph F' is GSNC at (y,z) with respect to {Y; | j € Jya} U{Z; | j € Jz1}
through {Yj |je JyQQ} U {Zj ’j S JZQ};
(iii) Either gph G is strongly PSNC' at (z,y) with respect to {Y; | j € Jya2}, or
gph F' is strongly PSNC' at (y, zZ) with respect to {Y; | j € Jy12}.
(iv) F, G satisfy the qualification condition

(2.16) D% F (5, 2)(0) Nker D% G(z, 5) = {0}
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Then gph(F o G) is GSNC at (z,Z) with respect to {X; | j € Jx1}U{Z;|je€ Jn}
through {Xj | j € Jxa} U{Zj | j € Jza}.

Proof. 1t suffices to show that for any sequence e | 0, (zx,2r) — (Z,Z) with
(k, 2) € gph(F o G), and x} = (:c;k,)jejx, 2p = (Z;k)jejz with

(2.17) (x5, 21) € ﬁgk ((xk, 21); gph(F 0 G))

and %, = 0 (j € Jxa), 25, = 0 (J € Jz2), @l = 0 (j ¢ JIx2), 25 = 0 ( & Jz2),
one has

along some subsequence. By the choice of (xy, zx), S(x, 2x) # 0. According to the
semicompactness assumption on S, there is a sequence y € S(z, 2;) containing a
convergent subsequence. Without loss of generality, we assume y, — y. Because
gph G, gph F' are closed, it follows that § € S(z,z). Consider closed sets 1, C
X XY x Z defined by

Q1 :=gphG x Z, Q9:=X X gphF;

then (Z,7, z) € Q1N and it can be verified by (2.17) and the definition of e-normal
cones that

(2.19) (25,0, 2) € Ney (T, Uy 21); 1 N Qa), k€N

By the structures of Q; and Qy, ©; is GSNC with respect to {X; | j € Jx1} U{Y; |
J€JIyntU{Z;|j€ Jz} through {X; [ j € Jx2} U{Y; [ j € Jy12} at (2,7, 2), o
is GSNC with respect to {X; | j € Jx} U{Yj |j € Jya} U{Z; | j € Jz1} through
{Yj | je JyntU{Z |je Jz} at (Z,7,2), and either Q; is strongly PSNC at
(Z,9, Z) with respect to {Y; | j € Jyaa} U{Z; | j € Jz2}, or Qs is strongly PSNC
at (z,7,z) with respect to {X; | j € Jx2} U{Y; | j € Yia}; also (2.16) implies
the qualification condition (iii) in Theorem 2.1. Applying Theorem 2.1 to the set
system {1,Q2} at (Z,7, 2), we obtain (2.18) by (2.19) and completes the proof. [

When Jx1 = Jx, Jy12 = Jya1 = Jy, Jz1 = Jz, and Jx2 = Jy11 = Jyss = Jz2 =
(), Theorem 2.11 reduces to the first case of Theorem 5.4 in [6]; when Jx1 = Jx,
Jynn = Jyz = Jy, Jz1 = Jz, and Jxa = Jy12 = Jy21 = Jz2 = (), Theorem 2.11
reduces to the second case of Theorem 5.4 in [6]; in this way, the two cases of the
latter theorem is unified. When Jz; = (), Jz2 = Jz, we can improve the qualification
(2.16) in terms of the mixed coderivative of F' as below. The proof is similar except
that we need to directly check that (2.20) implies the qualification condition (iii) in
Theorem 2.1 for the set system {Q;,} defined in the proof of Theorem 2.11 at
(2,9, 2).

Theorem 2.12. LetG: X =Y and F: Y = Z be multifunctions with closed graphs
and z € (FoQG)(z), where X, Y, Z asin (1.1) are products of Asplund spaces, and let
Ixi C Jx, Jyit, Jyia C Jy (i = 1,2) with Jx,NJx, = Jy11NJy12 = Jya1NJy2e = 0,
Jy11UJdyae1 = Jy. Assume that the mapping S: X X Z =2'Y defined in Theorem 2.11
is inner semicompact at (Z,z), and that for every y € S(z,z) the following hold:
(i) gph G is GSNC at (z,y) with respect to {X; | j € Jx1} U{Y; | j € Jyu1}
through {X; | j € Jx2} U{Y; | j € Jy12};
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(ii) gph F' is GSNC at (y, z) with respect to {Y; | j € Jya1} through {Y; | j €
Jya} U{Z; | j € Jz};

(iii) Either gph G is strongly PSNC' at (Z,y) with respect to {Y; | j € Jyaa}, or
gph F' is strongly PSNC' at (y, Z) with respect to {Yj | j € Jy12}.

(iv) {F, G} satisfies the qualification condition

(2.20) Dy F(y,2)(0) Nker DNG(Z,9) = {0}.

Then gph(F o G) is GSNC' at (Z, z) with respect to {X; | j € Jx1} through {X; |
JjE JXQ}U{Z]‘ ’j € Jz}.

When JX1 = Jx, Jy12 = JY21 = Jy, and JX2 = Jy11 = <]Y22 = @, Theorem 2.12
reduces to the first case of Theorem 5.1 in [6]; when Jx; = Jx, Jy11 = Jy =
Jy, and Jx2 = Jy12 = Jy21 = 0, Theorem 2.12 reduces to the second case of
Theorem 5.1 in [6].

To conclude this section, we provide a corollary of Theorem 2.12 (or Theo-
rem 2.11) when F is a scalar function and G is single-valued. This result extends
Corollary 5.3 in [6].

Theorem 2.13. Let g: X — Y be a continuous function around * € X, and
©:Y — R be an ls.c. function around § := g(Z), where X, Y as in (1.1) are
products of Asplund spaces, and let Jx; C Jx, Jyi1,Jyie C Jy (i = 1,2) with
Ix, NJx, = Jy11 Ndyiz = Jya1 N Jyae = @, Jy11 U Jyor = Jy. Assume that the
following hold:
(i) gphyg is GSNC at (z,y) with respect to {X; | j € Jx1} U{Y; | j € Jy11}
through {X; | j € Jx2} U{Yj | j € Jy12};
(ii) epip is GSNC at (y, p(y)) with respect to {Y; | j € Jyar} through {Y; | j €
Jyaa};
(ili) Either gphg is strongly PSNC at (Z,y) with respect to {Y; | j € Jyaa}, or
epip is strongly PSNC at (y, Z) with respect to {Y; | j € Jyi2}.
(iv) g, ¢ satisfy the qualification condition

(2.21) 9%¢(y) Nker Dyg(7,y) = {0}.
Then epi(p o g) is GSNC at (Z,z) with respect to {X; | j € Jx1} through {X; | j €
JIxa}.

Proof. The theorem reduces to the case G = g, I' = E,, and Z = R of Theorem 2.12.
O

3. GSNC AND GENERALIZED DIFFERENTIATION

The generalized sequential normal compactness opens the door to extended gen-
eralized differential calculus involving Mordukhovich constructions for sets and set-
valued mappings. In fact, an improved exact extremal principle was established
in [12], where it also contains the extended intersection rule as below.

Theorem 3.1. Let X as in (1.1) be a product of Asplund spaces, nonempty sets
01,92 C X be locally closed around T € Q1 N Qo, and J; (i = 1,2,3,4) form a
partition of Jx. Suppose that the following assumptions hold:
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(i) Q1 is GSNC at & with respect to Jo U Jg through Ji, and Q9 is GSNC' at &
with respect to J1 U Jy through Jo;
(ii) either Qq is strongly PSNC' at T with respect to Jo, or Qo is strongly PSNC
at T with respect to Ji;
(iii) The limiting qualification condition holds for {Q21,Q2} at .

Then one has the inclusion
(3.1) N(i’;Ql ﬂQg) C N(f;Q1)+N(f;Qg).

In the remaining part of the section, we establish calculus rules, mostly based
on Theorem 3.1, involving Mordukhovich generalized differential constructions of
sets, set-valued mappings, and scalar functions. These results can be justified using
similar schemes as for the cases of GSNC calculus in section 2, and we omit these
proofs for simplicity (cf. the proofs of corresponding results in [5]). The obtained
calculus extend the corresponding cases of the general results in [5] involving a
topology 7. Actually results in this section can be extended to this general case
with the topology 7 naturally, and we omit the details. First we present the rule
for inverse images under set-valued mappings.

Theorem 3.2. Let F': X = Y be a multifunction with a closed graph, © C Y be
a closed subset with T € F~Y(©), where X, Y as in (1.1) are products of Asplund
spaces, and let Jy; C Jy (i = 1,2) withJy1 N Jyo = 0. Assume that the mapping
S: X ==Y defined in Theorem 2.2 is inner semicompact at T, and that for every
g € S(x) the following hold:
(i) gph ' is GSNC' at (Z,y) with respect to {Y; | j € Jy1} through {X; €
Ix}U{Yj | j € Jya};
(ii) © is PSNC at y with respect to {Y; | j € Jy\Jy1}, and is strongly PSNC at
this point with respect to {Y; | j € Jya};
(iii) F' and © satisfy the qualification condition

(3.2) N(;©) Nker D}, F(z,7) = {0}.
Then
(3.3) N(z;F71(0)) C U Dy F(z,5)(y").

JEF(Z)NO,y*EN(5;0)

Next we provide the rule for the coderivatives of sums of set-valued mappings.
Note that the case for mixed coderivative (i.e., D* = D7},) can not be derived from
Theorem 3.1; it can be proved directly using the set system {€Q;, s} defined in the
proof of Theorem 2.4 following the scheme of the proof of Theorem 3.1 in [12].

Theorem 3.3. Let F;: X =Y (i = 1,2) be multifunctions with closed graphs and
g € (Fy + F»)(x), where X, Y as in (1.1) are products of Asplund spaces, and
let Jx; C Jx (i = 1,2,3,4) form a partition of Jx. Assume that the mapping
S: X xY =Y xY defined in Theorem 2.4 is inner semicompact at (Z,y), and that
for every (g1,92) € S(Z,y) the following hold:

(i) gph F1 is GSNC at (Z,y1) with respect to {X; | j € Jx2 U Jx3} through
{Xjljedxitul{Yjljedv);
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(ii) gph Fy is GSNC' at (Z,y2) with respect to {X; | j € Jx1 U Jxa} through
{X; 7€ Ix2bU{Y;|j€ v

(iii) Either gph Fy is strongly PSNC at (Z,%1) with respect to {X; | j € Jxa}, or
gph I is strongly PSNC' at (Z,%2) with respect to {X; | j € Jx1};

(iv) Fy, Fy satisfy the qualification condition

(34) Dy Fi(z,51)(0) N [ = Dy Fa(,52)(0)] = {0}.
Then for all y* € Y™, and for D* = Dy or D},

(35) D'(FR+R)Eny)c | ([DFR@Ea)y) + D Rz 5)(y)].
(71,52)€S(Z,9)

When Jx1 = Jxo2 = 0, Theorem 3.3 reduces to the following result which does
not have the strong PSNC assumptions and the assumptions on F; and F> are
symmetric.

Theorem 3.4. Let F;: X =Y (i = 1,2) be multifunctions with closed graphs and
gy € (F1 + F2)(Z), where X, Y as in (1.1) are products of Asplund spaces, and let
Jxi CJx (i=1,2) with Jx1UJx2 = Jx, Jx1NJx2 = 0. Assume that the mapping
S: X xY =Y xY defined in Theorem 2.4 is inner semicompact at (Z,y), and that
for every (y1,92) € S(Z,y) the following hold:

(i) gph F; is GSNC at (Z,y;) with respect to {X; | j € Jx;} through {Y; | j €

Jy} (i=1,2);
(ii) F1, Fy satisfy the qualification condition
(3.6) Dy Fi(z,51)(0) N [ = Dy Fa(,52)(0)] = {0}.

Then for all y* € Y*, and for D* = D% or D},

(3.7) D*(F1+ F»)(Z,9)(y") C U [D*Fy(z,51)(y*) + D*Fa(Z, 2)(y")].
(1,52)€5(2,9)
When F; = E,, for scalar function ¢; (i = 1,2), Theorem 3.3 reduces to the
following subdifferential sum rule.

Theorem 3.5. Let p;: X — R (i = 1,2) be L.s.c. functions around & € X, where
X asin (1.1) is a product of Asplund spaces, and let Jx; C Jx (i =1,2,3,4) form
a partition of Jx. Assume that the following hold:
(i) epigy is GSNC at (z,¢1(Z)) with respect to {X; | j € Jx2 U Jx3} through
{X5 7€ Jx1};
(ii) epiya is GSNC' at (Z,¢2(T)) with respect to {X; | j € Jx1 U Jxa} through
{X5|J € Jxa};
(iii) Fither epip is strongly PSNC' at (Z,¢1(Z)) with respect to {X; | j € Jxa},
or epi g is strongly PSNC' at (Z,¢2(Z)) with respect to {X; | j € Jx1};
(iv) @1, @2 satisfy the qualification condition

(3.8) I®p1(z) N [ — 0%pe(z)] = {0}
Then

(3.9) O(p1 + 92)(Z) C Op1(Z) + Ip2(T),
(3.10) 0%(p1 + p2)(Z) C 0%p1(Z) + 0% pa(Z),
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When Jxi = Jx2 = 0 in Theorem 3.5, we have the following corollary.

Theorem 3.6. Let ¢;: X — R (i = 1,2) be lower semicontinuous and around
z € X, where X as in (1.1) is a product of Asplund spaces and Jx; C Jx (i=1,2)
with Jx1 U Jxo = Jx, Jx1 NJxo = 0. Assume that the following hold:

(i) epiy; is strongly PSNC at (Z,;(Z)) with respect to {X; | j € Jx;} (i =

1,2);
(ii) @1, w2 satisfy the qualification condition
(3.11) 0%p1(z) N [~ 0%p2(7)] = {0}.
Then
(3.12) A1+ ¢2)(T) C 0p1(T) + Opa(T),
(3.13) 9% (p1 + 2)(T) C 0%p1(T) + 0% pa(T),

To conclude the paper, we provide the chain rule for coderivatives of compositions
of set-valued mappings. The case D* = D}, can be derived from Theorem 3.1, while
the case D* = D7}, can be proved directly using the set system {2, 2} defined in
the proof of Theorem 2.11 following the scheme of the proof of Theorem 3.1 in [12].

Theorem 3.7. Let G: X =Y and F: Y =% Z with closed graphs and zZ € (F o
G)(z), where X, Y, Z as in (1.1) are products of Asplund spaces and Jy; C Jy
(i =1,2) with Jy1NJys = 0, Jy1UJys = Jy. Assume that S: XxZ =Y defined in
Theorem 2.11 is inner semicompact at (Z,z), and that for every y € G(z) N F~1(2)
the following hold:
(i) gph G is GSNC at (Z,y) with respect to {Y; | j € Jy1} through {X; | j €
JX};
(ii) gph F'is GSNC at (y, Z) with respect to {Y; | j € Jya} through{Z; | j € Jz};
(iii) {F, G} satisfies the qualification condition

(3.14) D} F(y.2)(0)n [~ Dy G~ (5,2)(0)] = {0}.

Then for all z* € Z* and for D* = DY or Dy,

(3.15) D*(FoG)(z,2)(z") C |J [DrG(E 7)o DF(7,2)(z")].
yeS(Z,2)

Remark 3.8. By Theorem 3.1 and the relations in (2.1), it is possible to derive
formulas for coderivatives of intersections of mappings, and subdifferentials of max-
ima of scalar functions; we omit the details (cf. Proposition 3.20 and Theorem 3.46
in [2]).

Remark 3.9. For those results in section 2 and 3 involving the inner semicompact-
ness, we can also establish the corresponding versions involving the inner semiconti-
nuity. They are similar with similar proofs, and we omit these results for simplicity.
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