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COMPACTNESS AND LIOUVILLE EQUATIONS

ANDREA MALCHIODI

ABSTRACT. This paper surveys some results regarding compactness of Liouville
equations, which were principally initiated in the seminal paper [6]. We will
begin showing an alternative between compactness and blow-up depending on
concentration properties of exponential terms, and after turn to a more precise
quantization property. We will also treat more recent developments concerning
higher-order equations in conformal geometry.

1. INTRODUCTION

Liouville equations (elliptic, with exponential nonlinear terms) appear in different
contexts in models from mathematical physics or in differential geometry. Concern-
ing the former motivations, they arise as mean field equations of Euler flows or in
the enumerate Chern-Simons-Higgs models, see for example [42], [44] and references
therein. In geometry they are related to the prescription of Gaussian curvature by
conformal change of the metric. Indeed on a surface 3, for § = e*g, one has

(1.1) Aj =e 2 Ay; ~Agw + K, = Kze*,

where K, and Kj are the Gauss curvatures of (X, g) and of (X, g), see [2].

One fundamental tool for studying Liouville equations analytically is compact-
ness. With such a property at hand, one can then apply general techniques such
as continuity methods, degree-theoretical arguments of min-max principles. In the
introduction of this survey paper we will describe part of the work in [6] (all the
statements of this section are from there, where sometimes a different notation on
the exponents is used), which paved the way for the above question, allowing a
substantial development of the subject.

Consider a bounded domain 2 of R?, and the following problem with measurable
right-hand side

—Au= f(x) in

1.2
(1.2) u=20 on Of).

By means of the next result, one can then derive exponential integrability on the
solution depending on the L! norm of the datum.
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Key words and phrases. Liouville equations, blow-up analysis, compactness of solutions.



1132 A. MALCHIODI
Proposition 1.1. Suppose u is a solution of (1.2). Then for all 6 € (0,47) one
has that P
47 —=95)|u
Wr—90)uj 4 2
/eflLl(Q) < i(dmm(ﬁ))z
Q J

Proof. Since Q is bounded, there exists o € R? such that Q C Bp(zo), where

R = %diam(ﬂ): without loss of generality we can assume that zg = 0. The function

f can be extended to zero outside €2: define then the following function

u(z) = % B log Q;ﬁy‘) |f(y)|dy.

From the maximum principle it follows that |u| < @ in , and therefore we get
(47—8)|ul (47 —8)a
/ ol gy < / o) gy
Q Q
The latter term can be estimated via Jensen’s inequality as

exp ( / w(w(y)dy) < [ wlw)esple)in

_ \fly) :47r—(5 < 2R )
w(y) e ©(y) 5 log )

In this way, via Fubini’s theorem one finds that

(4r—8)a 2-2
/ M) gy < / 1f(y)] dy / ( 2R ) w o]
Q Bgr HfHLl(Q) Br [z —y

Concerning the last integral, we can use polar coordinates to find that

9R \2 3 R\ 2 3= Ar?
(Y F e [ () i i
Br \ T — Y| Br \ 7] o

which concludes the proof. O

with

Corollary 1.2. Suppose (uy)n solves
(1.3) —Au, = Vp(z)e? in .
Assume that |Vy || o) < C1, lugt [l 21() < Ca for some Cy,Ca > 0 and that

/ [V|e?*ndx < go < 2.
Q

Then (u)}) is bounded in L{2 ().
Proof. We can assume that €2 is a ball Bg := Bg(0), replacing it possibly a smaller
domain. Let us write u, = u1, + u2,,, where uy , solves

—Auy, = V,e2tn  in Q;

Uy =0 on 052,
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and where ug,, is harmonic in 2. The mean value theorem then implies

Hu;—,n”LOO(BR/g) < COlluz,, |L1(Brp) < C [HUZHU(BR) + HuanLl(BR)] <C.

Using the latter boundary value problem and the previous theorem we have that
(e2"1:) is bounded in L'*9(Bg) for some § > 0. This implies in turn that (V;,e?%») is
bounded in L?(Bp/s) for some ¢ > 1. Using the boundary value problem once more

we obtain that (u1,), is bounded in L>(Bpg/4), and therefore (uy), is bounded in
L (BRys)- O

We define the blow-up set S of (uy), as
S={xe€Q : Iz, — z with u,(z,) — +o0}.

With the help of the above result it is possible to obtain the next theorem from [6],
of which we only state a particular case.

Theorem 1.3 ([6]). Suppose ) is a bounded domain of R? and consider a sequence
of solutions to (1.3). Suppose that for some Cy > 0 (V,,),, satisfies

Vi 2 0; [VallLeo (@) < C1,

and that (uy)n is such that
/ 2l dy < OY.
Q

Then, up to a subsequence, we have one among the following alternatives
(1) (un,)k is bounded in L3S (Q);

loc
(ii) up, — —oo uniformly on compact sets of 2;
(iii) the blow-up set S of up, is finite, non-empty and u,, — —oo uniformly
on compact sets of Q\ S. Moreover, (Vy, ")y converges weakly in the

sense of measures to a sum of Dirac masses ), 0;0q,, with oy > 27 and
S = Ui{ai}.

. u . . . .
Proof. Since (V,,e2""),, is bounded in L'(€2) by our assumptions, this sequence con-
verges in the sense of measures to some non-negative and bounded measure p, i.e.

/ﬁ@é%wdx—ﬂ/¢@u for all ¥ € C.(Q).
Q Q

A point zg € 2 is called regular is there exists 1 € C.(Q2), ¥(x) € [0,1] for all z,
and 1 identically equal to 1 in a neighborhood of xg such that

(1.4) A¢@<%.

The above corollary implies that if x( is a regular point then there is some Ry small
such that (up)y is bounded in L (Bg,(x0)).

Letting S” denote the set of non-regular points in €, for every zo € S’ we must
have p({zo}) > 27. This implies that S’ is finite and that

C1Cy
o’

where the Cj’s are as above. The proof is then divided into three steps.

card(S’) <
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Step 1. S’ = S. By Corollary 1.2 we have that S C S’. Suppose that zg € S”:
then one has for all R > 0 lim ||w} || Lo (B (20)) = +00. Otherwise, there would exist
Ry > 0 and a subsequence uy, such that ||u,}||fe(Bym)) < C. This would then
imply
/ Vnke%"k de < CCi1R for all R < Ry,
Br(zo)

yielding (1.4) for some ¢ € C.(€2) and contradicting the above assumption.
_ Once that the above claim is established, we can choose R > 0 small so that
Br(z) does not contain other points of S. Suppose (z,)n C Br(xo) is such that

+

(xy) = max uf — +oo.

Br(zo)

Then it must be x, — x¢: if this were not true, x,, would converge to a regular
point, which is impossible by the above equation, concluding the proof of the first
step.

Step 2. If S = (), either (i) or (ii) must hold true. In fact, by (32) ;5 is bounded

u

in L{° (Q), and hence V,e?"» would be bounded in L{° (€2). Let v, solve
—Avy, = f,  in
v, =0 on 0.

Then v,, — v uniformly on the compact sets of €2, where v satisfies

—Av=p in £
v=0 on 0f2.

Let wy, —uy, —vy,: this function is clearly harmonic and w; is bounded in L® (92). By
Harnack’s theorem either a subsequence w,, is bounded in L?;C(Q) or w, converges
to —oo uniformly on compact sets of €. (i) corresponds to the first possibility, while
(ii) to the second one.

Step 3. If S # (), then (iii) holds. To see this, use the fact that «,} is bounded
in L°(2\ S) to get that V,e* is also bounded in L{°(Q\ S). From this we
deduce that y is a bounded measure in Q with p € L7 (\ X). Let v, and w, be
defined as in the previous step: then v, converges to some function v uniformly on
compact sets of Q\ S. By Harnack’s theorem we have that either a subsequence
W, is bounded in L7 (2\ S) or w, converges to —oco on compact sets of 2\ S. We
will show that the first alternative cannot hold.

Fixing some point z9 € ¥ and R > 0 small enough so that Bgr(z) NS = {z¢},
suppose the first alternative holds, and hence also (v,,),, is bounded in L>*(0Bgr(zo)).
This implies that |uy,, | < C for some fixed C' > 0. Consider the solutions of

—Azy, = fn, in Br(xo);
Zn, = —C on 0Bg(xp).

By the maximum principle we have that u,, > 2, in Br(x), and hence that

/ e dy < / e*nidr < C3.
Br(wo) Br(z0)
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We also have that z,, — z a.e., where z solves

~Az=y in Br(o);
z=-C on aBR(xo).

As x¢ is a singular point, we must have p > pu[(5} > 270z,, which implies that

1
z(x) > log ——

+0(1) asz— x.
|z — x|

This forces e2:(*) > m for some C' > 0, and hence [ Br(zo) e?*dx = +o0, contra-

dicting the fact that |, Br(xo) e?*dz < O2 by Fatou’s lemma.

We proved that the first alternative above cannot hold, and hence (uy,),, converges
to —oo on compact subsets of '\ S. This implies that V,e?'» — 0 in L} (Q\ %)
and therefore 1 is supported on S. Hence we have that p =), o;d,, with oy > 2,
as desired. O

In the next section we will discuss more precise blow-up results, assuming stronger
bounds on the functions (V},),, and some of their consequences. We will next discuss
some counterpart of Theorem 1.3 for fourth-order equations, which are motivated
from conformal geometry. Finally, we aim to describe some more recent compactness
result for Liouville equations with principal terms of mixed orders, motivated by
questions in spectral theory.

2. QUANTIZATION

In this section we will describe a quantization result for solutions of Liouville’s
equations from [26]. If «; is as in Theorem 1.3, then it is proved under more
regularity on the V,,’s that this coefficient is an integer multiple of 47. We will then
mention some applications.

Theorem 2.1 ([26]). Let Q C R? be a bounded subset. Suppose (Vy,),, is a sequence
of continuous functions on 2, with Vy, > 0 and such that V,, — V in C°(Q). Suppose
(un)n is a sequence of solutions of (1.3) such that [ e**»dx < Cy. Then in the third
alternative of the above theorem one has that c; is an integer multiple of 4w for all
i.

It is sufficient to localize the above result on a small ball Bgr, which will be proved
using a number of lemmas. First, one has a sharper lower bound on «;.
Lemma 2.2. If a; is a before and if V(0) > 0, then a; > 4.

Proof. Suppose that z,, € Bp is such that w,(x,) = maxp, u,. Then we have that
xn — 0 and u,(x,) — +oo. Calling 6, = e~un(@n) we have clearly that &, — 0.
Consider now the new sequence of functions

Un () = Up(0px + ) + log 00y
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By the continuity of V' this new sequence satisfies

— Ay, =V, (0px + a:n)e%”; u,(0) =0, @, <0, / e2tndy < Oy.
B gr
P

By the previous theorem then @, is bounded in LjS (B,) for any » > 0 and for n
large, and therefore u,, would locally converge to an entire solution @ of

—Aw = V(0)e*"; @(0) =0, <0, / e*dx < Cy.
o

If V(0) = 0 we would have that @ has to be entire harmonic and hence constant by
Liouville’s theorem, violating the integrability of its exponential. Therefore it must
be V(0) > 0. Solutions of the above equation were classified in [9], in the form

1
(1 +72f2)*

N[

u(x) = %log 7 =(V(0)/8)>.

In particular one has V(0) ng e?dx = 4, proving that

a = lim Vpet'ndr > 1im/ Vpe'rdr = V(O)/ e?Udx.
n Br5

n
Br T

Sending r — +00, we have the desired conclusion. O

The next lemma produces iteratively a finite number of bubbling profiles that are
relatively separated one from another.

Lemma 2.3. Let (V,,),, be as in Theorem 2.1. Let (uy)n be solutions of (1.3) in
Bpr that are blowing up such that fBR e?Undy < C. Then, passing to a subsequence

there exists an integer m < V(O)%, sequences of points mg) and sequences k,(qj),

7 =0,...,m— 1 with the following properties

(2.1) U (20)) = max up () = 400 for all j,
o) |<E P59

where 6,9) = e_“"(xglj)),

(22) B,,s0 (@) N By 500 () =0 fori# j;

(2.3) %un(ty + 20|21 <0 for all §9) < |y| < 2kL)60) and for all j;

(2.4) lim ~ Vpe?Undr = lim  VpePinde = An for all j;
sz%")sﬁ) Y " Bkﬁf)agf) (z)

i — 2\ <« ;
(2.5) max {un(az) + logogjn%%l_l |z — |} <C for all j.

rEBR
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Proof. Let 2 be such that U (z o )) = maxg, Up. Set also all )( ) = un(&(lo)x +

3:510)) + log 57(1 ), with 67(1) = e‘“"(mn ). Reasoning as for the previous case, we can
find an entire solution 4 to

A =V(0)e*;  a(0) =0, <0
verifying
7(0) _
Hun u||01 Q(BQk(O)) — 07

ans such that

/ Vpetindy = / Vo (600 + x%o))e%g?)da: — 4,
B, (0,0 @) B,

/ Vpe2indy = / V(60 + 1:7(10))6%510’ dx — 4m;
B () (0)(=h) B (0

0
gy U (ty + =) |i=1 < 0 for 600 < |y| < 2k{05(0).
The sequences :L‘%O), kf{)) satisty the above properties with m = 1.

Suppose next we have sequences xﬁf ) and k:SLJ ) satisfying the above properties for
7j=0,....0—1withm=1.

If max,ep, [un(x) +logminj—g ;-1 |z — x(])q < C for all n we stop the proce-

dure and define m = [.
Otherwise, let Eg) be a point attaining

M,, := max [un(x) +log (I)IliI} . |z — x%])] — +00:

rEBR

30y

_)
this implies in particular that w,(z ()) — 400. Setting also 5() e~ Un(Tn’) | from
O _ .G
M, — +oo we find that min;— ;1 % — +4o00. Notice that for |z| <
L )]
5Mminj—g, . -1 W one has

min |70 + 60z — 2|

je{0,...,I1-1}
1 ,
> min  [z® —20|—6O)z| > = min |20 — 20
jed0,...,l-1} 2 jefo,...,1—1}

Setting i, = un, (w%) (5(l) )+ 2log gr(f ), by the latter formula and the choices of the
latter scales and points we deduce that

— Aty (z) = Vn(g,(f):c + acg))eﬂ”(x) for |z| < %minjzoywl,l m}%"f”;
Un(0) = 05

_ . 2D )|
() < 2log2 for |z| < §minj—o,. ;-1 0N
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A subsequence of 4, then converges in C’l to an entire solution u of the Liouville
equation —Au = V(0)e??, and similarly to before one deduces that

||an - ﬂ”CLa(Bélk,S,‘l)) — 07
and such that for ¢ > 0 small

/ Vo (0Wz 4+ 20) e dy —— 4

Bck,(.Ll)

/ Vo0V + 202 dg — 4,
Bm

gtan(ty +E)|m1 <0 for 1< |y < 4KV,
Consider now a point y,(f) € ng(z> such that @, (z + yg))

define xg ) = :Y:g ) +9, (l)(f + yr(Ll )) From the latter equations and the expression of the

limit function @ one has that yé) — 0 and that un(;vq(l)) < up(x ()) < u,(z ()) +C.
Set now

maxp .t un(Z +y), and

aD(2) = un(6Vz + 20) +10gs0; o) = e=unla),
From the above inequalities one has that

6 <50 < P50, U (2 = max up () — 400.
jo—af|<ki 5!

For @\ we obtain analogous conditions to (2.1)-(2.4). Therefore, the points and

scales x%j), k:(J) 7 =0,...,1 satisfy the above properties with m =1+ 1.
We continue then in this way until (2.5) holds, since we have to stop after a
finite number of steps as we accumulate 47 in mass each time. This concludes the

proof. O

We next want to prove that no volume accumulates at scales greater than the
ones of the bubbles, namely that one has the following result.

Lemma 2.4. In the above notation one has that

lim  VypePundr = 0.

m—1 ()
" JBR\UTL, Bkg)(;?(lj)(rnj)

Proof. The argument in [26] is by induction in m, and we will describe here in detail
only the case m = 1, giving some brief sketch about the general one.

We can assume that :U,(QO) = 0 for all n and that rﬁf)) — 0, otherwise the result
clearly holds true. As a consequence of Harnack’s inequality (see Lemma 2 in [26])
there exist § € (0,1) and C' > 0 such that

ol 5

supu, < C+ 3 1nf un + (B —1)logr; 27‘7(10) <r<
OBy
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As a consequence of a sup+inf inequality from [41] (see also [5]) one also finds that

1 1
(%%EunSC—C,lun(O)—<1+C1> log r; 0<r<R.

From the two inequalities one gets

SUp tin <C- glun(()) = <gl + 1) logr;  2r, <7< g,

which means that
) < OG0l 2N, D) < o] <

Since r&o) is larger than the scale of the bubble we find that

s oo 500\ 29/
/ Vn€2undl‘ < 0(6120))20*1 / T_2(B/Cl+1)TdT —C no
BB, 0

tends to zero. This finally implies that

/ Vy,e2Undr — [y,
Br

as desired. The general case follows by clustering the blow-up points properly.
If some subgroup of points has comparable relative distances, one can use condi-
tion (2.5) and the Harnack inequality for w, on (geometrically) non-degenerating
multiply-connected domains of that scale to show that no residual volume accumu-
lates on a set including all such points. One can then apply the latter reasoning to
to a thick annulus whose inner complement includes all those points, and show that
no residual volume accumulates at a larger scale. An iterative argument then gives
the result in the lemma for general m. O

Remark 2.5. (i) In [11] it is proved that «; can indeed be larger than 47 even for
V,, = 1. This is done via Liouville’s local theorem for holomorphic functions.

(ii) On a compact surface the same result holds true, but in this case the «;’s are
exactly 47. This was proved in [25] using a moving plane method.

The quantization result in Theorem 2.1 allowed to compute the degree of mean
field equations (of Liouville type) on compact surfaces or on domains of R? under
Dirichlet boundary conditions, see [25] and [10] It also allowed to produce solutions
via min-max theory, see e.g. [13], [14]. A more detailed analysis of blowing-up
solutions was also done in [12], [33] (and [10]), studying next-order terms of solutions
and asymptotic expansions of the energy.

An interesting extension of Theorems 1.3 and 2.1 concerns singular Liouville
equations or Toda systems, where some quantization results were obtained in [3]
and [24]. For more recent developments and some applications of these results see

g. [31] and [32].
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3. FOUR DIMENSIONS

In this section we describe an analogous result to Theorem 1.3 in four dimensions
from [1]. As we will see, the structure of solutions is less rigid, and new concentration
phenomena may occur. At the end of the section we will describe some geometric
motivation for the study of fourth order problems, as well as quote some results in
this direction.

Consider a bounded set  C R*, and the following sequence of equations

(3.1) A%y, = V,etun, with V,, — 1  uniformly in €.
In [1] the following result was proved.

Theorem 3.1. ([1]) Let Q be a bouned domain of R* and let (uy,), be a sequence
of solutions to (3.1). Suppose thee exists A > 0 such that

/ Vielindr < A for all n.
Q

Then we have one of the following alternatives

(1) up is relatively compact in C’fo’?(ﬂ) up to a subsequence;

(ii) there exists a nowhere dense set ¥g of zero Lebesgue measure and at most
finitely-many points ) € Q, 1 < i < I < CA for some constant C > 0,
such that if

=S ul {21}

one has that u, — —oo uniformly on compact sets of Q\ § for n — 4o0.

Moreover, there is 3, — +0o such that
Uy,

Lo inCEYQ\S),

loc

n

where ¢ € C*HQ\ UL {z®}) such that
Ap=0; <0, ¢#0
and such that £o = {x € Q\ UL {zD} : p(z) =0}.
Furthermore, near any point xg € 3 such that SUPB, (z) Un — +00 as n — +00
there exists x, — xo, L, — +00 and r, — satisfying
(3.2) Un () := up(zy + rpx) +logr, <0 <log2+ v,(0); |z| < Ly,.
Either v, — v in C%S(R‘l), where v solves
A%y = et in R,

or v, — —00 a.e. and there exists v, — +00 such that, up to a subsequence

Un,

S in CY%(RY),
Tn

where ¥ is a non-positive quadratic polynomial.

For the proof, we begin stating the following result obtained in [27], [43], extend-
ing the one in [6] to higher dimensions.
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Proposition 3.2. Suppose v solves

A%=f  inBp(zy) CRY
v=Av=0 on dBRr(xo).

If f satisfies || fll 11 (Br(zo)) = @ < 872, then for any p < % one has that
/ ePlldz < C(p)RY.
Br(z0)

Then one has the following result from [36], which follows from an integration by
parts and the mean value theorem.

Lemma 3.3. Suppose h solves
A%h =0 in Br(y) C R™

Then h satisfies
R?
hy—][ h(z)dz = ——Ah(y).
W)= f  hez = 5 anG)

This result allows to prove a Liouville type theorem for the bi-harmonic equation,
namely the following result.

Theorem 3.4. Assume h is bi-harmonic in R™ and such that h(xz) < C(1 + |x|?)
for some C' > 0. Then the Laplacian of h is constant and h is a polynomial of
degree less or equal to 2.

Proof. From Lemma 3.3 and the growth condition on & one finds that for any x € R”
there holds

Ah(z) =2(n+2) lim R |h(y)|dy = Ah(0) =: 2na,
Roo Br(y)

with @ > 0. But then the function H(z) = h(z) + a|z|? is harmonic and satisfies
H(x) < O(1+ |z|?), so the claim follows from the well-known fact that harmonic
functions with at most quadratic growth are polynomials. O

We can now prove Theorem 3.1.

Proof of Theorem 3.1. Let us choose a maximal number of points (") € Q,1 < < T
such that for all indices 7 and all R > 0

lim inf / Vet ndy > 8712.
Br(z™)

n

From the upper bound on the exponential integrals one has that I < CA. Given
z € Q\ UL {z(M} it is possible to find R > 0 such that

(3.3) lim sup/ Vieltndr < 872
Br(wo)

n
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Let us write u,, = v, + h,, on Br(xg), where
AQUn = Vne4“” n BR(ZC());
vy = Av, =0 on OBRr(x),

and where A%h,, = 0 in Bg(zo). By Proposition 3.2 and the upper bound on the
exponential integrals we have that

(3.4) 1ot 2t (Br(zo)) < Nun 1Lt (Bro)) + 1vnll Lt (Ba(ze)) < C-

Next, we consider the following cases.

Case 1. Assume |[|hn| 1 y < C for all n. Then by Lemma 3.3 we have that,

Brya(zo)
for all n and = € Bpr/s(w0)

][ Ahp(y)dy
Bpr/s(x)

with (hy)n locally bounded in C*(Bpg/s(z0)). From Lemma 3.3 and the above
inequality it follows that

][ (b (2)|dz < C — ][ h(@)dz = C + — R2Ahy(20) — hn(0) < C.
Br(wo) Br(xo) 12

|[Ahn ()] =

< CR™? ][ |hn(2)|dz < C;
Bpy2(z0)

Repeating the first step on every ball contained in Bg(z) one finds that (hy), is
locally bounded in C*(Bg(x)). From Proposition 3.2 and (3.3) one deduces

A%y, = V,ettin = (V;,ethnedom)

is uniformly bounded in LP for some p > 1. By Proposition 3.2 and by elliptic
regularity theory it follows that (vy,), is locally bounded in C3(Bg(xg)) for any
a € (0,1), so the same holds for (uy)n.

Case 2. Suppose now that £, = ||hn| 11
normalized function

Bpa(w)) — 00 Let us consider the

hn,
[l 2(B o o))
Reasoning as for the previous case one deduces that (), is locally bounded in
C*(Bg()), and hence up to a subsequence there is convergence in Cl?;’f(B r(z0))
to some biharmonic and normalized (in L!) ¢, which cannot vanish identically.

From (3.4) it follows that ¢ < 0. By Lemma 3.3 then one finds that Ag # 0
whenever ¢ = 0. Consider then the set

So = {z € Br(xo) | ¢(z) = 0} :
this has codimension greater or equal to 1, and hence also vanishing Lebesgue

measure; it is also closed and nowhere dense. We deduce that ¢ < 0 a.e. and
therefore h, — —oo a.e. and locally uniformly away from Sy. Notice also that

A%y, = (Vyethnetom)

is locally bounded in LP on Bg(z¢) and away from Sy for some p > 1. This implies
the boundedness of (v,), in C>* for any o € (0,1) on Br(zg) and away from Sp.

90774:‘
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As a consequence, u, — —oo a.e. and locally uniformly on Q\ Sy, together with
the fact that g—: — .

Since only one among the two cases occurs, using a covering argument and the
connectedness of Q\U!_; {2()}, we obtain one of the following alternatives. The first
is that, up to a subsequence, (uy )y, is locally bounded in C3% away from Ule{a:(i)},
and hence is relatively compact here. The second is that u, — —oo a.e. and
locally uniformly on Q\ (Sp U UL, {z®}) and 7> converges to ¢ biharmonic and
non-positive.

If there is concentration of volume, only the second alternative can happen.
Assuming indeed that there is some concentration point and that w, — u in
CHQ\ UL {2}, by a result in [39] one would have the distributional con-

loc
vergence

I
dun _ L4u . . . 2
Vne e+ M0 (i) 5 m; > 167°.
i=1

From the logarithmic asymptotic behaviour of the Green’s function it can be shown
via representation formulas that

u(z) > 2log <|m—1x(l)|> -C near %),

which would imply e** ¢ L', contradicting the integrability assumptions on the
exponential functions.

The behaviour of solutions near the concentration points can be studied using
some arguments in [40]. Let z¢9 € S be such that supp (;0) un — +o00 for every

r > 0. Given R < dist(zg,09Q) let r, € [0, R) and x,, € B, () be such that

(R—rp)e@) = (R—1r,) sup e
Brn(xo)

= max ((R—r) sup e“”) =: L, — +o0.

0<r<R BT(J/.O)
Setting
R—r
Un(x) = Up(xy + $pT) + log Sp; Sy = M,
2L,
one has that
sup e = s,  sup e'n
Br,, (x0) B(r—rp)/2(zn)
R
< s, sup evn = L1 <R— ;T"> ~ sup el
B(Rrn)/2(x0) B(Rtrp)/2(z0)
< L Y(R- rn)e“”(m”) =1 =20

which is equivalent to (3.2).
Since v, solves A%v, = W, e’ in domains exhausting R* and since

Wi(z) = Vo(zn + spx) — 1 locally uniformly in R*,
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and since we have [ Wyetndx < A, applying the previous result on the functions
v,’s, we obtain the claimed theorem. O

In [1] an example of blow-up without quantization, even in the radial setting, was
shown. More examples of blow-ups were found in [21], to which we refer for oher
more recent results in this direction.

We also would like to mention some geometric applications to the study of (3.1),
concerning Branson’s @-curvature, defined on a four-manifold by
1
Qg - ﬁ(
where R, is the scalar curvature and Ric, the Ricci tensor. The latter quantity

is a natural higher-order conformal counterpart of the Gaussian curvature, and
transforms conformally via the Paneitz operator P

—AgRy + R? — 3|Ricy|?),

2
(3.5) Pyp = A2y — div (3Rgv¢ — 2Ricy(, w;))
by the law
Pyaw +2Q, = 2Qge4“’, G =e*g.

The principal terms in this formula are analogous to (3.1), and we notice the simi-
larity to the second formula in (1.1).

In [17] and [29] some quantization results for the last equation were proven on
closed manifolds. Applications to existence of solutions were given via min-max
theory in [15], extending some previous result from [8]. We refer to [30] for a more
detailed review of the background and methods.

4. LOG-DETERMINANT FUNCTIONALS

We discuss next another problem from spectral theory and conformal geometry
where Liouville equations appear. Consider a compact closed Riemannian manifold
(M™, g): by Weyl’s asymptotic formula the eigenvalues A; of —A, behave asymptot-
ically as \j ~ §2/™ for j — oo. The determinant of —A, is formally the product of
all its eigenvalues, with a rigorous definition that can be obtained via holomorphic
extension of the zeta function

o0

((s) =) A"
j=1

Weyl’s asymptotic law implies that (s) is analytic for Re(s) > n/2: one can anyway
meromorphically extend ( so that it becomes regular near s = 0 (see e.g. [38]). From

the formal calculation ¢’(0) = — Z log \j = —logdet(—A,) one then defines ¢’(0)

=1
as

det(—Ay) = e <),
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The transformation laws in (1.1) allowed Polyakov ([37]) to compute the logarithm of
the ratio of determinants of two conformally-equivalent metrics of the same volume
by the following expression

det(—Ag) o _i
Sdet(—A,) 127 Jy

By this formula, critical points of the regularized determinant in a given conformal
class produce constant Gaussian curvature metrics. In [35, 34] Osgood, Phillips and
Sarnak proved variationally existence of conformal extremals for all given genuses,
with uniqueness holding for non-positive Euler characteristic and up to Md&bius
transformations on the sphere. Still in [35, 34], the authors used formula (4.1) in
order to prove compactness of isospectral metrics on every closed surface.

(4.1) lo (\Vw\g + 2K w) dvy.

In four dimension formulas similar to (4.1) were obtained for determinants of
conformally covariant operators, enjoying covariance properties analogous to the
first equation in (1.1). A differential operator A, is conformally covariant of bi-
degree (a,b) if

(4.2) Az = e_bwAg(e“ww), §=evg,

for each smooth function 1. One well-known example is the conformal Laplacian
in dimension n > 3

(n—2) '
4(n — 1)Rg '

this operator satisfies (4.2) with a = ”7_2 and b = "T‘*'Q Other examples include the
Dirac operator /Dy, which satisfies (4.2) with a = %‘1, b= %"1, and the Paneitz
operator in four dimensions, with ¢ = 0 and b = 4.

Branson and Oersted generalized in [4] Polyakov’s formula to 4-manifolds (M, g):
they showed that the logarithmic ratio of two determinants for general conformally
covariant operators is the linear combination of three universal functionals, with
coefficients depending on the specific operator. More precisely, if A = A, is confor-
mally covariant and has no kernel (otherwise, the formula is more involved), then
one has

Ly=—Ag+

(4.3) Falw] =log 32: ii = (A w] + (A w] + 33 (A) I [w],  § =€y,

where (71,72,73) € R3 and I, 11,111 are defined by
I[w] :4/ w|Wyl2 dvg — (/ Wyl dug) log][ e du,
M M M
ITw] = / wPyw dvg + 4/ Qqw dvg — (/ Qg dvg) log][ e du,
M M M M

I1Tw] = 12/ (Agw + [Val2)? du, — 4/ (WAGRy + Ry|Vul2) du,.
M M

Here W, is the Weyl curvature tensor, and @), the Q-curvature. The three function-
als I, 11,111 have a geometric meaning, since their critical points yield metrics with
constant norm of the Weyl curvature, Q-curvature and scalar curvature respectively.
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The Euler-Lagrange equation for Fy4, i.e. a linear combination of I, 11, and 111,
yields constant U, -curvature, which is defined as

(4.4) Uy = n|Wyl; +72Qg — 1384 Ry.
The Euler-Lagrange equation for the conformal factor becomes

Ny(w) + Uy = pet;

(4.5) N(w) = TP +6%8,(Agw +[Vul?)
—12v3div[(Agw + |Vw|3)Vw] + 273div(RyVw),
where
_ ka | _ 2
M——W, KA =—m" /MWg|g dvg_’YZ/MQg dvy.

We obtain therefore a Liouville type equation of higher and mixed order, but with
some principal terms that have the same scaling law.

Our aim in this section is to describe a compactness result from [18], which is
in the spirit of Theorem 1.3 and 2.1 but on closed manifolds. The result is the
following.

Theorem 4.1 ([18]). Suppose M is a compact 4-manifold and that va,73 # 0, with

3—; > 6. Suppose also that (wy)y is a sequence of smooth solutions of

Ng(wn) + U, = Nn€4wn on M,

where Ny is given by (4.6). Assume that [, etndy, = 1, pp = I Undvg and
U, — Uy C'—uniformly in M as n — 4o0. Up to a subsequence, we have one of
the following two alternatives:

i) (wy — 3y wn dvg)n is uniformly bounded in C**(M)-norm;

ii) (wp)n blows up, i.e. maxyy wy, — +00, JCM wy, dvg — —o0 and

l
,un€4w” - Z 87r2’}/25 i
=1

in the weak sense of distributions for distinct points p1,...,p € M.

As a consequence, solutions stay compact if fM Ugydvg ¢ 812N,

Being the operator of mixed type, the proof of the above result is quite involved.
Some basic tools from the previous sections such as the maximum principle or the
Green’s representation formula do not hold in this case, hence some new ideas need
to be devised. We will not present detailed arguments as in the previous sections,
but we will only list the main steps involved in the proof. A related quantization
result was proved in [19] for a Liouville n-Laplace equation: being this of second
order truncation techniques were possible for finding a-priori estimates.
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Step 1: preliminary estimates. First, one can prove estimates on non-optimal
Sobolev norms on solutions via sublinear cut-offs functions, namely that the follow-
ing result holds true.

Proposition 4.2. Let % > % Assume f = 0 and || f|l1 < Co for some Cy > 0.
Then there exists C' > 0 so that

(Aw)? +|Vw\4
(4.6) /[ P cdv, < C

for every smooth solution w of N(w) = f in M. Moreover, given 1 < q < 2 there
exists C' > 0 so that

(4.7) Jw = @ya < C

for any such solution w.

The condition % > % allows to achieve the above estimates via an integration by

parts. Once these are established, one can also control the mean oscillation

1
1
[w]pymo = ( sup ][ (w —wr)4dvg>
0<r<ig -

of solutions. For proving the next result we crucially relied on ideas from [16], where
Caccioppoli-type estimates were employed.

Proposition 4.3. Let % > 3. Assume f =0 and ||f|1 < Co for some Cy > 0.

There exists C > 0 such that for any smooth solution w of N(w) = f in M one has
(4.8) [w]BMo < (.

Step 2: Linear theory. We assume from now on that '% > 6: this condition
yields a formal convexity for the principal terms in F4, and was also used in [8] for
the equality case to prove uniqueness in some cases.

Let M = {u Radon measure in M : pu(M) = 0}. For p € M we say that a
distributional solution w of N'(w) = p in M is a SOLA if w = lim w, a.e., where

n—4o0o
wy, are smooth solutions of N (w,) = f, with f, € C*(M), w, = f, = 0 and
fndv — pas n — +o0.

Let L%9 (M, T M) be the grand Lebesgue space of all vector fields F € U LI(M, TM)

1<g<q
with
IFllog = sup €]l Fllya—g < +oo
0<e<eg
and W%22) be the grand Sobolev space
(4.9) w22 —
{fwe W (M) : @

With these definitions at hand, using a nonlinear Hodge decomposition from [20,
22, 23] one can prove the following result.
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3
|v2 — 63| sup,/ (| R| + || Ricl]). There emsts C > 0 such that

Proposition 4.4. Let 32 > 6, let < 0 < % and assume the inequality n =

N[

w1 —wallyo2s < CfF - F2|| (HF1||9 )+ [1F2llp, ) +1)

4430

4—-36
+O|F; - F2H 7 2 (IFillg5) + 1 F2llg2) + 1) 70

1
(4.10) +n(l| Filly, 1) + HF2H9,§> +1)

<OV (w1 — )2 + |V (w1 — wa)|[§)

for all SOLA’s wy, wy of N(wy) = p1 € M, N(wz) = pe € M, where Fy =
VAil(,ul) and Fy = VAil(lug).

The above result applies also when one of the w;’s is a distributional solution
which has a logarithmic behaviour near a finite number of points. Such profiles
arise when the data on the right-hand side are finite sums of Dirac masses.

We next state an existence result, which is proved via approximation of the right-
hand side by smooth functions: for such more regular data, existence follows from
variational principles.

Theorem 4.5. Let % > 6. For any p € M there exists a SOLA w of N(w) =
in M such that w € WH%2) | When vy = 673 such a SOLA is unique.

Step 3: fundamental solutions. This step consists in constructing approximate
solutions for right-hand sides that are linear combinations of Dirac masses, and to
determine that fundamental solutions have a a prescribed logarithmic behaviour

near the poles.
!

Let pus = Z Bidp; be a linear combination of Dirac masses centred at distinct
i=1
points pi,...,p € M. Given U as in (4.4), the coefficients (1, ..., 5; # 0 are chosen
to satisfy

l
(4.11) > Bi= / Udv,.
i=1 M
In R?* it can be shown via an integration by parts that the function w, = alog|z|
satisfies Nw,, = B;d0 if @ = ;) # 0 is the unique solution of
(4.12) —47%[(y9 + 1273)a + 187302 + 6730°] = B;.
For this reason, the function

!
(4.13) wo(x) = Z a;log d(z, p;)
=1
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l
is an approximate solution of AV'(w) = Z Biby, — U in M, where d(z,p;) stands for
i=1

the distance function on M, smoothed ;vvay from p;. More precisely, the function
wp in (4.13) is a distributional solution of

l
(4.14) N (wo) = Biby, + fo
i=1
with fo — 72div[Ric(:, Vwo)] — (293 — % )div(RVwg) € L*(M). By the comment
after Proposition 4.4, we can obtain asymptotic uniqueness of solutions when the
right-hand side of the equation is .

Theorem 4.6. Let % > 6. Then any fundamental solution ws with right-hand side

equal to ps satisfies wg € C°(M \ {p1,...,p1}) and has the same asymptotics as in
(4.13), with o, given by (4.12).

Step 4: blow-up analysis. We next consider a sequence of solutions w, as in
Theorem 4.1, aiming to show that if concentration occurs then the right-hand sides
converge to a purely atomic measure, supported at finitely-many points.

Assume without loss of generality that f M e4w"dvg = 1 for all n. Since % <

1
volm
as n — +o00. Since ef¥n — e®0F4¢ Jocally uniformly in M \ S, we have that

by Jensen’s inequality, up to a subsequence assume that w,, — ¢ € [—00, +00)

l
e4’wn N e4w0+4cd?} + Z ﬁl(spz as n — 400

=1

weakly in the sense of measures, where S = {p1,...,p;} and B; > %. The function
wg turns out to be a SOLA of

l
(4.15) N (wo) = poe™ ™+ > "6y, —U  in M
=1

for 8; = ,uoﬁi. Via a Pohozaev-type identity one can show the next Lemma 4.7.
Consider a sequence of solutions u,, to

(4.16) N (up) + Uy = pne®™  in B,.

We assume that u, — uo, that for some (¢,)r,

(4.17) S%p/ et dy,, < +oo, sgp/ (un — cn)tdu,, < +oo,
and

(4.18) Up — Uso in CY(B,),  gn — goo in C*(B,)

for some Uy, € C*°(B,) and a metric g, defined on B,. The second inequality in
(4.17) will be in particular guaranteed by Proposition 4.3.
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Lemma 4.7. Let u, be a solution of (4.16) which satisfies (4.17)-(4.18) in B,.
Suppose that

(4.19) et dv,, — B8

weakly in the sense of measures in B, as n — 400, for some B # 0. Then 3 =
87m2,.

Arguing somehow as in Step 3 in the proof of Theorem 1.3, one can prove the
following result.

Lemma 4.8. In the above notation, there holds ¢ = —oc.
Once this is established, the proof of Theorem 4.1 follows from Lemma 4.7.

Theorem 4.1 was used in [18] to find existence results for functionals F4 in general
form via min-max theory, including determinants of the conformal Laplacian and
and the squared Dirac operator. These extended previous results in [8] where direct
methods of the calculus of variations were used.
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