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ON A ONE DIMENSIONAL TURBULENT BOUNDARY LAYER
MODEL

ROGER LEWANDOWSKI

ABSTRACT. This paper is devoted to the study of a one stationary dimensional
turbulence model used for simulating the boundary layer of a turbulent flow, such
as the atmospheric boundary layer. The model is based on the coupling of an
equation for the mean velocity with an equation for the turbulent kinetic energy
through eddy viscosities. We show that under reasonable assumptions about the
data, the system has a weak solution.

1. INTRODUCTION

Fully developed turbulence of a flow fluid can be simulated by the stationary
Navier-Stokes-Turbulent-Kinetic-Energy model (NSTKE), given by the PDE sys-
tem:

V- (vav)—-V-(nk)VVv)+Vp =1,
(1.1) V.-v=0,
V- Vk =V - (u(k)VE) = v (k)| DV* — £ ky/TH],

where
1 t
o ¥ = V) = (W), 060, 0(x)) = Jim [ V(sxds, x = (p2) € 0 ©
>t Jo
R? (d < 3), denotes the long time average of the flow velocity v,

e p = p(x) is the long time average of the pressure,
e k= 3|v—¥|? is the turbulent kinetic energy (TKE).

The NSTKE model is derived from the well known k — & model, the modeling of
which is carried out in [7]. Results and discussions about long time average of a
turbulent fluid are displayed in [3, 8, 9, 12].

In the equations above, “V.” is the divergence operator and f a given source term.
The function v; = v4(k) denotes the eddy viscosity, pu; = (k) the eddy diffusion
term!. In practical uses,

(1.2) vi(k) = v+ ColVk, (k) = p+ CplVk,
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1T et us stress that in the standard turbulence modeling terminology, the subscript ¢ in v and p
stands for ”turbulent”, and not a time derivative. This unfortunately might be sometime a source
of confusion.
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expecting that £ > 0. The coefficients C),, and C} are dimensionless constants, the
function ¢ = ¢(x) is the Prandtl mixing lenght [20], » > 0 and u > 0 are the
kinematic viscosity and the diffusion coefficient.

The first mathematical results about the NSTKE model in 2D and 3D bounded
domains were obtained in [13, 14]. Many papers have followed and the reader will
find a comprehensive list of references in [7, Chapters 6, 7 and 8]. More recently,
we have performed in [15] several numerical simulations in a 3D channel, to test the
performances of model (1.1) in boundary layers, including a numerical algorithm to
calculate the mixing length ¢, which is one of the main issue in the practical use of
the NSTKE model.

The NSTKE system (1.1) yields difficult mathematical issues for several reasons:

i) It involves incompressible Navier-Stokes like equations; without any cou-
pling, Navier-Stokes equations are already leading to difficult problems [10,
11, 16, 22],
ii) Because of the eddy viscosities 14 and puy,
iii) Because of the quadratic source terms v4(k)|DV|? in the equation satisfied
by the TKE k. Natural estimates yield v;(k)|Dv|? € L*(Q). Thus, equation
for k is an equation with “a right hand side in L'” (see in [4, 18]).

We aim in this paper to study the NSTKE model in the 1D case. Surprisingly, this
case has never been studied before so far we know, although in a 3D boundary layer
it fully makes sense. Indeed, let us consider for instance the atmospheric boundary
layer, where it is oftenly assumed that

v =v(z2) = (u(2),0,0), p=_Cte,

z being the altitude (or the distance to the ground). This assumption holds for
z € [0, L], where L denotes the height of the boundary layer (in the atmosphere
10m < L < 100m). The reader is referred to [17, 21] for further reading about
boundary layers theories. It is also reasonnable to assume that the TKE is also
only a function of z, i.e. k = k(z), which is well verified in the case of a flat ground,
according to the numerical results of [15]. Therefore, system (1.1) becomes in the
boundary layer, by writting u = u(z) instead of @ for the simplicity:

du d du
T (Vt(k)dz> =/

dk d dk
YT de <Ht(k)dz> = (k) dz
It remains to discuss the boundary conditions. We take L = 1, always for the
simplicity. It is natural to set u(0) = k(0) = 0. However, the boundary condition at
z = 1 might be a wall law (see in [7]), which is more complicated. To focus to one
difficulty after each other, we take in this paper u(1) = k(1) = 0. In conclusion, we
will consider homogeneous Dirichlet boundary conditions:

(1.4) u(0) = k(0) = u(1) = k(1) = 0.

(1.3) o

gLAL
B,

Based on the Leray-Schauder fixed point Theorem, our main result (Theorem 4.1
below) is the existence of a weak solution to Problem (1.3)-(1.4), when the source
term f is small enough (condition (3.3) : 4F < v?, F = ||f||g-1) and assuming a
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compatibility condition between v, u and F' (condition (4.5) : v — V1?2 —4F < 2u).
Notice that one also can solve the problem via the Banach-Picard fixed point The-
orem. However, although the solution constructed by this way is uniquely deter-
mined, the conditions for its existence are more restrictive than those required by
the Leray-Schauder Theorem, which has motivated our choice.

For conveniance, we write the NSTKE system in the abstract form: (u,k) €
HY(1)? (I =0, 1]) and

B(“?“) + A(Vt(k)’u) =/,

Blu,k) + Al (k). k) = (k) | 2

dz

(1.5)

C_kVIF
.

On one hand, we take advantage in a 1D case of the injection H}(I) < C(I) with
compact embedding (see [5]), so that we do not need sharp estimates “a la Boccardo-
Gallouét” [4] to deal with the quadratic source term of the k-equation and the result
remains true for any continuous function v; and p; greater than v > 0 and pu > 0,
without assuming that they are bounded, as in the 2D and 3D cases. In particular,
the existence result holds when y; and v are given by (1.2), which is significant. On
the other hand, we are losing identities of the form (B(u,v), H(v)) = 0, satisfied for
any C! piece-wise function H such that H(0) = 0, arising in the 2D and 3D cases
for incompressible flows. This generates difficulties specific to the 1D case.

Our strategy is to focus on the 1D steady-state Navier-Stokes Equation (NSE)
with an eddy viscosity

(1.6) B(u,u) + A(a,u) = f,

for a given continuous function o = «a(z) bounded below by v. Starting from the
1D Oseen problem,

(1.7) B(U,u)+ A(a,u) = f,

where U € L*°(I) is fixed, we prove that (1.6) has a unique solution when the
smallness assumption 4F < v? holds (Theorem 3.2). Such a smallness assumption
about the source term is not so surprinzing in steady-state NSE framework when
dealing with uniqueness (see in [22]). However, it seems that in the 1D case it is
more stringent since it is already needed for the existence, and we do not know how
to remove it.

The paper is organized as follows. We start with the Oseen problem (1.7) (section
2), after having set the framework and some notations. Then we study the NSE
(1.6) (section 3) which enables us to prove the existence result about the NSTKE
system (1.5) (section 4). We conclude the paper by a few open problems (section
5).

Acknowledgements. The author thanks Dinh-Duong Nguyen for his careful reread-
ing of this paper.
2. 1D OSEEN PROBLEM WITH EDDY VISCOSITY

The Oseen problem is given by the linearized steady-state Navier-Stokes equation,
in which we replace the convection term (v - V)v by (U - V)v, where U is a fixed
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vector field (see in [1]). The main aim of this section is the study of the 1D Oseen
Problem with a fixed eddy viscosity:

du d du

a2 (. 2 in T

(2.1) Udz dz \“dz fon
u(0) =u(1) =0,

where u = u(z) is the unknown function, the function o = «(z) is the eddy viscosity,
U = U(z) the given convection, f the source term. We assume throughout this
section that:

o a=afz) € L*(I) is nonnegative and bounded below by a given v > 0,
o U=U(z) € L>®(I) and we put Us = ||U]|0,00,
o f€ H (), and we put F = ||f||-1.2,

where || - ||s denotes the usual norm over W*P(I), with I =]0,1[. We will prove in
this section that Problem (2.1) has a weak solution when

< 2v or d—U(z) < 0 a.e, by the

e U is in addition in W1(I) and
0.1 dz

dz
Lax-Milgram Theorem,
e Uy < v, by the Leray-Schauder fixed point Theorem.

2.1. Framework. We introduce in this subsection notations the variational formu-
lation of Problem (2.1).

According to the Poincaré’s inequality, we can take as norm in H}(I) the L2
norm of the derivative,
dv

dz

ol 1 = '
0 02

for any v € Hi(I). For the simplicity, we will write

(2.2) Voe Hy(I), vl = llvlln.

The following inequality will constantly be used in the following:

(2.3) Voe Hy(I), |[lvlloeo < |[vlln-

We also set W = H}(I)? for the simplicity, equipped with the product norm
(2.4) 1w, )llw = [ulln + [[E][n-

We consider the following forms:

! u v
03 (u,v) € W — ala,u,v) = /0 a(z)%(z)%(z)dz,
. 1 u
(u,v) € W — b(U, u,v) = /O U(z)j—z(z)v(z)dz.

Lemma 2.1. The forms a and b are bilinear continuous on the space W = Hg(I)?,
and one has

laa, u, )] < [led]o,collul[n][v]]n,

2.6
(2:6) b0, w,0)] < Usollallllolln.
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We skip the proof of Lemma 2.1. Notice that we also have, for all u,v,w € H}(I),
(2.7) [b(u, v, w) < [[ul[n][v]]n][w]]n-
The variational formulation of problem (2.1) is the following:
Find w € H}(I) such that

(2:8) Vo e HE(I), bU,u,v)+ala,u,v) = (f,v),

where (-, -) is the duality product. We also can write,

(2.9) ala,u,v) = (A(a,u),v), bU,u,v)=(B(U,u),v),

and by (2.6) we have

(2.10) [|A(e, w)l[ 12 < [leflocollulln,  [[BU, w)l|-1,2 < [[Ul]oo[ul|n,
so that problem (2.1) can be written in the abstract form:

(2.11) we Hy(I), B(U,u)+ Alo,u) = f.

2.2. Existence result when U € WH1(I). The first idea that comes to mind is
to apply the Lax-Milgram to Problem (2.8) (see in [5]). According to Lemma 2.1,
it remains to check the coercivity of the form (u,v) — b(U,u,v) + a(a,u,v). We
have on one hand

(2.12) ala,u,u) > vlful}.

However, unlike the 2D and 3D incompressible Navier-Stokes equations, we do not
generally have b(U,u,u) = 0, which is a source of difficulty. Assuming that U €
WHL(I), we get by an integration by parts

1 1
(2.13) Vu e HA(I), b(U,u,u) = ;/O U(Z)CZUQ(z)dz:—;/O %(z)u%z)dz,

which holds for smooth functions and therefore in our case by standard density
results. Equation (2.13) combined with (2.6), (2.12) and the Lax-Milgram Theorem,
yields the following result.

Theorem 2.2. Assume that U € WHL(I) and either of the two following conditions
1$ satisfied:

1||dU
2.14 ——||=
( ) Y 2Hdz 0,1>07
d
(2.15) CTZ <0 aeinl.

Then problem (2.8) has a unique solution u = u(z).

Taking u = v as test function yields the estimate

F
(2.16) lullh € — 7@
v =3 1% s

in case (2.14), and

F
(2.17) llln <~

in case (2.15).
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2.3. Existence result when U is just in L°>°(I). We only assume in this section
that U € L°°(I). We aim to apply the Leray-Schauder fixed point theorem to
Problem (2.1). There are several version of this Theorem. The one we use is the
following, stated in the following in its more general abstract form (see in [23]), and
that will be used throughout the paper.

Theorem 2.3. Let E be a separated topological vector space, K C E be a conver
subset, F : K — K be a continuous function on K, equipped with the topology
inherited from that of E. Assume that F(K) is a compact subset of K. Then F
has a fized point, that is, there exists u € K such that F(u) = u.

We start with the following estimate.

Lemma 2.4. Assume

(2.18) Uso < 1.
Then any solution to Problem (2.8) satisfies

F
2.19 < :
(2.19) el < 5
Proof. Taking v = u as test and integrating by parts yields

1

du

(220)  vljulf} < ale,u,u) < Fllully +/O U1 |2 |l < Pllulln + Uso| [,
by using (2.3). O

Throughout the rest of the section, we assume that the compatibility condition
(2.18) is fulfilled. The main result is:

Theorem 2.5. Problem (2.8) has a unique solution.

Proof. The proof is organized in three steps:

i) We determine the functional F : H}(I) — H(I) to which the fixed
point theorem will be applied, and then a ball B(0,R) C H}(I) such that
F(B(0,R)) € B(0, R),

ii) We show that F is continuous over B(0, R) and F(B(0, R)) is compact, so
that it has a fixed point in B(0, R) by the Leray-Schauder Theorem 2.3,

iii) We prove the uniqueness.

Step i) Let w € HZ(I), and let us consider the following problem in H{ (1),
(2.21) B(U,w) + A(a,u) = f in [0,1],

the variational formulation of which is:

Find u € H}(I), such that

Vo e Hy(I), a(e,u,v) = (f,v) —b(U,w,v).

As B(U,w) € H-(I) by (2.10), we deduce from (2.6), (2.12) and the Lax-Milgram

theorem that the variational problem (2.22) has a unique solution, and therefore
(2.21) has a unique weak solution. We put u = F(w), which in particular satisfies

F+Us
< F A Usollwlln _ ().
v

(2.22)

(2.23) |[F(w)]]n
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Any fixed point of F is a weak solution to (2.1). The issue is to find a radius R > 0
such that F(B(0,R)) C B(0, R). Such a radius must verify:

(2.24) Vwe B(0,R), r(w)<R,
which gives by (2.23) the inequality F'+ RUs < VR, leading
F
R=
v — Uy

as better choice.

Step ii) As (B(0, R) is a closed subset of H}(I), which is a separable Hilbert space,
it suffises to prove the sequential continuity of F and to check that F(B(0, R))
satisfies the Bolzano-Weiertrass property to prove that it is compact. We focus
on the compactness property, the proof of which also yields the continuity of F.
Therefore, we consider a sequence (wp)nen in B(0, R), and let u,, = F(wy). We
aim to prove that from the sequence (up)nen, we can extact a subsequence which
strongly converges in Hi(I) to some u € F(B(0,R)). The process is divided in
three sub-steps:

a) Extracting from (wp)nen and (un)nen weak convergent subsequences to
some w and wu, still denoted (wp)nen and (up)neN,

b) Showing that u = F(w),

c¢) Proving that a(a, uy,u,) — a(a,u,u) by the energy method, which yields
the strong convergence of (u)nen to u in HY(T).

a) As (wn)nen is bounded in Hg (1), we can extract a subsequence (wp,)jenx which
weakly converges to some w (see in [5]), and also uniformly in I. Similarly, from
(un,)jen, also bounded in H{(I), we can extract another subsequence (Un,, JkeN
which weakly converges to some u in H}(I), and uniformly in T as well®. For the
simplicity, we re-write (wy)nen and (up)nen instead of (wn]-k)keN and (Unjk)keN;
so far no risk of confusion occurs.

b) For a given n, w, and u,, satisfy
(2.25) B(U,wy) + Ao, up) = f.

Let v € HY(I). Since (wp)nen and (up)nen weakly converge to w and u, and as
a,U € L*>®(I), we easily deduce from standard arguments

(2.26) li\m b(U, wy,v) = b(U,w,v), ILm a(o, up,v) = ala, u,v),
leading to
(2.27) B(U,w) + A(a,u) = f,

hence u = F(w).

¢) In order to prove that (u,)nen strongly converges to u, take v = u,, as test in
(2.25), and v = u as test in (2.27), which yields

(2.28) b(U, wy, up) + ala, up, uy) = (f, un),
(2.29) b(U,w,u) + a(a,u,u) = (f,u).

2We have used the compactness of the embedding Hg (I) < C(I).
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The equalities (2.28) and (2.29) are the energy balances. The aim of what follows
is to pass to the limit in (2.28) as n — oo.
We first note that by the weak convergence® of (uy,)nen to u

(2.30) Jim (f,un) = (f, ).

Next, since U € L*°(I) and (un)nen strongly converges to u in L?(I) (because
uniformly in 7), then (Uuy,)nen strongly converges to Uu in L?(I). Therefore, as
(w!))pen weakly converges to w’ in L?(I), we deduce that?

(2.31) lim b(U, wy, upn) = b(U, w,v).

n—o0

Combining (2.28), (2.29), (2.30), (2.31) leads to

(2.32) lim a(a, un, uy) = alo, u,u).
n—oo

Asa >v >0and a € L), v — a(a,v,v)/? is a Hilbert norm on H{ (1),
equivalent to || - ||,. We deduce from (2.32) that

(2.33) i fun|[n = [Ju]n,
n—oo

which, combined with the weak convergence of (uy)nen to u yields the strong con-
vergence in H& (I), and concludes this step, which also gives the continuity of F as
a byproduct.

In conclusion, B(0, R) being a closed convex subset of H}(I), we deduce from
the Leray-Schauder Theorem that the application F has a fixed point u, hence the
existence of a weak solution to Problem (2.1).

Step iii) Uniqueness. This is equivalent to prove that « = 0 is the unique solution
when f = 0. In this case, we take v = w in (2.29) and integrate by parts. We get
by the same arguments as above,

vlfullf < aleu,w) < [b(U, u,u)| < Usolfullf,
which yields u = 0 by (2.18). O
In what follows, let G denotes the application defined by

' ’ U — the unique solution u to Problem (2.1),

which is well defined because of (2.3) and (2.18).

3. 1D NAVIER-STOKES EQUATION WITH AN EDDY VISCOSITY
The 1D Navier-Stokes equation with an eddy viscosity is given by the equation
(3.1) we HY(D), Blu,u)+ Ala,u) = f,

3Since Hg (I) is a separable Hilbert space, we do not distinguish weak-star and weak convergence.
dg

4As usual, for any differentiable function g over I, we write g’ = 1
z
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We prove in this section the existence of a weak solution to (3.1) when F' is small
enough compared to 2. The variational problem corresponding to Problem (3.1)
is similar to the variational problem (2.8) and specified by:

Find u € H}(I) such that
VUEH(%(I)’ b(u, u,v) + a(a, u,v) = (f,v).

The solution is constructed as a fixed point of the application G defined by (2.34).
We then consider the uniqueness question. The key of the analysis is the following
elementary technical result.

(3.2)

Lemma 3.1. Assume that

(3.3) F < 1?/4,
and let
1 1
== — 2 _ = 2 _
(84)  0<Ri=3 (1/ 5 4F), Ry =3 (1/—|— 5 4F) <
Then all R € [R1, Ry satisfies
(3.5) G(B(0,R)) C B(0,R),

where G 1is given by (2.34).

Proof. According to (2.3) and (2.19), we have

F
(3.6) NGO)IIn < — 757
v—[Ulln
Therefore, all radius R < v such that
F

v—R

(3.7)

<R

are verifying (3.5). The inequality (3.7) is equivalent to
(3.8) R?> —vR+F <0.

When condition (3.3) holds, the polynomial function R — R? — vR + F admits Ry
and Ry for real roots and (3.8) holds, then (3.5), for R € [Ry, Rz|, which concludes
the proof. O

Theorem 3.2. Assume that (3.3) holds and let R € [Ry1, R2]. Then G admits a
fized point in B(0, R), which is a solution to the variational problem (3.2).

Proof. According to what is done in Section 2 and Lemma 3.1, and to avoid rep-
etitions, we focus on the compactnes property, stated under the following form.
Let (Un)nen be a sequence in B(0, R) that weakly converges to some U in H}(I),
un, = G(Uy). We aim at proving that u, — v = G(U) as n — oco. We follow the
same outline as that of step ii) in Theorem 2.5’s proof.

a) Extracting subsequences. Since (un)nen is bounded in H}(I) (because in
B(0, R)), as well as (U, )nen, we can extract from these two sequences, subsequences
(still denoted by (un)nen and (Uy)nen without risk of confusion) such that (uy,)pen
weakly converges to some u in H{ (1), and uniformly in 7, and (Up)nen uniformly
converges to U in I.
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b) Proving that u = G(U). The equality u,, = G(U,,) means
(3.9) B(Uy, upn) + Ao, up) = f.

Let v € H}(I) be any test function. We obvioulsy have U,v — Uv in L? strong,
which combined with u/, — v’ in L? weak yields,

(3.10) li_}rn b(Up, un,v) = b(U,u,v).

Futhermore, since o € L, and still because u/, — u/ in L? weak,
(3.11) nh_}n;o a(a, up,v) = ala, u,v).

By consequence, u is a weak solution of the equation,

(3.12) B(U,u) + A(a,u) = f,

hence u = G(U).

c) Energy method for proving the H' strong convergence of (u,)nen to u. Taking
v = uy as test in (3.9) and v = v in (3.12), we get

b(Una Un, un) + a(a, Unp, Un) = <f7 un>7

3.13
(319 (U, uyu) + ala, u, ) = (f. ).

Since (up)nen and (Uy, )pen are uniformly convergent, we have in particular U, u,, —
Uu in L? strong. Therefore, from the H' weak convergence of (uy)nen to u, we
deduce

(3.14) li_)m b(Up, tn, uy) = b(U, u,u), li_)m (fyun) = (f,u),
which, by (3.13), yields
(3.15) lim a(a, un, up) = a(a, u,u),

n—oo
hence the strong convergence of (uy,)nen to u in H! as above. The rest of the proof
results from Leray-Schauder’s Theorem and we skip the details. O

We now look at the uniqueness issue. Let 6 € [0,1] and let
(3.16) Ry = 0R; + (1 — 0)Rs,
where Ry and Ry are given by (3.4).
Theorem 3.3. Assume that (3.3) holds and let 6 €]3,1]. Then the solution to
Problem (3.1) is unique in B(0, Ryp).

Proof. Note that according to Theorem 3.3, we know the existence of a solution to
problem (3.1) in B(0, Rg) whatever the choice of § €]3,1], because of (3.3).

Let u; and ug be two solutions, du = u; — ug in B(0, Rg). We deduce from an
usual calculation that du verifies
(3.17) B(ug,0u) + A(a, du) = —B(du, uq).
We take du as test function in (3.17) and we integrate by parts. Then, by the
inequality (2.7) we deduce

(3.18) v|loulliy < [luzllnl|dullh + [lurllnlloull; < 2Rqlloullf,
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that yields ||du||2 = 0 when 2Ry < v, which is equivalent to § € ]%, 1], concluding
the proof. 0

A slight modification of the proof above gives the following result (we skip the
details).

Theorem 3.4. Assume that (3.3) holds and let 0 €]3,1]. Let (an)nen be a sequence
of continuous functions defined on I, such that each oy, is bounded below by v,
and that uniformly converge converges to «. Let u, € Hi(I) be the solution of
B(tn, un) + Alan, uy) = f. Then the sequence (un)nen strongly converges in HZ (I)
to u, solution of B(u,u) + A(a,u) = f.

Remark 3.5. Let 3 € L'(I) such that 3 > 0 a.e. in I. Let u € HZ(I) be given,
and £(83,u) defined by, for all v € H}(I),

1
(3.19) (e(B,u),v) =e(B,u,v) = /0 B(z)u(z)v(z)dz.
Then e(B8,u) € H~Y(I) and ||e(B,w)||-12 < ||B8]lo1|ul|n. As
(u,v) € W — e(B,u,v) = (e(B,u),v)

is a continuous non negative bilinear form on H}(I), the analysis carried out before
also applies to the following equations, for a given w € Hg (1),

(3.20) B(w,u) + A(a,u) + (B, u) = f,
(3.21) B(u,u) + A(a,u) +e(B,u) = f

without any change, by Leray-Schauder’s Theorem and the energy method. The
estimates remain the same because of the non negativity of e.

4. EXISTENCE OF A SOLUTION TO THE NSTKE SYSTEM

In this section, v; and p; are two continuous non negative real valued functions
bounded below by v > 0 and g > 0. The NSTKE system (1.3) can be written in
the following form, for (u,k) € W,

B(u,u) + A(n(k),u) = f,
Blu, k) + Al (k) k) + ¢ (e*l\/m k) — D(k,u),

where D(k,u) € H~1(I) is the operator specified by, for p € H}(I),

(4.1)

2

o bz,

1
(12) (Dl).p) = dkup) = [ k()| F2)

and the operator ¢ is given by (3.19).
We will prove in this section that system (4.1) has a solution. We first observe
that as k is bounded and 14 is continuous, o = 14 o k is bounded and we have

(4.3) 1D (k, w)l|-1,2 < [[ve © Kl Jo,00ull-
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The variational formulation of (4.1), then (1.3), is given by:

Find (u, k) € W such that V (v,p) € W,
(4.4) b(u, u,v) + a(v(k),u,v) = f,
b(u, k, p) + a(pu(k), k, p) + (¢ /[K], k, p) = (D(k, u), p).

We now prove that system (4.1) has a weak solution under suitable assumptions
about the data:

Theorem 4.1. Assume that (3.3) holds, and in addition
1

(4.5) Rlzi(l/—\/yz—4F)<,u.

Then Problem (4.4) admits a solution.

Proof. For the simplicity, we take # = 1, which means that we are working in
B(0, Ry), where Ry = 2(v — V2 —4F). Let ¢ € H{(I), and u = u(q) € B(0, R1)
that satisfies in a weak sense

(4.6) B(u(q),u(q)) + A(ve(q),u(q)) = f,

which is uniquely determined, according to Theorems 3.2 and 3.3. We deduce from
(4.6) that

47 11D w12 = (o) |52 Tior = ate(a). (o) o)) < FRs + Y

which substantially improves (4.3) since the bound does not depends on q. We are
now led to consider the equation

(48) B(u(a), &) + A(pela), %) + = (£V/]al, &) = D(g, u(a)).

By (4.5), Theorem 2.5 combined with Remark 3.5 applies to equation (4.8). There-

fore, it has a unique weak solution k = r(q) € H}(I) such that, by (2.19) and

(4.7),

FR; + R}
p— Ry

Consequently, we are able to define the application

K_{ B(0,R') — B(0, R')

(4.9) lK(@)lln < =R.

(4.10) qg— k= r(q).

Any fixed point k of the application x yields a weak solution to (4.1), given by
(u(k), k). In view of all we already have done and to avoid repetition, it remains to
check the compactness of the application x to ensure the existence of such a fixed
point. In what follows, we skip elementary steps to get to the essential.

Thus, let (¢n)nen be a sequence that weakly converges to ¢ in HE (1), uniformly
in I, and such that (kn)nen = (k(gn))nen weakly converges to some k, uniformly
in I (after having extracted a subsequence). We must prove that & = x(q) and that
(kn)nen strongly converges to k in H}(I). We treat one equation after each other.

Let oy, = 14(qn). As vy is continuous and gy, q € C(I), ¢, — ¢ uniformly, then
oy — a = v(q) uniformly in . According to Theorem 3.4, u, = u(q,) — u = u(q)
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strongly in Hg(I). Thus D(qy,,u(gn)) — D(q,u(q)) strongly in L*(I). In particular,
from Hi(I) — C(I), we get

(4.11) Vp € Hy(I),  lim (D(gn, u(gn)), p) = (D(q,u(q)),p)-

Let us consider the second equation, and let p € H&(I ). Then for all n € N, we
have

(412) b(u(gn), kns D) + a(112(40) kns2) + € (€ Taul, ks 2) = (Dlgn, ulan)), ).

According to the previous results, in particular by (4.11) and because 53, = p¢(kpn) —
B = ¢ (k) uniformly in I, the term e(¢=11/|qy], kn, p) being not a source of difficulty,
we deduce from (4.12)

(4.13) b(u(q), k,p) + a(p(q), k. p) + e (f’lx/m, kap) = (D(q,u(q)),p),

hence k = k(q).

It remains to prove the strong convergence of (kj)nen by the energy method,
which consists in taking p = k, in (4.12). As g, — ¢, u(¢n) — u(q) and k, —
k, all uniformly in I, then by the weak convergence of (kp)nen to k in H}(I),
b(u(qn), kn, kn) — b(u(q), k, k) and obviously e(¢=1\/|qnl, kn, kn) — e(1/]ql, k, k)
and by (4.11), (D(gn,u(qn)), kn) — (D(q,u(q)), k). Therefore, by (4.13)

nlgglo a(Mt(Qn): knv kn) = G(Mt(Q)a ku k)u

hence the strong convergence in Hg (1) of (kn)nen to k, which concludes the proof.
O

5. ADDITIONAL REMARKS AND OPEN PROBLEMS
It remains questions about maximum principle and uniqueness.

- Maximum principle. It is expected that k& > 0 in I. This is usually shown in
the 2D and 3D cases, by splitting k as k = kT — k~, and proving b(v, k, k™) = 0
by the incompressibility constrain (see in [7, section 7.5.2]). However, this does not
work anymore in the 1D case. Thus, the problem remains open.

- Uniqueness. We already know that uniqueness results about the NSTKE system
(1.1) in the 2D and 3D case are subjected to smallness assumptions about the L
norm of the derivative of 14 and p: (see [2, 6]). We conjecture that the same
conditions must be assumed in the 1D case. Beyond the uniqueness issue is the
convergence of the Picard iterations related to Problem (4.1),

51 B(un—ly un) + A(Vt(kn—l)a Un) = f7
BU\ Blunr. ko) + Alselnor). k) 2 (6 Touilo k) = Dkt ).

which is an interesting problem.

We conclude by mentioning a last problem that may arise in some atmospheric
boundary layer regimes, in which the constants v and p are not involved in the
definition of the eddy coefficents, the mixing length is proportional to the distance
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to the ground, ¢ = ¢(z) = kz (k > 0 being the Van Karmén constant), and the
mean motion is driven by the friction velocity given by

2 2

* u*(u) =V E(O)

du‘

(see in [19]), that can be considered as a source term in the equation for the mean
motion. This suggests to consider the following system in I = [0, 1]:

(5.2)

B(u,u) + A(zVk,u) = u2(u),
B(u,k) + A(zVk, k) + ¢ *fk; =2Vk

d£2
dz|’

(assuming k > 0) which yields a difficult problem.

(1]

[2

[10]
(11]
[12]
(13]
[14]

[15]

[16]

REFERENCES

G. K. Batchelor, An Introduction to Fluid Dynamics, Cambridge Mathematical Library, Cam-
bridge University Press, Cambridge, paperback edition, 1999.

Christine Bernardi, Toméas Chacén Rebollo, Frédéric Hecht and Roger Lewandowski, Auto-
matic insertion of a turbulence model in the finite element discretization of the Navier-Stokes
equations, Math. Models Methods Appl. Sci. 19 (2009),1139-1183.

L. Berselli and R. Lewandowski, On the reynolds time-averaged equations and the long-time
behavior of leray-hopf weak solutions, with applications to ensemble averages, In press in
Nonlinearity, 2019.

L. Boccardo and T. Gallouét, Nonlinear elliptic and parabolic equations involving measure
data, J. Funct. Anal. 87 (1989), 149-169.

H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universitext.
Springer, New York, 2011.

F. Brossier and R. Lewandowski, Impact of the variations of the mixing length in a first order
turbulent closure system, M2AN Math. Model. Numer. Anal. 36 (2002), 345-372.

T. Chacon-Rebollo and R. Lewandowski, Mathematical and Numerical Foundations of Tur-
bulence Models and Applications, Modeling and Simulation in Science, Engineering and Tech-
nology, Springer New York, 2014.

C. Foias, Statistical study of Navier-Stokes equations. I, II, Rend. Sem. Mat. Univ. Padova
48 (1973), 219-348, ibid. 49 (1972), 9-123.

C. Foias, O. Manley, R. Rosa and R. Temam, Navier-Stokes Equations and Turbulence, Ency-
clopedia of Mathematics and its Applications, vol. 83, Cambridge University Press, Cambridge,
2001.

G. P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations. Vol.
11, Springer Tracts in Natural Philosophy, vol. 39, Springer-Verlag, New York, 1994.

P. Gilles Lemarié-Rieusset, The Navier-Stokes Problem in the 21st Century, CRC Press, Boca
Raton, FL, 2016.

R. Lewandowski, Long-time turbulence model deduced from the Navier-Stokes equations, Chin.
Ann. Math. Ser. B 36 (2015), 883-894.

R. Lewandowski, Analyse Mathématique et Océanographie, Recherches en Mathématiques Ap-
pliquées [Research in Applied Mathematics|, vol. 39, Masson, Paris, 1997.

R. Lewandowski, The mathematical analysis of the coupling of a turbulent kinetic energy equa-
tion to the Navier-Stokes equation with an eddy viscosity, Nonlinear Anal. 28 (1997), 393-417.
R. Lewandowski, B. Pinier, E. Mémin and P. Chandramouli, Testing a one-closure
equation turbulence model in neutral boundary layers, Preprint on Hal at https://hal.
archives-ouvertes.fr/hal-01875464, 2020.

J.-L. Lions, Quelques Meéthodes de Résolution des Problémes Aux Limites Non linéaires,
Dunod; Gauthier-Villars, Paris, 1969.



ONE DIMENSIONAL TURBULENT MODEL 1129

[17] A. S. Monin and A. M. Obukhov, Basic laws of turbulent mizing in the surface layer of the
atmosphere, Tr. Akad. Nauk. SSSR Geophiz. Inst. 24 (1954),163-187.

[18] F. Murat, Renormalized solutions of monlinear elliptic equations with measure data, in:
Journées “Equations aux Dérivées Partielles” (Saint-Jean-de-Monts, 1998), pages Exp. No.
IX, 4. Univ. Nantes, Nantes, 1998.

[19] A. M. Obukhov, Turbulence in an atmosphere with a non uniform temperature, Boundary
Layer Meteorology. 2 (1971), 7-29.

[20] L. Prandtl, Prandtl—Essentials of Fluid Mechanics, Applied Mathematical Sciences, vol. 158,
Springer, New York, third edition, 2010.

[21] H. Schlichting and K. Gersten, Boundary-Layer Theory, Springer-Verlag, Berlin, ninth edition,
2017.

[22] R. Temam, Navier-Stokes Equations, AMS Chelsea Publishing, Providence, RI, 2001.

[23] E. Zeidler, Nonlinear Functional Analysis and Its Applications. I, Springer-Verlag, New York,
1986.

Manuscript received May 21 2019
revised September 9 2019

R. LEWANDOWSKI
Univ Rennes & INRIA, CNRS - IRMAR UMR 6625 & Fluminance team, Rennes, F-35042, France
E-mail address: Roger .Lewandowski@univ-rennesl.fr



