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where k(E) is the quasimomentum, and p(x,E) is 1-periodic. In each standard
spectral band [αl, βl], k(E) is monotonically increasing from 0 to π or monotonically
decreasing from π to 0.

Similarly, we consider the periodic Jacobi equation,

(1.4) (H0u)(n) := an+1u(n+ 1) + anu(n− 1) + bn+1u(n) = Eu(n), n ≥ 0,

where the {aj , bj} are real sequences with q-period, and aj is positive for all possible
j.

Likewise, we consider a class of the perturbed periodic Jacobi equation,
(1.5)
(Hu)(n) = an+1u(n+ 1) + anu(n− 1) + (bn+1 + V (n+ 1))u(n) = Eu(n), n ≥ 0,

where V (n) is an real sequences. Now we will extend the notations for the continuous
case to the discrete one. For E ∈ (αl, βl), let φ be the Floquet solution of (1.4),
namely,

(1.6) φ(n,E) = p(n,E)e
i
k(E)
q

n
,

where p(n,E) is a q-periodic sequence and k(E) ∈ (0, π) is the quasimomentum (q
is the period for an and bn). We also have the standard bands and non-standard
bands notations,

σac(H0) = σess(H0) = ∪l[αl, βl] = ∪l[α̃l, β̃l].

It is a very interesting problem to study phenomenons of eigenvalues/singular con-
tinuous spectrum embedded into the absolutely continuous (or essential) spectrum
based on the decaying perturbations, for example [4, 6–8, 10–17, 22–25, 27, 30, 31].
We care about the asymptotical behavior of eigenvalues approaching to the spectral
boundaries. The asymptotical behavior of eigenvalues lying outside spectral bands
has been well studied [1–3, 9, 29].

Our goal is to investigate the asymptotical behavior of eigenvalues approaching
to the spectral boundaries from the inside part. In our previous note, we show

that there is no embedded eigenvalues in the spectral band if V (x) = o(1)
1+x . If we

allow V (x) = h(x)
1+x for some positive function h(x) going to ∞, H0 + V can have

the desired countably embedded eigenvalues [21]. In those two cases, it is trivial
to study the asymptotical behavior of embedded eigenvalues. The purpose of this

paper is to study the remaining case, namely V (x) = O(1)
1+x . If V0 = 0 (it is reduced

to the free case), both the continuous and discrete cases have been studied in [11]
and [19] respectively. Starting from the Floquet solutions for periodic operators,
we obtained a universal and optimal result for the asymptotical behavior. It leads
to various applications. See Remark 1.9 for the details. In another two papers, we

will show that there is no singular continuous spectrum if V (x) = O(1)
1+x [18, 20].

In order to state our main results, more notations are necessary. The Wronskian
for the discrete case is given by

W (f, g)(n) = f(n)g(n+ 1)− f(n+ 1)g(n).

The Wronskian for the continuous case is given by

W (f, g)(x) = f(x)g′(x)− f ′(x)g(x).
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Since the Floquet solution φ(x,E) (φ(n,E)) is a solution of H0u = Eu, the Wron-
skian W (φ,φ) is constant and there is an ω ∈ R such that

W (φ,φ) = iω.

In the continuous case, define

Γ(E) =

∫ 1

0

4

ω2
|φ(x,E)|4dx.

In the discrete case, define

Γ(E) =
1

q

q∑
n=1

4

ω2
|φ(n,E)|4.

Γ(E) is well defined for E ∈ (αl, βl) and blows up as E → αl or E → βl. In the
following arguments, H0 is always a continuous periodic operator or periodic Jacobi
operator. V (x) or V (n) is the perturbed potential.

In the continuous case, define P as

(1.7) P = {E ∈ R : −u′′ + (V (x) + V0(x))u = Eu has an L2(R+) solution },
and in the discrete case, define P as

(1.8) P = {E ∈ R : equation (1.5) has an ℓ2(N) solution }.
P is the collection of eigenvalues for operators H0+V with all the possible boundary
conditions at 0.

Theorem 1.1. Suppose lim supx→∞ x|V (x)| = A (lim supn→∞ n|V (n)| = A). For
any standard spectral band [αl, βl], let δl be the unique point in [αl, βl] such that the
quasimomentum k(δl) = π

2 . Then the set P ∩ (αl, βl) is a countable set with two
possible accumulation points αl and βl. Moreover,

(1.9)
∑

Ei∈P∩(αl,δl)

1

Γ(Ei)
≤ A2

2
,

and ∑
Ei∈P∩(δl,βl)

1

Γ(Ei)
≤ A2

2
.

For any λ ∈ ∪l{αl, βl}, we define κλ = 1 if λ is non-collapsed. Otherwise, κλ = 2.
See the formal description of “non-collapsed” in Theorem 2.1 and the Remark after.

Based on Theorems 1.1, we can get a lot of Corollaries.

Corollary 1.2. Suppose lim supx→∞ x|V (x)| = A (lim supn→∞ n|V (n)| = A). Then
for any standard spectral band [αl, βl], P ∩ [αl, βl] is a countable set. Moreover, there
is a constant K (depends on k uniformly in any bounded set ) such that∑

Ei∈P∩(αl,βl)

min{|Ei − αl|καl , |Ei − βl|κβl} ≤ KA2.

In particular, ∑
Ei∈P∩(αl,βl)

min{|Ei − αl|2, |Ei − βl|2} ≤ KA2.
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Corollary 1.3. Suppose lim supx→∞ x|V (x)| = A (lim supn→∞ n|V (n)| = A). Then

for any non-standard spectral band [α̃l, β̃l], there exists some ϵ (only depends on H0

not on l) and a constant K (depends on l uniformly in any bounded set) such that∑
Ei∈P∩(α̃l,α̃l+ϵ)

min{|Ei − α̃l|, |Ei − β̃l|} ≤ KA2,

and ∑
Ei∈P∩(β̃l−ϵ,β̃l)

min{|Ei − α̃l|, |Ei − β̃l|} ≤ KA2.

Remark 1.4. In the continuous case, βl − αl = 2π2l + O(1) as k goes to infinity
[5]. Thus we can choose ϵ ≍ π2l for large l.

Corollary 1.5. Suppose V0(x) = 0 and lim supx→∞ x|V (x)| = A. Then P ∩ (0,∞)
is a countable set. Moreover, ∑

Ei∈P∩(0,∞)

Ei ≤
A2

2
.

We remark that Corollary 1.5 with exactly the same bound has been proved in
[11]. It means our bounds in Theorem 1.1 are effective. In the discrete setting,
Theorem 1.1 implies the following known result in [19].

Corollary 1.6. Suppose V0(n) = 0 and lim supn→∞ n|V (n)| = A. Then P ∩ (−2, 2)
is a countable set. Moreover,∑

Ei∈P∩(−2,2)

(4− E2
i ) ≤ 4A2 + 4min{1, A}.

For the discrete case, H0 has q standard spectral bands and the set of spectrum
is bounded. Then the constant K (ϵ) only depends on H0.

Corollary 1.7. Suppose lim supn→∞ n|V (n)| = A. Let d(E) = minl dist(E, {αl, βl}).
Then there is a constant K such that∑

Ei∈P∩σess(H0)

d2(Ei) ≤ KA2.

Corollary 1.8. Suppose lim supn→∞ n|V (n)| = A. Then there exist constants ϵ > 0
and K > 0 such that ∑

Ei

min{|Ei − α̃l|, |Ei − β̃l|} ≤ KA2,

where {Ei} goes over all the values in set P ∩
(
∪l(α̃l, α̃l + ϵ) ∪ (β̃l − ϵ, β̃l)

)
.

Remark 1.9. • All the bounds go to 0 as A goes to zero. It implies that
there is no L2(R+) (or ℓ2(N)) solution of (H0+V )u = Eu for E ∈ ∪l(αl, βl)

if V (x) = o(1)
1+x (V (n) = o(1)

1+n). Thus under any fixed boundary condition at
0, there is no eigenvalues of the operator H0 + V embedded into its bands

if V (x) = o(1)
1+x (V (n) = o(1)

1+n).
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• Fix l. Corollary 1.2 implies the speed of Ei ∈ P going to the collapsed
boundaries behaves like |Ei−αl| ≍ 1

1+
√
i
(|Ei−βl| ≍ 1

1+
√
i
). The speed going

to non-collapsed boundaries behaves like |Ei − αl| ≍ 1
1+i (|Ei − βl| ≍ 1

1+i).

Remling [28] shows that we can not improve it to |Ei − αl| ≍ 1
1+i1+ϵ in

the continuous case. This means that our main results are optimal in some
sense.

Our paper is organized in the following way. In Section 2, we will introduce the
Floquet solution and generalized Prüfer transformation. In Section 3, we will give
the proof of all the results in the continuous setting. In Section 4, we will give the
proof of all the results in the discrete setting.

In the following, E is always in some spectral band (αl, βl). The constant C
depends on E, and so does O(1). K depends on E (or say l) uniformly in any
compact set.

2. Floquet solution and generalized Prüfer transformation for the
continuous Schrödinger operator

Let T0(E) be the transfer matrix of H0 from 0 to 1, that is

T0(E)

(
u(0)
u′(0)

)
=

(
u(1)
u′(1)

)
for any solution u of H0u = Eu.

Let

T0(E) =

(
a(E) b(E)
c(E) d(E)

)
and D(E) = a(E) + d(E)

Theorem 2.1 ([5, Theorem 2.3.3]). Let Λ = ∪l{αl, βl}. Then for any λ ∈ Λ, D(λ)
is either 2 or −2. Furthermore, one of D′(λ) and D′′(λ) must be non-zero.

Remark 2.2. D′(λ) ̸= 0 if and only if λ is non-collapsed.

For E ∈ (αl, βl), let k(E) ∈ (0, π) be the quasimomentum. Let φ(x,E) be a
solution of H0u = Eu with E ∈ (αl, βl) and satisfies boundary condition φ(0) =

−b(E) and φ′(0) = a(E)− eik(E). It is easy to check that

T0(E)

(
φ(0)
φ′(0)

)
= eik(E)

(
φ(0)
φ′(0)

)
.

We get a Floquet solution φ(x,E).
Since φ(x,E) is a solution of H0u = Eu, the Wronskian W (φ,φ) is constant and

W (φ,φ) = 2i Im (φφ′)

Let ω(E) ∈ R be such that

2i Im (φ(x,E)φ′(x,E)) = iω(E).

Thus
ω(E) = 2b(E) sin k(E).

Without loss of generality, assume ω(E) > 0 (i.e., b(E) > 0).
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Let γ(x,E) be such that

φ(x,E) = |φ(x,E)|eiγ(x,E).

Then (See [12, Prop.2.1])

(2.1) γ′(x,E) =
ω(E)

2|φ(x,E)|2
.

Proposition 2.3 ( Proposition 2.2 and Theorem 2.3bc of [12]). Suppose u is a real
solution of (1.1). Then there exist real functions R(x,E) > 0 and θ(x,E) such that

(2.2) [lnR(x,E)]′ =
V (x)

2γ′(x,E)
sin 2θ(x,E)

and

(2.3) θ(x,E)′ = γ′(x,E)− V (x)

2γ′(x,E)
sin2 θ(x,E).

Moreover, there exists a constant C(depending on E) such that

(2.4)
|u(x,E)|2 + |u′(x,E)|2

C
≤ R(x,E)2 ≤ C(|u(x,E)|2 + |u′(x,E)|2).

R(x,E) > 0 and θ(x,E) are usually referred as generalized Prüfer variables.

Lemma 2.4. The following estimate holds,

(2.5)
1

γ′(x,E)
≤ K(E)

sin k(E)
,

and then (in the continuous case)

Γ(E) ≤ K(E)

| sin k(E)|2
,

where K(E) is uniformly bounded on any compact set of E.

Proof. By (2.1), it suffices to show that

(2.6)
|φ(x,E)|2

ω
≤ K(E)

sin k(E)
.

Since |φ(x,E)| is 1-periodic, it suffices to prove (2.6) for 0 ≤ x ≤ 1. By the fact
that V0 ∈ L1[0, 1] and Grönwall’s inequality, one has

|φ(x,E)|2 ≤ K(E)(|φ(0, E)|2 + |φ′(0, E)|2).

Thus it suffices to show

|φ(0, E)|2 + |φ′(0, E)|2

ω
≤ K(E)

sin k(E)
.

By the definition,

|φ(0, E)|2 + |φ′(0, E)|2

ω
=

b2(E) + (a(E)− cos k(E))2 + sin2 k(E)

2b sin k(E)
.
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Using a(E) + d(E) = 2 cos k(E) and a(E)d(E)− b(E)c(E) = 1, one has

b2(E) + (a(E)− cos k(E))2 + sin2 k(E) = b2(E) + a2(E)− 2a(E) cos k(E) + 1

= b2(E)− a(E)d(E) + 1

= b2(E)− b(E)c(E).

Since ||T0|| ≤ K(E), one has |b(E)| ≤ K, |c(E)| ≤ K. It implies

|φ(0, E)|2 + |φ′(0, E)|2

ω
=

b(E)− c(E)

2 sin k(E)
≤ K(E)

sin k(E)
.

We finish the proof.
□

Lemma 2.5 ([11, Lemma 4.4]). Let {ei}Ni=1 be a set of unit vectors in a Hilbert
space H so that

α = N sup
i ̸=j

|⟨ei, ej⟩| < 1.

Then

(2.7)
N∑
i=1

|⟨g, ei⟩|2 ≤ (1 + α)||g||2.

3. Proof of the results in continuous settings

Although the following Lemma is proved for a special class of functions in [21],
it works for all L2[0, 1] functions.

Lemma 3.1. Suppose V (x) = O(1)
1+x and f ∈ L2([0, 1]) is a 1-periodic function.

Then

(3.1)

∣∣∣∣∫ x

0
f(t)

cos 4θ(t, E)

1 + t
dt

∣∣∣∣ = O(1),

for E ∈ ∪l(αl, βl) with k(E) ̸= π
2 . Suppose E1, E2 ∈ ∪l(αl, βl) satisfy k(E1) ̸= k(E2)

and k(E1) + k(E2) ̸= π. Then we have

(3.2)

∣∣∣∣∫ x

0
f(t)

sin 2θ(t, E1) sin 2θ(t, E2)

1 + t
dt

∣∣∣∣ = O(1).

Proof of Theorem 1.1 in the continuous setting. By the assumption of The-
orem 1.1, for any M > A, we have

|V (x)| ≤ M

1 + x

for large x. By shifting the equation, we can assume

(3.3) |V (x)| ≤ M

1 + x

for all x > 0.
Let us take any standard spectral band (α, β) = (αl, βl) into consideration. Let

δ ∈ (α, β) be such that the quasimomentum k(δ) = π
2 .
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Suppose E1, E2, . . . EN ∈ (α, δ) ∩ P . By (2.4) (also use u ∈ L2 implies u′ ∈ L2),
we have

N∑
i=1

R(x,Ei) ∈ L2(R+),

and then there exists Bj → ∞ such that

(3.4) R(Bj , Ei) ≤ B
− 1

2
j ,

for all i = 1, 2, . . . , N .
By (2.2), one has

(3.5) lnR(x,E)− lnR(0, E) =

∫ x

0

V (t)

2γ′(t, E)
sin 2θ(t, E)dt.

By (3.4) and (3.5), we have

(3.6)

∫ Bj

0

V (t)

γ′(t, Ei)
sin 2θ(t, Ei)dt ≤ −Bj +O(1),

for all i = 1, 2, . . . , N .
Now let us consider the Hilbert spaces

Hj = L2((0, Bj), (1 + x)dx).

In Hj , by (3.3) we have

(3.7) ||V ||2Hj
≤ M2 log(1 +Bj).

Let

eji (x) =
1√
Aj

i

sin 2θ(x,Ei)

γ′(x,Ei)(1 + x)
χ[0,Bj ](x),

where Aj
i is chosen so that eji is a unit vector in Hj .

Obviously,

Aj
i =

∫ Bj

0

sin2 2θ(x, ki)

|γ′(x,Ei)|2(1 + x)
dx

=

∫ Bj

0

1

2|γ′(x,Ei)|2(1 + x)
dx−

∫ Bj

0

cos 4θ(x, ki)

|γ′(x,Ei)|2(1 + x)
dx.(3.8)

By (3.1), one has

(3.9)

∣∣∣∣∫ Bj

0

cos 4θ(x, ki)

|γ′(x,Ei)|2(1 + x)
dx

∣∣∣∣ = O(1),

for all i = 1, 2, . . . , N .
Direct computation shows that∫ Bj

0

1

|γ′(x,Ei)|2(1 + x)
dx = O(1) +

Bj−1∑
n=0

∫ n+1

n

1

|γ′(x,Ei)|2(1 + n)
dx

= O(1) + Γ(Ei) logBj .(3.10)
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By (3.8), (3.9) and (3.10), we have

(3.11) Aj
i =

1

2
Γ(Ei) logBj +O(1).

Since Ei ∈ (α, δ) (k(Ei) ∈ (0, 12)) for all i = 1, 2, . . . , N , one has

ki + kg ̸= π,

for all 1 ≤ i, g ≤ N .
By (3.2), we have

(3.12)
O(1)

logBj
≤ ⟨eji , e

j
g⟩ ≤

O(1)

logBj
,

for all 1 ≤ i, g ≤ N and i ̸= g.
By (3.11) and (3.6)

(3.13) ⟨V, eji ⟩Hj ≤ −
√
2√

Γ(Ei)

√
logBj +O(1),

for large j. By (2.7) and (3.12), one has

(3.14)
N∑
i=1

|⟨V, eji ⟩Hj |2 ≤ (1 +
O(1)

logBj
||V ||Hj .

By (3.13), (3.14) and (3.7), we have

N∑
i=1

2

Γ(Ei)
logBj ≤ M2 logBj +O(1).

Let j → ∞, we get
N∑
i=1

1

Γ(Ei)
≤ M2

2
,

for any M > A. This implies

(3.15)

N∑
i=1

1

Γ(Ei)
≤ A2

2
.

By (2.5), one has

Γ(E) ≤ K(E)

| sin k(E)|2
.

It implies

(3.16)
N∑
i=1

| sin k(Ei)|2 ≤ KA2.

(α, δ)∩P is a countable set with possible accumulation point α. Similarly, (δ, β)∩P
is a countable set with possible accumulation point β, and the bounds as in (3.15)
and (3.16) hold. We finish the proof. □

We need another lemma to treat the special situation E = δ separately.
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Lemma 3.2 ([21]). Fix any spectral band [αl, βl]. Let δl ∈ [αl, βl] be such that
k(δl) = π

2 . Then there exists some K > 0 such that if lim supx→∞ x|V (x)| ≤ 1
K ,

then δl /∈ P .

Proof of Corollary 1.2 in the continuous setting. By (3.16) and also taking
(δ, β) ∩ P into consideration, we have

(3.17)
∑

Ei∈P∩(α,β),Ei ̸=δ

| sin k(Ei)|2 ≤ KA2.

Combining with Lemma 3.2, we have,

(3.18)
∑

Ei∈P∩(α,β)

| sin k(Ei)|2 ≤ KA2.

By the fact that 2 cosπk(Ei) = D(Ei), one has

(3.19)
∑

Ei∈P∩(α,β)

(4−D(Ei)
2) ≤ KA2.

Without loss of generality, assume D(α) = 2 and D(β) = −2. If α is non-collapsed,

(3.20) 2−D(Ei) ≥
1

K
|Ei − α|.

If α is collapsed, by Theorem 2.1, one has

(3.21) 2−D(Ei) ≥
1

K
|Ei − α|2.

Similarly, if β is non-collapsed,

(3.22) 2 +D(Ei) ≥
1

K
|Ei − β|.

If β is collapsed, by Theorem 2.1, one has

(3.23) 2 +D(Ei) ≥
1

K
|Ei − β|2.

By (3.18), (3.20), (3.21), (3.22) and (3.23), we have

(3.24)
∑

Ei∈P∩(α,β)

min{|Ei − α|κα , |Ei − β|κβ} ≤ KA2.

□

Proof of Corollary 1.3 in the continuous setting. Since α̃l is non-collapsed,
there exists some standard spectral band [α, β] ⊂ [α̃l, βl] such that α = α̃ and

D′(α) ̸= 0. Let ϵ = β−α
2 . Obviously, for any E ∈ (α, α+ ϵ) ∩ P ,

|E − β| ≥ 1

K
.

Then

(3.25) min{|E − β|, |E − α|} ≥ |E − α|
K

.
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Notice that κα = 1. By (3.24) and (3.25), we have∑
Ei∈P∩(α̃l,α̃l+ϵ]

|Ei − α̃l| ≤ KA2.

Similarly, ∑
Ei∈P∩(β̃l−ϵ,β̃l)

min{|Ei − β̃l|} ≤ KA2.

□

Proof of Corollary 1.5. For the free Schrödinger equation, we can choose Floquet

solution φ(x,E) = ei
√
Ex for E > 0. Direct computation and by (2.1), one has

(3.26) γ′(x,E) =
√
E.

and then

(3.27) Γ(E) =
1

E
.

In this case, let α = 0, β = ∞ and δ = ∞. Following the proof of (3.15), we have∑
Ei∈P∩(0,∞)

Ei ≤
A2

2
.

□

4. Proof of the results in discrete settings

In this section, all the equations are discrete. Similarly, we can also introduce
the generalized Prüfer variables R(n,E) and θ(n,E) for Jacobi matrices. See [26]
(also [21]) for details.

R(n+ 1, E)2

R(n,E)2
= 1− V (n+ 1)

2

ω
sin 2θ(n,E)|φ(n,E)|2

+
4V (n+ 1)2|φ(n,E)|4

ω2
sin2 θ(n,E).

Let us take one standard spectral band [α, β] = [αl, βl] into consideration. Let
δ ∈ (α, β) be such that the quasimomentum k(δ) = π

2 .

Lemma 4.1 ([21]). Suppose V (n) = O(1)
1+n and f(n) is q periodic. Let E1, E2 ∈ (α, β)

be such that k(E1) ̸= k(E2) and k(E1) + k(E2) ̸= π. Assume k(E1) ̸= π
2 . Then for

any ε > 0, there exist D(E1, E2, ε) and D(E1, ε) such that

(4.1)

∣∣∣∣∣
n∑

t=1

f(t)
cos 4θ(t, E1)

1 + t

∣∣∣∣∣ ≤ D(E1, ε) + ε lnn,

and

(4.2)

∣∣∣∣∣
n∑

t=1

f(t)
sin 2θ(t, E1) sin 2θ(t, E2)

1 + t

∣∣∣∣∣ ≤ D(E1, E2, ε) + ε lnn.
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Proof of Theorem 1.1 in the discrete setting. Replacing Lemma 3.1 by
Lemma 4.1 and using generalized Prüfer variables for Jacobi matrices in [26], the
proof of discrete case can be proceeded in a similar way as that of continuous case.
We omit the details. □

Lemma 4.2 ([21]). There exists some K > 0 such that if lim supn→∞ n|V (n)| ≤ 1
K ,

then δ /∈ P .

Proof of Corollaries 1.2 and 1.3 in the discrete setting. The proof follows
from the continuous case. We omit the details here. □

In order to prove Corollary 1.6, we also need one Lemma.

Lemma 4.3 ([19, Theorem 2.1]). If V0 = 0 and lim supn→∞ n|V (n)| < 1, then 0
can not be in P .

Proof of Corollary 1.6. In this case, we only have one spectral band [−2, 2].

Moreover, φ(n,E) = eik(E)n, 2 cos k(E) = E for E ∈ (−2, 2) and Γ(E) = 1
sin2 k(E)

.

By Theorem 1.1(δ = 0), ∑
Ei∈P∩(−2,2);Ei ̸=0

1

Γ(Ei)
≤ A2.

Thus

(4.3)
∑

Ei∈P∩(−2,2);Ei ̸=0

(4− E2
i ) ≤ 4A2.

We may add 4 in the bound of (4.3) if 0 is in P . However, if A < 1, by Lemma 4.2,
0 can not be in P . We finish the proof. □

Proof of Corollaries 1.7 and 1.8. It follows from Corollaries 1.2 and 1.3 imme-
diately since the discrete operator has finitely many spectral bands. □
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