


1000 M. LAGHDIR, I. DALI, AND M. B. MOUSTAID

The rest of the work is written as follows. In Section 2, we introduce some
definitions, notations from convex analysis and we present some important results
used in what follows. In Section 3, we state a formula describing the sequential
subdifferential of the sums of m (m ≥ 2) proper, convex and lower semicontinuous
functions, without any qualification condition. In Section 4, we provide sequential
formula for the subdifferential of the multi-composed convex function. Finally, in
Section 5, we derive sequential optimality conditions for a general multi-composed
optimization problem with geometric and cone constraints, without considering any
qualification condition. Moreover, we give an example dealing with facility location
problems.

2. Notations, definitions and preliminaries

In this section we describe the notations used throughout this paper and present
some preliminary results. Let X and Y be two Hausdorff locally convex spaces
paired in duality by ⟨., .⟩ where their topological duals X∗ and Y ∗ are endowed
respectively with the weak-star topology w(X∗, X) and w(Y ∗, Y ). For a subset

C ⊆ X∗, we denote by C
w(X∗,X)

the closure of C with respect to the weak-star
topology in X∗. Consider a nonempty convex cone K ⊆ Y . We define by

K∗ := {y∗ ∈ Y ∗ : ⟨y∗, y⟩ ≥ 0, ∀y ∈ K}
the dual cone of K. Further, on Y we consider the partial order ” ≦K ” induced by
K defined by

y1, y2 ∈ Y, y1 ≦K y2 ⇐⇒ y2 − y1 ∈ K.

With respect to ” ≦K ” the augmented set Y ∪ {+∞Y } is considered where +∞Y

is an abstract element verifying the following operations and conventions

y ≦K +∞Y , y + (+∞Y ) := (+∞Y ) + y := +∞Y , ∀y ∈ Y ∪ {+∞Y },

⟨y∗, (+∞Y )⟩ := +∞, α.(+∞Y ) := +∞Y , ∀y∗ ∈ K∗, ∀α ≥ 0.

Let us mention that throughout this paper all cones we consider contain the origin.
Let us now recall some well known concepts from convex analysis. For a given

function f : X → R = R ∪ {±∞}, f is said to be proper if its effective domain
domf := {x ∈ X : f(x) ∈ R} ̸= ∅ and f(x) > −∞ for all x ∈ X, and it is
called convex if f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2) for all x1, x2 ∈ X and
all λ ∈ [0, 1]. Moreover, a function f : X → R is called lower semicontinuous if
f(x) ≤ lim infx→x f(x) for all x ∈ X. The conjugate function of f : X → R is
defined by

f∗ : X∗ −→ R
x∗ 7−→ sup

x∈X
{⟨x∗, x⟩ − f(x)}.

We have the so called Young-Fenchel inequality

f∗(x∗) + f(x) ≥ ⟨x∗, x⟩, ∀(x, x∗) ∈ X ×X∗.

Let f : X → R be a function and x ∈ domf , then the ε-subdifferential of f at x,
where ε ≥ 0, and the subdifferential of f at x are defined respectively by

∂εf(x) := {x∗ ∈ X∗ : f(x) ≥ f(x) + ⟨x∗, x− x⟩ − ε, ∀x ∈ X}



SEQUENTIAL SUBDIFFERENTIAL FOR MULTI-COMPOSED FUNCTIONS 1001

and

∂f(x) := {x∗ ∈ X∗ : f(x) ≥ f(x) + ⟨x∗, x− x⟩, ∀x ∈ X}.
We point out the relation between the subdifferential and the conjugate function

∂f(x) = {x∗ ∈ X∗ : f∗(x∗) + f(x) = ⟨x∗, x⟩}.

For a nonempty subset C ⊆ X, its topological interior is denoted by intC and its
indicator function δC : X −→ R is

δC(x) :=

{
0, if x ∈ C,

+∞, otherwise.

The normal cone NC(x) of C at x ∈ C is defined as the subdifferential of δC at x,
i.e.

NC(x) := {x∗ ∈ X∗ : ⟨x∗, x− x⟩ ≤ 0, ∀x ∈ C}.
Let Z be another Hausdorff locally convex space partially ordered by the convex

cone Q ⊆ Z and Z∗ its topological dual space endowed with the weak-star topology
w(Z∗, Z). For a given vector mapping g : Y → Z ∪ {+∞Z}, g is called proper if its
effective domain domg := {y ∈ Y : g(y) ∈ Z} ̸= ∅, and Q-epi closed if its epigraph

epig := {(y, z) ∈ Y × Z : g(y) ≦Q z}

is a closed subset of Y × Z. The mapping g is said to be Q-convex if

g(λy1 + (1− λ)y2) ≦Q λg(y1) + (1− λ)g(y2),

for all y1, y2 ∈ Y and all λ ∈ [0, 1]. Furthermore, the mapping g : Y → Z ∪ {+∞Z}
is called (K,Q)-nondecreasing on domg if for all y1, y2 ∈ domg

y1 ≦K y2 =⇒ g(y1) ≦Q g(y2).

Let h : X −→ Y ∪ {+∞Y } be a given mapping, then the composed mapping
g ◦ h : X −→ Z ∪ {+∞Z} is defined by

(g ◦ h)(x) :=

{
g(h(x)), if x ∈ domh,

+∞Z , otherwise.

It is easy to see that if g : Y → Z ∪ {+∞Z} is (K,Q)-nondecreasing on domg and
Q-convex, and h is K-convex with h(domh) ⊆ domg, then g ◦ h is Q-convex.

The following version of the Brønsted-Rockafellar Theorem was proved in [10]
and will be used for computing the subdifferential of the sums of m (m ≥ 2) proper,
convex and lower semicontinuous functions, without any qualification condition.

Theorem 2.1 ([10]). Let (X, ∥.∥X) be a Banach space and f : X → R be a proper,
convex and lower semicontinuous function. Assume that x ∈ domf , then for any
real number ε > 0 and any x∗ ∈ ∂εf(x), there exists (xε, x

∗
ε) ∈ X ×X∗ such that

x∗ε ∈ ∂f(xε), ∥xε − x∥X ≤
√
ε, ∥x∗ε − x∗∥X∗ ≤

√
ε

and

|f(xε)− f(x)− ⟨x∗ε, xε − x⟩| ≤ 2ε.
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3. Sequential subdifferential calculus for the sums of m functions
(m ≥ 2)

Let (X, ∥.∥X) be a Banach space and (X∗, w(X∗, X)) its topological dual space

paired in duality by ⟨., .⟩. We write xj
∥.∥X−−−→
j∈J

0 (resp. x∗j
w(X∗,X)−−−−−−→
j∈J

0) for the case

when the net {xj}j∈J converges to 0 in (X, ∥.∥X) (resp. {x∗j}j∈J converges to 0 in

(X∗, w(X∗, X))).

The aim of this section is to give sequential formula for the subdifferential of the
sums of m (m ≥ 2) proper, convex and lower semicontinuous functions f1, ..., fm :
X → R. To this end, we use a result due to Fitzpatrick and Simons stated in the
setting of locally convex space.

Lemma 3.1 ([3]). Let fi : X → R, i = 1, ...,m, be a proper, convex and lower
semicontinuous function. If x ∈ ∩mi=1domfi, then

∂(f1 + f2 + ...+ fm)(x) =
∩
η>0

∂ηf1(x) + ∂ηf2(x) + ...+ ∂ηfm(x)
w(X∗,X)

.

Theorem 3.2. Let (X, ∥.∥X) be a Banach space and fi : X → R, i = 1, ...,m, be
a proper, convex and lower semicontinuous function. Assume that x ∈ ∩mi=1domfi.
Then the following statements are equivalent
(a) x∗ ∈ ∂(f1 + f2 + ...+ fm)(x);
(b) there exist nets {xi,j}j∈J ⊆ domfi and {x∗i,j}j∈J ⊆ X∗, i ∈ {1, ...,m} such that

x∗i,j ∈ ∂fi(xi,j) (j ∈ J), xi,j
∥.∥X−−−→
j∈J

x,
m∑
i=1

x∗i,j
w(X∗,X)−−−−−−→
j∈J

x∗

and

fi(xi,j)− fi(x)− ⟨x∗i,j , xi,j − x⟩ −−→
j∈J

0.

Proof. (a)⇒(b) Suppose that x∗ ∈ ∂(f1 + f2 + ...+ fm)(x) and let N ∗
0 the set of all

weak-star neighbourhoods of zero in X∗. Clearly, The order ⊃ on N ∗
0 is directed.

By Lemma 3.1

x∗ ∈
∩
n∈N∗

∂ 1
n
f1(x) + ∂ 1

n
f2(x) + ...+ ∂ 1

n
fm(x)

w(X∗,X)

and hence for each n ∈ N∗ and V ∈ N ∗
0 there exist y∗i,n,V ∈ ∂ 1

n
fi(x), i = 1, ...,m,

such that

(3.1)
m∑
i=1

y∗i,n,V ∈ x∗ + V.

By using Theorem 2.1, there exist xi,n,V ∈ domfi and x
∗
i,n,V ∈ X∗ such that

(3.2) x∗i,n,V ∈ ∂fi(xi,n,V ),

(3.3) ∥xi,n,V − x∥X ≤ 1√
n
,
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(3.4)
∥∥x∗i,n,V − y∗i,n,V

∥∥
X∗ ≤ 1√

n

and

(3.5)
∣∣fi(xi,n,V )− fi(x)− ⟨x∗i,n,V , xi,n,V − x⟩

∣∣ ≤ 2

n
,

with i ∈ {1, ...,m}, V ∈ N ∗
0 and n ∈ N∗. Now, we consider the product partial

ordering on J := N∗ × N ∗
0 that we denote by ≺ and defined as follows: for any

(n,U) ∈ J and (q, V ) ∈ J

(n,U) ≺ (q, V ) ⇐⇒ n ≤ q and V ⊂ U.

From (3.1), one can see easily that for eachW ∈ N ∗
0 , there exists (n0, V0) = (1,W ) ∈

J such that for any (n, V ) ∈ J

(n0, V0) ≺ (n, V ) =⇒
m∑
i=1

y∗i,n,V ∈ x∗ + V ⊂ x∗ +W

which means that

(3.6)
m∑
i=1

y∗i,n,V
w(X∗,X)−−−−−−→
(n,V )∈J

x∗.

From (3.4) it follows that
m∑
i=1

(x∗i,n,V − y∗i,n,V )
∥.∥X∗−−−−−→

(n,V )∈J
0

and thus

(3.7)
m∑
i=1

(x∗i,n,V − y∗i,n,V )
w(X∗,X)−−−−−−→
(n,V )∈J

0.

Therefore, from (3.6) and (3.7) we deduce that
m∑
i=1

x∗i,n,V
w(X∗,X)−−−−−−→
(n,V )∈J

x∗.(3.8)

By setting x∗i,j := x∗i,n,V and xi,j := xi,n,V with j = (n, V ) ∈ J , we can see from

(3.2), (3.3), (3.5) and (3.8) that

x∗i,j ∈ ∂fi(xi,j) (j ∈ J), xi,j
∥.∥X−−−→
j∈J

x,
m∑
i=1

x∗i,j
w(X∗,X)−−−−−−→
j∈J

x∗

and

fi(xi,j)− fi(x)− ⟨x∗i,j , xi,j − x⟩ −−→
j∈J

0,

with i ∈ {1, ...,m}.
(b)⇒(a) Assume that for any i ∈ {1, ...,m} there exist nets {xi,j}j∈J ⊆ domfi

and {x∗i,j}j∈J ⊆ X∗ such that

x∗i,j ∈ ∂fi(xi,j) (j ∈ J), xi,j
∥.∥X−−−→
j∈J

x,
m∑
i=1

x∗i,j
w(X∗,X)−−−−−−→
j∈J

x∗
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and

fi(xi,j)− fi(x)− ⟨x∗i,j , xi,j − x⟩ −−→
j∈J

0.

Since x∗i,j ∈ ∂fi(xi,j), we have for all x ∈ X

fi(x) ≥ fi(xi,j) + ⟨x∗i,j , x− xi,j⟩,

and hence

fi(x) ≥ fi(x) + [fi(xi,j)− fi(x)− ⟨x∗i,j , xi,j − x⟩] + ⟨x∗i,j , x− x⟩.

Thus by summing over i, we have

m∑
i=1

fi(x) ≥
m∑
i=1

fi(x) +
m∑
i=1

[fi(xi,j)− fi(x)− ⟨x∗i,j , xi,j − x⟩]

+ ⟨
m∑
i=1

x∗i,j , x− x⟩, ∀x ∈ X

and since

m∑
i=1

x∗i,j
w(X∗,X)−−−−−−→
j∈J

x∗ and fi(xi,j)− fi(x)− ⟨x∗i,j , xi,j − x⟩ −−→
j∈J

0

we obtain
m∑
i=1

fi(x) ≥
m∑
i=1

fi(x) + ⟨x∗, x− x⟩, ∀x ∈ X

i.e.

x∗ ∈ ∂(f1 + f2 + ...+ fm)(x).

□

As a consequence, we recapture the formula for the case of two proper, convex
and lower semicontinuous functions established in [9].

Corollary 3.3. Let (X, ∥.∥X) be a Banach space and f1, f2 : X → R be two proper,
convex and lower semicontinuous functions. Assume that x ∈ domf2∩domf2. Then,
x∗ ∈ ∂(f1 + f2)(x) if and only if there exist nets {x1,j}j∈J ⊆ domf1, {x2,j}j∈J ⊆
domf2, {x∗1,j}j∈J ⊆ X∗ and {x∗2,j}j∈J ⊆ X∗ such that

x∗1,j ∈ ∂f1(x1,j), x
∗
2,j ∈ ∂f2(x2,j) (j ∈ J),

x1,j
∥.∥X−−−→
j∈J

x, x2,j
∥.∥X−−−→
j∈J

x, x∗1,j + x∗2,j
w(X∗,X)−−−−−−→
j∈J

x∗,

f1(x1,j)− f1(x)− ⟨x∗1,j , x1,j − x⟩ −−→
j∈J

0,

f2(x2,j)− f2(x)− ⟨x∗2,j , x2,j − x⟩ −−→
j∈J

0.
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4. Sequential subdifferential formula for multi-composed convex
functions in Banach spaces

In what follows (X, ∥.∥X), (Yi, ∥.∥Yi), i = 0, ..., p (p ≥ 2) are Banach spaces paired
in duality by ⟨., .⟩ where their topological dual spaces X∗, Y ∗

i are endowed respec-
tively with the weak-star topology w(X∗, X), w(Y ∗

i , Yi), i = 0, ..., p. Further, we
assume that Yi is partially ordered by the nonempty convex cone Ki ⊆ Yi, for
i = 0, ..., p. On X × Y0 × Y1 × ...× Yp we use the norm

∥(x, y0, y1, ..., yp)∥X×Y0×Y1×...×Yp =
√

∥x∥2X + ∥y0∥2Y0 + ∥y1∥2Y1 + ...+ ∥yp∥2Yp .

We recall that the topological dual space (X×Y0×Y1× ...×Yp)∗ is identical to the
product Banach space X∗ × Y ∗

0 × Y ∗
1 × ...× Y ∗

p endowed with the product topology
denoted by τ .

The aim of this section is to give a sequential formula for the subdifferential of
the multi-composed function f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hp where

• f : X → R is proper, convex and lower semicontinuous,
• φ : Y0 → R is proper, convex, K0-nondecreasing on domφ and lower semicontin-
uous,
• ψ : X → Y0∪{+∞Y0} is proper, K0-convex, K0-epi closed and ψ(domψ) ⊆ domφ,
• g : Y1 → R is proper, convex, K1-nondecreasing on domg and lower semicontinu-
ous,
• h1 : Y2 → Y1 ∪ {+∞Y1} is proper, K1-convex, (K2,K1)-nondecreasing on domh1,
K1-epi closed and h1(domh1) ⊆ domg,
• hi : Yi+1 → Yi∪{+∞Yi} is proper, Ki-convex, (Ki+1,Ki)-nondecreasing on domhi,
Ki-epi closed and hi(domhi) ⊆ domhi−1, i = 2, ..., p− 1,
• hp : X → Yp ∪ {+∞Yp} is proper, Kp-convex, Kp-epi closed and hp(domhp) ⊆
domhp−1,

• domf ∩ ψ−1(domφ) ∩ domψ ∩ (h−1
p ◦ h−1

p−1 ◦ ... ◦ h
−1
1 )(domg) ∩ domhp ̸= ∅,

• φ(+∞Y0) = +∞, g(+∞Y1) = +∞, and hi(+∞Yi+1) = +∞Yi , i = 1, ..., p− 1.

Let us consider the following auxiliary functions

F : X ×
∏p
k=0 Yk −→ R

(x, y0, y1, ..., yp) 7−→ F (x, y0, y1, ...yp) := f(x),

Φ : X ×
∏p
k=0 Yk −→ R

(x, y0, y1, ..., yp) 7−→ Φ(x, y0, y1, ...yp) := φ(y0),

Ψ : X ×
∏p
k=0 Yk −→ R

(x, y0, y1, ..., yp) 7−→ Ψ(x, y0, y1, ...yp) := δepiψ(x, y0),

G : X ×
∏p
k=0 Yk −→ R

(x, y0, y1, ..., yp) 7−→ G(x, y0, y1, ...yp) := g(y1),

for i = 1, ..., p− 1

Hi : X ×
∏p
k=0 Yk −→ R

(x, y0, y1, ..., yp) 7−→ Hi(x, y0, y1, ...yp) := δepihi(yi+1, yi),
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and
Hp : X ×

∏p
k=0 Yk −→ R

(x, y0, y1, ..., yp) 7−→ Hp(x, y0, y1, ...yp) := δepihp(x, yp).

Remark 4.1. Let us note that
• domF = domf ×

∏p
k=0 Yk,

• domΦ = X × domφ×
∏p
k=1 Yk,

• domΨ = {(x, y0, y1, ...yp) ∈ X ×
∏p
k=0 Yk : (x, y0) ∈ epiψ},

• domG = X × Y0 × domg ×
∏p
k=2 Yk,

• domHi = {(x, y0, y1, ...yp) ∈ X ×
∏p
k=0 Yk : (yi+1, yi) ∈ epihi} (i = 1, ..., p− 1),

• domHp = {(x, y0, y1, ...yp) ∈ X ×
∏p
k=0 Yk : (x, yp) ∈ epihp},

• F,Φ,Ψ, G and Hi, i = 1, ..., p, are proper, convex and lower semicontinuous func-
tions.

Before stating the main result of this section, we need the following results.

Lemma 4.2. For any x ∈ X, one has

f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
= inf

(y0,y1,...,yp)∈
∏p
i=0 Yi

{F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp)}.

Proof. If x /∈ domψ ∩ domhp, the equality is obvious, since

f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x) = +∞
and

F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp) = +∞,

for any (y0, y1, ..., yp) ∈
∏p
i=0 Yi. Suppose that x ∈ domψ ∩ domhp. By setting

Ax := {(y0, y1, ..., yp) ∈
p∏
i=0

Yi : (x, y0) ∈ epiψ, (x, yp) ∈ epihp,

and (yi+1, yi) ∈ epihi, i = 1, ..., p− 1},
we have for any (y0, y1, ..., yp) /∈ Ax

F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp) = +∞,

and hence we get

(4.1) inf
(y0,y1,...,yp)∈

∏p
i=0 Yi

{F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)
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+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp)}

= inf
(y0,y1,...,yp)∈Ax

{F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp)}.

Let (y0, y1, ..., yp) ∈ Ax, we have hp(x) ≦Kp yp, hi(yi+1) ≦Ki yi, i = 1, ..., p − 1,
ψ(x) ≦K0 y0 and by monotonicity of φ, g and hi, i = 1, ..., p− 1, it follows that

(φ ◦ ψ)(x) ≤ φ(y0) and (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x) ≤ g(y1),

which yields

f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
≤ f(x) + φ(y0) + g(y1)

= F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp),

and hence

(4.2) f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
≤ inf

(y0,y1,...,yp)∈Ax
{F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp)}.

By setting zp := hp(x), zp−1 := hp−1(zp), ..., z1 := h1(z2) and z0 := ψ(x), we have
(x, z0, z1, ..., zp) ∈ Ax, and thus we obtain that

(4.3) f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
≥ inf

(y0,y1,...,yp)∈Ax
{F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ..., yp)

+G(x, y0, y1, ..., yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp)},

and according to (4.1), (4.2) and (4.3) we get

f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
= inf

(y0,y1,...,yp)∈
∏p
i=0 Yi

{F (x, y0, y1, ..., yp) + Φ(x, y0, y1, ..., yp) + Ψ(x, y0, y1, ...yp)

+G(x, y0, y1, ...yp) +

p∑
i=1

Hi(x, y0, y1, ..., yp)}.

□



1008 M. LAGHDIR, I. DALI, AND M. B. MOUSTAID

Remark 4.3. Let us mention that the above lemma extends some earlier results
due to Wanka and Wilfer. Indeed, if C is a nonempty subset of X, f := δC and
φ := δ−K0 , then we can apply Lemma 4.2 to obtain Theorem 2 in [12].

Lemma 4.4. Assume that x ∈ domf ∩ ψ−1(domφ) ∩ domψ ∩ (h−1
p ◦ h−1

p−1 ◦ ... ◦
h−1
1 )(domg) ∩ domhp, yp := hp(x), yp−1 := hp−1(yp), ..., y1 := h1(y2) and y0 :=
ψ(x). Then

x∗ ∈ ∂(f + φ ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
⇐⇒

(x∗, 0, 0, ..., 0) ∈ ∂(F +Φ+Ψ+G+

p∑
i=1

Hi)(x, y0, y1, ..., yp).

Proof. (⇒) Let x∗ ∈ ∂(f +φ ◦ψ+ g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x). Then, for any x ∈ X we
have

f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
≥ f(x) + (φ ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x) + ⟨x∗, x− x⟩

= (F +Φ+Ψ+G+

p∑
i=1

Hi)(x, y0, y1, ..., yp) + ⟨x∗, x− x⟩.

According to Lemma 4.2, we have for any (x, y0, y1, ..., yp) ∈ X ×
∏p
i=0 Yi

(F +Φ+Ψ+G+

p∑
i=1

Hi)(x, y0, y1, ..., yp) ≥ f(x) + (φ ◦ ψ)(x)

+ (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)
and hence we get

(F +Φ+Ψ+G+

p∑
i=1

Hi)(x, y0, y1, ..., yp)

≥ (F +Φ+Ψ+G+

p∑
i=1

Hi)(x, y0, y1, ..., yp) + ⟨x∗, x− x⟩

i.e.

(x∗, 0, 0, ..., 0) ∈ ∂(F +Φ+Ψ+G+

p∑
i=1

Hi)(x, y0, y1, ..., yp).

(⇐) It is immediate by using Lemma 4.2. □
Lemma 4.5. (1) Let i ∈ {1, ..., p− 1} and (x, y0, y1, ..., yp) ∈ domHi. Then

(x∗, y∗0, y
∗
1, ..., y

∗
p) ∈ ∂Hi(x, y0, y1, ..., yp)

if and only if

(a) x∗ = 0 and y∗k = 0 for k ∈ {0, ..., p}\{i, i+ 1},
(b) −y∗i ∈ K∗

i and ⟨−y∗i , yi − hi(yi+1)⟩ = 0,

(c) y∗i+1 ∈ ∂(−y∗i ◦ hi)(yi+1).
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(2) Let (x, y0, y1, ..., yp) ∈ domHp. Then

(x∗, y∗0, y
∗
1, ..., y

∗
p) ∈ ∂Hp(x, y0, y1, ..., yp)

if and only if
(a) y∗k = 0 for k ∈ {0, ..., p− 1},
(b) −y∗p ∈ K∗

p and ⟨−y∗p, yp − hp(x)⟩ = 0,

(c) x∗ ∈ ∂(−y∗p ◦ hp)(x).
(3) Let (x, y0, y1, ..., yp) ∈ domF . Then

∂F (x, y0, y1, ..., yp) = ∂f(x)× {0} × {0} × ...× {0}.

(4) Let (x, y0, y1, ..., yp) ∈ domG. Then

∂G(x, y0, y1, ..., yp) = {0} × {0} × ∂g(y1)× ...× {0}.

(5) Let (x, y0, y1, ..., yp) ∈ domΨ. Then

(x∗, y∗0, y
∗
1, ..., y

∗
p) ∈ ∂Ψ(x, y0, y1, ..., yp)

if and only if
(a) y∗k = 0 for k ∈ {1, ..., p},
(b) −y∗0 ∈ K∗

0 and ⟨−y∗0, y0 − ψ(x)⟩ = 0,

(c) x∗ ∈ ∂(−y∗0 ◦ ψ)(x).
(6) Let (x, y0, y1, ..., yp) ∈ domΦ. Then

∂Φ(x, y0, y1, ..., yp) = {0} × ∂φ(y0)× {0} × ...× {0}.

Proof. (1) Let i ∈ {1, ..., p− 1} and (x, y0, y1, ..., yp) ∈ domHi. It is easy to see that
for any (x∗, y∗0, y

∗
1, ..., y

∗
p) ∈ X∗ ×

∏p
k=0 Y

∗
k , we have

H∗
i (x

∗, y∗0, y
∗
1, ..., y

∗
p) = δ{0}(x

∗) +

p∑
k=0

k/∈{i,i+1}

δ{0}(y
∗
k) + δ∗Ki(y

∗
i ) + (−y∗i ◦ hi)∗(y∗i+1).

Now,

(x∗, y∗0, y
∗
1, ..., y

∗
p) ∈ ∂Hi(x, y0, y1, ..., yp)

if and only if

(4.4) H∗
i (x

∗, y∗0, y
∗
1, ..., y

∗
p) +Hi(x, y0, y1, ..., yp)

− ⟨x∗, x⟩ −
p∑

k=0
k/∈{i,i+1}

⟨y∗k, yk⟩ − ⟨y∗i , yi⟩ − ⟨y∗i+1, yi+1⟩ = 0

which implies

x∗ = 0 and y∗k = 0 for k ∈ {0, ..., p}\{i, i+ 1}.
As (yi+1, yi) ∈ epihi, the equality (4.4) becomes equivalent to

[δ∗Ki(y
∗
i ) + δKi(yi − hi(yi+1))− ⟨y∗i , yi − hi(yi+1)⟩]

+ [(−y∗i ◦ hi)∗(y∗i+1) + (−y∗i ◦ hi)(yi+1)− ⟨y∗i+1, yi+1⟩] = 0.
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According to the Fenchel-Young inequality and the fact that Ki is a convex cone,
(4.4) is equivalent to

(a) x∗ = 0 and y∗k = 0 for k ∈ {0, ..., p}\{i, i+ 1},
(b) −y∗i ∈ K∗

i and ⟨−y∗i , yi − hi(yi+1)⟩ = 0,

(c) y∗i+1 ∈ ∂(−y∗i ◦ hi)(yi+1).

The proof of (2)− (6) is similar to (1). □

Now we state our main result.

Theorem 4.6. Suppose that x ∈ domf ∩ ψ−1(domφ) ∩ domψ ∩ (h−1
p ◦ h−1

p−1◦...
◦h−1

1 )(domg) ∩ domhp, yp := hp(x), yp−1 := hp−1(yp), ..., y1 := h1(y2) and y0 :=
ψ(x). Then x∗ ∈ ∂(f +φ ◦ψ+ g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x) if and only if there exist nets
{xj}j∈J ⊆ domf , {y0,j}j∈J ⊆ domφ, {(zj , z0,j)}j∈J ⊆ epiψ, {u1,j}j∈J ⊆ domg,
{(vii+1,j , v

i
i,j)}j∈J ⊆ epihi, i = 1, ..., p − 1, {(vpj , v

p
p,j)}j∈J ⊆ epihp, {x∗j}j∈J ⊆ X∗,

{y∗0,j}j∈J ⊆ Y ∗
0 , {(z∗j , z∗0,j)}j∈J ⊆ X∗ × Y ∗

0 , {u∗1,j}j∈J ⊆ Y ∗
1 , {(vi∗i,j , vi∗i+1,j)}j∈J ⊆

Y ∗
i × Y ∗

i+1, i = 1, ..., p− 1, and {(vp∗j , v
p∗
p,j)}j∈J ⊆ X∗ × Y ∗

p satisfying

x∗j ∈ ∂f(xj), y
∗
0,j ∈ ∂φ(y0,j), u

∗
1,j ∈ ∂g(u1,j),

−z∗0,j ∈ K∗
0 , ⟨−z∗0,j , z0,j − ψ(zj)⟩ = 0 and z∗j ∈ ∂(−z∗0,j ◦ ψ)(zj),

−vi∗i,j ∈ K∗
i and ⟨−vi∗i,j , vii,j − hi(v

i
i+1,j)⟩ = 0 (i = 1, ..., p− 1),

vi∗i+1,j ∈ ∂(−vi∗i,j ◦ hi)(vii+1,j) (i = 1, ..., p− 1),

−vp∗p,j ∈ K∗
p , ⟨−v

p∗
p,j , v

p
p,j − hp(v

p
j )⟩ = 0 and vp∗j ∈ ∂(−vp∗p,j ◦ hp)(v

p
j ),



xj
∥.∥X−−−→
j∈J

x, zj
∥.∥X−−−→
j∈J

x, vpj
∥.∥X−−−→
j∈J

x,

y0,j
∥.∥Y0−−−→
j∈J

y0, z0,j
∥.∥Y0−−−→
j∈J

y0, u1,j
∥.∥Y1−−−→
j∈J

y1,

vpp,j
∥.∥Yp−−−→
j∈J

yp, v
i
i,j

∥.∥Yi−−−→
j∈J

yi, v
i
i+1,j

∥.∥Yi+1−−−−→
j∈J

yi+1 (i = 1, ..., p− 1),



f(xj)− f(x)− ⟨x∗j , xj − x⟩ −−→
j∈J

0,

φ(y0,j)− φ(y0)− ⟨y∗0,j , y0,j − y0⟩ −−→
j∈J

0,

g(u1,j)− g(y1)− ⟨u∗1,j , u1,j − y1⟩ −−→
j∈J

0,

⟨−z∗j , zj − x⟩+ ⟨−z∗0,j , z0,j − y0⟩ −−→
j∈J

0,

⟨−vi∗i,j , vii,j − yi⟩+ ⟨−vi∗i+1,j , v
i
i+1,j − yi+1⟩ −−→

j∈J
0 (i = 1, ..., p− 1),

⟨−vp∗j , v
p
j − x⟩+ ⟨−vp∗p,j , v

p
p,j − yp⟩ −−→

j∈J
0,
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and 
x∗j + z∗j + vp∗j

w(X∗,X)−−−−−−→
j∈J

x∗, y∗0,j + z∗0,j
w(Y0

∗,Y0)−−−−−−→
j∈J

0,

u∗1,j + v1∗1,j
w(Y1

∗,Y1)−−−−−−→
j∈J

0, v
(i−1)∗
i,j + vi∗i,j

w(Yi
∗,Yi)−−−−−−→

j∈J
0 (i = 2, ..., p).

Proof. By using Lemma 4.4, x∗ ∈ ∂(f +φ ◦ψ+ g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x) is equivalent
to (x∗, 0, 0, ..., 0) ∈ ∂(F + Φ + Ψ + G +

∑p
i=1Hi)(x, y0, y1, ..., yp). So by virtue of

Theorem 3.2 and by taking into account Remark 4.1, there exist nets {(xj , x0,j ,
x1,j , ..., xp,j)}j∈J ⊆ domF = domf ×

∏p
k=0 Yk, {(x

∗
j , x

∗
0,j , x

∗
1,j , ..., x

∗
p,j)}j∈J ⊆ X∗ ×∏p

k=0 Y
∗
k , {(yj , y0,j , y1,j , ..., yp,j)}j∈J ⊆ domΦ = X × domφ ×

∏p
k=1 Yk, {(y

∗
j , y

∗
0,j ,

y∗1,j , ..., y
∗
p,j)}j∈J ⊆ X∗ ×

∏p
k=0 Y

∗
k , {(zj , z0,j , z1,j , ..., zp,j)}j∈J ⊆ domΨ (i.e. {zj}j∈J

⊆ X and {zk,j}j∈J ⊆ Yk, k = 0, ..., p, with {(zj , z0,j)}j∈J ⊆ epiψ), {(z∗j , z∗0,j , z∗1,j , ...,
z∗p,j)}j∈J ⊆ X∗×

∏p
k=0 Y

∗
k , {(uj , u0,j , u1,j , ..., up,j)}j∈J ⊆ domG = X×Y0×domg×∏p

k=2 Yk, {(u
∗
j , u

∗
0,j , u

∗
1,j , ..., u

∗
p,j)}j∈J ⊆ X∗×

∏p
k=0 Y

∗
k , {(vij , vi0,j , vi1,j , ..., vip,j)}j∈J ⊆

domHi, i = 1, ..., p − 1 (i.e. for i = 1, ..., p − 1, {vij}j∈J ⊆ X and {vik,j}j∈J ⊆ Yk,

k = 0, ..., p, with {(vii+1,j , v
i
i,j)}j∈J ⊆ epihi), {(vi∗j , vi∗0,j , vi∗1,j , ..., vi∗p,j)}j∈J ⊆ X∗ ×∏p

k=0 Y
∗
k , i = 1, ..., p − 1, {(vpj , v

p
0,j , v

p
1,j , ..., v

p
p,j)}j∈J ⊆ domHp (i.e. {vpj }j∈J ⊆ X

and {vpk,j}j∈J ⊆ Yk, k = 0, ..., p, with {(vpj , v
p
p,j)}j∈J ⊆ epihp), {(vp∗j , v

p∗
0,j , v

p∗
1,j , ...,

vp∗p,j)}j∈J ⊆ X∗ ×
∏p
k=0 Y

∗
k such that

(x∗j , x
∗
0,j , x

∗
1,j , ..., x

∗
p,j) ∈ ∂F (xj , x0,j , x1,j , ..., xp,j),(4.5a)

(y∗j , y
∗
0,j , y

∗
1,j , ..., y

∗
p,j) ∈ ∂Φ(yj , y0,j , y1,j , ..., yp,j),(4.5b)

(z∗j , z
∗
0,j , z

∗
1,j , ..., z

∗
p,j) ∈ ∂Ψ(zj , z0,j , z1,j , ..., zp,j),(4.5c)

(u∗j , u
∗
0,j , u

∗
1,j , ..., u

∗
p,j) ∈ ∂G(uj , u0,j , u1,j , ..., up,j),(4.5d)

(vi∗j , v
i∗
0,j , v

i∗
1,j , ..., v

i∗
p,j) ∈ ∂Hi(v

i
j , v

i
0,j , v

i
1,j , ..., v

i
p,j) (i = 1, ..., p− 1),(4.5e)

(vp∗j , v
p∗
0,j , v

p∗
1,j , ..., v

p∗
p,j) ∈ ∂Hp(v

p
j , v

p
0,j , v

p
1,j , ..., v

p
p,j),(4.5f)

(xj , x0,j , x1,j , ..., xp,j)
∥.∥X×Y0×Y1×...×Yp−−−−−−−−−−−−→

j∈J
(x, y0, y1, ..., yp),(4.6a)

(yj , y0,j , y1,j , ..., yp,j)
∥.∥X×Y0×Y1×...×Yp−−−−−−−−−−−−→

j∈J
(x, y0, y1, ..., yp),(4.6b)

(zj , z0,j , z1,j , ..., zp,j)
∥.∥X×Y0×Y1×...×Yp−−−−−−−−−−−−→

j∈J
(x, y0, y1, ..., yp),(4.6c)

(uj , u0,j , u1,j , ..., up,j)
∥.∥X×Y0×Y1×...×Yp−−−−−−−−−−−−→

j∈J
(x, y0, y1, ..., yp),(4.6d)

(vij , v
i
0,j , v

i
1,j , ..., v

i
p,j)

∥.∥X×Y0×Y1×...×Yp−−−−−−−−−−−−→
j∈J

(x, y0, y1, ..., yp) (i = 1, ..., p− 1),(4.6e)
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(vpj , v
p
0,j , v

p
1,j , ..., v

p
p,j)

∥.∥X×Y0×Y1×...×Yp−−−−−−−−−−−−→
j∈J

(x, y0, y1, ..., yp),(4.6f)

(4.7a) F (xj , x0,j , x1,j , ..., xp,j)− F (x, y0, y1, ..., yp)− ⟨x∗j , xj − x⟩

−
p∑

k=0

⟨x∗k,j , xk,j − yk⟩ −−→
j∈J

0,

(4.7b) Φ(yj , y0,j , y1,j , ..., yp,j)− Φ(x, y0, y1, ..., yp)− ⟨y∗j , yj − x⟩

−
p∑

k=0

⟨y∗k,j , yk,j − yk⟩ −−→
j∈J

0,

(4.7c) Ψ(zj , z0,j , z1,j , ..., zp,j)−Ψ(x, y0, y1, ..., yp)− ⟨z∗j , zj − x⟩

−
p∑

k=0

⟨z∗k,j , zk,j − yk⟩ −−→
j∈J

0,

(4.7d) G(uj , u0,j , u1,j , ..., up,j)−G(x, y0, y1, ..., yp)− ⟨u∗j , uj − x⟩

−
p∑

k=0

⟨u∗k,j , uk,j − yk⟩ −−→
j∈J

0,

(4.7e) Hi(v
i
j , v

i
0,j , v

i
1,j , ..., v

i
p,j)−Hi(x, y0, y1, ..., yp)− ⟨vi∗j , vij − x⟩

−
p∑

k=0

⟨vi∗k,j , vik,j − yk⟩ −−→
j∈J

0 (i = 1, ..., p− 1),

(4.7f) Hp(v
p
j , v

p
0,j , v

p
1,j , ..., v

p
p,j)−Hp(x, y0, y1, ..., yp)− ⟨vp∗j , v

p
j − x⟩

−
p∑

k=0

⟨vp∗k,j , v
p
k,j − yk⟩ −−→

j∈J
0,

and

(4.8)
(
x∗j + y∗j + z∗j + u∗j +

p∑
i=1

vi∗j , x
∗
0,j + y∗0,j + z∗0,j + u∗0,j +

p∑
i=1

vi∗0,j , x
∗
1,j + y∗1,j

+ z∗1,j + u∗1,j +

p∑
i=1

vi∗1,j , ..., x
∗
p,j + y∗p,j + z∗p,j + u∗p,j +

p∑
i=1

vi∗p,j

)
τ−−→
j∈J

(x∗, 0, 0, ..., 0).
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By Lemma 4.5, the relations in (4.5a)-(4.5f) become



x∗j ∈ ∂f(xj), y
∗
0j ∈ ∂φ(y0,j), u

∗
1,j ∈ ∂g(u1,j),

−z∗0,j ∈ K∗
0 , ⟨−z∗0,j , z0,j − ψ(zj)⟩ = 0 and z∗j ∈ ∂(−z∗0,j ◦ ψ)(zj),

−vi∗i,j ∈ K∗
i and ⟨−vi∗i,j , vii,j − hi(v

i
i+1,j)⟩ = 0 (i = 1, ..., p− 1),

vi∗i+1,j ∈ ∂(−vi∗i,j ◦ hi)(vii+1,j) (i = 1, ..., p− 1),

−vp∗p,j ∈ K∗
p , ⟨−v

p∗
p,j , v

p
p,j − hp(v

p
j )⟩ = 0 and vp∗j ∈ ∂(−vp∗p,j ◦ hp)(v

p
j ),

with



x∗0,j = 0, x∗1,j = 0, . . . , x∗p,j = 0,

y∗j = 0 and y∗1,j = 0, y∗2,j = 0, . . . , y∗p,j = 0,

z∗1,j = 0, z∗2,j = 0, . . . , z∗p,j = 0,

u∗j = 0, u∗0,j = 0 and u∗2,j = 0, u∗3,j = 0, . . . , u∗p,j = 0,

vi∗j = 0 and vi∗k,j = 0, k ∈ {0, ..., p}\{i, i+ 1} (i = 1, ..., p− 1),

vp∗0,j = 0, vp∗1,j = 0, . . . , vp∗p−1,j = 0.

(4.9)

We see from (4.6a)-(4.6f) that



xj
∥.∥X−−−→
j∈J

x, yj
∥.∥X−−−→
j∈J

x, xk,j
∥.∥Yk−−−→
j∈J

yk, yk,j
∥.∥Yk−−−→
j∈J

yk (k = 0, ..., p),

zj
∥.∥X−−−→
j∈J

x, uj
∥.∥X−−−→
j∈J

x, zk,j
∥.∥Yk−−−→
j∈J

yk, uk,j
∥.∥Yk−−−→
j∈J

yk (k = 0, ..., p),

vij
∥.∥X−−−→
j∈J

x, vik,j
∥.∥Yk−−−→
j∈J

yk (i = 1, ..., p)(k = 0, ..., p),

and by (4.9), the conditions (4.7a)-(4.7f) can be expressed as



f(xj)− f(x)− ⟨x∗j , xj − x⟩ −−→
j∈J

0,

φ(y0,j)− φ(y0)− ⟨y∗0,j , y0,j − y0⟩ −−→
j∈J

0,

g(u1,j)− g(y1)− ⟨u∗1,j , u1,j − y1⟩ −−→
j∈J

0,

⟨−z∗j , zj − x⟩+ ⟨−z∗0,j , z0,j − y0⟩ −−→
j∈J

0,

⟨−vi∗i,j , vii,j − yi⟩+ ⟨−vi∗i+1,j , v
i
i+1,j − yi+1⟩ −−→

j∈J
0 (i = 1, ..., p− 1),

⟨−vp∗j , v
p
j − x⟩+ ⟨−vp∗p,j , v

p
p,j − yp⟩ −−→

j∈J
0.
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On the other hand, it is clear that (4.8) is nothing else than

x∗j + y∗j + z∗j + u∗j +

p∑
i=1

vi∗j
w(X∗,X)−−−−−−→
j∈J

x∗,

x∗0,j + y∗0,j + z∗0,j + u∗0,j +

p∑
i=1

vi∗0,j
w(Y0

∗,Y0)−−−−−−→
j∈J

0,

x∗1,j + y∗1,j + z∗1,j + u∗1,j +

p∑
i=1

vi∗1,j
w(Y1

∗,Y1)−−−−−−→
j∈J

0,

...

x∗p,j + y∗p,j + z∗p,j + u∗p,j +

p∑
i=1

vi∗p,j
w(Yp∗,Yp)−−−−−−→

j∈J
0,

and hence, by taking into account (4.9), we get
x∗j + z∗j + vp∗j

w(X∗,X)−−−−−−→
j∈J

x∗, y∗0,j + z∗0,j
w(Y0

∗,Y0)−−−−−−→
j∈J

0,

u∗1,j + v1∗1,j
w(Y1

∗,Y1)−−−−−−→
j∈J

0 and v
(i−1)∗
i,j + vi∗i,j

w(Yi
∗,Yi)−−−−−−→

j∈J
0 (i = 2, ..., p).

□
Remark 4.7. Let us observe in the above proof that for k ∈ {1, ..., p}, k′ ∈ {2, ..., p},
i ∈ {1, ..., p− 1} and q ∈ {0, ..., p}\{i, i+1} the nets {x0,j}j , {xk,j}j , {yj}j , {yk,j}j ,
{zk,j}j , {uj}j , {u0,j}j , {uk′,j}j , {vpk−1,j}j , {v

i
j}j and {viq,j}j are superfluous.

Remark 4.8. If we assume that X, Y0, ..., Yp are reflexive Banach spaces, then we
can establish Theorem 4.6 in terms of sequences and strong limits.

By taking g ≡ 0, hi ≡ 0 and Ki = Yi, i = 1, ..., p, we get the following corollary.

Corollary 4.9. Suppose that x ∈ domf∩ψ−1(domφ)∩domψ and y0 = ψ(x). Then,
x∗ ∈ ∂(f + φ ◦ ψ)(x) if and only if there exist nets {xj}j∈J ⊆ domf , {y0,j}j∈J ⊆
domφ, {(zj , z0,j)}j∈J ⊆ epiψ, {x∗j}j∈J ⊆ X∗, {y∗0,j}j∈J ⊆ Y ∗

0 and {(z∗j , z∗0,j)}j∈J ⊆
X∗ × Y ∗

0 satisfyingx
∗
j ∈ ∂f(xj), y

∗
0,j ∈ ∂φ(y0,j),

−z∗0,j ∈ K∗
0 , ⟨−z∗0,j , z0,j − ψ(zj)⟩ = 0, z∗j ∈ ∂(−z∗0,j ◦ ψ)(zj),

xj
∥.∥X−−−→
j∈J

x, zj
∥.∥X−−−→
j∈J

x,

y0,j
∥.∥Y0−−−→
j∈J

y0, z0,j
∥.∥Y0−−−→
j∈J

y0,


f(xj)− f(x)− ⟨x∗j , xj − x⟩ −−→

j∈J
0,

φ(y0,j)− φ(y0)− ⟨y∗0,j , y0,j − y0⟩ −−→
j∈J

0,

⟨−z∗j , zj − x⟩+ ⟨−z∗0,j , z0,j − y0⟩ −−→
j∈J

0,
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and 
x∗j + z∗j

w(X∗,X)−−−−−−→
j∈J

x∗,

y∗0,j + z∗0,j
w(Y0

∗,Y0)−−−−−−→
j∈J

0.

Remark 4.10. Some results given in [1] and [10] can also be derived from Corollary
4.9 when we suppose that X and Y0 are reflexive Banach spaces.

5. Applications

In this section, we apply the main result obtained in the previous section to two
broad classes of optimization problems. The first is a general multi-composed prob-
lem with geometric and cone constraints and the second is a constrained location
problem without set-up costs.

5.1. Sequential optimality conditions for a general multi-composed opti-
mization problem. Let us consider the following multi-composed problem with
geometric and cone constraints

(PM) inf
x∈C

ψ(x)∈−K0

(g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)

where
• C is nonempty closed convex subset of X and K0 is supposed to be closed,
• ψ : X → Y0 ∪ {+∞Y0} is proper, K0-convex, K0-epi closed and ψ(domψ) ⊆ −K0,
• g : Y1 → R is proper, convex, K1-nondecreasing on domg and lower semicontinu-
ous,
• h1 : Y2 → Y1 ∪ {+∞Y1} is proper, K1-convex, (K2,K1)-nondecreasing on domh1,
K1-epi closed and h1(domh1) ⊆ domg,
• hi : Yi+1 → Yi∪{+∞Yi} is proper, Ki-convex, (Ki+1,Ki)-nondecreasing on domhi,
Ki-epi closed and hi(domhi) ⊆ domhi−1, i = 2, ..., p− 1,
• hp : X → Yp ∪ {+∞Yp} is proper, Kp-convex, Kp-epi closed and hp(domhp) ⊆
domhp−1,

• C ∩ ψ−1(−K0) ∩ domψ ∩ (h−1
p ◦ h−1

p−1 ◦ ... ◦ h
−1
1 )(domg) ∩ domhp ̸= ∅,

• g(+∞Y1) = +∞, and hi(+∞Yi+1) = +∞Yi for i = 1, ..., p− 1.

We mention that the problem (PM) has been investigated by Wanka et al. ([4, 12,
14]) by using the Lagrange duality approach.

In order to give sequential optimality conditions for the problem (PM), let us
note that (PM) can be written equivalently as

(PM) inf
x∈X

{δC(x) + (δ−K0 ◦ ψ)(x) + (g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x)}.

Theorem 5.1. Suppose that x ∈ C ∩ ψ−1(−K0) ∩ domψ ∩ (h−1
p ◦ h−1

p−1 ◦ ... ◦
h−1
1 )(domg) ∩ domhp, yp := hp(x), yp−1 := hp−1(yp), ..., y1 := h1(y2) and y0 :=
ψ(x). Then, x is an optimal solution of the problem (PM) if and only if there exist
nets {xj}j∈J ⊆ C, {y0,j}j∈J ⊆ −K0, {(zj , z0,j)}j∈J ⊆ epiψ, {u1,j}j∈J ⊆ domg,
{(vii+1,j , v

i
i,j)}j∈J ⊆ epihi, i = 1, ..., p − 1, {(vpj , v

p
p,j)}j∈J ⊆ epihp, {x∗j}j∈J ⊆ X∗,
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{y∗0,j}j∈J ⊆ Y ∗
0 , {(z∗j , z∗0,j)}j∈J ⊆ X∗ × Y ∗

0 , {u∗1,j}j∈J ⊆ Y ∗
1 , {(vi∗i,j , vi∗i+1,j)}j∈J ⊆

Y ∗
i × Y ∗

i+1, i = 1, ..., p− 1, and {(vp∗j , v
p∗
p,j)}j∈J ⊆ X∗ × Y ∗

p satisfying

x∗j ∈ NC(xj), y
∗
0,j ∈ K∗

0 , ⟨y∗0,j , y0,j⟩ = 0 and u∗1,j ∈ ∂g(u1,j),

−z∗0,j ∈ K∗
0 , ⟨−z∗0,j , z0,j − ψ(zj)⟩ = 0 and z∗j ∈ ∂(−z∗0,j ◦ ψ)(zj),

−vi∗i,j ∈ K∗
i and ⟨−vi∗i,j , vii,j − hi(v

i
i+1,j)⟩ = 0 (i = 1, ..., p− 1),

vi∗i+1,j ∈ ∂(−vi∗i,j ◦ hi)(vii+1,j) (i = 1, ..., p− 1),

−vp∗p,j ∈ K∗
p , ⟨−v

p∗
p,j , v

p
p,j − hp(v

p
j )⟩ = 0 and vp∗j ∈ ∂(−vp∗p,j ◦ hp)(v

p
j ),



xj
∥.∥X−−−→
j∈J

x, zj
∥.∥X−−−→
j∈J

x, vpj
∥.∥X−−−→
j∈J

x,

y0,j
∥.∥Y0−−−→
j∈J

y0, z0,j
∥.∥Y0−−−→
j∈J

y0, u1,j
∥.∥Y1−−−→
j∈J

y1,

vpp,j
∥.∥Yp−−−→
j∈J

yp, v
i
i,j

∥.∥Yi−−−→
j∈J

yi, v
i
i+1,j

∥.∥Yi+1−−−−→
j∈J

yi+1 (i = 1, ..., p− 1),



⟨x∗j , xj − x⟩ −−→
j∈J

0,

⟨y∗0,j , y0,j − y0⟩ −−→
j∈J

0,

g(u1,j)− g(y1)− ⟨u∗1,j , u1,j − y1⟩ −−→
j∈J

0,

⟨−z∗j , zj − x⟩+ ⟨−z∗0,j , z0,j − y0⟩ −−→
j∈J

0,

⟨−vi∗i,j , vii,j − yi⟩+ ⟨−vi∗i+1,j , v
i
i+1,j − yi+1⟩ −−→

j∈J
0 (i = 1, ..., p− 1),

⟨−vp∗j , v
p
j − x⟩+ ⟨−vp∗p,j , v

p
p,j − yp⟩ −−→

j∈J
0,

and 
x∗j + z∗j + vp∗j

w(X∗,X)−−−−−−→
j∈J

0, y∗0,j + z∗0,j
w(Y0

∗,Y0)−−−−−−→
j∈J

0,

u∗1,j + v1∗1,j
w(Y1

∗,Y1)−−−−−−→
j∈J

0, v
(i−1)∗
i,j + vi∗i,j

w(Yi
∗,Yi)−−−−−−→

j∈J
0 (i = 2, ..., p).

Proof. It is clear that x is an optimal solution of (PM) if and only if 0 ∈ ∂(δC +
δ−K0 ◦ ψ + g ◦ h1 ◦ h2 ◦ ... ◦ hp)(x). Since C and −K0 are nonempty, closed and
convex, it follows that δC and δ−K0 are proper, convex and lower semicontinuous
functions, with δ−K0 is K0-nondecreasing (for more details see [2]). So, as f := δC ,
φ := δ−K0 , ψ, g and hi, i = 1, ..., p, satisfy all the assumptions of Theorem 4.6,
it follows that there exist nets {xj}j∈J ⊆ C, {y0,j}j∈J ⊆ −K0, {(zj , z0,j)}j∈J ⊆
epiψ, {u1,j}j∈J ⊆ domg, {(vii+1,j , v

i
i,j)}j∈J ⊆ epihi, i = 1, ..., p− 1, {(vpj , v

p
p,j)}j∈J ⊆

epihp, {x∗j}j∈J ⊆ X∗, {y∗0,j}j∈J ⊆ Y ∗
0 , {(z∗j , z∗0,j)}j∈J ⊆ X∗ × Y ∗

0 , {u∗1,j}j∈J ⊆ Y ∗
1 ,

{(vi∗i,j , vi∗i+1,j)}j∈J ⊆ Y ∗
i × Y ∗

i+1, i = 1, ..., p− 1, and {(vp∗j , v
p∗
p,j)}j∈J ⊆ X∗ × Y ∗

p , such
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that 

x∗j ∈ NC(xj), y
∗
0,j ∈ N−K0(y0,j) and u

∗
1,j ∈ ∂g(u1,j),

−z∗0,j ∈ K∗
0 , ⟨−z∗0,j , z0,j − ψ(zj)⟩ = 0 and z∗j ∈ ∂(−z∗0,j ◦ ψ)(zj),

−vi∗i,j ∈ K∗
i and ⟨−vi∗i,j , vii,j − hi(v

i
i+1,j)⟩ = 0 (i = 1, ..., p− 1),

vi∗i+1,j ∈ ∂(−vi∗i,j ◦ hi)(vii+1,j) (i = 1, ..., p− 1),

−vp∗p,j ∈ K∗
p , ⟨−v

p∗
p,j , v

p
p,j − hp(v

p
j )⟩ = 0 and vp∗j ∈ ∂(−vp∗p,j ◦ hp)(v

p
j ),

xj
∥.∥X−−−→
j∈J

x, zj
∥.∥X−−−→
j∈J

x, vpj
∥.∥X−−−→
j∈J

x,

y0,j
∥.∥Y0−−−→
j∈J

y0, z0,j
∥.∥Y0−−−→
j∈J

y0, u1,j
∥.∥Y1−−−→
j∈J

y1,

vpp,j
∥.∥Yp−−−→
j∈J

yp, v
i
i,j

∥.∥Yi−−−→
j∈J

yi, v
i
i+1,j

∥.∥Yi+1−−−−→
j∈J

yi+1 (i = 1, ..., p− 1),



⟨x∗j , xj − x⟩ −−→
j∈J

0,

⟨y∗0,j , y0,j − y0⟩ −−→
j∈J

0,

g(u1,j)− g(y1)− ⟨u∗1,j , u1,j − y1⟩ −−→
j∈J

0,

⟨−z∗j , zj − x⟩+ ⟨−z∗0,j , z0,j − y0⟩ −−→
j∈J

0,

⟨−vi∗i,j , vii,j − yi⟩+ ⟨−vi∗i+1,j , v
i
i+1,j − yi+1⟩ −−→

j∈J
0 (i = 1, ..., p− 1),

⟨−vp∗j , v
p
j − x⟩+ ⟨−vp∗p,j , v

p
p,j − yp⟩ −−→

j∈J
0,

and 
x∗j + z∗j + vp∗j

w(X∗,X)−−−−−−→
j∈J

0, y∗0,j + z∗0,j
w(Y0

∗,Y0)−−−−−−→
j∈J

0,

u∗1,j + v1∗1,j
w(Y1

∗,Y1)−−−−−−→
j∈J

0, v
(i−1)∗
i,j + vi∗i,j

w(Yi
∗,Yi)−−−−−−→

j∈J
0 (i = 2, ..., p).

We end up the proof by observing that

y∗0,j ∈ N−K0(y0,j) ⇐⇒ y∗0,j ∈ K∗
0 , and ⟨y∗0,j , y0,j⟩ = 0.

□

5.2. Sequential optimality conditions to constrained location problems
without set-up costs. In this subsection we consider the following single minimax
location problem without set-up costs, treated by Wanka and Wilfer [13],

(LP ) inf
x∈C

max
1≤i≤q

{γCi(x− ei)},

where
• C and C1, ..., Cq are nonempty, closed and convex subsets of a reflexive Banach
space X with 0 ∈ intCi, i = 1, ..., q,
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• e1, ..., eq ∈ X are distinct points,

• γCi : X → R is the Minkowski gauge of the subset Ci, defined by

γCi(x) :=

{
inf{λ > 0 : x ∈ λCi}, if {λ > 0 : x ∈ λCi} ̸= ∅,

+∞, otherwise,
(i = 1, ..., q).

Let us note that the defined gauges γC1 , ..., γCq are convex and continuous functions
(see Theorem 1 and Remark 2 in [13]), which implies that the problem (LP ) is a
convex optimization problem.

For obtaining sequential optimality conditions for the problem (LP ), we set
Y1 = Y2 := Rq and K1 = K2 := Rq+. To write (LP ) as a convex multi-composed
optimization problem, we introduce the following functions
• l+∞ : Rq → R defined by

l+∞(x1, ..., xq) := l∞(x+1 , ..., x
+
q ), (x1, ..., xq) ∈ Rq

where

l∞(x1, ..., xq) := max
1≤i≤q

{|xi|}, x+i := max{0, xi}, i = 1, .., q,

and

l+∞(+∞Rq) = +∞,

• h1 : Rq → Rq ∪ {+∞Rq} defined by

h1(x1, ..., xq) :=

{
(x1, ..., xq), if (x1, ..., xq) ∈ Rq+,

+∞Rq , otherwise,

• h2 : X → Rq defined by

h2(x) := (γC1(x− e1), ..., γCq(x− eq)), x ∈ X.

These definitions yield the following equivalent representation for the considered
problem

(LP ) inf
x∈C

(l+∞ ◦ h1 ◦ h2)(x)

Remark 5.2. Let us note that
• l+∞ : Rq → R is proper, convex, lower semicontinuous and Rq+-nondecreasing on
doml+∞ = Rq (see [11]),
• h1 : Rq → Rq ∪ {+∞Rq} is proper, Rq+-convex, (Rq+,R

q
+)-nondecreasing on

domh1 = Rq+, R
q
+-epi closed and h1(domh1) ⊆ Rq+,

• h2 : X → Rq is proper, Rq+-convex, R
q
+-epi closed, domh2 = X and h2(domh2) ⊆

Rq+.

Lemma 5.3. Let (x1, ..., xq) ∈ Rq, then

∂l+∞(x1, ..., xq) =
{
(x∗1, ..., x

∗
q) ∈ Rq+ :

q∑
i=1

x∗i ≤ 1 and max
1≤i≤q

{x+i } =

q∑
i=1

x∗ixi

}
.
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Proof. From Proposition 4.2 in [11], it follows that for all (x∗1, ..., x
∗
q) ∈ Rq

(
l+∞

)∗
(x∗1, ..., x

∗
q) =


0, if (x∗1, ..., x

∗
q) ∈ Rq+ and

q∑
i=1

|x∗i | ≤ 1,

+∞, otherwise.

Therefore, the proof is straightforward since

∂l+∞(x1, ..., xq) =
{
(x∗1, ..., x

∗
q) ∈ Rq :

(
l+∞

)∗
(x∗1, ..., x

∗
q) + l+∞(x1, ..., xq)

=

q∑
i=1

x∗ixi

}
.

□
Lemma 5.4. Let (x1, ..., xq) ∈ Rq+ and (y1, ..., yq) ∈ Rq+, then

(x∗1, ..., x
∗
q) ∈ ∂

(
(y1, ..., yq) ◦ h1

)
(x1, ..., xq) ⇐⇒ x∗i ∈ Ω(yi, xi), ∀i ∈ {1, ..., q}

where

Ω(yk, xk) :=
{
x ∈ ]−∞, yk] : (x− yk)xk = 0

}
(k = 1, ..., q).

Proof. Let (x1, ..., xq) ∈ Rq+ and (y1, ..., yq) ∈ Rq+, then

(x∗1, ..., x
∗
q) ∈ ∂

(
(y1, ..., yq) ◦ h1

)
(x1, ..., xq)

⇐⇒

[y1z1 + ...+ yqzq] ≥ [y1x1 + ...+ yqxq]

+ [x∗1(z1 − x1) + ...+ x∗q(zq − xq)], ∀(z1, ..., zq) ∈ Rq+
⇐⇒

yizi ≥ yixi + x∗i (zi − xi), ∀zi ∈ R+,∀i ∈ {1, ..., q}
⇐⇒

x∗i − yi ∈ NR+(xi), ∀i ∈ {1, ..., q}
⇐⇒

x∗i ≤ yi and (x∗i − yi)xi = 0, ∀i ∈ {1, ..., q}
i.e.

x∗i ∈ Ω(yi, xi), ∀i ∈ {1, ..., q}.
Therefore, the proof is complete. □

Lemma 5.5. Let x ∈ X, (y1, ..., yq) ∈ Rq+ and I :=
{
i ∈ {1, ..., q} : yi > 0

}
. Then

∂
(
(y1, ..., yq) ◦ h2

)
(x) = Γ

(
(y1, ..., yq), x

)
where

Γ
(
(y1, ..., yq), x

)
:=

{
x∗ ∈ X∗ : ∃ x∗1, ..., x∗q ∈ X∗, x∗1 + ...+ x∗q = x∗, with

x∗i ∈ ∂(yiγCi)(x− ei) for i ∈ I and x∗i = 0 for i /∈ I
}
.
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Proof. Let x ∈ X, (y1, ..., yq) ∈ Rq+ and I := {i ∈ {1, ..., q} : yi > 0}. Since the
functions γC1 , ..., γCq : X → R are convex and continuous, it follows that

∂
(
(y1, ..., yq) ◦ h2

)
(x) = ∂

(
y1γC1(.− e1) + ...+ yqγCq(.− eq)

)
(x)

= ∂
(
y1γC1(.− e1)

)
(x) + ...+ ∂

(
yqγCq(.− eq)

)
(x).

Further, it is easy to check that

∂
(
yiγCi(.− ei)

)
(x) =

{
∂(yiγCi)(x− ei), if i ∈ I,

{0}, otherwise,
(i = 1, ..., q).

Therefore, the proof is complete. □

Let us introduce the following sets

E1 :=
{
(x1, ..., xq, r1, ..., rq) ∈ Rq+ × Rq+ : xi ≤ ri, ∀i ∈ {1, ..., q}

}
and

E2 :=
{
(x, r1, ..., rq) ∈ X × Rq+ : γCi(x− ei) ≤ ri, ∀i ∈ {1, ..., q}

}
.

It is clear that E1 and E2 represent the epigraphs of h1 and h2, respectively.

Now, we give sequential optimality conditions for the problem (LP ).

Theorem 5.6. Let x ∈ C. Then, x is an optimal solution of the problem (LP ) if
and only if there exist sequences {xn}n∈N ⊆ C, {(y1,n, ..., yq,n)}n∈N ⊆ Rq, {(z1,n, ...,
zq,n, α1,n, ..., αq,n)}n∈N ⊆ E1, {(zn, β1,n, ..., βq,n)}n∈N ⊆ E2, {x∗n}n∈N ⊆ X∗, {(y∗1,n,
..., y∗q,n)}n∈N ⊆ Rq+, with

∑q
i=1 y

∗
i,n ≤ 1,

{(z∗1,n, ..., z∗q,n, α∗
1,n, ..., α

∗
q,n)}n∈N ⊆ Rq ×Rq+ and {(z∗n, β∗1,n, ..., β∗q,n)}n∈N ⊆ X∗ ×Rq+

satisfying
x∗n ∈ NC(xn), max

1≤i≤q
{y+i,n} =

q∑
i=1

y∗i,nyi,n,

α∗
i,n(αi,n − zi,n) = 0, z∗i,n ∈ Ω(α∗

i,n, zi,n) (i = 1, .., q),

β∗i,n(βi,n − γCi(zn − ei)) = 0, z∗n ∈ Γ
(
(β∗1,n, ..., β

∗
q,n), zn

)
(i = 1, .., q),

xn
∥.∥X−−−−−→
n→+∞

x, zn
∥.∥X−−−−−→
n→+∞

x,

(y1,n, ..., yq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),

(z1,n, ..., zq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),

(α1,n, ..., αq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),

(β1,n, ..., βq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),
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⟨x∗n, xn − x⟩ −−−−−→
n→+∞

0,
q∑
i=1

y∗i,nγCi(x− ei) −−−−−→
n→+∞

max
1≤i≤q

{γCi(x− ei)},

q∑
i=1

α∗
i,n(αi,n − γCi(x− ei))−

q∑
i=1

z∗i,n(zi,n − γCi(x− ei)) −−−−−→
n→+∞

0,

q∑
i=1

β∗i,n(βi,n − γCi(x− ei))− ⟨z∗n, zn − x⟩ −−−−−→
n→+∞

0,

and 
x∗n + z∗n

∥.∥X∗−−−−−→
n→+∞

0, (y∗1,n − α∗
1,n, ..., y

∗
q,n − α∗

q,n)
∥.∥Rq−−−−−→
n→+∞

(0, ..., 0),

(z∗1,n − β∗1,n, ..., z
∗
q,n − β∗q,n)

∥.∥Rq−−−−−→
n→+∞

(0, ..., 0).

Proof. By taking into consideration Remark 5.2, it follows that the functions f :=
δC , φ ≡ 0, ψ ≡ 0, g := l+∞, h1 and h2 satisfy all the assumptions of Theorem 5.1.
Therefore, by applying Theorem 5.1 and also Lemma 5.3, Lemma 5.4 and Lemma5.5,
it follows that x is an optimal solution of (LP ) if and only if there exist sequences
{xn}n∈N ⊆ C, {(y1,n, ..., yq,n)}n∈N ⊆ Rq, {(z1,n, ..., zq,n, α1,n, ..., αq,n)}n∈N ⊆ E1,
{(zn, β1,n, ..., βq,n)}n∈N ⊆ E2, {x∗n}n∈N ⊆ X∗, {(y∗1,n, ..., y∗q,n)}n∈N ⊆ Rq+, with∑q

i=1 y
∗
i,n ≤ 1,

{(z∗1,n, ..., z∗q,n, α∗
1,n, ..., α

∗
q,n)}n∈N ⊆ Rq × Rq+, {(z∗n, β∗1,n, ..., β∗q,n)}n∈N ⊆ X∗ × Rq+

such that

x∗n ∈ NC(xn), max
1≤i≤q

{y+i,n} =

q∑
i=1

y∗i,nyi,n,

q∑
k=1

α∗
k,n(αk,n − zk,n) = 0, z∗i,n ∈ Ω(α∗

i,n, zi,n) (i = 1, .., q),

q∑
k=1

β∗k,n(βk,n − γCk(zn − ek)) = 0, z∗n ∈ Γ
(
(β∗1,n, ..., β

∗
q,n), zn

)
,



xn
∥.∥X−−−−−→
n→+∞

x, zn
∥.∥X−−−−−→
n→+∞

x,

(y1,n, ..., yq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),

(z1,n, ..., zq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),

(α1,n, ..., αq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),

(β1,n, ..., βq,n)
∥.∥Rq−−−−−→
n→+∞

(γC1(x− e1), ..., γCq(x− eq)),
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⟨x∗n, xn − x⟩ −−−−−→
n→+∞

0,

max
1≤i≤q

{y+i,n} − max
1≤i≤q

{γCi(x− ei)} −
q∑
i=1

y∗i,n(yi,n − γCi(x− ei)) −−−−−→
n→+∞

0,

q∑
i=1

α∗
i,n(αi,n − γCi(x− ei))−

q∑
i=1

z∗i,n(zi,n − γCi(x− ei)) −−−−−→
n→+∞

0,

q∑
i=1

β∗i,n(βi,n − γCi(x− ei))− ⟨z∗n, zn − x⟩ −−−−−→
n→+∞

0,

and 
x∗n + z∗n

∥.∥X∗−−−−−→
n→+∞

0, (y∗1,n − α∗
1,n, ..., y

∗
q,n − α∗

q,n)
∥.∥Rq−−−−−→
n→+∞

(0, ..., 0),

(z∗1,n − β∗1,n, ..., z
∗
q,n − β∗q,n)

∥.∥Rq−−−−−→
n→+∞

(0, ..., 0).

Since max
1≤i≤q

{y+i,n} =
∑q

i=1 y
∗
i,nyi,n, we have

max
1≤i≤q

{y+i,n} − max
1≤i≤q

{γCi(x− ei)} −
q∑
i=1

y∗i,n(yi,n − γCi(x− ei)) −−−−−→
n→+∞

0

is equivalent to
q∑
i=1

y∗i,nγCi(x− ei) −−−−−→
n→+∞

max
1≤i≤q

{γCi(x− ei)}.

As α∗
i,n ≥ 0, αi,n − zi,n ≥ 0, β∗i,n ≥ 0 and βi,n − γCi(zn − ei) ≥ 0, i = 1, ..., q, we

conclude that

q∑
k=1

α∗
k,n(αk,n − zk,n) = 0 ⇐⇒ α∗

i,n(αi,n − zi,n) = 0, i = 1, ..., q,

q∑
k=1

β∗k,n(βk,n − γCk(zn − ek)) = 0 ⇐⇒

{
β∗i,n(βi,n − γCi(zn − ei)) = 0,

i = 1, ..., q,

and hence the proof is complete. □
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