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RESOLVENT CONDITIONS AND GROWTH OF POWERS OF
OPERATORS ON LP SPACES

CHRISTOPHE CUNY

ABSTRACT. Let T be a bounded linear operator on LP. We study the rate of
growth of the norms of the powers of 7" under resolvent conditions or Cesaro
boundedness assumptions. Actually the relevant properties of L? spaces in our
study are their type and cotype, and for 1 < p < oo, the fact that they are
UMD. Some of the proofs make use of Fourier multipliers on Banach spaces,
which explains why UMD spaces come into play.

1. INTRODUCTION

We study the rate of growth of ||T™|| for a bounded operator 7' on a Banach
space X under various conditions, continuing recent works of Bermudez, Bonilla,
Miiller and Peris [4], Bonilla and Miiller [5] and Cohen, Cuny, Eisner and Lin [6].
In particular, we extend several results of [6], obtained when X = H is a Hilbert
space, to LP spaces and more generally to spaces with non trivial type and/or finite
cotype.

Let us recall the conditions that are relevant to our study. We refer to [4] and [6]
for more information as well as historical background concerning those conditions.

Let T be a bounded operator on a Banach space X. For simplicity we shall
assume that X is a complex Banach space, while all the meaningful statements (i.e.
the statements that do not require a complex Banach space in their formulation)
hold true also for real spaces.

We say that T' is Kreiss bounded if there exists C' > 0 such that, with R(\,T) :=
(M —T)~

C
Al =1

(1.1) IRONT)| < VA > 1.

We say that T is uniformly Kreiss bounded if there exists C' > 0 such that

c
(1.2) Sup|| Z S |y S VAl > 1.
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We say that T is absolutely Cesaro bounded if there exists C' > 0 such that

1 n—1
(1.3) sup— Y | TFz| < Clla| VaeX
(=2
We say that T is strongly Cesaro bounded if there exists C' > 0 such that
1 n—1
(1.4) sup — Y |(2*, T"2)| < Clla”| - =] V(z,2*) € X x X*.
nz1 1320

It was proved in [6] that (1.4) is equivalent to the existence of C' > 0 such that
1 n—1
(1.5) sup sup = wTrx| < Cllz|| VzeX.
n>1 |y|=1,...,[m—-1|=1 k=0
Let us mention the following implications concerning those conditions. First of
all any power bounded operator T, i.e. such that sup,~q||7"| < oo, satisfies all of
the above conditions. If T is uniformly Kreiss bounded it is also Kreiss bounded; if
T is absolutely Cesaro bounded it is strongly Cesaro bounded, hence [6] uniformly
Kreiss bounded. The converse of the above implications do not hold in general.

Let T be absolutely Cesaro bounded on a Banach space X. Then, see [6, Propo-
sition 3.1], |77 = O(n'~¢) for some € € (0,1) and this estimate is best possible in
general Banach spaces. Earlier, the estimate ||7"| = o(n) was proved in [4]. If X is
a Hilbert space then, by Theorem 4.4 of [6], || T"| = O(n'/?>~¢) for some ¢ € (0,1/2)
and this is best possible.

Let T be Kreiss bounded on a Banach space. Then, by [15], ||T"| = O(n) and
this is best possible in general Banach spaces by an example of Shields [19]. If X is
a Hilbert space then, see [6, Theorem 4.1] or [5], [|T"|| = O(n/y/logn). We do not
know whether this is optimal. As far as we know the only result in that direction is
that for every € € (0,1), there exists T on a Hilbert space that is uniformly Kreiss
bounded and such that ||7™|| < n!=¢. This is proved in [5], where in fact T is even
strongly Cesaro bounded [6].

In this paper we obtain estimates of || 7" || for absolutely Cesaro bounded, strongly
Cesaro bounded or Kreiss bounded operators, according to the type and/or cotype
of X. Some results only hold on UMD spaces, see later for the definitions. Estimates
when X = LP(Q, u), 1 < p < oo, are obtained as corollaries.

2. GROWTH OF THE POWERS FOR ABSOLUTEY CESARO BOUNDED OPERATORS

In this section we study the growth rate of ||7"|| when T is an absolutely Cesaro
bounded operator on a Banach space of type p and cotype ¢, and then apply the
results to LP spaces. We recall the definitions [1, p. 151].

Definition. A Banach space X is said to be of type p € [1, 2] if there exists K > 0
such that for any n € N and any x1,...,x, € X, one has

E(llerer + .. 4 enwn|”) < K2 + ... + [lza]),
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where (e1,...,e,) are iid Rademacher random variables (defined on [0, 1] with
Lebesgue’s measure \; the expectation E is integration, see [1, p. 145-6]).

A Banach space X is said to be of finite cotype g > 2 if there exists K > 0 such
that for any n € N and any z1,...,z, € X, one has

leil|?+ ...+ ||lznl|? < KE(||e121 + - .. + enzal]?) .

A Banach space is said to be of cotype oo if there exists K > 0 such that for any
n € Nand z1,...,x, € X, one has

(2.1) max ||z;|| < KE(||le1x1 + ... +enznl]) -
1<i<n

Every Banach space is of type 1 and (using for instance (ii) of Proposition 2.2
below) of cotype co. A Banach space with type 1 < p < 2 is said to have non-trivial
type, and a Banach space with cotype ¢ € [2,00) is said to have finite cotype. If
X has non trivial type, it has finite cotype (see Theorem 7.3.11 page 98 of [11])
but the converse is wrong (any L' space has cotype 2 but has trivial type, see page
154 of [11]). If X is of type p > 1 then X* is of (finite) cotype ¢ = p/(p — 1) (see
Theorem 7.1.13 page 63 [11]). If X is of finite cotype ¢, X* may be of trivial type
(take X = L' again) but X* is of non trivial type p = ¢/(¢—1) if we further assume
that X has non trivial type (see Theorem 7.4.10 page 114 of [11] and recall that X
is K-convex if and only if it has non trivial type). Finally, let us mention that X
has non trivial type if and only if X* does (see page 124 of [11]).

Typical examples of Banach spaces with non trivial type and finite cotype are
given by the reflexive LP-spaces. Indeed (see page 154 of [1]) when X = LP(v)
for some o-finite measure v, X has type p’ = min(p,2) and cotype p” = max(p, 2)
(and this is is best possible if the space is not finite dimensional). More generally
(combine Theorem 10.1 with Propositions 10.1 and 10.2 of [18]) uniformly convexi-
fiable Banach spaces have non trivial type and finite cotype. Those spaces are again
relexive.

Now, for a general Banach space, there is no relation between the property of
being reflexive and the property of having non trivial type and finite cotype. Taking
1 < pp < oo with lim,, p, = +o0o and for X the ¢? direct sum of ¢’» one obtains a
reflexive Banach space with trivial type and only finite cotype (/" has type 2 but
the best constant in the definition must go to co as p, — oo since £*° has trivial
type). Notice that this example is such that X* has cotype 2). Moreover, for every
€ > 0 there exists a non reflexive Banach space with type 2 and cotype 2 + ¢ by
Corollary 12.20 page 492 of [18]. However, one cannot take £ = 0 since by a result
of Kwapieni (see Theorem 7.3.1 page 89 of [11]) every Banach space with type 2 and
cotype 2 is isomorphic to a Hilbert space.

We shall need a somewhat direct consequence of the definition of type and cotype.
By Proposition 9.11 of [14], if X is of finite cotype ¢ then, for every independent
integrable and centered (i.e. E(§;) = 0) X-valued variables &1, ... &y, we have

(2.2) E(ll€r + -+ &ll7) = CEG) + - - + E([€[17) -
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When X has type p we have a reverse inequality

(2.3) E(llér + -+ &) < GEI&P) + - + E(lI€a ") -

We will need Kahane-Khintchine’s inequalities [1, p. 148], which we recall for
convenience in the following form.

Theorem 2.1. Let X be a Banach space. For every p,q > 0 there exists Cp, 4 > 0
such that for every x1,...,x, € X,

(E(||lerzs + . . . + enzn||P)VP < Cpg(E(llerzy + . . . 4 ey ||9) /9.

We will need the following corollaries of Kahane’s contraction principle [11, The-
orem 6.1.13(ii)]. The first follows by application to bx&x with ap = 1/bi, and the
second follows from [11] by taking ay, = 1 for k € I and 0 for k ¢ I.

Proposition 2.2. Let 1 < p < oo and let (&)}, be independent R-symmetric
X -valued random variables in LP(Q,A\; X). Then for I C J C {1,2,...,n} we have:

s

(7) E(|| Zﬁk”p) < (—)pmax‘%‘pE(H Zbkkap) when bj # 0 for any j.
kel J kel

2 jer
(i) E(l| Xoper &l") < E( Xpes &lP)-

We are now in position to state and prove the main result of this section.

Theorem 2.3. Let T be an absolutely Cesaro bounded operator on a Banach space
X of type 1 < p < 2. Then |[T™|| = O(n'/?). Moreover, there exists C > 0 such
that for every x € X, every sequence of iid Rademacher variables (¢,)n>0 and every
neN,
n—1
(2.4) E(|| Y exTx|P) < Cnll|f?.
k=0
If in addition X is of finite cotype q > 2, then ||T"|| = O(n'/?/(logn)/9), and
there exists C > 0 such that for every © € X and every n € N,
n—1
(2.5) DT || < Cn?/P||z||?.
k=0
Remark 2.4. As mentionned previously, when p > 1 then X automatically has
finite cotype and the second part of the theorem applies. Both items of the theorem
apply to uniformly convexifiable Banach spaces.

Proof. The bound ||T™|| = O(n'/?) will follow from (2.4) and item (i) of Proposition
2.2.

Let us prove (2.4). By the contraction principle, it suffices to prove that, for
every N > 0,
2N 1
E(| Y exT*a|P) < C2N|a|?.
k=0
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Using that X has type p, by (2.3), it suffices to prove that, for every N > 1,
2N -1
(2.6) E(| Y exT*z|?) < C2V||fP.
k=2N-1
Let N € N. Fix z € X with ||z| = 1. Let (g,)nen be the Rademacher system on

([0,1], A). Denote by S the Koopman operator associated with multiplication by 2
(mod 1), so that Se,, = ep41.

Define
epTFx
Z |Tkz| + 1
and
2N -1 o+l
uy z% (ST )yn = ZEJT xz HT’%H e 221; 1g]T x Z HT'%“H -
J +

Since T is absolutely Cesaro bounded, by the computations in (17) of [6] with
e =1 and N instead of 2V~! (the computations in [6] are done in the Hilbert case
but just make use of the norm, hence apply equally in general Banach spaces), we
obtain

N
1 _
2.7 —— >CN
(2.7) ; |TFz|| +1 —

for some C' > 0 (independent of N and of z with norm 1).
We now use the contraction principle twice, first item (¢7), then item (7), and we
use (2.7) for the last inequality, to obtain

N J
. - ) 1
T > - T Tkl =1 ‘
5 lunlzex) 2 2H | > alla(y, [ TFz| + 7 Lo(x) ~
j=2N-141 k=1
¢ 1 2N A
min ( 7) H g-T]a:H -
2N—141<¢<2N ; HTkJZ'H + 1 jQNZl+1 ’ Lr(X)
2N-141 1 N C =
O LR W L D SRR
k=1 —N-141 =2
Hence
2N
P _
(28) | > el <2 lunliy,
Py (X)

Since X is of type p,

2]\7
IT*z] \P
st 2,55 (L) <
k=1
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Hence E(||lyn|]) < E(lyn|IP)/P < K;/pQN/p. By stationarity of the Rademacher
system, E(||(S7 @ T?)yn||) = E(]|T?yn||) and by the absolute Cesaro boundedness
of T', we obtain

2N 1
(29)  E(Juxl) < 3 E(I(S7 © Ty < CE@Y yxl]) < D2X+VP.
§=0
Applying Kahane-Khintchine’s inequality to the decomposition of uy, we obtain
lun | Locxy = (E(un[[P)/P < CprB(|un]]) < CpaD2VTN/P .

Combining the last estimate with (2.8) we obtain

N
E(H 3 ngijp) < K27 VPE(||luy|P) < C2V .
j=2N-141
We now assume that X has finite cotype q.

Using the definition of cotype, Kahane-Khintchine’s inequalities and (2.4), we
obtain

n—1 n—1 n—1
ST < KE()S. exTFa]) < KCLE(N S ey lP)i/? < Cnt/?|a7,
k=0 k=0 k=0
which proves (2.5). However, this yields only ||| = O(n!/?).
Denote by r = ¢q/(¢ — 1) the dual index of ¢q. Since T is absolutely Cesaro

bounded, it is strongly Cesaro bounded, and by [6, Corollary 3.7] so is T%. By
Kahane’s inequalities and [6, Proposition 3.6], for z* € X* and @ > P > 0 we have

Qfl 1/,,_ Qfl
(B(IY a2 17)) " < CoaB(l Y e a[) < 2Q - Cr Kaalla™ |-
k=P

k=P
For every (z,z*) € X x X* and integers N > @ > P > 0, we have
Q-10-1
Q= P)lia*, TVa)| = [E( D D (e a* e 1a) )| <
(=P k=P

Q-1 Q-1
E()(Z e T 2", Z EgTN_Z.Z‘>D <
{=P k=P
(15 eersar)) (1S ertair)) " <
k=P (=P

* = N—e_jja) )/
cQlla|| - (B(| Yo ar™*«|") ) ™,
=P
with C' = 2C, 1 K. Taking the supremum over {||z*|| = 1} we conclude that

Q-1
(2.10) M||TNac\|q < CE e TN =g||? 0<P<Q<N.
Qq (=P
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Fix N € N and put L := log(N/2)/log2. It follows from (2.10) that for every
0<¢<IL,

N—2¢
(2.11) E(H 3 skaa:Hq)ZQQHTNa:Hq/Cq.
k=N+1-2t+1

Denote Z; := Zk N41_2t+1 exT*2. Then (z;) are independent on = ([0, 1], \).
Since X has cotype ¢, by (2.2),

L L
Y E(llzl?) < KE(|Y  eezl)
1=0 1=0

Using Item (i) of Proposition 2.2,

L N-1
E(IY vl <E( Y el ||
=0 k=0

Combining with (2.11), we obtain

L N-1
2L+ 1) TV2|/C? < Y E(ll2¢]?) < K -E(| Y exT™e]|?).
/=0 k=0

Using Kahane’s inequalities and (2.4), we conclude that |[TNz|| < C'NY/P|z| /LY.
O

Remark 2.5. 1. When X is of type p = 1, the Theorem yields for T absolutely
Cesaro bounded that |77 = O(n/(logn)'/9); the estimate ||T"| = O(n'~¢) in [6,
Proposition 3.1] is better.

2. When X has type p > 1, the estimate | T"|| = O(n'/P) for T absolutely Cesaro
bounded should be compared with O(n!'~1/¥ac) (with K,. the best constant in the
definition of absolute Cesaro boundedness) given in [6, Proposition 3.1] (with p =1
there). The estimate of the theorem is better when K, > p/(p — 1).

Corollary 2.6. Let T' be absolutely Cesaro bounded on LP(Q,pu), 1 < p < oo,
with pu o-finite. Then, || T, = O(n'/? /(logn)/?") where p = min(p,2) and
p" = max(p,2). Moreover, there exists Cp, > 0 such that

N-1

k Z . 7

(2.12) DT |y < GNP | fp”
k=0

Proof. Tt is well known [1, p. 154] that LP(Q, u) is of type p’ and of cotype p”. O

Remark 2.7. 1. When 1 < p < 2, the bound (2.12) reads > n_ HTka:Hp <
CpNQ/pH:L‘H%, which is implied by the bound E O ITEz)h < Cp/2NH:ch When
p > 2, the bound (2.12) reads Z ||Tk:c||p < C’ NP2\ z||b, which is implied by
the bound Y230 (| 7422 < RNl
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2. For p = 2, (2.12) shows that T is Cesaro square bounded, as was also shown in
[6, Theorem 4.3]. However, the bound on ||[T"|| in [6, Theorem 4.3], obtained from
[6, Proposition 3.1], is better than that of Corollary 2.6.

3. Comparing the examples of [6, Theorem 3.3] with Corollary 2.6, we see that
when p € [1,2], the corollary gives the correct bound for || 7"||, up to some € > 0
in the exponent. One may wonder whether the bound ||T"| = O(n'/?), provided
by the corollary when p > 2, is the right one; in the examples of [6, Theorem 3.3],
|T™|| < (n+1)/P < (n+1)"2. We provide below another class of examples, which
show that for p > 2, the bound in Corollary 2.6 is close to optimal.

Let T:={y € C : |y| =1} and let A be that Haar measure on T.

Proposition 2.8. Let 2 < p < oo. For e € (0,1/2) there exists an absolutely
Cesdro bounded T on LP(T,\) such that | T™|| < n'/>=¢

Proof. We first define a projection @ : L?(T,\) — L?(T,\) as follows. For f =
Y omez V" € LT, \) set Qf := >, <, comy?®". Notice that Q is the operator
obtained by multiplying the Fourier coefficients term by term with the sequence
(an)nez given by agm = 1 for every m > 1 and a,, = 0 otherwise. Since the
sequence (a,)nez has bounded dyadic variation, by the Marcinkiewicz multiplier
theorem [21, Theorem XV (4.14)] it defines a bounded Fourier multiplier on LP(T, \)
(e. 12 nezancny™llp < Apll X onez ey llp for Y-, cz cny™ in LP). Thus @ extends
to a bounded operator on LP(T), and for every f € LP we have, by [21, Theorem
V(8.20)]

1
(2.13) Fp(z ]c2m|2)1/2 <|Qfllp < Cp(z \czm|2)1/2,

m>1 m>1

where C), depends only on p.

By (2.13), @ actually takes values in M = {g = Y, <1 bm¥>" ¢ (bm)men €
72(N)}, which is closed in L, and is clearly isomorphic to /2(N). For g € M, (2.13)
yields that |lgl, ~ [lg]2-

We now define R : M — M as follows. For g =Y, - bny?" € M set Rg :=

m 1/2—¢
Zm21 dmy?", where d,, = (%) b1

Finally, we set T' := R(@). Since @ is a projection of LP onto M and R takes values
in M, we see that T" = R"(@ for every n > 1, so T is absolutely Cesaro bounded
on LP whenever R is (on M), and the desired estimate on [|[T"] follows from the
same estimate for R.

But, since M and ¢?(N) are isomorphic, we see that R is similar to the weighted
backward shift on £2(N) defined in Theorem 2.1 of [4], so the estimates of [4] finish
the proof. O

In view of the above remarks and the known examples of absolutely Cesaro
bounded operators on LP spaces, and in view of the results in the Hilbert case,
the following question seems natural. The notion of p-absolute Cesaro boundedness
was defined in [6]; for p = 2 see also [4].
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Question. Let T be an absolutely Cesaro bounded operator on an LP-space with
1 < p< 2 (resp. with p > 2); is T" p-absolutely Cesaro bounded (resp. 2-absolutely
Cesaro bounded)?

3. GROWTH OF THE POWERS FOR KREISS BOUNDED OPERATORS

Montes-Rodriguez et al. [16] and Aleman-Suciu [2] asked whether any uniformly
Kreiss bounded operator T" satisfies ||7"|| = o(n) (hence is mean ergodic whenever
X is reflexive). In this section, we prove that every Kreiss bounded operator 7" on
a UMD space, satisfies ||T"|| = o(n), with even a logarithmic rate.

Definition. We say that a Banach space X is UMD (Unconditional Martingale
Differences property) if for some (every) p > 1, there exists C, > 0 such that for
every sequence (dy)i<p<n of martingale differences in some LP(€2, X, v) and every
sequence (ep)1<n<n € {—1, 1}V, we have

N N
| ZgndnHLP(Q,X) < CpH Z dn”LP(Q,X) .
n=1 n=1

We will refer to the book of Hyténen, van Nerven, Vervaar and Weis [10] for the
definitions and results about UMD spaces and Fourier multipliers, as well as to the
paper of Zimmermann [20].

Let us recall some important features of UMD spaces. UMD spaces are reflexive
[10, p. 306], with non-trivial type and finite cotype [10, p. 313], but the converse is
not true (there exist reflexive Banach spaces with non-trivial type and finite cotype
which are not UMD [10, p. 311]). Moreover, a UMD space has an equivalent
uniformly convex norm (via super-reflexivity [10, pp. 308 and 363]), but the converse
is false [10, p. 354]. The class of UMD spaces contains all LP-spaces with 1 < p < oo,
and if X is UMD, so is LP(X). Finally, let us mention that X is UMD if and only
if X* is [10, p. 292]

The class of UMD spaces is the right one to work with Fourier Multipliers. In our
context, the relevance of UMD spaces is that those spaces are precisely the ones for
which the Riesz property (see below) holds, see for instance Theorem 5.2.10 page
398 of [10]. In particular the Marcinkiewicz theorem cannot hold on non-UMD
spaces.

Definition. We say that (a,)nez € CZ is an LP(T, X)-Fourier multiplier if there
exists Cp, > 0, such that whenever (c,)nez € X Z and the series ZnGZ y" ¢, converges
in LP(T, X), we have convergence of ), any"cy, and

(3.1) LIS anralray<cp [15 el .
T nez T nez
Then, we denote by ||(an)nezlla1,(x) the best constant C) for which (3.1) holds.
Set I = {0} and for every n € N, put I, = {2",...,2"" — 1} and I_,, = {1 —

ontl . —27}. Given a sequence a = (ay,)nez of complex numbers and an interval
I = [a, f] of integers, we define the variation of a on I by V(a,I) := Z'g;; lag+1 —
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ai|. We define the dyadic variation of a by Vy(a) := sup,cz |an| + sup,ez V(a, 1)
and we say that a has bounded dyadic variation if Vy(a) < oc.

In the following multiplier theorems, X is (necessarily) a UMD space.

Zimmermann [20] proved that any sequence with bounded dyadic variation is
an LP(T, X)-Fourier multiplier, thus extending the Marcinkiewicz theorem which
states the same result with X = C. Moreover, there exists Cp(X) > 0 such that
lallav,x) < Cp(X)Va(a).

In particular, for any interval I C Z, (8,(I))nez is an LP(T, X )-Fourier multiplier
and the norm [|(6,(1))nezllpm,(x) is bounded independently of 1. We will call this
result the Riesz theorem.

Moreover, any bounded monotone sequence of real numbers is an LP(T, X)-
Fourier multiplier. We will call that result the Stechkin theorem.

Finally, any sequence with values in {—1,1} that is constant on each dyadic
interval is an LP(T, X)-Fourier multiplier. We will call that result the Littlewood-
Paley theorem.

We are now in position to prove the main result of this section.

Theorem 3.1. Let X be a UMD Banach space. Let q and q* be the (finite) cotypes
of X and X* respectively, and put s = min(q,q*). Let T be a Kreiss bounded
operator on X. Then |T"|| = O(n/(logn)'/*); in particular | T"|| = o(n).

Proof. Assume the theorem is proved when s = q. When s = ¢*, we apply the result
to T on X* noting that 7™ is also Kreiss bounded, and by reflexivity X** = X
we obtain that ||T*"| = O(n/(logn)Y/9"), and use | T"|| = ||T*"|.

Hence, we just have to prove the case where s = q.

By assumption, for every r > 1 and every v € T, we have for every z € X with
]| =1,

VT _ C
= ||R(yr, T)| < .
1325 = IRGr T < 55

Let p > 1. Let N € N and take r = 14+ 1/N. By the Riesz theorem (in LP(T, X))
there exists C}, > 0 such that

N-1 nn nn
YT » AT
E — _|Pdy < CP g — |Pdy < (C,C)PNP,
/Jl'” (1+1/N)n+1” Y > p/TH (1+1/N)n+1” 7—( p )
n=0 n>0
Define a sequence (a,)nez as follows: a, = 1+1/N,ifn <0, a, = (1+1/N)**!

if 1 <n <N and, a, = (1+1/N)N*lif n > N + 1. Then, (ay)nez is bounded and
monotone, hence, by the Stechkin theorem, there exists C), > 0 such that

o y*'T"x
/HZ” \d7<0”/”2 T i < O

Using the Riesz theorem again, for every 0 < M < N — 1, we have

N-1
(3.2) /H 3 T
T n=M

)p dy < C"NP.
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Let z* € X* with ||z*|| = 1. Let 0 < P < @ < N be integers. We have, writing
¢ :=q/(q — 1) and using orthogonality,

(Q — P)|(z*, TV ) |_‘/ QZ SRk g AbpN=t dv)

P
Q-1
< / H Z,—YkT*kx*
T —p

|5 o
(=P
Q_l / 1// Q_l 1/
< (LIX 3] o)™ ([ Z ] a)”
T k=p T e=p

Since, T* is also Kreiss bounded on X* (which is also UMD), (3.2) holds for T
with p = ¢’ and N = Q. Hence, taking the supremum over {||z*|| = 1}, we see that

(3.3) /HZ%TN ~¢ H iy c@=P)r ) TN 2|9 .

Let N € N. Let L :=log(N/2)/log2. Let (¢n)nen be Rademacher variables on
some probability space (€2, F,P). Using the Littlewood-Paley theorem, there exists

Cq > 0 such that
g oL 1
’ d'y:/H Z AMTN "y
T n=1

N-—1
L X e
2k+1_1q
>0/H25k PR H d .

=2k

q
&

Using (2.2), we have

2k+l_1 —1 2kt

/HZ% S TNy H dP>Z” S TNy H

(=2F k=0 ¢=2k
2k+1_1

/H AT ‘dy>02/\\ Z%TNZH dry .
=N+1—

In particular, using (3.2) and (3.3), we obtain that
CN? > L|| T ||,
and the result follows. O

Hence,

Corollary 3.2. Let T be a Kreiss bounded operator on LP(Q, 1), 1 < p < oo. Then
T[] = O(n/+/logn).

Proof. For 1 < p < oo, [1, p. 154] yields s = 2. O
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Remark 3.3. The corollary extends the result proved for Hilbert spaces in [6,
Theorem 4.1] and in [5].

Corollary 3.4. Let T be a uniformly Kreiss bounded operator on a UMD space.
Then ~T is mean ergodic for every v € T.

Proof. By uniform Kreiss boundedness 77 is Cesaro bounded (see [16]), and
L|(¥T)™|| = | T™| = 0 by Theorem 3.1. 0

If we strengthen the Kreiss boundedness to strong Cesaro boundedness, we may
drop the assumption that X be UMD, assuming only finite cotype for X or X*.
Recall that there exist Banach spaces with finite cotype that are not UMD and even
not reflexive; for instance, any L' space has cotype 2 [1, p. 154].

Proposition 3.5. Let T be a strongly Cesaro bounded operator on a Banach space
X. Let q and q* be the cotypes of X and X* respectively, and put s = min(q, ¢*).
Then ||T"| = O(n/(logn)'/®); in particular, if s is finite, |T"|| = o(n).

Remark 3.6. 1. Of course the proposition is relevant only if s < co. A posi-
tive Cesaro bounded operator on a Banach lattice is strongly Cesaro bounded [6,
Proposition 5.13]. Our result seems to be also new for positive operators.

2. Assume that X has type p > 1, hence X has cotype p/(p—1). Then, as already
mentionned X* has non trivial type, say p* > 1 and X** has cotype p*/(p* — 1).
Now, if T is strongly Cesaro bounded on X so is 7% on X* and the proposition
gives |77 = | (T*)7]| = O(n/(log n)!/*) with s := min(p/(p — 1), p"/(p" — 1).

Proof. 1t follows from (1.5) that T is strongly Cesaro bounded if and only if 7 is.
Hence, as in the previous proof we may and DO assume that s = g. Let (g, )nen be
Rademacher variables. By (1.5) and the contraction principle, for every p € [1, ),
there exists C}, > 0 such that, for every 0 < M < N —1 and every x € X, we have

N—1

(3.4) E(| > enT"||P) < C,NP||z||P .
n=M

‘We have a similar estimate for 7.

Assume that s = ¢ < oo otherwise there is nothing to prove and set ¢’ := ¢/(qg—1).
Notice that for every (z,2*) € X x X* and every 0 < P < Q < N, we have

Q-1Q-1
Q- P)l@" TVa)| = [B (3 Y (et eV ).

k=P (=P

Proceeding as in the previous proof, in particular taking supremum over
{z* : ||x*|| = 1}, we infer that for every 0 < P < @ < N and every =z € X,

q

(3.5) E(Hji;ggTN%Hq) > C@QiquTNxHq.
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Setting L := log(N/2)log2 and using (2.2), we infer that
E+1_q

N-1 L-1 2
(| X ard)za X X ™).
n=N+1-2L k=0 =2k

Then the result follows by applying (3.4) with p = g and M = N +1—2%, combined
with (3.5) (as in the previous proof). O

Corollary 3.7. Let T be a strongly Cesaro bounded operator on L'(2,u). Then
[T = O(n/vlogn).

Remark 3.8. 1. The corollary improves the case p = 1 of Corollary 2.6, which
yields the same result under the stronger assumption of absolute Cesaro bounded-
ness. However, under this stronger assumption [6, Proposition 3.1] yields the better
estimate ||[T"| = O(n'~¢).

2. The corollary shows that the operator of Kosek [12] is not strongly Cesaro
bounded.

Corollary 3.9. Let T be a positive Cesaro bounded operator on a Banach lattice
with finite cotype q. Then, | T"|| = O(n/(logn)Y/9). If X = LP(Q, 1), with 1 < p <
00, then ||T™|| = O(n/y/logn).

Proof. By [6, Prop. 5.13], T is strongly Cesaro bounded and we apply Proposition
3.5. When X = L and p < 2 we use the fact that X has cotype 2. When p > 2,
we apply the previous case to T™, which is positive and Cesaro bounded. U

Remark 3.10. As far as we know the corollary is new. The only result we are aware
of in this direction is due to Emilion [8] and says that a positive Cesaro bounded
operator on a reflexive Banach lattice X satisfies [|T"x| = o(n) for every z € X.

Corollary 3.11. Let T be a strongly Cesaro bounded operator on a reflexive Banach
space X such that X or X* has finite cotype. Then vT is mean ergodic for every
veT.

Remark 3.12. If X is uniformly convexifiable norm, then it is reflexive with finite
cotype and the corollary applies to any strongly Cesaro bounded operator on X.

In view of the above results the following question seems natural.
Question. Is every strongly Cesaro bounded operator on a reflexive Banach space
mean ergodic ?

Notice that we even do not know whether a strongly Cesaro bounded operator
on a reflexive Banach space is weakly mean ergodic.
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