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THE ASYMPTOTICAL BEHAVIOUR OF EMBEDDED
EIGENVALUES FOR PERTURBED PERIODIC OPERATORS

WENCAI LIU

ABSTRACT. Let Ho be a periodic operator on R™ (or periodic Jacobi operator on
N). It is known that the absolutely continuous spectrum of Hy is consisted of
spectral bands U[ag, 8;]. Under the assumption that limsup,_,  z|V(z)| < oo
(limsup,, , ., n|V(n)| < co0), the asymptotical behaviour of embedded eigenvalues
approaching to the spectral boundary is established.

1. INTRODUCTION AND MAIN RESULTS

We consider the continuous Schrodinger equation on R (RY),
(1.1) Hu = —u"+ (V(z) + Vo(z))u = Eu,

where Vp(z) is 1-periodic and V' (z) is a decaying perturbation.

In this paper, we always assume Vj is 1-periodic and in L'[0,1]. Without loss of
generality, we only consider the half-line equation.

When V = 0, we have a 1-periodic Schrédinger equation,

(1.2) Hop = —¢" + Vo(z)p = Eep.
It is known that the absolutely continuous spectrum (essential spectrum) of Hy is
consisted of a union of closed intervals (often referred to as spectral bands). We
denote by
UaC(HO) = Uess(HO) = U[O‘lvﬁl]-
l
The bands may collapse at some boundaries. Putting the collapsed bands together,
we denote by
JaC(HO) = Oess(HO) = U[dlwgl]-
!
The last band may have the form as |c, oo). In order to make the difference, we call
[y, B1] a standard spectral band and [ay, 5] a non-standard spectral band.

By Floquet theory, for any E € (ay, 3;), there exists ¢ of (1.2), which has the
following form

(1.3) o(z, F) = p(x, E)eik(E)x
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where k(E) is the quasimomentum, and p(z, F) is l-periodic. In each standard
spectral band [ay, 8], k(E) is monotonically increasing from 0 to 7 or monotonically
decreasing from 7 to 0.

Similarly, we consider the periodic Jacobi equation,

(1.4) (Hou)(n) := apt1u(n + 1) + apu(n — 1) + bpr1u(n) = Eu(n),n > 0,

where the {a;,b;} are real sequences with g-period, and a; is positive for all possible
j.
Likewise, we consider a class of the perturbed periodic Jacobi equation,
(1.5)
(Hu)(n) = appr1u(n+ 1) + apgu(n — 1) + (bpy1 + V(n + 1))u(n) = Eu(n),n > 0,

where V' (n) is an real sequences. Now we will extend the notations for the continuous
case to the discrete one. For E € (ay, 3;), let ¢ be the Floquet solution of (1.4),
namely,

k(E)
(1.6) o(n,E) =p(n,E)e" « ",
where p(n, E) is a g-periodic sequence and k(FE) € (0, ) is the quasimomentum (q
is the period for a, and b,). We also have the standard bands and non-standard
bands notations,

Tac(Ho) = dess(Ho) = Uylay, 1] = Uildy, Bi).

It is a very interesting problem to study phenomenons of eigenvalues/singular con-
tinuous spectrum embedded into the absolutely continuous (or essential) spectrum
based on the decaying perturbations, for example [4, 6-8, 10-17, 22-25, 27, 30, 31].
We care about the asymptotical behavior of eigenvalues approaching to the spectral
boundaries. The asymptotical behavior of eigenvalues lying outside spectral bands
has been well studied [1-3, 9, 29].

Our goal is to investigate the asymptotical behavior of eigenvalues approaching

to the spectral boundaries from the inside part. In our previous note, we show
— o)

that there is no embedded eigenvalues in the spectral band if V(z) = 7. If we
allow V(z) = % for some positive function h(z) going to oo, Hy + V can have

the desired countably embedded eigenvalues [21]. In those two cases, it is trivial
to study the asymptotical behavior of embedded eigenvalues. The purpose of this
paper is to study the remaining case, namely V(z) = %. If Vo = 0 (it is reduced
to the free case), both the continuous and discrete cases have been studied in [11]
and [19] respectively. Starting from the Floquet solutions for periodic operators,
we obtained a universal and optimal result for the asymptotical behavior. It leads
to various applications. See Remark 1.9 for the details. In another two papers, we
will show that there is no singular continuous spectrum if V' (z) = % [18, 20].

In order to state our main results, more notations are necessary. The Wronskian

for the discrete case is given by

W(f,9)(n) = f(n)g(n+1) = f(n+1)g(n).

The Wronskian for the continuous case is given by

W(f.9)(x) = f(2)g'(x) - f'(x)g(z).
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Since the Floquet solution ¢(z, E) (¢(n, E)) is a solution of Hyu = Eu, the Wron-
skian W (@, ) is constant and there is an w € R such that

W (@, ) = iw.
In the continuous case, define

1
M) = [ plet.B)las.

In the discrete case, define

1 4

L(E) ==Y —lpn, B)*.
q w

n=1

['(E) is well defined for E € («ay, 5;) and blows up as E — «o; or E — ;. In the

following arguments, Hj is always a continuous periodic operator or periodic Jacobi

operator. V(z) or V(n) is the perturbed potential.

In the continuous case, define P as
(1.7)  P={EcR:—u"+ (V(z) + Vo(x))u = Eu has an L*(RT) solution },
and in the discrete case, define P as
(1.8) P ={F €R: equation (1.5) has an ¢*(N) solution }.
P is the collection of eigenvalues for operators Hy+V with all the possible boundary

conditions at 0.

Theorem 1.1. Suppose limsup,_,. z|V(z)| = A (limsup,,_,., n|V(n)| = A). For
any standard spectral band [y, 5], let 6; be the unique point in [y, 5] such that the
quasimomentum k(6;) = 5. Then the set PN (ay,B;) is a countable set with two
possible accumulation points o and 5;. Moreover,

1 A?
1. < =
(19) 2 (E;) — 27
E;ePn(ag,d;)
and
1 A?
> <5
I'(E;) 2
E;cPN(d1,61)

For any A € Ui{«y, §;}, we define k) = 1 if X is non-collapsed. Otherwise, k) = 2.
See the formal description of “non-collapsed” in Theorem 2.1 and the Remark after.
Based on Theorems 1.1, we can get a lot of Corollaries.

Corollary 1.2. Suppose limsup,_,.. z|V(x)| = A (limsup,,_,.on|V(n)| = A). Then
for any standard spectral band oy, 5], PN[ay, Bi] is a countable set. Moreover, there
is a constant K (depends on k uniformly in any bounded set ) such that

> min{|Ei — oy, | B — "} < KA,
E;ePn(cq,B1)
In particular,
> min{|E — o’ |Ei - Bi*} < KA®.
E;ePN(aq,B1)
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Corollary 1.3. Suppose limsup,_,., x|V (z)| = A (limsup,,_,o n|V(n)| = A). Then
for any non-standard spectral band [&y, 5], there exists some € (only depends on H)
not on 1) and a constant K (depends on | uniformly in any bounded set) such that

> min{|E; — &, |E; — 6|} < KA?,
E;ePN(ay,6;+¢€)
and
> min{|Ei -l |E - Bil} < KA
E;ePN(Bi—e,B)

Remark 1.4. In the continuous case, §; — a; = 2m%l 4+ O(1) as k goes to infinity
[5]. Thus we can choose € < 72 for large I.

Corollary 1.5. Suppose Vo(x) =0 and limsup,_,. z|V(x)| = A. Then PN (0,00)
18 a countable set. Moreover,

A2
Z E; < &

E;€PN(0,00)

We remark that Corollary 1.5 with exactly the same bound has been proved in
[11]. It means our bounds in Theorem 1.1 are effective. In the discrete setting,
Theorem 1.1 implies the following known result in [19].

Corollary 1.6. Suppose Vp(n) = 0 and limsup,,_,., n|V(n)| = A. Then PN(-2,2)
s a countable set. Moreover,

> (4-E}) <4A% + 4min{1, A},
EiGPﬁ(72,2)

For the discrete case, Hy has ¢ standard spectral bands and the set of spectrum
is bounded. Then the constant K (e¢) only depends on Hj.

Corollary 1.7. Suppose limsup,, ,..n|V(n)| = A. Let d(E) = min,; dist(E,{a, 51}).
Then there is a constant K such that
> d(E) < KA
EiEPﬂUeSS(HQ)

Corollary 1.8. Suppose limsup,,_, n|V(n)| = A. Then there ezist constants e > 0
and K > 0 such that

Y min{|E; — @, |E; - B} < K A%,
E;

where {E;} goes over all the values in set PN (Ul(dl, a4 e) U (B — E,Bl)).

Remark 1.9. e All the bounds go to 0 as A goes to zero. It implies that

there is no L2(R™) (or £2(N)) solution of (Ho+ V)u = Eu for E € U(ay, ;)
if V(z) = % (V(n) = fi—lr)l) Thus under any fixed boundary condition at
0, there is no eigenvalues of the operator Hy + V' embedded into its bands

it V(z) = 24U (V(n) = 24,
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e Fix [. Corollary 1.2 implies the speed of F; € P going to the collapsed
boundaries behaves like |E; — | =< ﬁ (|E;— 5| < ﬁ) The speed going
to non-collapsed boundaries behaves like |E; — aq] < %ﬂ (|E; — 5] < I%LZ)
Remling [28] shows that we can not improve it to |E; — oq] =< 14-2#1% i

the continuous case. This means that our main results are optimal in some
sense.

m

Our paper is organized in the following way. In Section 2, we will introduce the
Floquet solution and generalized Priifer transformation. In Section 3, we will give
the proof of all the results in the continuous setting. In Section 4, we will give the
proof of all the results in the discrete setting.

In the following, E is always in some spectral band (oy, ;). The constant C
depends on FE, and so does O(1). K depends on E (or say [) uniformly in any
compact set.

2. FLOQUET SOLUTION AND GENERALIZED PRUFER TRANSFORMATION FOR THE
CONTINUOUS SCHRODINGER OPERATOR

Let To(E) be the transfer matrix of Hy from 0 to 1, that is

e oy )= () )

for any solution u of Hyu = Eu.
Let

and D(F) = a(F) + d(F)

Theorem 2.1 ([5, Theorem 2.3.3]). Let A = Uj{ay, Bi}. Then for any A € A, D()\)
is either 2 or —2. Furthermore, one of D'(X) and D" (\) must be non-zero.

Remark 2.2. D'()\) # 0 if and only if A is non-collapsed.

For E € (aq,f), let k(E) € (0,7) be the quasimomentum. Let ¢(z, E) be a
solution of Hyu = Fu with E € (aq, ;) and satisfies boundary condition ¢(0) =
—b(E) and ¢'(0) = a(E) — e®*F), 1t is easy to check that

ne) (20 ) = (50

We get a Floquet solution ¢(z, E).
Since ¢(x, F) is a solution of Hyu = Eu, the Wronskian W (g, ¢) is constant and

W (@, %) = 2 Tm (p¢')
Let w(E) € R be such that
% T (o, B¢ (1, E)) = iwo(E).

Thus
w(E) =2b(E)sink(E).
Without loss of generality, assume w(E) > 0 (i.e., b(E) > 0).
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Let v(x, E) be such that
pla, E) = |p(z, B)|eF),
Then (See [12, Prop.2.1])
E)
2.1 o B) = =2 E)
>y B =S B

Proposition 2.3 ( Proposition 2.2 and Theorem 2.3bc of [12]). Suppose u is a real
solution of (1.1). Then there exist real functions R(z, E) > 0 and 0(x, E) such that

(2.2) InR(z, E)) = msm 20(z, F)
and
(2.3) 0(z,E) =+ (x,E) — m sin? 0(z, E).

Moreover, there exists a constant C (depending on E) such that

u(z, B)? + |/ (z, B)?
C

R(x,E) > 0 and 0(x, F) are usually referred as generalized Priifer variables.

(2.4) < R(z, B)? < C(lu(w, B)” + [/ (z, B)[).

Lemma 2.4. The following estimate holds,
1 < K(FE)
vY(xz, E) ~ sink(E)’

and then (in the continuous case)

(2.5)

where K(E) is uniformly bounded on any compact set of E.
Proof. By (2.1), it suffices to show that
ol B)? _ K(B)

w ~ sink(F)

Since |¢(x, F')| is 1-periodic, it suffices to prove (2.6) for 0 < z < 1. By the fact
that Vo € L0, 1] and Grénwall’s inequality, one has

(2, B)* < K(E)(le(0, B)* + |¢(0, B) ).

Thus it suffices to show

(2.6)

[0(0, E)* +1¢'(0, B)* _ _K(E)
w ~ sink(E)

By the definition,

20, E)|* + |¢'(0, B)[* _ Y*(E) + (a(E) — cosk(E))* + sin® k(E)
w 2bsink(F) '
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Using a(F) + d(F) = 2cosk(F) and a(FE)d(E) — b(E)c(E) = 1, one has
V(E) + (a(E) — cosk(E))> +sin? k(E) = b*(E)+d*(E) - 2a(E) cosk(E) + 1
= b (E) - a(E)d(E) +
= b(E) — b(E)e(E).
Since ||Tp|| < K(FE), one has |b(E)| < K, |c(F)| < K. Tt implies
(0, E)* +1¢'(0, E)* _ b(E) —c(E) _ K(E)

w 2sink(FE) — sin k(E)

We finish the proof.
O

Lemma 2.5 ([11, Lemma 4.4]). Let {e;}Y, be a set of unit vectors in a Hilbert
space ‘H so that

a = Nsup|(e;,ej)| < 1.
i#]
Then

(2.7) > g e < (L +a)llgll”
i=1
3. PROOF OF THE RESULTS IN CONTINUOUS SETTINGS

Although the following Lemma is proved for a special class of functions in [21],
it works for all L2[0, 1] functions.

Lemma 3.1. Suppose V(z) = % and f € L*([0,1]) is a I-periodic function.
Then
cos 40(t, E)
3.1 ——dt| = 0(1
1) Al o),

for E € Uj(ay, ;) with k(E) 7& 5. Suppose E1, Ey € Uj(ay, By) satisfy k(E1) # k(E2)
and k(E1) + k(E2) 7& 7. Then we have

sm 20(t, E1)sin 20(t, E2)
1+t

(3.2)

dt‘ =0(1).

Proof of Theorem 1.1 in the continuous setting. By the assumption of The-
orem 1.1, for any M > A, we have

M
Vv <
V@l <
for large x. By shifting the equation, we can assume
M
3.3 Vv <
(33) Vi)l < 1o

for all x > 0.
Let us take any standard spectral band (a, 8) = (o, 8;) into consideration. Let

€ (o, B) be such that the quasimomentum k(0) = 7.



596 WENCAI LIU

Suppose E1, Es, ... Ex € (a,6) N P. By (2.4) (also use u € L? implies v/ € L?),
we have

N
> R(z,E;) € L*(RY),
i=1
and then there exists B; — oo such that
1
(3.4) R(Bj, Ei) < B; ?,

foralli=1,2,..., N.
By (2.2), one has

—1In _ [ ﬂsin
(3.5) In R(z, F) —In R(0, E) —/0 >t ) 20(t, E)dt.
By (3.4) and (3.5), we have
v ' .
(3.6) /0 g S 2 Bt < =+ 0(1),

foralli=1,2,..., N.
Now let us consider the Hilbert spaces

H; = LA(0, By), (1 + o)da).
In H;, by (3.3) we have
(3.7) IVI[3, < M*log(1 + By).

Let
1 sin26(z, E;)

V(@ E) (1t

el(z) = )X[O,Bj](gc)a

where A7 is chosen so that e is a unit vector in H,.

Obviously,
. B; 2 )
T / i /sm 20(295,]@) i
o [V(z E)P(+2)
B; 1 Bi cos46(x, k;)
3.8 = / dq:/ L.
) o BRIy W B )

By (3.1), one has

(3.9)

Bi cos46(z, k;) ‘
' dx| = O(1),
| e sty o0

foralli=1,2,..., N.
Direct computation shows that

Bj 1 Bj—1 n+1 1
de = O(1)+ / dx
[ wemmars W+2 | G mra

(3.10) — O(1) +I'(E;)log B;.
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By (3.8), (3.9) and (3.10), we have

1
(3.11) Al = if(E,) log B; + O(1).
Since E; € (a,8) (k(E;) € (0,3)) for all i =1,2,..., N, one has
ki 4+ kg # 7,
forall1 <i,9g < N.
By (3.2), we have
o) : o)
12 < Iy <
(3.12) log B; <e”€9> log B;’
forall 1 <i,g < N and i #g.
By (3.11) and (3.6)
: V2
3.13 Vielhy < — log B;
( ) < z>7‘lj = F(Ez) g J

for large j. By (2.7) and (3.12), one has

(3.14) | P<(1+ LQ||V||HJ
J

log B

\\Mz

By (3.13), (3.14) and ( 7), we have

Mz

F logB < M?*log Bj + O(1).
i=1

Let 5 — oo, we get

N M2
2 TE Sy
F 2
i=1
for any M > A. This implies
N
1 A?
1 < —.
(3.15) 2 im) <
By (2.5), one has
K(E)
I'FE) < —F%F5-
(E) < |sink(E)|?
It implies
N
(3.16) > Isink(E)] < KA.
i=1

(o, ) NP is a countable set with possible accumulation point «. Similarly, (6, 5) NP
is a countable set with possible accumulation point 3, and the bounds as in (3.15)
and (3.16) hold. We finish the proof. O

We need another lemma to treat the special situation F = § separately.
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Lemma 3.2 ([21]). Fiz any spectral band [oy, B)]. Let &; € [ay, )] be such that
k(61) = 5. Then there exists some K > 0 such that if limsup,_,., z|V(z)| < %,
then 0; ¢ P.

Proof of Corollary 1.2 in the continuous setting. By (3.16) and also taking
(6,8) N P into consideration, we have

(3.17) > | sin k(E;)]? < K A2
E;ePn(a,B),E;#6

Combining with Lemma 3.2, we have,

(3.18) > [sink(E)PP < KA®.
E;ePn(a,pB)

By the fact that 2 cos wk(E;) = D(E;), one has

(3.19) > (4-D(E)*) < KA®.
E;ePn(a,B)

Without loss of generality, assume D(a) = 2 and D(f) = —2. If « is non-collapsed,

(3.20) 2~ D(Ey) > %\Ei _al.
If o is collapsed, by Theorem 2.1, one has
(3.21) 2 - D(E;) > %\Ei —al?.
Similarly, if S is non-collapsed,
(3.22) 24+ D(Ey) > %]EZ- 8
If 8 is collapsed, by Theorem 2.1, one has
(3.23) 2+ D(E;) > %]Ei — B>
By (3.18), (3.20), (3.21), (3.22) and (3.23), we have
(3.24) > min{|Ei - of*,|E - "} < KA.
E;ePN(a,B)

g

Proof of Corollary 1.3 in the continuous setting. Since &; is non-collapsed,
there exists some standard spectral band [o, 3] C [a4, f;] such that o« = & and
D'(a) #0. Let e = &TO‘ Obviously, for any F € (o, +€) N P,

1
E -3l > —.
1B =Bz &
Then
Ef
(3.25) min{|E — 81,1 — af} > L—21.

K
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Notice that ko, = 1. By (3.24) and (3.25), we have
> |E; — ay] < KA.
EiePﬂ(&l,dl+e}
Similarly,
> min{|Ei - §|} < KA
Ei€PN(B—¢,5)
O

Proof of Corollary 1.5. For the free Schrodinger equation, we can choose Floquet
solution p(z, E) = eV for > 0. Direct computation and by (2.1), one has

(3.26) Y (x,E) = VE.
and then
(3.27) I(E) = %

E;ePN (0,00)

4. PROOF OF THE RESULTS IN DISCRETE SETTINGS

In this section, all the equations are discrete. Similarly, we can also introduce
the generalized Priifer variables R(n, E) and 6(n, E) for Jacobi matrices. See [26]
(also [21]) for details.

R(n+1,E)? 2 9
4 1)2 B[4
+ Vint1) 2\90(11, ) sin?0(n, E).
w
Let us take one standard spectral band [«, 8] = [ay, §;] into consideration. Let

§ € (o, B) be such that the quasimomentum k(0) = 7.

Lemma 4.1 ([21]). Suppose V(n) = % and f(n) is q periodic. Let Eq, Fs € (o, 3)

be such that k(Ey) # k(E2) and k(Ey) + k(E2) # m. Assume k(Ey) # 5. Then for
any € > 0, there exist D(E1, Eq,€) and D(E1,¢€) such that

- cos40(t, Er)
4.1 t)y— 22U < D(E 1
(4.1) ;f() T+ | SDPELe) telnn,
and
= in20(t, Fy)sin 20(t, E
(4.2) Y™ (4 EYsin20E) | b gy o) 4 elnn,
it 1+¢
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Proof of Theorem 1.1 in the discrete setting. Replacing Lemma 3.1 by
Lemma 4.1 and using generalized Priifer variables for Jacobi matrices in [26], the
proof of discrete case can be proceeded in a similar way as that of continuous case.
We omit the details. O

Lemma 4.2 ([21]). There ezists some K > 0 such that if imsup,,_,., n|V (n)| < &,
then § ¢ P.

Proof of Corollaries 1.2 and 1.3 in the discrete setting. The proof follows
from the continuous case. We omit the details here. O

In order to prove Corollary 1.6, we also need one Lemma.

Lemma 4.3 ([19, Theorem 2.1]). If Vo = 0 and limsup,,_,.o n|V(n)| < 1, then 0
can not be in P.

Proof of Corollary 1.6. In this case, we only have one spectral band [—2,2].
Moreover, ¢(n, E) = e*E)" 2cosk(E) = E for E € (—2,2) and T'(E) = m
By Theorem 1.1(§ = 0),

1
Z L'(E;) < A%

EiEPm(—272);E,‘¢O
Thus
(4.3) > (4 — F?) <442,
E;ePN(—2,2);E;0

We may add 4 in the bound of (4.3) if 0 is in P. However, if A < 1, by Lemma 4.2,

0 can not be in P. We finish the proof. O

Proof of Corollaries 1.7 and 1.8. It follows from Corollaries 1.2 and 1.3 imme-

diately since the discrete operator has finitely many spectral bands. O
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