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ONE-DIMENSIONAL VARIATIONAL OBSTACLE PROBLEMS

RICHARD GRATWICK AND MIKHAIL A. SYCHEV

ABSTRACT. In this paper we prove partial regularity for solutions of one-dimensional
variational obstacle problems. If the obstacles are sufficiently close then there ex-
ists a solution and it is regular.

1. INTRODUCTION

Consider a continuous Lagrangian L = L(x,u,v): R® — R which is convex in v.
We shall consider the following precise assumptions (H) on L: that for all compact
sets K C R3,

(H1) there exist constants ¢, « > 0 such that
|L(w1,u1,v1) — L(w2,u2,v2)| < c(Jz1 — w2| + |ur — ug| + |vr — va])®

for all (z1,u1,v1), (x2,u2,v2) € K; and
(H2) there exist constants @ > 0 and p > 1 such that for all (z,u,v1) € K, there
exists | € 9Ly (x,u,v1) such that for all (z,u,vs) € K, we have

L(z,u,v3) — L(z,u,v1) — (l,va —v1) > plvg — vy |P.

For subintervals [a,b] of R, and appropriate continuous functions f,g: [a,b] — R
satisfying g < f on (a,b), we consider the following “obstacle problem”:

b
(1.1) minimize J(u) = / L(z,u(x),u(zx)) dr
a
u € Whi(a,b);
(1.2) over all u such that ¢ ¢ <u < f on [a,b]; and

u(a) = A,u(b) = B;
where g(a) < A < f(a) and g(b) < B < f(b) are fixed boundary conditions.
Definition 1.1. Consider a class of functions
== {¢: [ag, bg] » R=RU {£oo}},

where each &: [ag, be] — R is continuous. We say the family = is conditionally equa-
continuous if for every M > 0 and € > 0, there exists a 0 = §(M,€) > 0 such that
if |€(xo)| < M, then |z — xo| < 6 implies that |{(z) — &(x0)| < e.
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Theorem 1.2. Let f, g € CY7[a,b] satisfy g < f on (a,b), and let L satisfy condi-
tion (H).

Let U be the set of solutions of the problem (1.1)—(1.2) for all A € [g(a), f(a)] and
B € [g(b), f(b)]. Then the set of derivatives of elements of U forms a conditionally
equa-continuous family.

Remark 1.3. It follows from the proof of the theorem that the same conclusion
holds considering a family of integrands L, provided the constants c¢(K), a(K),
1(K), p(K) may be chosen uniformly for all L, and obstacles f, g that are bounded
in C1?-norm.

The fact that the derivatives of solutions of obstacle problems are continuous
with values in R was established recently by Mandallena [3] provided L is elliptic
in v (Lyy > p>0).

Theorem 1.4. Let L satisfy condition (H) and ||f||cie, ||gllcre < const. Then
there exists n > 0 such that if additionally || f — g|lc < 1 then solutions of admissible
obstacle problems exist and are OV -reqular functions.

In the case in which p = 2, the existence of solutions in the class of Lipschitz
functions was established by Sychév [4].

2. EXISTENCE AND REGULARITY “IN SMALL”

We prove the following theorem, which is an adaptation to obstacle problems of
a previously established result [2, theorem 1.1].

Theorem 2.1. Let L satisfy (H), [ao,bo] be fized, and f,g € CYag,bo]. Let
G C {(z,u) : = € [ag,bol,9(x) < u < f(x)} be compact. Then for all M >
max{ || fllctiag,bo] 19/t [a0,00) 15 there exist €0, 60 > 0 such that for every e < ey and
d < do, for all (a,A) € G, for any (b, B) € G satisfying |B — A|/|b—a| < M and
|b —a| < 4, the obstacle problem (1.1)—(1.2) is solvable over all those u satisfying
further the condition |u(x) — A| < e for all x € [a,b]. Moreover, the solutions are
bounded in C*7V[a,b], where v = y(M) does not depend on 6, €, or (a, A).

Given a function u: [a,b] — R, and a nontrivial subinterval [z1,z3] C [a,b], we
define I, 4, : [x1,22] — R to be the affine function such that I, 5, (1) = u(z1) and
ly) s (22) = u(x2). Thus we have

; ; w(@2) — u(z1)
Loy 2y (%) = Ly @y = W
for all x € (z1,x2). We shall also adopt the notation

2

J(u; [x1, z2]) ::/ L(z,u(x),u(zr)) dz.

1

The following lemma is an appropriate generalization of previous similar re-
sults [4, lemma 3.1], [2, lemma 2.1].

Lemma 2.2. Let G C R? be compact, and let M > 0. Suppose u € W (a,b) has
[ul[ w0 apy < M and has graph contained in G. Suppose further that 1 < x3 <
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x4 < mo are points of [a,b] such that |xo — x1] < 1 and |xe — 21| < 2|24 — 23|, and
that the graphs of the functions ly, 5, and ly, 5, are contained in G.

Let L satisfy condition (H), with, for the compact set K = G x [-M, M|, con-
stants c1,a > 0 in the Hélder condition (H1), and constants p > 0 and p > 1 in the
singular ellipticity condition (H2).

Suppose further that there exist constants co, 5 > 0 such that

(2.1) J(u; [21,72])) < T (lay w03 [21, T2]) + calwa — 217
(2.2) J(u; (23, 24]) < J(lgswqs (23, T4]) + 2|24 — o
Then

u(zg) — u(zr)  w(ws) — u(x3)

2.3
( ) Tr9 — X1 T4 — T3

2¢;(1+ M) \/P
< 4 <C2 + Cl( + ) > |[L‘2 o xl"y/p7
i

where v := min{a, B}.

Proof. We first obtain estimates of the excess of the derivative on [z1, 23] and
[x3,x4], i.e. estimate the integrals

T2 . p T4
/ ! — dxr and /
1 3

() = Loy @
By the Holder condition (H1) on L, we have that
| L1, u(zn), i(x)) — Lz, u(x), i(z)] < e (Jor — x| + Mz — 2|)*, and

u(x) — l';,33,$4 g dx.

L1, (1), oy 2y (@) — L@, by ey (2), by ey (@) < 1 (= 2] + Ml — )
Therefore defining f/() = L(z1,u(z1),"), We~have, by (2.1), writing J for the integral
functional corresponding to the integrand L, that

j(u; [z1, z2]) < J(u; [x1,22]) + c1(1 + M)*|zy — x1|1+°‘
< J(loy a0 [01, 72]) + C2lwy — 21 |"P + (14 M)y — 2|
(2.4) < Ty 203 [21, 22]) + co| 2 — 21|77 + 261 (1 + M) |2y — 2|1

The singular ellipticity condition (H2) implies that there exists | € dL(l,, +,) such
that

J(u; [‘Tl?‘rQ]) - J(lﬂh,ﬂcz; [%1,562])
= / (B0@) ~ Llay 20(@)) — (L (2) ~ i, 0 (2)))

1 o . )
> [ i) = by (o) o
@1
Therefore (2.4) implies that
@2
/.

where v = min{«, 5}.

P ca+2c1(1+ M)~

1
dx < +r

U(x) - iwlﬂ@ ’CEQ -
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Analogously

T4 . P 2¢1(1 4+ M)«
/ W) — lggz,| dz < c2 t CIL + M) |ry — 3 1+
z3

Then by Holder’s inequality we have that

x4
/ lxl,xg - lx3 T4

dx

T2 ||
log 2y — )’ dx —I—/ Loy oo —0(x)| do
Tl

IN

p 1/p
903,904 - U(CL‘)‘ dl’) |.%'4 — x3‘(p_1)/p

T2, D 1/p
+ (/ Lyt ws — u(:c)‘ da;) |zo — xl\(pfl)/p
1

2 MY\
< <C2 + CIL + ) ) (’x4 _ xs‘l-i-’y/p_i_ |:112 _$1’1+'y/p)
1/p
< <C2+2C1(1+M)04> 2|x2 _$1|1+’y/p’
i

and therefore,

<

4|y — $1|7/p,

lmﬂ?z - lu’v37u’04

(62 +2¢1(1 4 M)a>1/p

0 (2.3) is established. O
We state for reference the following lemma [2, proposition 2.2].

Lemma 2.3. Let G C R? be compact, and suppose L satisfies (H) and the inequality
L(ZL‘, U,U) > Oéo”U| + BO,

for some constants ag > 0 and By € R, for all (x,u,v) € G x R. Let rg > 0.

Then there exist real numbers 11,9, a1, s, and v satisfying r1 > ro, as > a1 > 0,
and § > 0, such that for each integer k > rq, there exists Hi: G x R — R such that
the following conditions hold:

(2.3.1) Hy, satisfies condition (H);

(2.3.2) Hy(z,u,v) = L(z,u,v) whenever |v| < ro;

(2.3.3) Hi(z,u,v) < L(z,u,v) — § whenever r1 < |v| < k;
(2.3.4) Hi(z,u,v) < aslv| +7;

(2.8.5) Hi(z,u,v) > aqlv| + Bo; and

(2.8.6) Hy(x,u,v) < L(z,u,v) + k=1 whenever ro < |v| < ry.

We finally need a lemma which allows us to approximate Sobolev functions ad-
missible in our obstacle problem with admissible Lipschitz functions. The result for
no obstacles was given by Clarke and Vinter [1, lemma 7.1].

Lemma 2.4. Let f,g € Wh*(a,b) satisfy g < f on (a,b), and suppose u €
Whl(a,b) satisfies g <u < f on[a,b]. Let e > 0.
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Then there exists v € W1(a,b) such that v(a) = u(a), v(b) = u(b), g < v < f

on [a,b], and B
b
/ [0(x) —a(x)|dx < e.

Proof. By passing to the connected components of {g < u < f}, we may assume
that g <u < f on (a,b).
Find ¢ € (0, (b — a)/2) satisfying
€

16 (111l ey + 19l +1)

/|u |d$<—

whenever E C [a,b] has |E| < 0.

There exists a constant 1 € (0, €) such that u—g > n and f—u > non [a+d,b—4].
So any function v satisfying [v — u| < n on [a + d,b — ¢] fits the obstacles on this
interval.

Choose w € L*(a + 9,b — d) such that

0 <

and such that

+0
and define
1 b—§
=W t) —w(t)dt
wle) = i) + gz [ i(0) =)
Then
b—d b—é n
/ lw(z) — a(x)| de < 2/ |w(x) —u(x)| de < =,
a+6 a+o
and
b—o b—o
/ w(z) dx :/ u(z) dx
a+6 +6
Defining

v(x) == ula+9) + /w w(t) dt

+4
for x € [a + 6,b — §] then defines v € W1(a + 6,b — §) such that

b—é ) ) n €
/a+5 |0(xz) — a(z)| dx < 5 <73 and
v(a+0) =u(a+9), v(b—19)=ub-29).

Furthermore, on [a + J,b — ¢] we have

lv(z) — u(z)] < /x |o(t) — u(t)| dt = /x lw(t) — u(t)| dt < g <,

+6 +6
sog<v<fona+db—7Jl.
It remains to deal with the intervals [a,a + d] and [b — §,b]. We shall consider
only [a,a + ¢]; the other may be treated analogously.
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For x € [a,a + ¢], define

la,a+5(x) 9 <laars < f,
v(x) = ¢ 9(x) laat+s < 9,
f(z) J <laa+s
Then v satisfies g < v < f on [a,a + ], v(a) = u(a), and v(a + &) = u(a + 9).
Furthermore, v = l, 445, U = f, or © = ¢ almost everywhere. Since

u(a —ula a+o
= <5 [ e

la,a+6‘ =

we have that

/aa+6|i}($)|dx . /aa+6(

a+4d .
< [ tit@)ldo o+ 8 (Il + 13l

loats| + 1f@)| +19(x)]) da

Thus

a+d a+d a+d c .

)(z) — < ’ ' <® <&

/a |0(z) — u(x)|dx < /a |v(:v)|dx+/a la(z)| de < < + o <3
u

Analogously v may be defined on [b— 4, b] so that v is Lipschitz, v(b—¢) =
v(b) = u(b), and v fits the obstacles on this interval, and

b
/ lo(z) — a(z)| de < <.
b

—0

IS

Having been defined now on the whole interval [a, b], we have that v € W1°(a, b),
g<v< fonab], v(a) = u(a), o(b) = u(b), and

b a+d b—o
[ i@~ i@l da = [ i) i)l o+ | | I0(e) — (o) da
b

+ |0(x) — u(x)| dz

as required. O

Proof of theorem 2.1. This is an adaptation to the case of obstacle problems of the
proof of the analogous result for usual minimization problems [2]. Select ey > 0
in such a way that if (a, A) € G, there exists an | € 9,L(a, A,0) such that the
integrand L(z,u,v) := L(z,u,v) — (I,v) achieves its minimum in v for each (x,u) €
[a— €0, a+€0] X [A—€g, A+€g]. In this case we then have that L(z, u,v) > aglv|+ 8o
for some ag > 0 and By € R, for all such (z,u). Note that minimizers of the
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problem (1.1)-(1.2) with the integrands L and L are the same, since the integral
of the (I,4) term is constant on all functions u with the same boundary conditions.
We will choose §p < ¢ later.

Let N > M and consider the obstacle problem (1.1)—(1.2) for (a, 4) € G, (b, B) €
G, la—b] < § < dy, |B—A|/|b—a|l < M, over the class of Lipschitz functions u with
[ull w100 a5y < N, satistying also [u(-) — A] < e < € on [a,b]. Solutions in such a
class certainly exist; let u be one such solution. We study the regularity of w.

Consider [z1,z2] C [a,b]. We want to verify inequality (2.1), so that we may
consider using lemma 2.2. The affine function [, 5, will not necessarily fit the
obstacles, so we cannot make an immediate comparison, but the following argument
due to Sychév [4] shows us how to make the required modifications to obtain the
inequalities we need. Define w: [x1, 23] — R by

lml,xz(x) 9 <luya <[,
w<x) = g(x) lwl,wz <g,

f(z) [ <lzi -

Then w fits the obstacles on [r1, %3], [|[w|lwico(z, ) < N, and |w(z) — Al < €
on [z1,x2], so therefore J(u;[x1,z2]) < J(w;[x1,2z2]). We estimate the difference
|J(w; [z1, x2]) — J(lgy 203 [1, 22])| by estimating the pointwise difference
L<$v w(x)v w(‘r)) - L(x7 l$1,$2 (1’), il?l@z (*73))

on each connected component of the set {x € [z1,2z2] : w(x) # Iy, 2, (x)}. Let
(y1,y2) be such a component. Then w(y1) = lz; 2, (y1) and w(y2) = ly; 2o (y2), and
so since w is defined on [y, y2] to be either identically equal to f or to g, both of
which are C19, the mean value theorem implies that W = l,, ;, at some interior
point of [y1,y2]. Thus by the Hélder condition on the derivatives of f and g, there
exists ¢ > 0 such that

|w(a:) - lxl,$2| < E|3/2 - y1|g
for all z € (y1,y2). Therefore we have for such x that

[w(2) = Loy a (2)] < Elyz — 3]

We con§ider condition (H) on L applied to the compact set K = G x [-N, NJ,
where G = {(z,u) : |z —a|] <€y, |[u—A| <€, (a,A) € G}. Then there exist ¢ >0
and a > 0 such that

‘L(m, w(@), 0(x)) — L(@, Loy g (), Ly (x))‘

< ¢ (10(2) = lay @) + (&) = lryea (2)])
Then
Lz, w(@), w(z)) — L2, Loy 2y (), loy 2y ()| < g — 217 (1 + |zg — 21])®
< el (1+1b—al)® |zg — 21|

Therefore (2.1) holds with ¢y = c2(N) == c¢* (1 +|b—a|)* and § = B(N) = ao,
for any subinterval [x1,z2] C [a, b].



554 R. GRATWICK AND M. A. SYCHEV

So now consider [z3, 4] C [21,x2] C [a,b]. Then there exists k € N such that

|9 — 21 |9 — 21

ok <y — 3] < Tok—1
We may then select a collection of intervals [}, %] for i = 0,...,k — 1 such that
2 = xy, 1) = a9, |h — 24| = |2t — 27 /2 for all i, and [x3,x4] C [, 257,

where |24 — 23] > |2871 — 2571 /2. Since the assumptions (2.1), (2.2) of lemma 2.2
hold for any subintervals of [a, b], as discussed above, the conclusion (2.3) applies,
and we infer that

u(zy) —u(xr)  w(za) — u(x3)

Tro — I1 T4 — T3

k—1 i i i— i—
< Z U(%) - U(afl) _ u(fﬁz‘ - U@l 1)
S\ - ay =y

| —u@h T u(w) — ufws)
xk’fl o xkfl T4 — I3
2 1

k o)\ /P ¥(N)/p(N)
<Z4 c2(N) 4+ 2¢1(N)(1 + N) T3 — X1
—= g M(N) 2i—1

k N\ /W)
- 24 ca(N) + 2¢1(N)(1 + N)oW) ;!3?2 _ oz YN/
=L 1(N) 2(i—=1)y(N)/p(N) ’

where the constants c¢1(N), v(N), p(IV), u(N) correspond to applying condition (H)
on K.
Finally then we obtain that for [z3, z4] C |21, x2], we have that

u(wz) —u(r1)  u(ws) —u(ws)

T2 — 21 Ty — T3

(2.5) < ¢(N)|wg — oy [fN/PIN)

where

o 1/p(N
0 = 32 (2O F 20NN
A= (V) DY) /b ()

We therefore see that u is differentiable everywhere, and in fact from (2.5) we see
that

(2.6) [i(y) — i(@)| < 2e(N)|y — 2[7N/PN),

in particular that u € CYV)/p(N),

We now claim that for §y > 0 sufficiently small, we have ||i]|c < M + 1. Since
|B — A|/|b — a| < M, there exists z¢ € [a,b] such that |i(xg)] < M. We consider
the largest interval [z1,x2] C [a,b] on which |u(xz)] < M + 1. For points x in this
interval, we have, by (2.6), that

() — w(zo)| < 26(M + 1)|wg — x [YMFD/PAIHL),

=1

thus
()] < M+ 26(M + 1]y — {0,
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Therefore choosing

1 p(M+1)/y(M~+1)
2. <
(2.7) % < <2c(M—|—1))

gives us dg as claimed.

Gathering our information, we have proved that for § < §g, where dg < €y satis-
fies (2.7), we have that all solutions of the obstacle problem under consideration have
derivatives which are bounded in C-norm by M + 1, and are themselves bounded in
CLyM+1)/p(M+1)_porm, independent of N > M. Therefore solutions of the obstacle
problem over the class of Lipschitz functions exist, and for each such solution u,
we have that ||4]|cc < M + 1. It just remains to prove that solutions over the class
of Lipschitz functions are the only solutions over the wider class of Wh! functions,
the strategy of which has been previously established [1, 2].

Suppose for a contradiction that there exists an admissible @ € Wh!(a,b) such
that J(a) < J(u) and ||fLHLoo(a,b) = 00. We recall that we may assume that there
exist ag > 0 and [y € R such that

L(l‘,u,’U) > C¥0|U| +BO

for all (z,u) € [a — dp,a + do] X [A — €y, A + €p]. We apply lemma 2.3 with these
values of g, fo, the compact set [a — dp, a + dp] X [A — €9, A+ €¢], and ro > M + 1,
to get functions Hy: [a — do,a + Jp] X [A — €9, A+ €] X R — R as in the lemma, for
k>ry>rg.

Mimicking the proof for L with the integrand Hy, we see that a solution uy to the
obstacle problem exists over the class of Lipschitz functions u: [a,b] — R satisfying
u(a) = A, u(b) = B, and |u(z) — A| < e of the functional f(f Hy(z,u,u), and satisfies
|tk|loc < M + 1. Using condition (2.3.2) we see that

b b b b
[ A < [ o = [ Lo < [ L)
a a a a
b
:/ Hk((lﬁ,Uk,'l'I/k),
a

) f; Hy(z,ug, ug) = fab Hy(z,u,i) = f; L(x,u,7), and u is a minimizer for the
integrand Hj, over admissible Lipschitz functions. By lemma 2.4 there exist admis-
sible Lipschitz functions v; € W1°°(a,b) such that v; — @ in Wil(a,b) and, owing
to the linear growth conditions

ar|v] + By < Hi(x,u,v) < azlv| + 7,

we have as i — oo that
b b ‘
/ Hk(x,’l)z,ﬂz)—)/ Hk(xvaaa)
a a

Now, by our assumption on the derivative of %, we know that the set {\ﬂ| > rl}
has positive measure. Then by conditions (2.3.6), (2.3.2), (2.3.3), and (2.3.4), we
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see that

L(z,a,q) + k! L(z,a,0) — 6
O R R AN CEA L B

" /{ NGRS

But on the other hand,

b b b
/ L(x,u,u) :/ Hi(x, ug, i) < / Hy(z,v;,0;)
a a a

for each 7 and each k. So

b b b
/ L(l‘,u,ﬂ) < lim Hk(l',’l)i,’[)i) —/ Hk(ilf,’l],’fl,)
a a
b

=00 J,
S/ L(w,ﬂ,ﬂ)—é‘{]ﬂ|>r1}},

which contradicts the choice of % as a solution over W'!(a,b). This completes the
proof of the theorem. O

3. PROOFS OF THEOREMS 1.2 AND 1.4

Proof of theorem 1.2. Let u be a solution of such an obstacle problem, and zy €
[a,b]. Suppose z] — ¢ and z§ — xg such that z € [z}, 2]] for all n € N, and
(3.1) lim inf M

n—oo

<M < 0.

n n
Lo — Ty

Then by theorem 2.1, u is C'-regular in a neighbourhood of zy. Hence u is C*-
regular on an open set of full measure. At other points xy, where (3.1) does not hold,
we obviously have either that 4 (z) = oo or u(x¢) = —co. To prove that u: [a,b] —
R is continuous, it suffices to show that if 1 (z¢) = oo, then u(x) — co as x — w,
since the case of —oo follows analogously. Suppose for a contradiction that x, — xg
and u(z,) < M < oo for all n € N; for notational purposes we assume without loss
of generality that z, < z¢ for all n € N. Since ((u(zo) — u(xy))/(xo — x5) — 00, We
can infer the existence of y,, € [z, o] such that ((u(yn) —u(zy))/(Yn —xn) = M +2
for all sufficiently large n € N. Since |y, — x| — 0, theorem 2.1 implies that for
sufficiently large n, the oscillations of the derivative @ do not exceed 1 on the interval
[Tn, Yn]. So u(y) > M + 1 for y € [z, yn] for such n. But u(z,) < M, which is a
contradiction. So in fact we must have that (x,) — 0o as z, — g, as required.
We are finally required to prove that the derivatives of our family of solutions
form an equa-continuous family. So let M > 0 and ¢ > 0 be given, and suppose
|i(zo)| < M. Consider |y —xo| < d, where § > 0 is to be chosen below, and consider
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the largest interval I containing z¢ on which |4| < M 4 1. By theorem 2.1, we have
that

[u(y) — u(zo)| < cly — xo|”

for small |y — xg|. In particular if [I| < (1/¢)'/7, then |u(y) — @(xo)| < 1. If we
choose

§ = 8(M, ) == min {(1/0)1/7, (e/c)l/'v} ,
then we see in fact that |y —xg| < d implies that |4(y) — a(xo)| < €, as required. O

Proof of theorem 1.4. The fact that an obstacle problem for sufficiently small n >
0 admits a solution ug in the class of Lipschitz functions can be proved as by
Sychév [4]. Moreover these solutions have derivatives bounded in modulus by M +1,
where M = max{| f||c, |lgllc}. Therefore to prove the theorem we need to show
that for an admissible non-Lipschitz function w we have

J(w) > J(ug).

We proceed by contradiction. Assume first that the Lavrentiev phenomenon
occurs (that is, for some Sobolev function w we have J(w) < J(up)). Consider a
non-negative integrand with superlinear growth 6(v) € C* such that 6(v) = 0 on

[-M —4, M +4] and 6,, > 0, where fab f(w(x))dx < co. Then for sufficiently small
p1 > 0 we have J,, (w) < Ju, (ug), where

b
() = / L(w,u, @) + i 0(i)da.

Then a solution w,, for the obstacle problem for functional .J,, exists and is a
singular (non-Lipschitz) function. By Lagrange’s theorem, there exists xg € [a, b
such that |u,, (z0)] < M 4 1. Then by continuity there exists y € [a,b] such that
[t (y)] = M +2. If 6(M, ¢€) is the modulus of conditional equa-continuity given by
theorem 1.2 then |y, (z)] > M + 1 for |z —y| < 6(M + 2,1). For sufficiently small
n then the function u,, does not fit the obstacles. This contradiction proves that
there is no Lavrentiev phenomenon in the obstacle problem.

If there is no Lavrentiev phenomenon in the obstacle problem, but there is a
singular solution in the problem, by the same arguments we can show that the
singular solution does not fit the obstacles for sufficiently small 7. This proves the
theorem. O

REFERENCES

[1] F. H. Clarke and R. B. Vinter, Ezistence and regularity in the small in the calculus of varia-
tions, J. Differential Equations 59 (1985), 336-354.

[2] R. Gratwick, M. A. Sychév, and A. S. Tersenov, Regularity and singularity phenomena for one-
dimensional variational problems with singular ellipticity, Pure Appl. Funct. Anal. 1 (2016),
397-416.

[3] J.-P. Mandallena, On the regularity of solutions of one-dimensional variational obstacle prob-
lems, Adv. Calc. Var. 11 (2018), 203-222.

[4] M. A. Sychév, Another theorem of classical solvability ‘in small’ for one-dimensional varia-
tional problems, Arch. Ration. Mech. Anal. 202 (2011), 269-294.



558 R. GRATWICK AND M. A. SYCHEV

Manuscript received April 8 2019
revised April 28 2019

RICHARD GRATWICK
School of Mathematics, James Clerk Maxwell Building, The King’s Buildings, Peter Guthrie Tait
Road, Edinburgh, EH9 3FD, UK

E-mail address: R.Gratwick@ed.ac.uk

MIKHAIL A. SYCHEV
Sobolev Institute of Mathematics, Novosibirsk State University, 630090 Novosibirsk, Russia
FE-mail address: masychev@math.nsc.ru



