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GENERIC CONVERGENCE OF SEQUENCES OF SUCCESSIVE
APPROXIMATIONS IN BANACH SPACES

VARIATIONS ON A THEME OF FRANCESCO S. DE BLASI

CHRISTIAN BARGETZ AND SIMEON REICH

ABSTRACT. We study the generic behavior of the method of successive approx-
imations for set-valued mappings in Banach spaces. We consider, in particular,
the case of those set-valued mappings which are defined by pairs of nonexpansive
mappings and give a positive answer to a question raised by Francesco S. de Blasi.

1. INTRODUCTION

In view of the absence of Brouwer’s fixed point theorem for bounded, closed
and convex subsets of infinite-dimensional Banach spaces, there has been consider-
able interest in studying generic existence of fixed points of nonexpansive mappings
defined on such sets. In [5] F. S. de Blasi and J. Myjak show that a generic nonex-
pansive self-mapping f of a bounded, closed and convex subset of a Banach space
has a fixed point and that this fixed point can be found by first choosing an ar-
bitrary starting point zp and then using the iterative steps zxr1 = f(x), where
k= 0,1,2,.... Since in the case of Hilbert spaces, it is also shown in [5] that a
typical nonexpansive mapping has the maximal possible Lipschitz constant, namely
1, the question of which fixed point result is behind this generic convergence result
also arose. The result regarding the smallness of the set of strict contractions (that
is, of those mappings the Lipschitz constant of which is strictly less than 1) was later
generalized to Banach spaces in [1] and to more general settings, including some
classes of set-valued mappings, in [2]. An answer to the question of what is behind
the generic convergence was given by A. Zaslavski and the second author in [10],
where they show that a typical nonexpansive mapping f on a bounded, closed and
convex subset D of a Banach space is contractive in the sense of Rakotch [9], that
is, there is a decreasing function ¢: (0,00) — [0, 1) such that

1 () = fWI < oz = ylDllz -yl
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for all z,y € D. This result has been generalized in [6] and [7] to set-valued mappings
the point images of which are closed subsets of their domains of definition. Recall
that given a bounded, closed and convex subset D of a Banach space X and a
mapping
F: D — 2P\ {0},

an element = € D is called a fixed point of F' if it belongs to its image under F', that
is, if it satisfies © € F'(z). The proofs of these results use iterations of a mapping
defined on suitable hyperspaces. More precisely, let B(D) be a hyperspace of cer-
tain nonempty and closed subsets of D, and let F': D — B(D) be a nonexpansive
mapping. Then the mapping

F:B(D)—BD), A~ ] F(2),
z€A
is considered. Thus, in some sense the problem is “lifted” from a set-valued mapping
to a single-valued self-mapping of a certain hyperspace. A different approach to this
problem is taken in [4] and [8]. In the particular case of set-valued mappings which
are defined by pairs of nonexpansive single-valued mappings, an iteration of the
form

(1.1) x9 € D, Tpt1 € argmin{|ly — zx||: y € F(zr)}, k€N,

is considered. In the case where D is a bounded, closed and convex subset of a
Hilbert space, the authors consider these mappings as elements of the space

M= {{f,9}: f,9: D — D with Lip f <1},

which is equipped with the Hausdorff distance inherited from the space of nonex-
pansive self-mappings endowed with the metric of uniform convergence. Here and
in the sequel we denote by Lip f the Lipschitz constant of a mapping f. It is shown
there that given a fixed initial point xg, the set of those nonexpansive mappings
for which the sequence in (1.1) is unique and converges is a residual subset of M.
In [4], F. S. de Blasi raises the question of whether this result is still true in general
Banach spaces. The main difference between the Banach space case and the Hilbert
space case is that in the former the Kirszbraun-Valentine extension theorem, on
which the proofs in [4, 8] are based, is no longer available. One of the goals of the
present paper is to give a positive answer to this question. We remark in passing
that a detailed overview of the genericity approach and its applications to nonlinear
analysis can be found in the book [11].

Since the set-valued mappings considered in this paper are of the form {f, g},
where both f,g: D — D are nonexpansive (single-valued) mappings, there seem to
be at least two natural metrics on the space M: the Hausdorff distance and the
metric of uniform convergence. The former was used in [4, 8], whereas the latter
is the one used in the results on generic existence of fixed points for set-valued
mappings mentioned above. We compare these two metrics and show that for both
of them, the results of [4, 8] can be generalized to the Banach space setting. We
emphasize that our goal in the present paper is not to find a fixed point of the
mapping f or g, which could be done by considering both of them independently,
but to work towards an understanding of the generic behavior of the method of
successive approximations for set-valued mappings.
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Mappings of the form
X —=2X\0, 2w {fi(x):icl(2)},

where each f; is a nonexpansive mapping and I(xz) C I, where I is a finite index
set, have also been recently considered by M. Tam and others in the context of local
convergence analysis of iterative methods; see, for example, [12, 3].

In the sequel X is always a Banach space and D C X is a bounded, closed and
convex set. We moreover assume that D contains more than one element. By h we
denote the Hausdorff distance on 27\ {(}.

2. SOME AUXILIARY RESULTS FOR SINGLE-VALUED MAPPINGS

In order to analyze the set-valued case, we first need a number of auxiliary results
regarding the single-valued case. Some of these results might be of independent
interest.

Lemma 2.1. Let f: D — D be a non-constant, nonexpansive mapping with a fired
point & € D. Then for each € > 0, there is a strict contraction ¢: D — D which
is e-close to f, but has a different fixed point. Moreover, this strict contraction
satisfies Lip < Lip f.

Proof. Given ¢ > 0, choose y € D with 0 < [|{ —y|| < € and 0 € (0,1) with
0 < Famp- We define : D — D by
pla) =o0y+(1-0)f(x), €D,

and observe that

Lipp=(1-4)Lipf and  |f(z) =)l =dly - f(=)] <e.
Moreover, since

le(€) =&l = dllE =yl >0,

it is clear that £ is not a fixed point of . Since according to Banach’s fixed point
theorem, ¢ has a unique fixed point, it follows that ¢ has a fixed point n # &, as
asserted. O

We denote by
MYy ={f:D—=D: Lipf <1}

the space of nonexpansive self-mappings of D equipped with the metric of uniform
convergence,

doo(f, 9) = sup [|f () = g(2);

S

which turns M into a complete metric space.

Lemma 2.2. Let f: D — D be nonexpansive. Then for each € > 0, there are a
number Oy > 1 and a nonexpansive mapping ¢: D — D such that doo(f, ) < € and

(2.1) Op(x)+ (1 —0)xr €D

for every 0 < 0y and oll x € D. If f is a strict contraction, then so is .
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Proof. For each t € (0,1), define a mapping ¢;: D — D by
or(x):=(1—-t)x+tf(x) for xe€ D.
Note that the convexity of D guarantees that ¢; is well defined. Moreover,

lee(x) — e(y)l| < (1 —=t)||lz —yl| + tLip fllz — y|| = pllz -yl

for all x,y € D, where p := (1 —t) + ¢t Lip f. Observe that u < 1 always holds and
that © < 1 whenever Lip f < 1. For a fixed ¢t € (0,1), we have

Tt %((pt(x) _ %)= f(x) €D

for all x € D. Therefore we can set ¢ := @; and 6 := % Finally, we choose ¢ close
enough to 1 so that (1 —t)diam D < ¢ and observe that

le(@) = f(@)[| = A =)z = flo)| < (1 -t)diam D < e
for all x € D. This completes the proof of the lemma. O

Lemma 2.3. Let f: D — D be a strict contraction and let 8y > 1 be so that
Of(z)+ (1 —60)x € D for every x € D and every 6 < 6. Moreover, let n € D and
o € (0,1]. Then for every € > 0, there is a strict contraction f: D — D such that

doo(f, f) <¢,
(2.2) f(z) = f(z) fora € D\ B(n,0) and f(n)= f(n)+c(f(n)—n)

for some ¢ > 0.

Proof. Given € > 0 and o > 0, we set

_ . f1-Lip(f) & 6—1
(2.3) o= mm{ 1 99 95 }
and
. o
@) o) = st ool min o -

The function -y satisfies

1
[7lloe = ormin {17 }
* TOETES

Lipy) =min o e -

and

We define f by

(2.5) f(@) == f(&) +y(z)(f(z) —x), weD.
Note that

f(@) = f(z) +y(2)(f(z) —2) = 1+ 7(2))f(2) = y(z)z
= () f(z) + (1 = pla))z,
where p(x) =14+ ~v(z) > 1 and p(x) < bp.
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The calculation

[F(z) = F@)|| = 11 (@) + 7 (@) (f(2) = 2) = f(y) =) (f(y) = )]
< |f(@) = FWll + (@) = W)l f () — 2] + 2 @)z =y
< ||z — yl|(Lip(f) + Lip(v)(20 + [|f (n) = nll) + 2[l7[l0)
< |l = yll(Lip(f) + o + 200)
< [l = yl|(Lip(f) + 3a)
shows that Lip(f) < (Lip(f) +3a) <1—a < 1.
Using the fact that the support of 7 is contained in B(n, o), we get
1F(2) = f@)l = (@)l f(2) — x| < v(@)2]le—nl + | f(n) —nl)
<7y(@) 20+ |[f(n) —nl)) Soa<e.
Finally, note that by construction,
(i@ v ¢ B(n,0)
(26) i) {ﬂm+wmmum»—m =1
O

Lemma 2.4. Lete > 0, and let f: D — D and g: D — D be strict contractions
with (unique) fixed points & and n, respectively. If ds(f,g) < €, then

€= nll < mind ———— = {.
1—Lipf'1—Lipyg

Proof. Using the triangle inequality, we obtain

1€ =nll = 17(€) — gl < 17 (€) = F(n) + F(n) — g
< IF&) = FmIl + 1f(n) — gl < (Lip )IIE —nll +e,

which is equivalent to

€=l < 7157

This inequality, when combined with the analogous inequality for g, yields the
claimed bound on || — 7] O

3. PAIRS OF NONEXPANSIVE MAPPINGS

We begin this section with the following definition.
Definition 3.1. Given two nonexpansive mappings
f:D—D and g:D— D,

we denote by {f, g} the set-valued mapping defined by x — {f(x), g(x)}. We endow
the space

(3.1) M ={{f,9}: f,g: D — D nonexpansive}
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with the Hausdorff distance H on the subsets of M. By N we denote the subset
of all pairs {f, g} of strict contractions, that is, Lip f, Lipg < 1. By M, we denote
the space M equipped with the metric
(3.2) hoo (F, G) := sup h(F(z),G(z))

xzeD

of uniform convergence on D.

Remark 3.2. The metric space (M, H) is a complete metric space because it is
a closed subset of the space of compact subsets of the complete metric space M?.
Observe that given two elements F,G € M, F = {f1, fo} and G = {g1, 92}, the
Hausdorff distance H satisfies

(3'3) H(Fa G) = min{max{doo(flagl)a doo(f2792)}7 maX{dOO(f17g2)>dOO(f27gl)}}

(cf. Proposition 2.2 in [8, p. 1099]). Moreover, it is easy to see that for each x € D,
the inequality h(F'(z),G(z)) < H(F, Q) is satisfied and hence

(3.4) he(F,G) < H(F,G)
for all F,G € M.
Proposition 3.3. The space My, = (M, hs) is complete.

Proof. Let {F,}nen be a Cauchy sequence in My,. Since My, is a topological
subspace of the space of compact-valued nonexpansive mappings with the metric of
uniform convergence, which is complete (see, for example, [6]), this Cauchy sequence
has a limit F': D — KC(D). As uniform convergence implies pointwise convergence
and the space of sets with at most two elements is a closed subspace of the space of
compact subsets of D, the point images of F' have at most two elements. It remains
to be shown that there are two single-valued nonexpansive mappings f and g on
D such that F' = {f,g}. In order to establish this assertion, we use the following
iterative argument. We start by setting

Ay:={x e D: |F(x)|=1} ={z € D: F(z) = {Fi(2)}},

fo: AO — D, T — Fl(x) and go := f().
Given € > 0, we set
A; :={x € D: diam F(x) > ¢}.

In other words, by A. we denote the set of points for which the two elements of the
point image of F' are at least € apart. Now pick €1 > 0 small enough and choose an
n1 € N such that heo(Fy,, F) < 5. Let hi,hi: D — D be nonexpansive mappings
such that F,,, = {hi, hi}. In the sequel, we use the notation F'(z) = {Fi(z), Fa(x)}.
We now define
Fi(z) :|Fu(z) = hi(e)] < 3

1

1

ZAgl Da
f — xH{E@ [ Fa(z) = hy(2)]l < &

and
Fi(x) :||Fi(x)—h

g1: Ay = D, mH{&m L[ Fa(x) — hy(@)|| < %
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Note that the condition ||F}(z) — Fa(x)|| > &1 ensures that both f; and g; are well
defined and that the inequality hoo(Fy, F') < 5 ensures that for each » € A.,, at
least one element of F'(z) is close enough to hi(z) and ha(x), respectively.

Now fix m € N, and assume that f,,, and g,, are already defined, and satisfy

F(z) = {fm(x), gm(2)}
for each z € A, ,. Moreover, we assume that we have picked n,, € N and nonex-
pansive mappings h{", hi': D — D such that F,, = {h]", h3'},

I @) = fnl@) | < S andh5'(2) = gm(@)] <

-m
3
for each z € Ac,, ;. We choose an e,,41 € (0, %5*) and pick a natural number 7,41 >

Ny such that heo(F,,,,, F) < =%, Now we can find nonexpansive mappings

R RS D — D
such that F, = {hT“, hg’”‘“},

Nm+1

11 (2) = B (@) < 5 (em + ema)

Wl

and
m m 1
HhQ (:L’) - h2 +1(«T)H < g(é‘m +5m+1)~

When combined with the inverse triangle inequality, these inequalities also yield

1 1
(3.5) 1B () = hiy (@) ]| > e — 3(Em +emr1) > g(Em +eme)
and
m m+1 1 1
(3.6) 1h3" (@) = b (@)l = em — (em + ems1) > g(e1 + em1)

as €y > 26m41. Next we define

Fi(z) :||Fi(z) = b (@)l < =55

fmst: Aam — D, xr — m” .
e Fy(x) :||Fa(x) — i (@)]| < =5

and
Fi(z) :|[Fi(z) — byt (o) < =52
Fy(z) :||Fa(x) — g+ ()] < St

Again the conditions on A. ., and F,,  , ensure that these mappings are well

defined. Note that inequalities (3.5) and (3.6) imply that

gm+y1: Ay — D, T {

fmi1(@) = fm(z)  and  gmia(2) = gm ()

forall z € A,,,.
The result of this inductive construction is a sequence of sets {4, } such that

A

Em

o0
C Acpin and D = U A,
m=0
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and a sequence {fm,gm}. We now set k(x) := min{m € N: x € A, } and define
two mappings f: D — D and g: D — D by

f(@) = frw(x) and  g(z) = gy ().

We finish the proof by showing that f is nonexpansive. The argument for g is
completely similar. Let x,y € D be given. Assume that neither one of the points
are in the set Ag. For every € > 0, there is an ¢, < € such that z,y € A, and
hence

1f(z) = FWI < BT (@) = BT )l + (1 f () = hTH ()]
+ 1 f(y) = ()l
<z -yl +e.

If one of the points, say x, belongs to Ap, then the inequality

h(F,, (z), F(z)) < 22

3
implies that
m Em m Em
Ihi"(z) = f@) < 5= and flhg’(2) = fl2)]l < =57
because F'(x) = {f(z)}. Hence in any case, we end up with
1f () = FWl < llz -yl +e
for every € > 0. Letting ¢ — 0T, we arrive at the claimed result. O

Lemma 3.4. Let ¢ > 0, and let f1, fa, g1 and go be nonexpansive self-mappings of
D with doo (f1, f2), doo(g1,92) < €. Then the set-valued mappings Fy and Fy defined
by

(37) F1($) = {fl(w)agl(x)} and FQ(':U) = {fQ(x);QQ(x)}7 T € Dv
satisfy h(F1(z), Fa(z)) < e and H(F1, Fy) < e.
Proof. This is an easy consequence of (3.3) and of (3.4); ¢f. Remark 2.3 in [8]. [

Lemma 3.5. Let € > 0, let f1, fa, g1 and go be nonexpansive self-mappings of D,
and let F1 and Fy be the set-valued mappings defined by

3.8)  Fi(z):={fi(x),(x)}  and  Fp(r):={fa(z),92(2)}, z€D.
Then the inequality H(Fy, F>) < e implies that

doo(f1, f2), doo(91,92) <€ 01 doo(f1,92), deo(g1, f2) <.
Proof. See Proposition 2.2 in [8]. O

Remark 3.6. Note that the above lemma, fails if we replace the Hausdorff distance
H by the metric of uniform convergence. For example, consider D = [—1, 1]3, which
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is a bounded, closed and convex subset of R?, and the mappings
flzD—>-D ($,y,2)*—)($,0,6/2),
g1: D—D ($,y,2)*—)(—$,0,—8/2),

(2,0,0) x<0
:D— D —
f2 (x7y7z) {(—J},0,0) T > 0
(—2,0,0) <0
:D— D
92 (x7y7z) ._> {(x7070) $>0

For these mappings, we obtain

h(F1L(S), F2(€)) = h({f1(£), 91 (&)}, {f2(£), 92(§)}) <,
but the inequalities

/1) = fo(E)Il =2 and |lg1(§) — f2(E)]| > 2

show, for € small enough, that a selection in the spirit of the above lemma is not
possible.

Given two nonexpansive mapping f,g: D — D, we consider the mapping

D
(3.9) F:D— << 2), z— {f(z),9(x)}.
Then F' € M by the definition of M.
Definition 3.7. Let F' € M. A sequence {z, }nen, where
(3.10) Tp+1 € PF(mn)(xn)

for n € N, is called a sequence of successive approximations with respect to F. The
sequence {7, fnen is called regular if Pp(, \(7y) is a singleton for all n € N.

Lemma 3.8. The set N C M is dense in M.

Proof. This result follows from the corresponding result for single-valued mappings;
see, for example, [5] and Lemma 3.4. g

Proposition 3.9. Let F: D — K(D) be a Lipschitz mapping with Lipschitz con-
stant L < 1. Then every sequence {Tn}nen With Tny1 € Pp(g,)(Ts) converges to a
fizxed point of F.

Proof. For n € N, we have
(3.11) [#n41 = @nl| = d(@n, Fzn)) < M(F(2p-1), F(zn)) < L|lzg — 2|
because z,, € Pr(s,_,)(Tn-1) and F'is L-Lipschitz. Hence for k € N, we obtain

k k
|2k = @all <D lanss = Tnsjoill < llon = 2nall Y L7

=1 j=1
(3.12) Ll N
' < lwy — ol D LT < lwy — ol ) I
7=1 j=n
LTL

= [lz1 — 930||ﬁ»
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that is, {x,}nen is a Cauchy sequence. Since X is complete, this sequence has a
limit z*. It remains to be shown that z* is a fixed point of F'. Indeed, for each
€ > 0, there is a point x,, such that

|lzn —2%|| <e/3 and |zn — znta]| < /3.
We have

d(a", F(2)) < 2 — & + d(wn, F()) + h(F(2,), F(a"))
< flan — || + e — @asa]| + Llla, — 2] < <.

As this inequality is true for any e > 0, it follows that d(z*, F'(z*) = 0 and therefore
x* € F(x*) because F(z*) is closed. O

Proposition 3.10. Let F': D — K(D) be a Lipschitz mapping with Lipschitz con-
stant L < 1 and let {xn}nen be as in (3.10). If there are k,p € N, p > 1, with
Tgtp = Tk, then xp; = 21, € Fix F' for all j € N.

Proof. Since xy = x4, We have

k41 — 2kl = d(zk, F(2k)) = d(@ktp, F(Thtp)) = [|Thtpt1 — Thotpll
and
[k pi1 = Thrpll < LP7Hapin — @i

by (3.11). Combining these inequalities, we obtain
lksr — wrll < LPHapgy — i,
which implies that z,11 = z, and z, € Fix F since =, € F(x,). O

Proposition 3.11. Let f and g be strict contractions on D with distinct fized points
¢ and n, respectively. Let {xy}nen be a sequence as in (3.10). Then the number of
elements of {xp}nen for which

(3.13) [0 = f(zn)ll = [lzn — g(zn)]]

is finite. Moreover, there is z € {£,n} and an ro so that for every 0 < r < rg,
there is an index N € N such that x,, € Blz,r] for allmn > N and x,, & Blz,r] for
n=0,...,N—1.

Proof. By Proposition 3.9, we know that the sequence {x,, } ,en converges to a fixed
point of F'. Without loss of generality, we may assume that the sequence converges
to £. The existence of a k € N, where z, is a fixed point of F', implies that the rest
of the sequence remains constant and, since the fixed points of f and g are distinct,
we may set N := k in order to satisfy the claimed assertion.

Therefore it remains to consider the case where x,, & {{,n} for all n € N. We set
a = min{|| f(§) —g(&)]|, |lxo —&||} and observe that o > 0 since the fixed points of f
and g are distinct, and xg # £. The continuity of f and g at £ implies the existence
of an rg > 0 with 0 < ro < § such that ||z — || < rg implies that || f(z) — f(§)| < §

and [lg(z) — g(&)] < §-
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For x € B(§,rg), the triangle inequality, when combined with f(&) = £, implies
that

and

I£(2) = all < I£(&) ~ F@I+ e~ <ro+ G <5
3.14)

lo(e) — 2l > llg(€) ~ F(©)] ~ l9(6) — g()]| — e 2| 2~ &~y > &,
and hence || f(z) — 2z)|| < ||lg(z) — z||. Given 0 < r < 7, we set
N :=min{n € N: ||z, — &|| < r},
which exists because x,, — £. This implies that
xy € B(&,r) and ani1 = f(zN).

Since f is nonexpansive, we get ||lxy11 — || = || f(zn) — FO)] < |lany — & < 7.
Therefore we can deduce inductively that x,, € B(&,r) and x,+1 = f(x,,) for all n >
N. Finally, we may use this bound, the inequality r» < r¢ and (3.14) to obtain that
the set of elements of {z), },en for which

[0 = f(@n)ll = [len — g(za)l

is contained in {xg,x1,...,zn_1} and therefore is finite, as asserted. O

4. GENERIC CONVERGENCE

Proposition 4.1. Let f and g be strict contractions on D with distinct fixed points
& and n, respectively. Moreover, assume that there is 8g > 1 such that

(4.1) Of(x)+ (1 —0)x e D and  Og(x)+ (1 —-0)xr €D

for every x € D and every 6 < 0y. Let {xy,}nen be a sequence as in (3.10). Then for
each € > 0, there are strict contractions ¢ and 1 on D such that H({f,g},{e,¢}) <
g, all metric projections Py () (@)} (Tn) are unique and {x,fnen satisfies (3.10)

for {o,¥}.

Proof. Without loss of generality, we may assume that z,, — &. By Proposition 3.11,
there is an ro > 0 such that for all 0 < r < rg, there is an N € N so that x,, € B[, r]
for n > N and the set of elements of {z,, },en With

)

[0 = f(@n)l| = [l2n — g(za)|l

is contained in {zg, x1,...,xy_1}. Since zg,x1,...,xy_1 &€ B[, 7], Proposition 3.10
implies that none of these points coincide. Define

[l22s — ]|
2

and note that the above arguments imply that ¢ > 0. By the definition of o, we
see that the balls B(z;,0), 0 =0,1,...,N — 1, and B(&,r) are pairwise disjoint.

Next, we define the mappings ¢ and 1 inductively: we start with setting g := f
and 1o := g. Now for a fixed k € {1,..., N — 1}, assume that ¢r_1 and 15— have
already been defined.

If | f(wp—1) —2p—1ll # [lg(xr—1) —Tk—1]|, then we set v = pr_1 and Yy = V1.
Otherwise, that is, if ||f(zx—1) — k-1l = ||g(zk—1) — zx—1||, then we proceed as
follows:

a::min{l, ,H:ci—fH—r:i,j:O,l,...N—l}
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If zj = f(xp_1), then we set @i := pr_1 and use Lemma 2.3 to obtain a strict
contraction ¢ with the following properties:

(1) [[w(@) = Yp—1(z)|| <€ for all z € B(wy-1,0),
(i) Yx(x) = Yp—1(x) for all x & B(xp—1,0) and
(iil) Yr(xp—1) = g(xg—1) + c(g(xg—1) — zK—_1) for some ¢ > 0 and hence
lor(wr—1) = ze—1ll = [If (@e-1) — 2p—all = lg(@p-1) — Tp—1 ]l
< [ (zh—1) — Tl
Since the balls B(z;,0), 0 = 0,1,...,N — 1, and B(&,r) are pairwise disjoint,
(i) implies that || (z)—g(z)|| < e forallz € D, and (ii) implies that ¢y (x,) = g(zn)
for all n > N and ¢ (zy) = ¢¥n(zy) for alln = 0,1,...,k— 1. Finally, note that (iii)
implies that
Proy(ap_1)wn ()} (@h-1) = {z1},
that is, the metric projection is unique.
If on the other hand, x; = g(xx_1), then we set ¥ := 1,1 and use the above
procedure to obtain a strict contraction ;. which satisfies
or(zn) = f(zn) for all n > N,
or(Tn) = en(Tn) for the indices n =0,1,...,k —1,

as well as
lor(zr—1) = zo—1ll > [[¥r(zr-1) — Th—1]|
and
1f (@) — er(@)|| <e
for all x € D.
Setting ¢ := pn, ¥ := ¥ and using Lemma 3.4, we finish the proof. O

Proposition 4.2. Let f and g be strict contractions on D with distinct fized points
€ and n, respectively. In addition, let {x,}nen be a regular sequence of successive
approximations for {f,g}. Then there are an g9 > 0 and an o > 0 so that for all
0 < e <egandal{p,Y} € B{f, g}, ae), every sequence {yn}tnen of successive
approximations for {p,v¥} with yo = xo is regular and satisfies ||z, — yn|| < € for
all n € N.

Proof. By assumption, the sequence {z, },en converges. Without loss of generality,
we may assume that it converges to a fixed point & of f. Again by assumption, & is
not a fixed point of g. We set

€0 = min {Hg(§)3—§H7 ;7doo(fag>}

and assume 0 < € < g to be given. Since z,, — &, there is an N € N such that
xn € B(&,e/4) for all n > N. We set

I1f (k) — il = llg(zk) — zill]: k=0,...,N}

o= min{l,

and

. [1—max{Lip f,Lipg} o
a := min —
! 2 AN [
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which is positive since f and g are strict contractions and {z,},en is a regular
sequence.

Now let ¢ € B(f,ae) and ¢ € B(g,ae) be arbitrary. Observe that for z €
B(&,¢/2), the conditions duo (i, f) < ac and ||z — &|| < £/2, when combined with
the triangle inequality, imply that

(4.2) le(z) =€l < ae+ [If(2) = f(I < (2 + Lip f)

that is, ¢ maps B(&,¢/2) into itself.
Let the sequence {y }ren satisfy

<

| ™
| ™

Yo := To and Yk+1 € Proe) vy (Yk)-

We show by induction that ||z — yx|| < kae for k = 0,...,N. For k = 0, this
statement is true by the definition of 3. Assume now that we have already proved
the bound for the difference of x and yi. If zx11 = f(zk), we get

(k) — zr1ll < lloCyr) = Flup)ll + I1f (ye) — f i)l

(43) < ae + kae = (k+ 1)ae
and
lo(yr) =yl < [1f (@r) — @l + [ f (2r) — p(@r)ll + [lo(zn) — i)l
+ 7k — il
< (k) = wrll + oz + 2)|lzx — yell < 1 (2r) —
(4.4) + (2k + 1)ae
< lg(zx) — @l + (2k + Dae — 4N < [|9p(yx) — il
+(2k+1—4N)a
< ¥ (yk) — vkl
because ||g(zx) — x|l — ||f(zx) — zx|| = 4Na and € < . Hence

Y1 = @(ye) and  ||yrp1 — 2ppa || < (B + 1)ae,

as claimed. A similar argument works for the case where z;11 = g(z).
Now we may use a < ﬁ to deduce that

k
4. — < —e<¢e/4
(45) Iy — 2l < e < e/

for k=0,1,...,N.
For z € B({,¢/2), the bound

[9(2) = 2l > lg(§) = &Il — ae = 2[|€ — z[| > [lg(&) — &l —2e > ¢

shows, when combined with (4.2), that ||¢(2) — z|| > ||¢(z) — z|| in this case. Since
yn € B(&,¢/2) by (4.5) and the definition of N, this implies that yx+1 = ¢(yx) for
k > N and that the whole sequence {y, }nen is regular. Again by (4.5) and since ¢
maps B(&,e/2) into itself, we conclude that y;, € B(&,¢/2) for all £ > N and hence
|z — yr|| < diam B(§,¢/2) = ¢, as asserted. O

Theorem 4.3. For eachu € D, there is a residual set M, C M such that for every
mapping {p, ¥} € M., the sequence of successive approzimations with initial point
u is regular (and therefore unique) and converges to a fized point of ¢ or of 1.
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Proof. We denote by N, the set of all mappings {f, g} € N such that f and g have
distinct fixed points and every sequence {z;,},en of successive approximations for
{f,g} with g = u is regular.

Lemmata 2.1, 2.2 and 3.4, when combined with Proposition 4.1, imply that N,
is dense in A. Since N is dense in M, we may deduce that N, is a dense subset of
M. We define

(4.6) M, = ﬁ U B ({f,g},min{a{ﬁg}zo’{f’g}, Oé{f,g} }) ’
i=1 {f,g}eN. ¢

where agy gy and €q (1 4y are given by Proposition 4.2. Since N, C M is dense, we
see immediately that M, is a dense Ggs-set.

Proposition 4.2 guarantees that every sequence of successive approximations
{n }nen with respect to any {p, 9} € M, and where zy = u, is regular. Therefore
it remains to be shown that {z,, },en converges to a fixed point of ¢ or of 9.

To this end, we first show that {z,},en is a Cauchy sequence. Given ¢ > 0, we
choose a natural number ¢ > % For all {p,9} € M,, by definition, there is an
element {f,g} € N, with

H({¢,¢},{f,g})<mm{ {f»9}20,{f,g}7 {;ﬁg}}_

Hence, by Proposition 4.2, the sequence {yy, }nen of successive approximations with
respect to {f, g} with initial point yp = u satisfies

€ 1 1
(47) o = ol < min {0090 4 < 2
1 1

for all n € N. Since {y,} is a convergent sequence, there is an N € N such that
|9n — yml| < § for all m,n > N. Therefore, by the triangle inequality, we have

2 ¢
|Zn — Tl < Hxn - yn” + lyn — ym” +|ym — x|l < 7 + 3 <e¢

for all m,n > N, that is, {z,, },en is indeed a Cauchy sequence.

Since D C X is closed, the sequence {z,, } ,en converges to a point z* € D. Hence
for all € > 0, there is an N € N such that ||z, —2*|| < § for all n > N. We can use
this bound to obtain

d(a”, {p("), (x%)}) < d(@®, {(2n), ¥(20)})
+h({e(en), ¥(en)} {e(x), ¢(z%)})
< lzngr — 27| + [lzn — 2% < e
because {¢, 9} € M and z,4+1 € {p(zn),¥(zn)}. Since € > 0 is arbitrary, we
may conclude that d(z*, {p(z*),¥(z*)}) = 0 and therefore either p(z*) = z* or

P(x*) = x*. In other words, the sequence {x,},en converges to a fixed point of ¢
or 1. Il

The above result is also true for the metric of uniform convergence, or in other
words, for the space Mo, = (M, hoo). However, in order to prove this statement, we
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need some preparation. Since hoo(F,G) < H(F,G), the inequality H(F,G) < € im-
plies that hoo (F, G) < €, and so we only need the following variant of Proposition 4.2
for this new case.

Proposition 4.4. Let f and g be strict contractions on D with distinct fixed points
¢ and n, respectively. In addition, let {xy,}nen be a regular sequence of successive
approximations for {f,g}. Then there are an g9 > 0 and an o > 0 so that for all
0<e<eo, and all {p,v} € By ({f,g},ac), every sequence {yntnen of successive
approximations for {¢, ¥} with yo = xo is reqgular and satisfies ||z, — yn|| < € for
alln € N.

Proof. By assumption, the sequence {zy, },en converges. Without any loss of gener-
ality, we may assume that it converges to a fixed point £ of f. Again by assumption,
¢ is not a fixed point of g. We set

. — 1
) = min {”9(5)3 SN g)}
and assume 0 < € < g9 to be given. Since x, — &, there is an N € N so that
xn € B(£,e/4) for all n > N. We set

o = min {1, ||| f(zr) — zxll = lg(ax) —zx||: k=0,...,N}
and

‘ . [1—max{Lip f,Lipg} o
« := min { 5 VAN } ,
which is positive since f and g are strict contractions and {x,},en is a regular
sequence.
By exchanging the roles of ¢ and 1, if necessary, we may assume without loss of
generality that ||¢(£) —g(§)]| < ae. Since the choice of £ ensures that the inequality
lg(&) — &)|| > 3¢ is satisfied, we obtain

() = f(@)]| = [v(z) — (&) + (&) — 9(&) + 9(§) — &+ f(&) — [(@)]]
> [l9(&) — &l = 2f|lz — &[] — ae
> lg(€) =&l = (a+1)e
> (2—a)e
> ag
for all 2 € D such that ||z —¢|| < §. Hence the assumption
h({f (@), g9(z)}, {¥(z), o(2)}) < hoo({f, 9} {00, ¥}) < e
implies that
[¥(2) —g(2)]| <as  and  [lp(z) = f(z)|| < ac

for all x € B(&, §5). Combining these bounds with the triangle inequality, similarly
to the proof of (4.2), we obtain that ¢ maps B(,e/2) into itself.
Let the sequence {y }ren satisfy

Yo 1= To and Yk+1 € Proe) vy (Yk)-

We now show by induction that |z — yi|| < kae for k =0,...,N. For k = 0,
this statement is true by definition of yy. Assume now that we have already proved
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the bound for the difference of x; and yi. Without loss of generality we may assume
that zxy1 = f(xx). The assumption on {p, 1} implies that
lo(ze) = flap)ll <as  or  lg(zr) = flap)l| < ae.
Again, without loss of generality, we may assume that we are in the first case.
Observe that
lo(yr) = zearll < lle(yr) —e(@p)ll + lle(zn) — f (@)
< llyk — il + ae
< (k+1)ae,

where the last inequality holds by the induction hypothesis. Moreover, we obtain

le(yr) — yill < [le(yr) — o(@e)ll + (k) — f(@p)ll + || f(2) — 2]
+ lzx — yell
< 2llyk — zxll + ae + || f (k) — 2|
<|[f(zg) — 2kl + (2k + 1)ae
< |lg(zk) — xk|| — AN + (2k + 1)ae.

Combining these inequalities with

d(g(xr), {p(r), ¥(x)}) < ae,

we see that

lo(yr) — yill < max{{lo(yr) — vkl v (k) — yell} — (4N — 26(2k + 1))
because
lo(zr) — ()|l < llzx — vkl < kae
and
[ (@r) = P(yp)ll < llze — yill < kae.
From
AN —2e(2k+1)>4n—2k+1 < 4N —3N >0

we now deduce that

max{|[¢(yr) — yxll, 1Y (k) — vell} = 1V (yr) — Yl
and

lo(yr) — yrll < l1¥(yk) — yrll,
that is, the sequence {yg}ren is regular. Moreover,

Ykt1 = e(yk) and  [Jygg1 — g1l < (B + 1)ee,

as claimed.
Now we may use the inequality a < ﬁ to deduce that

k
. — < —e<e/4
(4.8) lyp — x| < e S e/

for k=0,1,..., N. We can now finish the proof by copying verbatim the arguments
from the end of the proof of Proposition 4.2. O
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Theorem 4.5. For each u € D, there is a residual set M, C My, such that for
every mapping {p, ¥} € M., the sequence of successive approzimations with initial
point u is reqular (and therefore unique) and converges to a fized point of ¢ or of

.

Proof. As hoo(F,G) < H(F,G), the only modification we have to make to the
proof of Theorem 4.3 is to replace all references to Proposition 4.2 by references to
Proposition 4.4. [
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