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CONTROLLABILITY FOR A POPULATION EQUATION WITH
INTERIOR DEGENERACY

GENNI FRAGNELLI

ABSTRACT. We deal with a degenerate model in divergence form describing the
dynamics of a population depending on time, on age and on space. We assume
that the degeneracy occurs in the interior of the spatial domain and we focus
on null controllability. To this aim, first we prove Carleman estimates for the
associated adjoint problem, then, via cut off functions, we prove the existence of
a null control function localized in the interior of the space domain. We consider
two cases: either the control region contains the degeneracy point xo, or the
control region is the union of two intervals each of them lying on one side of
xo. This paper complement some previous results, concluding the study of the
subject.

1. INTRODUCTION

We consider the following degenerate population model describing the dynamics
of a single species:

9u + 9U — (kug)y + pu(t,a,x)u+ po(a)u = h(t,a,z)x,  in Q,

(11) u(t,a,1) = u(t,a,0) =0 on Qr,A,
' u(0,a,x) = up(a,x) n Qan,
u(t,0,x) = fOA'y(a, x)u(t, a,x)da in Q71

where @ := (0,7) x (0,4) x (0,1), Q7,4 := (0,T) x (0,A4), Qa1 := (0,A4) x (0,1)
and Q7,1 = (0,7) x (0,1). Here u(t, a,x) is the distribution of certain individuals
at location = € (0, 1), at time t € (0,7"), where T is fixed, and of age a € (0, A). A is
the maximal age of life, while ~ is the natural fertility. Thus, the formula fOA Yyuda
denotes the distribution of newborn individuals at time ¢ and location . Moreover,
p and jio are the natural death rates and are such that p € C(Q), uo € C[0, A),
u>0in Q, po > 0 a.e. in [0, A) and fOA po(a)da = +o0o. The function k, which is
the dispersion coefficient, depends on the space variable x and we assume that it
degenerates in an interior point x of the state space. In particular, we say that

Definition 1.1. The function k is weakly degenerate (WD) if there exists xg €
(0,1) such that k(x¢) = 0, k > 0 on [0,1] \ {zo}, k € WH1(0,1) and there exists
M € (0,1) so that (z — zo)k’ < Mk a.e. in [0,1].
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Definition 1.2. The function k is strongly degenerate (SD) if there exists
xo € (0,1) such that k(zg) = 0, k > 0 on [0,1] \ {zo}, ¥ € WH*(0,1) and there
exists M € [1,2) so that (z — z9)k’ < Mk a.e. in [0,1].

For example, as k one can consider k(z) = |z — z9|%, a > 0 (see [15] for similar
definitions).

Finally, in the model, x,, is the characteristic function of the control region w C
(0,1) which can contain xg or can be the union of two intervals each of them lying
on different sides of the degeneracy point, more precisely:

w=wi; Uws
where
Wi = ()\Z,ﬁz) C (0, 1),i =1,2, and 51 < xg < As.

Thanks to the following transformation y(t, a, z) := efo #0(MdTy(t q, z), (1.1) can
be rewritten as

% + % - (kya;)q: + lu(t? a” x)y = f(tvaa 'CU)XOJ iIl Q7

(1 2) y(ta a, 1) = y(t7a70) =0 on QT,A7
. y(O,a,a:) = yO(a>$) in QA,I?
y(tvov‘r) = fOA B(a,m)y(t,a,x)da in QT,17

where f(t,a,z) = elo PMITR(t . 3), B(a,z) = y(a,z)e Jo #oMIT and yo(a, ) =
eJo mo(MdT (g, x). Thus, in place of (1.1), it is not restrictive to consider (1.2) as
we will make in the rest of the paper.

It is known that the asymptotic behavior of the solution for the Lotka-McKendrick
system depends on the so called net reproduction rate Ry: indeed the solution can
be exponentially growing if Ry > 1, exponentially decaying if Ry < 1 or tends to the
steady state solution if Rg = 1. Clearly, if the system represents the distribution of a
damaging insect population or of a pest population and Ry > 1, it is very worrying.
For this reason, recently great attention is given to null controllability issues. For
example in [16], where (1.2) models an insect growth, the control corresponds to a
removal of individuals by using pesticides. If k is a constant or a strictly positive
function, null controllability for (1.2) is studied, for example, in [3]. If k& degenerates
at the boundary or at an interior point of the domain and y is independent of a
we refer, for example, to [2], [10], [11] and to [12], [13], [14] if u is singular at the
same point of k. Actually, [1] is the first paper where y depends on ¢, a and = and
the dispersion coefficient k degenerates. In particular, in [1], k& degenerates at the
boundary of the domain (for example k(x) = 2%, being « € (0,1) and a > 0). Using
Carleman estimates for the adjoint problem, the authors prove null controllability
for (1.2) under the condition T' > A. The case T < A is considered in [5], [7], [8]
and [9]. In [7] the problem is always in divergence form and the authors assume that
k degenerates only at a point of the boundary; moreover, they use the fixed point
technique in which the birth rate 8 must be of class C?(Q) (necessary requirement
in the proof of [7, Proposition 4.2]). A more general result is obtained in [8] where
B is only a continuous function, but k& can degenerate at both extremal points. In
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[5] the problem is in divergence form and k degenerates at an interior point and it
belongs to C[0,1] N C*([0,1] \ {z0}). Finally, in [9], we studied null controllability
for (1.2) in non divergence form and with a diffusion coefficient degenerating at a
one point of the boundary domain or in an interior point. In this paper we study
the null controllability for (1.2) assuming that k degenerates at xg € (0,1) and
T < AorT > A. We underline that here, contrary to [5], the function k is less
regular, the control region w not only can contain xg, but can be also the union of
two intervals each of them lying on one side of xg and T can be greater than A.
Moreover, contrary to [1], where T' > A and k degenerates at the boundary, here we
assume that 7' can be smaller than A and k degenerates at zy € (0,1). Hence, this
paper is the completion of all the previous ones. Moreover, the technique used in
Theorem 4.10 can be also applied either when k degenerates at the boundary of the
domain, completing [8], or when k is in non divergence form and k degenerates at
the boundary or in the interior of the domain, completing [9]. Finally, observe that
in this paper, as in [8] or in [9], we do not consider the positivity of the solution, even
if it is clearly an interesting question to face: this problem is related to the minimum
time, i.e. T' cannot be too small (see [17] for related results in non degenerate cases).
This topic will be the subject of further investigations.

A final comment on the notation: by ¢ or C we shall denote universal strictly
positive constants, which are allowed to vary from line to line.

2. WELL POSEDNESS RESULTS

For the well posedness of the problem, we assume the following hypotheses on
the rates p and § :

Hypothesis 2.1. The functions p and 8 are such that

(2.1) e B3€C(Qan)and B>0in Qay,
' e €C(Q)and > 0in Q.

To prove well possessedness of (1.2), we introduce, as in [11], the following Hilbert
spaces

HY(0,1) := {u e Wh'(0,1) : Viu' € L0, 1)}
and
H}? := {u e H(0,1)| ku, € H'(0,1)}.
We have, as in [11], that the operator
Aou = (kug)z, D(Ap) := HE(0,1)

is self-adjoint, nonpositive and generates an analytic contraction semigroup of angle
7/2 on the space L?(0,1).
As in [8], setting A,u = %, we have that

Au = Au — Agu,
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for

u € D(A) = {u € L*(0, A; D(Ay)) : gz € L*(0,A; HL(0,1)),

A
u(v.) = [ ﬁ(a,mu(a,x)da},
0
generates a strongly continuous semigroup on L?(Qa1) = L?(0, 4; L%(0,1)) (see
also [4]). Moreover, the operator B(t) defined as
B(t)u = u(t, a,2)u,

for u € D(A), can be seen as a bounded perturbation of A (see, for example, [2]);
thus also (A + B(t), D(A)) generates a strongly continuous semigroup.

Setting L2(Q) := L?(0,T;L*(Qa.1)), the following well posedness result holds
(see [8] for the proof):

Theorem 2.1. Assume that k is weakly or strongly degenerate at 0 and/or at 1.
For all f € L*(Q) and yo € L*(Qa.1), the system (1.2) admits a unique solution

yeU :=C([0,T]; L*(Qa1))) N L*(0,T; H' (0, A; H(0,1)))
and
2 T A 2
) s [0, + L [ el ot
< C||?JOH%2(QA71) + O\ f1122(0)»

where C' is a positive constant independent of k,yo and f.
In addition, if f =0, then y € C’l([O,T];L2(QA’1)).

3. CARLEMAN ESTIMATES

In this section we show degenerate Carleman estimates for the following adjoint
system associated to (1.2):

%+ %+ (k(2)2)e — plt,a,2)z = £, (ta,x) €Q,
(3.1) 2(t,a,0) = z(t,a,1) = 0, (t,a) € Qr,A,
Z(ta A,l’) = 07 (t,ZL‘) € QT,l‘

On k we make additional assumptions:

Hypothesis 3.1. The function k is (WD) or (SD). Moreover, if M > %, then
there exists a constant 6 € (0, M] such that

(3.2) = k(x) { is non increasing on the left of = = =y,
: T

|z — xo0 is non decreasing on the right of z = x.

In addition, when M > 3 the function in (3.2) is bounded below away from 0 and
there exists a constant I' > 0 such that

(3.3) |k (x)] < T|z — 20?2 for a.e. z €]0,1].
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Now, let us introduce the weight function

(3.4) o(t,a,x) = O(t,a)(x),
where
(3.5) O(t,a) :== W and ¢(x) = [ m: yk_(;):ody - CQ:|

The following estimate holds:

Theorem 3.1. Assume that Hypothesis 3.1 is satisfied. Then, there exist two
strictly positive constants C' and so such that every solution v of (3.1) in

V= L*(Qr.a; HF(0,1)) N H'(0,T; H'(0, 4; Hy (0,1)))

satisfies, for all s > s,

)2
/ (5@]4:(@3;)2 + 8363(xk$0)112> e*Pdxdadt
Q

T rA
<C </ f2e**?dxdadt + scy / / [k@e%“o(x - xo)(vx)Qdadt] z:] dadt> .
Q 0 Jo

Clearly the previous Carleman estimate holds for every function v that satisfies
(3.1) in (0,7) x (0,A) x (B,C) as long as (0,1) is substituted by (B,C) and k
satisfies Hypothesis 3.1 in (B, C).

Proof of Theorem 3.1. The proof of Theorem 3.1 follows the ideas of the one of [8,
Theorem 3.1] or [9, Theorem 3.6] (for the non divergence case). As in the previous
papers, we consider, first of all, the case when pu = 0: for every s > 0 consider the
function

w(t,a,z) = e?E4y(t, a, 3),

where v is any solution of (3.1) in V, so that also w € V, since ¢ < 0. Moreover, w
satisfies

(e_sww)t + (e—scpw)a + (k(e_sww)x)x = f(t7 a, .73), (tv .73) €Q,
(36) w(07 a, $) = ’U)(T, a, I’) =0, (a7 iL') € QA,h

w(t, A, x) = w(t,0,z) =0, (t,x) € Qr1,

w(t,a,0) =w(t,a,1) =0, (t,a) € Qr,a,

and [8, Lemma 3.1] still holds. In particular, setting

ij = (kwx)ar - S(SOt + Spa)w + 821%03267“0’
Low:=w +wy — 28k80xwx - S(k¢$)2w7

S

we have
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Lemma 3.2 (see [8, Lemma 3.1]). Assume Hypothesis 3.1. The following identity
holds
(3.7)

< ij,Ls_w >r2Q) = ;/ (et +cpaa)w2dacdadt
Q

+3/ k(x)(k(x)ps)zzwwzdrdadt
Q
—252/ kgox(me)le‘dCLdt—2S2/ k(pxgomw2dxdadt
@ @ (D.T}
—|—s/ (2k2<,0m—|—kk/<,0x)wgdxdadt
Q

+ 53 / (2kpes + K 0 ) k2w drdadt
Q

+s/ cpathd:vdadt.
Q

(/ [kwxwt](l)dadt—i—/ [kzwxwa]édadt
Q1,4 Qr,A

S 21T
- = pow? | drda.
2 /QA,l [ ]0

+/ s (k(2)w)? + $2h(2) prpats?
QT4
— k23w dadt

(B.T.)
[ @) (el idads
Qr,A

+ 52 /Q [kgowtpan] édadt
T,A

1/ 274 1/ 27, 2
- = kwg |, dxdt + = s°ky;,
2 Q1,1 [ ]O 2 Qr,1 [(

— s(pt + wa))wz]gldxdt.

We underline the fact that in this case all integrals and integrations by parts are
justified by the definition of D(A) and the choice of ¢, while, if the degeneracy
is at the boundary of the domain as in [8], they were guaranteed by the choice of
Dirichlet conditions at x = 0 or x = 1, i.e. where the operator is degenerate.

As a consequence of the definition of ¢, one has the next estimate:

Lemma 3.3. Assume Hypothesis 3.1. There exist two strictly positive constants C
and sg such that, for all s > sg, all solutions w of (3.6) satisfy the following estimate

SC/ @kwidwdadtjts?’C’/ 03 (= 2 w?dzdadt < {D.T.}.
Q Q
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Proof. Using the definition of ¢, the distributed terms given in Lemma 3.2 take the
form

¢

s 2 2 (z — 550)2 2
3 (@tt + Ouo)Ywdzdadt — 2s*c; @@tTw dxdadt

— 2s cl/ 6)(9 — %0 w?dzdadt

{D.T.} =< + scl/ © <2 — %(az — xg)) k(w,)*dxdadt
Q
! _ 2
+ S?’c:f/ e? (2 - k—(x - a:o)> Mzﬁdmdadt
0 k k
s / O pw?dxdadt.
Q

Because of the choice of p(z), one has, as in [11],

2 —

)k
(96156())22—M a.e. x € [0,1].

Thus, there exists C' > 0 such that, the distributed terms satisfy the estimate
2
{D.T.} > S/ (B4 + Oua)bw drdadt — 326’/ \@@t(xkxO)dexdadt
Q
—320/ 00, E =) 0 2 drdadt
2 3 5(z —x0)*
+SC/ O(w, ) dxdadt + s C/ ©°———w*dzdadt
Q Q

s / O Ypwidrdadt.
Q

By [9, Lemma 3.5], we conclude that, for s large enough,

)

_ 2
$2C / (1004 + 100u)) £ =2 2 drdadt < Cs? / @Siw 2 dedadt
Q

k k

/ o3 E 20" o dadt

Again as in [11, Lemma 4.1], we get
';/(@tt +@aa)¢w2d$dadt’ < sC’/ 032w drdadt
Q
(3.9) S/ Ok(w,)*drdadt

/@3 — )R dzdadt.
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Analogously, one has that the last term in (3.8), i.e. s fQ O pw?dxdadt, satisfies

s/ @tawwzdxdadt’ < CS/ @k(wx)Qda:dadt
Q 4 Jg

3 _ 2
+ 083/ @3Mw2dazdadt.
4 0 k
Summing up, we obtain

Tr — X

3 2
{D.T.} > —Zs/ O(w,)*drdadt — 0483/ e? <k> w?drdadt
Q Q

3 B 2
— 033/ e3 (m :c0> w?dzdadt
4 0 k

2
+sC / O(w, ) dwdadt + s3C / o3 <"’“"kx°> wdzdadt
Q Q

c 2 c? 4 3 2
— —s | O(wg)*drdadt — —s O°(w, ) *dzdadt
1 Jg 1 Jg

c 2 C? 4 3 (%20 ? 2
> —s [ O(wy)“daxdadt + —s S) wdzdadt.
17 Jo 7 Jo z
U

Proceeding as in [8] and in [11], one has for the boundary terms the following
lemma:

Lemma 3.4. Assume Hypothesis 3.1. The boundary terms in (3.7) reduce to
T rA 2=1
—sc / / O(t)k [(x — x0) (w,)? Odadt.
0 0 T=

By Lemmas 3.2-3.4, there exist C' > 0 and sg > 0 such that all solutions w of
(3.6) satisfy, for all s > s,

_ 2
s / Okw2dzdadt + 53 / @3(36];())w2dxdadt
Q Q

T rA
<C </Q f2e**?dxdadt + 861/0 /0 [Ok(z)(z — IO)(wx)z]zz(l) dadt> '

Hence, if ;4 = 0, Theorem 3.1 follows recalling the definition of w and the fact
that
Lifw+ L;w=e*f,
If 4 # 0, we consider the function f = f + puv. Hence, there are two strictly
positive constants C and sg such that, for all s > sg, the following inequality holds

)2
/ (3@/{:(%)2 + 83@3@;0)?}2) e**?dxdadt
(3.10) ¢

T A
<C (/ f2e??dxdadt + s/ / [k‘@egs‘p(x - xo)(vm)gdadt] z:) dadt) .
Q 0 Jo
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On the other hand, we have
(3.11) /f%m dzdadt < 2(/ | f|2es? dxdadt+/ 1|2 |v]?e25¢ da:dadt).
Q Q Q

Now, setting v := e*fv, we obtain

1
/WNM%WMMﬁSM&/uwx
Q 0

3/4 1/4
1 E1/3 2
(3.12) :ﬂﬂé/<u_wwy2 <“émy§

kl/S 2 1|$_$0|2
< d = 2.
C/ \$—1?0|2/‘5 x+0/0 k v

Asin (3.9), proceeding as in [11] and applying the Hardy-Poincaré inequality proved
in [10] to the function v with weight p(z) = |z — zo|¥/3, if K < 3, or p(z) =
(k(x)|z — zo*)'/3, if K > 4/3, we can prove that

1 k1/3
——de < C | k(vy)dx
0 ‘.I' _ x0‘2/3

(3.13) <C / Ye2Pv2dadadt

)2
+CSZ/ @26259"(3:;0)02da:dadt.
Q
In any case, by (3.11), (3.12) and (3.13), we have

/ |fI? % dxdadt < 2 / |fI? €*¢ dxdadt + C / k(z)e**Pv2dadadt
Q

/@2 25@ x) vidzdadt
(3.14)
sc/vﬁ%wmm&+c/@mwﬁ%yMMt
Q Q
2 3.2 (33—950)2 2
+C's / O°e S@TU dzxdadt.
Q

Substituting in (3.10), one can conclude

)2
/ (s@kvi + 33@3(3:;0)1)2) e*?drdadt < C’(/ | f|?e**?dxdadt
Q Q

T rA o1
+s / / (KO (2 — wo) (v,) dadt] ") dadt),
0 0

for all s large enough.
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4. OBSERVABILITY AND CONTROLLABILITY

In this section we will prove, as a consequence of the Carleman estimates estab-
lished in Section 3, observability inequalities for the associated adjoint problem of
(1.2):

% + % + (k(z)vg)e — u(t,a,z)v 4+ B(a, z)v(t,0,2) =0, (t,z,a) € Q,

(4.1) v(t,a,0) =v(t,a,1) =0, (t,a) € Qr,a,
(T, a,z) = vr(a,z) € L*(Qa,), (a,x) € Qan
v(t, A, x) =0, (t,x) € Qra

From now on, we assume that the control set w is such that

(4.2) o € w = (a,p) CC (0,1),

or

(4.3) w = w Uws,

where

(4.4) wi = (A, pi) C(0,1),5=1,2, and p; < 29 < Ao.

Remark 4.1. Observe that, if (4.2) holds, we can find two subintervals w; =
(A1, 1) CC (@, 0), w2 = (A2, p2) CC (0, p)-

Moreover, on 8 we assume the following assumption:

Hypothesis 4.1. Suppose that there exists a < A such that
(4.5) B(a,z) =0 for all (a,x) € [0,a] x [0, 1].

Observe that Hypothesis 4.1 has a biological meaning. Indeed, a is the minimal
age in which the female of the population become fertile, thus it is natural that
before @ there are no newborns. For other comments on Hypothesis 4.1 we refer to
[9].

In order to prove the desired observability inequality for the solution v of (4.1)
we proceed, as usual, using a density argument. To this purpose, we consider, first
of all the space

W= {v solution of (4.1) | vy € D(-A2)}a

where D(A?%) = {u € D(A) ‘ Au € D(A) } Clearly D(A?) is densely defined in
D(A) (see, for example, [6, Lemma 7.2]) and hence in L?(Q41) and
W = C'([0,T];D(A))

CVi=L*(Qr.a; HZ(0,1)) N H'(0,T; H' (0, A; H}(0,1))) C U.
Proposition 4.2 (Caccioppoli’s inequality). Let w’ and w two open subintervals of
(0,1) such that w' CC w C (0,1) and xzo ¢ @'". Let Y(t,a,z) = O(t,a)¥(x), where

1

(4.6) O(t,a) = AT = 1)tat
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and ¥ € C([0,1], (=00,0)) N C([0,1] \ {zo}, (—00,0)) is such that
c
— mn |0,1 o }-
= in 0.1\ {o0)

Then, there exist two strictly positive constants C' and sg such that, for all s > s,

(4.8)T A T A
/ / / v2e**Vdrdadt < C (/ / /vzdmdadt+/ erQSwdmdadt>,
0 0 w’ 0 0 w Q

for every solution v of (3.1).

(4.7) Wz <

The proof of the previous proposition is similar to the one given in [8, Proposition
4.2] and [10, Proposition 4.2], so we omit it.
Moreover, the following non degenerate inequality proved in [9] is crucial:

Theorem 4.3 (see [9, Theorem 3.2]). Let z € Z be the solution of (3.1), where
f € L?Q), ke CL[0,1]) is a strictly positive function and

Z = L*(Qr,a; H*(0,1) N H{(0,1)) N H'(0,T; H' (0, A; Hy(0,1))).

Then, there exist two strictly positive constants C and sy, such that, for any s > sq,
z satisfies the estimate

/ (536322 + 5¢22)e**®dadadt < C / 2e®*®dxdadt

— Csk / / [ke®(2,)?] ", dadt.

Here the functions ¢ and ® are defined as follows
o(t,a,x) = O(t, a)e’w(w),
®(a,t,z) = O, a)¥(z), U(zx)=e@ — 2lolleoc

(4.9)

(4.10)

where (t,a,z) € Q, k > 0, o(x) := Dfxl ﬁdt, 0 = [[K'|lpe(0,1) and © is given in
(4.6).

Remark 4.4. The previous Theorem still holds under the weaker assumption k €
W1te0(0,1) without any additional assumption.

On the other hand, if we require ¥ € W11(0,1) then we have to add the following

hypothesis: there exist two functions g € L'(0,1), h € WH>(0,1) and two strictly
positive constants go, ho such that g(x) > go and

(1 1
(4.11) _2% (/ g(t)dt + f)g) +VEk(x)g(x) =b(z) for a.e x€]0,1].

In this case, i.e. if kK € W11(0,1), the function ¥ in (4.10) becomes

T ho
(4.12) [/ veol dt+/0 mdt]—c,

where  and ¢ are suitable strictly positive functions. For other comments on The-
orem 4.3 we refer to [9].
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In the following, we will apply Theorem 4.3 in the intervals [Ag, 1] and [—p1, p1]
under these weaker assumptions. In particular, on k we assume:

Hypothesis 4.2. The function k satisfies Hypothesis 3.1. Moreover, if
k € WY(0,1), then there exist two functions g € L ([—p1,1] \ {z0}), b €

Wl’oo([—pl, 1]\ {zo}, L>(0,1)) and two strictly positive constants go, ho such that

loc
_26%</$B dt+ho> +\Ji(@)a(a) =

g(x) > go and
for a.e. © € [—p1,1], B € [0,1] with 2 < B < xg or 9 < < B, where

(4.14) k() = {"’@)7 z €[0,1],

(4.13)

k(—z), ze[-1,0].

With the aid of Theorems 3.1, 4.3 and Proposition 4.2, we can now show w—local
Carleman estimates for (3.1).

Theorem 4.5. Assume Hypothesis 4.2. Then, there exist two strictly positive con-
stants C' and so such that every solution v of (3.1) in V satisfies, for all s > sg,

/ <s®kv§+s3®3(x_m) > 2 dzdadt < C / F2e2% dadadt
Q

k
+C/ / / v2dzdadt.

Proof. First assume that w satisfies (4.2) and take w;, i = 1,2, as in Remark 4.1.
Now, fix A\, pi € wi = (A, pi), @ = 1,2, such that A\; < p; and consider a smooth
function ¢ : [0,1] — [0, 1] such that

0 ze€ [0,5\1],
g(l‘): 1 ze€ [5\1,5\2},
0 ze€ [[_)2,1],

where A\j = (\j + p3)/2, i = 1,2. Define w := £v, where v is any fixed solution of
(3.1). Then w satisfies

wi + wq + (kwg)e — pw = §f + (k€ev)e + Ekve =2 h,  (t,a,7) € Q,
w(t,a,0) = w(t,a,1) =0, (t,a) € Qr,A.
Thus, applying Theorem 3.1, Proposition 4.2, and proceeding as in [8], we have

T (A o (Z‘ . )2
/ / ﬁ <s@kvg + 53@3]{7()1)2) e**Pdxdadt
0 0 A
T A 5\2 JIQ
(4.15) = / / / <s@kwfc + 83@3’ka> e**dxdadt
o Jo JX
' T A
<C (/ f2e*%dzdadt +/ / /v%xdadt) .
Q 0 0 w
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Now, consider a smooth function 7 : [0,1] — [0, 1] such that

o ze(0,A],
ﬁ(ﬁ)—{l xe[j\g,l],

and define z := nv. Then z satisfies

(4.16) 2t + 2q + (kzg)z — pz = nf + (kngv)g + nekvy =1 h, in Qr.a X (A2, 1),
’ z(t,a,\o) = z(t,a,1) =0, (t,a) € Qr,A.

Clearly the equation satisfied by z is not degenerate, thus applying Theorem 4.3
and [14, Lemma 4.1] on (A2, 1), one has

T rA rl T rA 1
/ / / (50322 + 5¢22)e**®dxdadt < C / / / h2e?® dxdadt
0 0 A2 0 0 A2
T rA
<C ( / 2e®*®dedadt + / / / v%dadt).
Q 0 Jo Jw

T A 1
/ / /~ (830302 + s?)e** *dadadt
0o Jo Jx
T A 1
—/ / [ (830322 + 5622)e** P dadadt
o Jo Jx
T (A
<C (/ erQSq)dacdadt +/ / /v%lxdadt) ,
Q 0 0 w

for a strictly positive constant C'. Proceeding, for example, as in [11], one can prove

Hence

the existence of ¢ > 0, such that, for all (t,a,z) € [0,T] x [0, A] X [A2, 1], we have
)2
(4.17) 2% < geQS‘b, (xk(;)o) 259 < 252

Thus, for a strictly positive constant C,

T A 1 2
/ / ﬁ <s@k¢v§ + 3363M02> e**?dxdadt
0 0 A2 k
T A 1
(4.18) <C (/ / / (83430 + sgﬁvi)eQS@d:zdadt>
0 0 A2
T rA
< c( / f2e**®dudadt + / / / v2dxdadt>.
Q 0 Jo Jw

/ / /A <s@/~w +s3@3( 7o)* >2S“0dwdadt
<c( / 2e**®drdadt + / / / 2dxdadt>

Hence,

(4.19)
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To complete the proof it is sufficient to prove a similar inequality for x € [0, 5\1] To
this aim, we use the reflection procedure as in [9]; thus we consider the functions

v(t,a,x), x € [0,1],

W(t,a,x) = {—v(t,% ~1), € [-1,0],

F _ ) f(ta,z), x € [0,1],
f(t,a,z) = {_f(t, a,—x), z€[-1,0],

- _Julta,x),  zel0,1],
a(t,a,x) == {M(t’a’ —x), =€ [-1,0],

so that W satisfies the problem

Wi+ Wo + (kWa)o — AW = [, (t,2) € Qroa x (-1,1),
W(t,a,—1) =W(t,a,1) =0, t € Qra,

(by the way, observe that in [9] there is a misprint in the definition of yu; it clearly

must be defined in this way, otherwise W is not the solution of the associated

problem). Now, consider a cut off function ¢ : [-1, 1] — [0, 1] such that

0 ze [_]w_:[_)l])
C(.ﬁlf) =1 x€ [—5\1,5\1],
0 ze€ [ﬁl,l],

and define Z := (W. Then Z satisfies

(4 20) Zt + Za + (];‘Zx):r - ,aZ — il, (t,l') S QT,A X (_plapl)a
Z(taa7 _Pl) — Z(tvaapl) — 07 te QT,A,

where h = Cf + (k(: W)y + CokW,.. Now, applying the analogue of Theorem 4.3 on
(—p1,p1) in place of (0,1), using the definition of W, the fact that Z,(¢t,a,—p1) =

Zx(t,a,p1) = 0 and since ( is supported in [—ﬁl, —5\1} U [5\1,/31}, we get

X\

/ / / <s@k: +s3@3( p )W2> e2*?dxdadt
M (z — x0)?

/ / / <s®kz )2 4303 - 22> 2% dxdadt

pP1
<C / / / (s0(Z,)* + s°0°Z?) e***dxdadt

<C / / / )2+ 5203 2?%) e***drdadt
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T rA prp1o_ T rA rp1
<C / / / h2e*®dzdadt < C / / / 2e®*®dxdadt
0 Jo —p1
+C / / / W) e?? dxdadt
+C / / / (W2 + (W) e dxdadt
o Jo Jx
T A rp1 T A =X\
<C / / / f2dzdadt + C / / / W2dzdadt
0 Jo —p1
+C / / / W2dzdadt
A1l

(by [14, Lemma 4.1] and since f (t,a,z) = —f(t,a,—x), for z < 0)

<c/ / /f2dxdadt+0/ / / v2dadadt,

for some strictly positive constants C' and s large enough. Here & is related to

(=p1,p1)-
Hence, by definitions of Z, W and (, and using the previous inequality one has

T A 5\1 _ 2
/ / / <s@k(vz)2+s3@3@k‘xo)v2> e**Pdxdadt
M (z — x0)?
(4.21) / / / (s@k: +53@3kW2> 2 dxdadt
A
<C < / f2dzdadt + / / / v2dxdadt>.
Q 0 0 w

Moreover, by (4.19) and (4.21), the conclusion follows.
Nothing changes in the proof if w = w; Uws and each of these intervals lye on
different sides of xg, as the assumption implies. O

Remark 4.6. Observe that the results of Theorem 4.5 still hold true if we substitute
the domain (0,7") x (0, A) with a general domain (77,75) X (v, A), provided that
1 and [ satisfy the required assumptions. In this case, in place of the function ©
defined in (4.6), we have to consider the weight function

1

(4.22) O(t,a) := T i )

Using the previous local Carleman estimates one can prove the next observability
inequalities.

Theorem 4.7. Assume Hypotheses 4.1, with a <T < A, and 4.2. Then, for every
d € (0, A), there ezists a strictly positive constant C = C(0) such that every solution
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v of (4.1) in V satisfies

A rl T pé rl
/ / V(T — @, a,z)drda < C/ / / v (t, a, z)drdadt
o Jo o Jo Jo
T 1 T (A
+C (/ / v3(a, z)drda —l—/ / /v2dazdadt> :

Moreover, if vr(a,z) =0 for all (a,z) € (0,T) one has

// aa:vdmda<C/ // (t,a,z)dzdadt
—I—C/ / /UQdZL'dadt.
0 JO Jw

Observe that in [9, Theorem 4.4], which is the analogue of Theorem 4.7 in the
non divergence case, there is a mistake in the statement. Indeed, we assumed

(4.23)

(4.24)

\% € L ([0,1] \ {zo}), which was a consequence of (4.13) below (see the remark
after (46) in [9]); the precise assumption is:

there exist two functions g € LS ([—p1,1]\{zo}), b € W ([—p1, 1\ {zo}, L>(0,1))

loc
and two strictly positive constants go, bo such that g( ) > go and

21\?%</j dt+bo> Fg ) = b(z, B)

for a.e. x € [—p1,1],B € [0,1] with x < B < xg or xg < x < B, where k is defined

n (4.14). Indeed, in order to prove [9, Theorem 4.4], we use [9, Theorem 4.3]
which holds under (4.25). On the other hand, the statement of [9, Corollary 4.1],
which is also a consequence of [9, Theorem 4.4], is correct.

(4.25)

Proof of Theorem 4.7. The proof follows the one of [8, Theorem 4.4], but we repeat
here in a briefly way for the reader’s convenience underling the differences since
in [8, Theorem 4.4] k degenerates at the boundary of the domain, while here it
degenerates in the interior.

As in [9], using the method of characteristic lines, one can prove the following
implicit formula for v solution of (4.1):

(4.26) S(T—-t)yvr(T+a—t,-),

if ¢t > T + a and

S(T —tyop(T +a—t,)+ [T " F(s,t,a,x)ds, T'=a
(427) (t a ) ( )UT( +a Y )+fa (87 7a/7x) 87 a

f F(s,t,a,x)ds, I'=Lar,
where F(s,t,a,z) := S(s—a)B(s,-)v(s+t—a,0,-), otherwise. Here (S(t))¢>0 is the
semigroup generated by the operator Ao — pld for all u € D(Ap) (Id is the identity
operator), 'y :=A—a+t—T and

(4.28) I' :== min{a,l'ar}.
In particular, it results
(4.29) v(t,0,-) ;== S(T — t)vp(T — t,-),
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ift>T —a.
Proceeding as in [8, Theorem 4.4], with suitable changes, one has that there exists

a positive constant C' such that:

T_,

(4.30) / v2(T, a,z)dxda < C / 2(t, a, x)dzdadt.
Qan Qan

T_,

Take 6 € (0, A). By the previous inequality, we have

(4.31) /%1 v2(T, a,z)dxda < C TT__ (/ / )/ (t,a,z)dzdadt.

01 2(t,a,x)dxdadt. Tt results that

1 1 1 )2
(4.32) / vidr < C / kv2dx —i—/ MUQda; ,
0 0 0 k

for a strictly positive constant C'. Indeed, using the Young’s inequality to the func-
tion v, we obtain

3/4 1/4

1/3 . 2 /

/ |U|2dx<C'/ ( i BE 2) ((mkxo)v2> dx
CL’ — .’Eo

1/3 1 _ 2
<c/ b 2da:+c/ <k>d
0

(x — ) 2/3

Now, we will estimate the term fT s f5

(4.33)

Now, consider the term

1 L1/3 )
/0 7@ — $0)2/3v dx.

If M > 3%, take the function y(z) = (k(z)|z — zo|HV3.  Clearly, ~(z) =
—20)212/3 j1/3 : :
k(a:)((gck(:;(;) ) < Ck(z) and rarmci (g_(;ﬂgl)Q. Moreover, using Hypothesis

3.1, one has that the function |xz(z) = ( k(z) )g where q : 4+'9 € (1,2), is non

xol4 |x—a0|®
increasing on the left of x = xg and non decreasing on the right of x = xg9. Hence,
by the Hardy-Poincaré inequality given in [10, Proposition 2.6],

1 1/3 1 1
/ 2= / @ g < 0/ kvlda.
o (z—20)%? o (z—mo) 0

Thus, if M > %, by (4.33), (4.32) holds. Now, assume M < % and introduce the
function p(z) = |z —z0|*?. Obviously, there exists ¢ € (1,%) such that the function

T — |x€(§3‘q is nonincreasing on the left of z = xg and nondecreasing on the right
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of x = . Thus, applying again [10, Proposition 2.6], one has

IR RVE! , 3 1 1 )
—v%dx < k ——v°d
/ !x—xo!2/3v T =01 / \ar—rco\Q/?’v v

Loy
:maxkl/?’/ 72112(11
[0.1] o (z— o)

1

(4.34) < maxk'3C | p(v)%da
[0,1] 0

1 L 4)3
T e

1

Hence, (4.32) still holds and

(4.35)
-2 rA 1 T-%
/ //UQ(t,a,:L’)dxdadtSC //@U2ezs‘pdxdadt
-2 Js Jo T-2
T_7 ~
/ / v2e®Pdxdadt,
T_,

where © is defined in (4.22) with T} :=T —a, Ty := T, v = 0 and ¢ is the function
associated to © according to (3.4). The rest of the proof follows as in [8, Theorem
4.4], so we omit it.

a
2

g

Corollary 4.8. Assume Hypotheses 4.1, witha =T < A, and 4.2. Then, for every
d € (0, A), there ezists a strictly positive constant C = C(0) such that every solution
v of (4.1) in V satisfies

A rl T 6 pl
/ / v%(0, a, r)dzda < C/ / / v2(t,a, z)drdadt
0 0 0 0 JO
T 1 T (A
—I—C(/ / v%(a,w)dxda—l—/ / /UQd:ndadt>.
0 0 0 0 w

Moreover, if vp(a,x) =0 for all (a,z) € (0,T) x (0,1), one has

// Oaxd:cda<0</ // taxdxdadt+/// 2dxdadt>.

Proceeding as in Theorem 4.7, one can prove the analogous result in the case
T > A. Indeed, with suitable changes, one can prove again (4.26), if ¢ > 7'+ a, and
(4.27), otherwise. In particular, we have again (4.29). Thus:

Theorem 4.9. Assume Hypotheses 4.1, with a < A < T, and 4.2. Then, for every
d € (0, A), there ezists a strictly positive constant C = C(0) such that every solution
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v of (4.1) in V satisfies

A 1 T 5 1
/ / (T — @, a,z)drda < C’/ / / v2(t,a, z)drdadt
0 0 0 0 JO
A rl T rA
+C (/ / v24(a, z)dzda +/ / /de:cdadt> .
0 0 0 0 w

Moreover, if vr(a,z) =0 for all (a,z) € (0,A) x (0,1), one has (4.24).

(4.36)

Actually, proceeding as in [9] with suitable changes, we can improve the previous
results in the following way:

Theorem 4.10. Assume Hypotheses 4.1 and 4.2. If T < A, then, for every § €
(T, A), there exists a strictly positive constant C = C(9) such that every solution v
of (4.1) in V satisfies

(4.37)

5 pl T rA
/ / —a,a,x)dzxda < C </ / v (a, z)dzda +/ / /U2dxdadt> .
0o Jo o Jo Juw

If A < T, then, for every § € (a,A), there exists a strictly positive constant C' =
C(0) such that every solution v of (4.1) in V satisfies (4.37).

Proof. It T < A the proof of the previous theorem is analogous to the one of |9,
Theorem 4.6], with suitable changes, so we omit it.

Now, consider the case A < T and fix 0 € (a,A). As in [8, Theorem 4.4], we can
prove

(4.38) / v*(T — a,a,z)drda < C v2(t, a, z)dzda.
Qa1 Qa

Then, integrating over [T — %, T— %] Hence we have

T—f o—a
(4.39) / V(T — a,a,z)dzda < C (/ / ) / (t,a,z)dzdadt.
Qa1 T—f o—a

Proceeding as before, one can prove the analogous of (4.35). Thus, using Theorem

4.5, we can prove
T-2 A (1 a rl
/ m/ v?(t,a, m)dmdadtﬁC/ /U%(a,x)dxda
0—a/0 0 JO

T rA
—i—C/ / /vzdxdadt.
0 JO Jw

(4.40) H
T-% ré—a 1
/ / / v3(t, a, z)drdadt.
-2 Jo 0

Observe that t > T —$ >T—aanda € (0,6 —a)Thus T —t<a<d—a< A—a.
Hence, I' = a (to this purpose recall that € (a,A) and T is defined in (4.28)).

It remains to estimate



822 GENNI FRAGNELLI

Hence in (4.27) we have to consider the first formula, i.e.

T+a—t
v(t,a,) =S(T —t)vp(T+a—t, )+ / S(s—a)B(s, )v(s+t—a,0,-)ds.

It follows:

-4 5-a
/ 4/ / v3(T + a — t, x)dzdadt
T—f o—a THa—t
+C’/ i / / (/ v2 (s +t — an)ds)dmdadt
2
% o—a
/ / v3(a + z, x)drdadz
% o—a T—a—t
(4.41) / / </ v3(a + z,a:)dz) dxdadt
T_,
/ (0,z)dxdodz

TT__ /6 “/ </T t (o w)d0> drdadt

T_,

<C’// oazd:cdaJrC'/ / /</ U:UdJ)dxdadt
T+a

<C'// (0,z)dodz.

By (4.39)-(4.41), (4.37) follows. O

ENE]

IN
Q
.Js\p\\

By Theorem 4.10 and using a density argument, one can deduce the following
observability result:

Proposition 4.11. Assume Hypotheses 4.1 and 4.2. If T < A, then, for every

d € (T, A), there exists a strictly positive constant C = C(§) such that every solution
v eU of (4.1) satisfies
(4.42)

§ 1 T rA
/ / —a,a,z)dxda < C </ / va(a, z)dzda +/ / /v%xdadt) )
0o Jo 0 Jo Ju

If A < T, then, for every ¢ € (a,A), there exists a strictly positive constant C' =
C(0) such that every solution v of (4.1) satisfies (4.42).
Here vr(a, ) is such that vp(A,xz) =0 in (0,1).
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Observe that in the statements of the analogous results given in [9] for the non
divergence case there is a misprint. Indeed the constant C' depends on ¢, as one can
deduce by the proofs. The right statement is

... for every 6 € (T, A), there exists C = C(0) such that...

We underline that the results are correct and in the correct way they are used to
prove [9, Theorems 4.7 and 4.8].

As a consequence of Proposition 4.11 one can prove, as in [8, Theorem 4.7], the
following null controllability result:

Theorem 4.12. Assume Hypotheses 4.1 and 4.2 and take yo € L*(Qa.1). Then for
every 0 € (T, A), if T < A, or for every 0 € (a,A), if A <T, there exists a control
f5 € L*(Q) such that the solution ys of (1.2) satisfies

(4.43) ys(T,a,2) =0 a.e. (a,x) € (4,A) x (0,1).
Moreover, there ezists C = C(§) > 0
(4.44) 1 fsllz2(@) < CllyollL2(@a.,)-
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