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ESTIMATES OF SUB AND SUPER SOLUTIONS OF
SCHRODINGER EQUATIONS WITH VERY SINGULAR
POTENTIALS
MOSHE MARCUS

ABSTRACT. Consider operators Ly := A + V in a bounded smooth domain
Q C RY. Assume that V € C*(Q) satisfies V (z) < adist (x,09) "2 in Q and that
Ly has a ground state ®y in €. Under these assumptions and some conditions
on the ground state, we derive sharp, two-sided estimates of weighted integrals of
positive Ly superharmonic and Ly subharmonic functions. We show that these
conditions hold for large classes of operators.

1. INTRODUCTION

Let  be a bounded Lip domain in R, N > 3. We study the operator

LV =A4+V
where V € C1(Q). We assume that the potential V satisfies the conditions:
(A1) Ja>0: |V(z)<ad(z)™? VreQ

d(z) = dga(x) := dist (z, 00).
and, with v4 as defined below,
(A2) vo <1< 4.
The definition of ~y4:
1) Y4 = sup{y : Juy, > 0 such that L7Vu7 =0},
y_ :=inf {7 : Juy > 0 such that L"u, = 0}.

By a theorem of Allegretto and Piepenbrink [25] or [23, Theorem 2.3], (1.1) is
equivalent to,

v =suply: [ Volrdoz [ #Vas Ve Hi@),
(1.2) ¢ .

v— =inf {v: /Q Vol dx > v/quszI Vo € HY(Q)).
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Condition (A1) and Hardy’s inequality imply that v; > 0 and v_ < 0. If V is
positive then v_ = —oo and 4 is the Hardy constant relative to V in €2, denoted
by cy (V). If V' is negative then v = oo.

Finally, for every v € (7—,74) there exists a Green function for L.y in 2. Thus
condition (A2) implies that Ly has a Green function Gy in Q. If D is a Lipschitz
subdomain of €2, the Green function of Ly in D is denoted by Ge.

Conditions (Al) and (A2) imply:

(i) Ly has a ground state in the sense of Agmon [1]. The ground state ®y is
normalized by the condition ®y (xg) = 1 where z is a fixed reference point in Q.

(ii) Ly is weakly coercive in the sense of Ancona [3]. A proof, due to [22], is
provided in [16, Lemma 1.1].

Consequently the results of Ancona [3] apply to the operators under considera-
tion. In particular:

= Ly possesses a Martin kernel Ky such that, for every y € 9Q, x — Ky (z,y) is
positive Ly harmonic in € and vanishes on 09 \ {y} and the following holds:

Representation Theorem. For cvery positive Ly -harmonic function u there ex-
ists a measure v € M (02) (= the space of positive, bounded Borel measures) such
that

(1.3) u(z) = Ky (z,y)dv(y) =: Ky[v] x € Q.
o0

Conversely, for every such measure v, the function u above is Ly harmonic.

= The Boundary Harnack Principle (briefly BHP). (See its statement in the next
section.)

In addition, sharp two-sided estimates of Green and Martin kernels of the operator
Ly, recently obtained by the author [16] are valid under conditions (A1), (A2), (in
Lipschitz domains). A statement of these estimates is provided in the next section.

Previously these estimates have been obtained in two special cases: (a) V =0
in Lipshitz domains, Bogdan [7], (b) V = /6%, v < Cg(Q) in smooth domains,
Filippas, Moschini and Tertikas [11].

The Martin kernel is similar to the Poisson kernel. However, unlike the Poisson
kernel, the mass of Ky (-,y) at y need not be finite. For instance, if V = v/5(z)?
with v < Cg () (= the Hardy constant in ) then the mass is zero when p > 0
and infinity when pu < 0. Therefore, in these cases, Ly has no Poisson kernel but
possesses a Martin kernel.

Definition 1.1. (i) A function u > 0 is local Ly harmonic (respectively superhar-
monic) if it is defined and Ly harmonic (respectively superharmonic) in a one-sided
neighborhood of 012.

(ii) A positive local Ly harmonic function u, has minimal growth at 9Q if, for
every positive local Ly superharmonic function v,

) u
limsup —(z) < 0.
S(x)—=0 Y

(iii) A positive Ly superharmonic is called an Ly potential if it does not dominate
any positive Ly harmonic function. It is known [2] that u is an Ly potential if and
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only
u=Gylr] = /QGV(CC,?J)dT(y)

where 7 is a positive Radon measure on 2 such that Gy [r] < co. (See also (1.6)
below).

The Green kernel Gy is uniquely determined by the following conditions, [1].
(a) For every y € Q, —Ly Gy (x,y) = d, (the Dirac measure at y) and

(b) the function z — Gy (x,y) is of minimal growth in Q\ {y}.

The BHP and a result of [4] imply,

There exists a constant C > 0 such that for every yg € €1,
(1.4) C Gy (z, ) < dy(z) < CGyv(z,y0) when 6(x) < 5(yo)/2.

A proof - based on [5] - is provided in [16, Lemma 1.2].
It is well-known [14] that for any compact set E C 2 there exists a constant c(E)
such that

1
(15) C(E) |:E - y|2_N < GV(x’y) < C(E)|Q7 - y‘Q_N \V/(l',y) €eExE.
This inequality and (1.4) imply that,
(1.6) Gyl = / Gy (2, y)dr(y) < 00 = 7 € M, (0 D).
Q

In fact if 7 is a positive Radon measure but 7 ¢ M, (2; Py ) then Gy [r] = oc.

It follows that, in the present context, a positive Ly superharmonic w is an Ly
potential if and only if w = Gy [r] for some T € M4 (Q; Dy).

In this paper we study operators Ly such that V is strongly singular on 0S, i.e.
V satisfies (A1) and

lim sup V62 #0.
6—0

Of special interest are potentials of the form

V =~Vp, F C 09 compact, v € R

(1.7) 1
VF =9

0

The main part of our study is devoted to the derivation of weighted integral
estimates of positive Ly superharmonic and Ly subharmonic functions. The weight
W is given by,

(5F(:E) = dist (:E,F), v < CH(VF).

Oy
= 3
The estimates are sharp and two sided (see Theorems 3.7 and 3.8 below). This
indicates that in the present context the weight W is optimal.

The derivation is based on assumptions (Al), (A2) and two conditions on the
behavior of the ground state, (see (B1) and (B2) in section 3). In the case that V is
positive and (2 is a C? domain these conditions are satisfied if there exists o > 1/2
and C' > 0 such that

(1.9) Oy (z) < CH(x)* Vel

(1.8) W
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Thus our approach does not require the availability of sharp estimates of the
ground state.

Linear and nonlinear boundary value problems for operators Ly with V as in
(1.7) have been investigated by many authors. But, to our knowledge, these were
restricted to potentials where the ground state is known, i.e. sharp two-sided es-
timates of the ground state are available. Usually, the analysis depends on these
sharp estimates in an essential way.

In the case of strongly singular potentials (1.7), such estimates are available only
in a few instances, in smooth domains:

(i) F a singleton, (also in cones)
(il) F = 09,
(iii) F' = F}, a smooth k-dim. manifold without boundary.

The estimates of the ground state in (i) and (ii) are classical. For the estimate in
case (iii) see Fall and Mahmoudi [10]. For (i) in cones see Devyver, Pinchover and
Psaradakis [8].

The interest in problems involving operators Ly with strongly singular potentials
increased considerably in the last decade. Following is a list of a few works in the
area:

Bandle, Moroz and Reichel [6], Marcus and P.T. Nguyen [18], [19], Gkikas and
Veron [13], P.T. Nguyen [21], Y. Du and L. Wei [9], [24], Marcus and Moroz [17],
Chen and Veron [15].

In most of these, the authors deal with (positive) solutions of nonlinear equations
such as —Lyu + f(u) = 0 under various conditions on the nonlinear term and with
potential V' =~v5~2 or V = ~/|z|?> (0 € ) or a combination thereof.

The estimates established in the present paper provide a basis for the study of
positive solutions of boundary value problems for equations as above for a large fam-
ily of potentials, including for instance, any positive potential satisfying conditions
(A1), (A2) and (1.9) in smooth domains.

Examples of specific classes of potentials that satisfy these conditions are pre-
sented in Section 8.

The main tools used in the paper are: (a) potential theoretic results (mentioned
above) and (b) estimates of the Green and Martin kernels (described in the next
section).

These tools are valid in bounded Lipschitz domains and the methods employed
in the present paper can be adapted to the case of Lipschits domains. However, for
the sake of clarity, in this paper we present our results for the case of bounded C?
domains.

The adaptation of our results to the case of Lipschitz domains involves modifica-
tions that require careful technical treatment. This will be presented in a separate
note.

The paper is organized as follows.

Section 2 provides statements of some results from the literature that are frequently
used in this paper.
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In Section 3 we state the main results of the present paper, in which it is assumed
that the domains are bounded of class C?.

In Section 4 we establish estimates of positive Ly harmonic functions: Theorems
3.1 and 3.2.

In section 5 we derive estimates of Ly potentials: Theorems 3.3 and 3.4.

In Section 6 we establish sharp, two-sided estimates of Ly superharmonic and Ly
subharmonic functions: Theorems 3.7 and 3.8.

Section 7 is devoted to a discussion of boundary trace in terms of harmonic measures
dw‘x/o’D of Ly in Lipschitz domains D € {2 relative to a point zg € D. In particular
we establish an equivalence relation, on ¥g = {x € Q : 6(z) = B}, 0 < B < fo,
between the weight measure WdS and the harmonic measure dwzc/o’D‘3 where Dg =
{zx € Q: d0(x) > B}, (Theorem 7.5). Here Sy is a number depending on 2 (see
Section 2 for details) and zg € Dg, is a fixed reference point.

Section 8 provides examples of families of strongly singular potentials which satisfy
the assumptions of this paper.

2. PRELIMINARIES

Denote,

T(r,p) ={&=(£&,8) eRx RVt || < p, €] <1}

Assuming that €2 is a bounded Lipschitz domain, there exist positive numbers rg ,
x such that, for every y € 09, there exist: (i) a set of Euclidean coordinates £ = &,
centered at y with the positive &1 axis pointing in the direction of ny1 and (ii) a
function Fy, uniformly Lipschitz in RN~1 with Lipschitz constant < x such that

Qy(ro, po) == Q2N Ty(ro, po)
= {g = (5175/) : Fy(gl) < gl < o, |§,‘ < T0}>

where T, (70, po) = y+T'(r0, po) in coordinates & = &, and pg = 10kr9. Without loss
of generality, we assume that x > 1.

The set of coordinates &, is called a standard set of coordinates at y and Ty(r, p)
with 0 < r <79 and p = ckr, 2 < ¢ < 10 is called a standard cylinder at y.

If Q is a bounded C? domain there exists 3y > 0 such that for every z € Qg,
there is a unique point o(z) € 92 such that

& — o(a)| = 5(x)

(2.1)

and z + §(z) is in C*(Qg,) while z — o(x) is in C1(p,). The set of coordinates
(0,0) defined in this way in Qg, is called the flow coordinates set. We denote
Dg={xeQ:6(x)>p}, Qp={reQ:di(z)<p},

(2.2) Y5 ={zr €Q:(zx) =B}

HrQis smooth, n, denotes the inward normal at y. If Q is Lipschitz, n, denotes an approximate
normal.
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Notation. Let f;, 1 = 1,2, be positive functions on some domain X. Then the
notation f; ~ fo in X means: there exists C' > 0 such that

%fl <fo<Cft inX

The notation f; < fo means: there exists C' > 0 such that f; < Cfy in X. The

~

constant C' will be called a similarity constant.
The BHP and estimates of the Green and Martin kernels will be frequently used

in the sequel. Therefore, for the convenience of the reader, we state them here.
These results are valid in bounded Lipschitz domains.

The Boundary Harnack Principle:

Theorem 2.1 (Ancona [3]). Let P € 9Q and let Tp(r,p) be a standard cylinder
at P. There exists a constant ¢ depending only on N, a and £ such that whenever

w 18 a positive Ly harmonic function in Qp(r,p) that vanishes continuously on
QN Tp(r,p) then

u(x) _ —=P,T p

() <erVN2GY(x, A, YreQn (5,5)
where A = (p/2)(1,0,...,0), A" = (2p/3)(1,0...,0) in the corresponding set of local
coordinates Ep.

In particular, for any pair u,v of positive Ly harmonic functions in Qp(r, p) that
vanish on 00N TE (r, p):

(2.4) w(z)/o(z) < Cu(A)v(A), Yz eQnT (r/2,p/2))

where C' = 2.

(2.3) N 2GY (x, A') <

<

Estimates of the Green and Martin kernels (Marcus [16]):

Theorem 2.2. Assume (A1), (A2) and N > 3.
Then, for every b > 0 there exists a constant C(b), depending also on N,rg, K, a,
such that: if x,y € Q and

C(b)

(25) 7~ ] < 3 min(3(x), 6(1))
then
(2.6) Ly < Gy () < OO — P,

In the next theorems, C' stands for a constant depending only on 7, x,a and N.

Theorem 2.3. Assume (A1), (A2) and N > 3.

If x,y € Q and
(2.7) max(d(z),d(y)) < ro/10k
(2.8) min(6(z), 8(y)) < eyl

= 16(1 + k)2
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then
1 o — g2V eyv (@) oy (y)

o) ©
‘ < C|£C _ y|2—N QO’yV(x)QO’yV(y) )

Sva(l‘y)z
The point x, depends on the pair (x,y). If
Fz,y) = |z —y|Vi(z) Vi(y) < ro/l0k

xy can be chosen arbitrarily in the set

1. . r+
(210)  Alw,y) = {2 € Qi 5i(2,p) < (=) < 27(@,9)} 0 Bus(ay) ()}
Otherwise set x, = xo where xq is a fized reference point.
Theorem 2.4. Assume (A1), (A2) and N > 3.
IfxeQ, yedQ and |r —y| < {3 then

1 owv() 2-N v eyv(z) 2-N
2.11 ———=|r—y <K (z,y) <Oz —y ,
( ) C QO'VV(:Ey)Q | | Q ( ) ¢7V($y)2 | |

where x, is an arbitrary point in A(x,vy).

Finally we recall two well-known results that will be used later on. These results
apply to a general class of operators that includes in particular, operators Ly sat-
isfying (A1) and (A2).

I. Riesz decomposition lemma. Let u be a positive Ly superharmonic function.
Then u has a unique representation of the form:

(2.12) u=p+w wherep is an Ly potential, w is Ly harmonic.

II. Characterization of Ly potentials. A positive Ly superharmonic function
p is an Ly potential if and only if it is a Green potential, i.e., p = Gy|[r| for some
T € M(Q; Py). (See [2, Theorem 12]).

3. MAIN RESULTS

In the results stated below 2 is a bounded C? domain in RY. As mentioned in
the introduction, the results will be extended, in a separate note, to the case of
bounded Lipschits domains.

The first result provides a sharp estimate of positive Ly harmonic functions.

Theorem 3.1. Assume conditions (A1), (A2). In addition assume that,

(I)2
(B1) limﬁﬁo/ —Vds = 0.
55 O
Then
1 oy
(3.1) Ll < / VR lds < Ol Vv € My (09),
C =5 Po

where C depends on a,$) and the rate of convergence in (B1). Condition (B1) is
also necessary.
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Notation Let u be a positive Ly harmonic function. Put
Wu 1EﬂdHN—1 in Q

(3.2) op(u) = o(u, Dg) = {0 in RN\ Q

where W := %. Let
M(u) := {og(u) : 0 < 5 < fo}.
Theorem 3.1 implies that M (u) is a bounded set of measures on RY. Therefore, for
any sequence (3, — 0, there is a subsequence {f3,/} such that {os ,(u)} converges
weakly to a measure in M(IQ). The set of weak limit points of M(u) as § — 0
(with respect to weak convergence) is denoted by T'(u).
A measure V' € T(u) is called an approzimate trace of u.

Theorem 3.2. Assume conditions (A1), (A2), (B1) and let u = Ky [v], v € M(09)
positive. If V' is an approrimate trace of u then v and V' are mutually absolutely
continuous and ) W
v
—<h=—<C
oS <

dv
where C' is the constant in (3.1).
In the following theorems we present estimates of Ly potentials. Recall that

w is an Ly potential iff w = Gy[r] for some positive measure 7 € M(§; Py ).
Alternatively we refer to such a function as a ’Green potential’.

Theorem 3.3. Assume (A1) and (A2). Then there exists a constant ¢ depending
on a, ro and k such that, for every T € My (Q; Py ),

(3.3) % /Q

o
dydr < / VY Gylrlda
Q

ro/4 ro/12K 0
and
1 o
(3.4) - / Oy dr < / —YGy[r]dz
cJa a Po

Remark. See also Lemmas 5.1 and 5.2 below for more specific estimates concerning
surface integrals on manifolds »g.

Theorem 3.4. Assume (A1), (A2). In addition assume that there exist a, a* such
that:

1 *
(B2) 0<a-1/2<a" <a, E&“S@yﬁcéa in Q.

Then there exists ¢ > 0, depending on a, a, o*, a and Q such that for every
T € M, (Q; Qy)

(3.5) / OV Gyirldr < ¢ / By dr.
o Po Q
Corollary 3.5. Assume (A1), (A2), (B1) and (B2). Then
(3.6) / &Gv[T]dSw 0 asfB—0.
w5 Po

Using these facts and the Riesz decomposition lemma we obtain,
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Proposition 3.6. Assume (A1), (A2).
(i) If w is a positive Ly superharmonic function then

(3.7) —Lyu =1 eM(Q; Dy)
and there exists a non-negative measure v € IMM(ON) such that
(3.8) u = Gv[T] + Kv[lj].

(ii) Let u be a non-negative Ly subharmonic function and T := Lyu. Then, 7 €
M(Q; Py ) if and only if u is dominated by an Ly superharmonic function. If the
above condition holds then there ezists a non-negative measure v € IMM(IN) such
that

(39) u—i—Gv[T] = Kv[y].

Combining Proposition 3.6 with Theorems 3.1, 3.3 and 3.4 we obtain the folowing
two sided estimates.

Theorem 3.7. Assume (A1), (A2), (B1) and (B2). Let u be a positive Ly su-
perharmonic function and let T, v be as in Proposition 3.6. Then there exists a
constant C depending only on a, a*, «a, ro, ) such that

| o
(3.10) (/ <I>Vd7'+||1/||)§/vudx§0(/ By dr + [v]).
C'Ja o ®o Q

Theorem 3.8. Assume (A1), (A2), (B1) and (B2). Let u be a positive Ly sub-
harmonic function and assume that

(3.11) T := Lyu € M(Q; dy).

Put v :=try(u). Then there exists a constant C' depending only on a, o*, «, 19,
such that

1 o
(3.12) —|Iv| g/vudx—i—/ Sy dr < Cllv|.
C o Po Q

ro/4

In Section 7 we establish an equivalence relation between the measure WdsS on ¥z
and the harmonic measure of Ly in Dg (see Theorem 7.5). This relation provides
further indication to the effect that the weight W = 2—‘5 is optimal in the present
context.

Estimates (3.1) and (3.5) and a version of Proposition 3.6 have been proved in [18]
in the special case V = 7/§2 and in [19] in the case V = 7/6%% where Fj, is a smooth
k-dimensional manifold without boundary. In both papers the proofs dependended,
in an essential way, on the fact that, in those cases, the precise behavior of the ground
state is known. In [18] the estimates have been applied to a study of boundary value
problem for the equation —Lyu + uP = 0. These results have been extended in [17]
by a considerable relaxation of the conditions on . In [19] the above estimates
have been applied to the study of a more general family of nonlinear equations with
absorption of the form —Lyu + f(z,u) = 0.

Theorems 3.2, 3.3, the related Lemmas 5.1 and 5.2 and consequently the lower
estimates in Theorems 3.7 nd 3.8 are new even in the model case V = ~/§2.
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4. ESTIMATES OF Ly HARMONIC FUNCTIONS AND APPROXIMATE BOUNDARY
TRACE

Proof of Theorem 3.1. For y € 992 denote

1
Cy={zeQ:(x—ymny) > 5]3: —yl, 6(x) < Po/2}
It is known [3] that there exists 9 > 0 such that
(4.1) Ky (y+ tny, y)Gy (y + tny, z0) ~ 2Nt € (0,t0)

with similarity constant dependent on a, {2 but independent of y. We assume that
€y < tg. Hence, by the strong Harnack inequality,

Ko(z,y) N Gy (z,z9) Py (x)

~ in C .
Ky(z,y)  Go(z,z0)  Po(z) (y)
Thus,
o
(4.2) / V() g (s y)dSy ~ / Ko(x,y)dS,,
sy Po() Co(y)NSs

with similarity constants independent of y € 9Q and 3 € (0, €).

By BHP Ky (-,y) ~ Gy (-, z0) in Q, \ Cp(y), uniformly with respect to y € 0.
Therefore condition (B1) and (4.2) imply that there exists a constant C' = C(V, )
such that

o
(4.3 | 2 kv was, ~ [ Kow)as.
Y q)O(CL') ¥g
with similarity constants independent of y € 92 and § € (0, ).
By Fubini’s theorem (4.3) implies (3.1).
The last part of the proof also shows that condition (B1) is necessary. g

Proof of Theorem 3.2. By assumption, v/ is an approximate trace of u, i.e., there
exists a sequence of positive numbers {f3,} converging to zero such that

0-:871 (U) - V/‘

Let E C 092 be a compact set and denote by vg the measure on 9} given by
vg(A) =v(EN A). We similarly define the measure (v/)g: (V' )g(A) =V/(ENA).
Put up := Ky[vg]. Taking a further subsequence if necessary, we may assume
that {0, (ug)} is also weakly convergent. The weak limit of this sequence is denoted
by (vg)'. Note that (vg)" and (V')g are different measures.
We have to show that
1

(#) “v(E) <¥/(E) £ Cu(E)

with C as in (3.1). First observe that

and, by (3.1),

This proves the left inequality in (#).
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Given € > 0, let E C O C 99, O relatively open and v(O \ F) < e. Further put
Vo = Vpo\o- Then - taking a subsequence if necessary - we may assume that both
sequences {og,(Ky[vo])} and {og,([70])} converge weakly. We denote the limits
by (vo)" and (7o)’ respectively. Obviously

(vo)' + (7o) =v
and (70) (E) = 0. Therefore, by (3.1),
V(E) < (10)(09) < Cv(0) < C(v(E) +¢)
This implies the right inequahty in (#). O

/

5. ESTIMATES OF Ly POTENTIALS

In this section we prove Theorems 3.3 and 3.4 and Proposition 3.5. The proofs
are based on two lemmas.

Lemma 5.1. Assume that (A1) and (A2) hold. Let T € M (Q; ®y) and denote

1
18 =3 [ @@ [ Grmslle - yhir)as,
B Js, Q0
where xs(t) =1, (1) and a > 16K2. Then there exists a constant ¢ depending only
on a, a and €} such that,

(5.1) i/ﬂm/z Bydr < I(8) < c/Q@VdT VB € (0,70/3a).

Proof. The domain of integration in I1(3) is {(z,y) € X3 x Q : |z —y| < aB}.
We partition the domain of integration into three parts and estimate each of the
resulting integrals separately. Accordingly we denote:

Lad) =L [ @y / Gy (2, 9)vas (| — y1)d7(y)dSs,
B Js, B/a<s(y)<B

La(8) = 2 [ @y (o) / Gy (2, 9)Xas (1 — y])dr (4)dS,,
B s, (W)<B/a

Ls8) =2 [ () / Gy (2, 9)Xas (| — yl)dr (1),
p B<6(y)

so that I; = 1171 + 1172 + I173.
Estimate of I 1(8).

By the Hardy (chain) inequality (see e.g. [16, Lemma 3.2]) , there exists C'(a) > 0
such that, if

*) Bla<dy)<B w5 |r—y <ap
then
(5.2) L (@) < @y (y) < Cla)dy (2).

C(a)
By Theorem 2.2, if (*) holds then

1 - B
“le =y < Gy(a,y) <o -y
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for some constant ¢ = ¢(a). Hence,

1 _
a(B) ~ & / / 2 — PN xas(lz — )y (y)dr(y)dS,
B Jsy Jpjazsy)<p

(5.3) .
as y < B
By (*),
af
/ 2 — y* Vxaus(|r — y|)dS, < / dr = af,
(5.4) >p 0

af
(a—1)8 < / dr < / & — 41> N xas(z — y])dS,.
[B=d(y)] Xg

Hence by (5.3),

(55) 1171(5) ~ / <I>Vd7'
Bla<é(y)<p

with similarity constant depending on a and 0f).

Estimate of I 2(3). Here we assume that 8 < r¢/3a. Since d(y) < S/a it follows
that in the domain of integration of I o,

(5.6) (a=1)d(y) < B —d(y) < |z —yl <ap.

Thus the pair (z,y) satisfies the conditions of Theorem 2.3 and consequently,
(I)V T 2 _

(57) Dy @Gy (.9) ~ 2 ay (e - g2,

Py (zy)
where x, may be chosen as follows: z, := 1+ |z — yn, with n € 0Q the closest
point to y.
Then, by (5.6), 6(zy) = |x —y| ~ 5 and |z, — z| < af. Hence, by the strong
Hardy inequality, there exists ¢(a) > 0 such that
1
gq)‘/(x) ~ CI)V(:ry) < C, q)v(l')

Therefore,

Oy (z)? _
- Oy (z)Gy (2, y) ~ W%(y)lx —y N

~ |z =y N oy (y).

with similarity constant depending on a. It follows that,
1 _

Go)  ha@~g [ [ e Ve - s ey (dr()ds..
B Jss Jow<p/a

By (5.4) and (5.9) we conclude that,

(5.10) I 5(B) ~/6( <) v (y)dr(y).
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Estimate of I 3(8).

In this case, as |[x — y| < af and 0(y) > B inequality (5.2) holds. Moreover, by
Theorem 2.2 the inequality below holds:

1 - _
“le =y < Gy(a,y) <l -y

Therefore, as in (5.3), we obtain

L1 _ 2N _ dr(y)d
ha(8) ~ /E /My)ps U2V xas (2 — y) @y (y)dr (y)dS,

1 2N _
(5.11) y /My) /E =P s~ sy )ir(v)

< / Oy dr
B<6(y)

We also have a (partial) estimate from below.

If y is a point such that 8 < 6(y) < 223 then Bug(y) N T4 contains an (N — 1)
dimensional ball of radius /2 and consequently there exists a constant c3(a) > 0
such that

[ o= 9P xasle = oS, > ca
B8

Therefore
(5.12) 63/ Qydr < I 5(8)
B<S(y)<3B
In conclusion, there exists a constant ¢ > 0 such that (5.1) holds. O

Lemma 5.2. Assume (A1), (A2). In addition assume that there exist o, a* such
that:

1 x
(B2) 0<a-1/2<a" <aq, E(Saybvgcéa in Q.

Then there exists C > 0 such that for every T € M, (Q; Py) and € (0,r9),

Ba(®) =5, /2 Dy (2) /Q G (2,9)(1 - Xap(|z — y]))dr(1)dS,
B

SC/ Dy dr,
Q

where X :=2(a* —a) +1 > 0.
Proof. Since 6(x) = f and |z — y| > af,
ainf(8(2), (1)) < |z — y].

Therefore, as before, we can estimate Gy (x,y) by (5.7). Here we choose z, =
n' + |z — y|n,, where 7’ is the nearest point to z on 92. Thus x and z, are on a
normal to 0 and |z — y| = d(zy) > ad(z).

By assumption (B2),

(5.13)

*

@V(l’)
Dy (zy)

/BCM

2 —y|>

< ¢(a)
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Hence, by the first relation in (5.8)

oo < / %)2
Ssnl|z—y|>ap) Pv(Ty)

< g / o — y[2~N -2 / By (y)dr(y) dS,
EgN[lz—y|[>ap] Q

o — g2 N /Q By (y)dr(y) dS,

(5.14) 1
s [ rar [ evar)
af Q
< pre et / Qv (y)dr(y)-
Q
Therefore (5.13) holds with A = 2a* — 2a: + 1. O

Proof of Theorem 3.3. By Lemma 5.1,

1
/ @VdT S Il(ﬁ)
Q3482

for every 8 < ro/3a. Therefore for every ro/6a < 8 < r¢9/3a,

(1:/ Sy dr < I ().

Qg /4

This implies (3.3). More precisely, there exists a constant ¢* depending only on a,
a, ro, k such that

(5.15) o / By dr < / 2V 6y [rlde.

Qo4 V<Ll P

H)7 112 where H is the Jacobian

ro/4 6ac
of the transformation from Euclidean coordinates to flow coordinates (d,0). It is

known that H(z) — 1 as §(z) — 0.
Put 7 =71 Then

A suitable constant is given by ¢* = (infq

[6=rg/4]"

/ /le‘ydT da:—//GnydxdT()
P
[ @Gy dadr () >
[0(y)=ro/4] J|x—y|<ro/8 *0
P _
pao) af [ W@y ) 2
[6(y)=ro/4] J|x—y|<ro/8 *0
af [ ey Nt ) >
[0(y)=ro/4] Jz—y|<ro/8

63/ q)vdT/ 2 04/ (I)VdT/,
[6>70/4] 0

the constants depending only on a, a, ro, . (By Harnack: ®y () > c¢®y(y) in the
domain of integration above.) Combining (5.15) and (5.16) we obtain (3.4). O
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Proof of Theorem 3.4. By (5.1) and (5.13)

L(B) < 61/

Q
for every 8 € (0,71) where r1 := ro/12k. Therefore

/ Q;VGV[T]CJ:C < 1(B) + B Ioa(8) < cmax(1, B 1) / By dr
g

<I>Vd7', and IQ’)\(B) SCQ/ <I>Vd7'
Q

Q
where A is a positive number. Consequently, integrating over g in (0,r1),
)
(5.17) / Y 6y e < ¢4 / By dr
o, Po Q

T1
where C7 depends on a, g, k, ™.
Therefore, to obtain (3.5), it remains to show that

(5.18) / & Gy Fdz < G / By dr
p,, Po Q
with C5 depending on the parameters mentioned above.

Recall that the ground state is normalized by ®y (z¢) = 1. Therefore, by Har-
nack’s inequality, it follows that ®y ~ 1 in D, , i.e, ®y is bounded and bounded
away from zero in D,, by constants depending only on a, r, k.

Let ro = r1/2 and write,

d P
/ ?VGV [T]dz :/ ?V Gy (z,y)dr(y)dz
Dy, *0 Dry =0 JDpy

P
+/ V/ Gy (z,y)dT(y)dz =: J1 + Jo.
p,, ®o Ja\p,,

In J, x € D,, and y € Q\ D,,. Therefore Gy (z,y) ~ ®y(y). Consequently

(5.19) o < / By dr.
O\D,,
In J; z,y € D,, and therefore, by Theorem 2.2,
(5.20) J1 < / / |z — y> Ndr(y)dz < 7(D,,) < / Dy dr.
Drl Drg DT2
Combining these inequalities we obtain (5.18). O

Proof of Corollary 3.5. Given € > 0 choose . > 0 sufficiently small so that
/ Oy dr < e.
Q.

Tl:TlQﬁ/ TR =T —T1 ui:GV[n].

Put

By Theorem 3.4

d
(521) Jy = / Tvul dS < de VB e (O,BE)
Xg
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If F is a compact subset of €2, there exists a constant cg such that, for every
yek,

Loy (2) < Gy(2,y) < cudy(z) when 5(z) < %dist (E,09).
CE

Consequently, for every y € Q such that 6(y) > S,

(5.22) Gv(z,y) S Pv(z) Vz€Qg )
with similarity constant independent of y. Hence

(5.23) ug ~ Oy |[af] in Qg o
Therefore, by condition (B1),

)
This fact and (5.21) imply (3.6). O

i)
Ja :—/ —Vugde —0 as g —0.
X

6. Ly SUPERHARMONIC AND SUBHARMONIC FUNCTIONS

Assume that V satisfies conditions (A1), (A2).
Let D € ) be a Lipschitz domain, denote by P‘E) the Poisson kernel of Ly in D

and by w?/o’D the harmonic measure of Ly on 9D relative to a fixed reference point

xg € D. Then,

(6.1) dwi®? = PP (w0, -)dS.

Lemma 6.1. (i) Let u be positive Ly superharmonic and denote:
w :=sup{v < w:wvis Ly harmonic}.

Then w is Ly harmonic.
(ii) Let u be positive Ly subharmonic. Assume that there exists a positive Ly
superharmonic function dominating u. Then

w :=inf{v > w : v is Ly superharmonic}
1s Ly harmonic.

Proof. (i) Let {D,} be a smooth exhaustion of Q2 and let
62  wle)= [ PP@Om©dS Vo€ Da by =ulan,
ODn,

where h,, is the trace (in the Sobolev sense) of u on 0€,. Then w,, is Ly harmonic,
u, < w and {u,} is decreasing. Therefore the limit v := limw,, is Ly harmonic.
Clearly v is the largest Ly harmonic function dominated by u so that w = v.

(ii) In this case {u,} is an increasing sequence which may tend to infinity. How-
ever, if u is dominated by an Ly superharmonic function, {u,} converges to an Ly
harmonic function w. If v is an Ly superharmonic function dominting v the v > u,,
for every n. Therefore w is the smallest Ly superharmonic function dominating u.
Consequently w = w. O
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Proof of Proposition 3.6. (i) This statement is an immediate consequence of the
Riesz decomposition lemma and the fact that u is an Ly potential if and only if
u = Gy|[7] for some 7 € M(; Py ).
(ii) If 7 € M(Q; Py) then u+Gy 7] is positive Ly harmonic. By the Representation
Theorem 3 v € M(0N) such that u + Gy [r] = Ky [v]. In this case u is dominated
by Ky [v].

Conversely, if v is dominated by an Ly superharmonic function v and u, is
defined as in Lemma 6.1 then u,, < v and

u+ Gen[Tan] =up, <v in D,.
It follows that Gy [r] = lim Gp» (71, ] < oo, which implies 7 € 9(Q; Py ). O

Proof of Theorems 3.7 and 3.8. These theorems are a direct consequence of Theo-
rems 3.1, 3.3 and 3.4 applied to (3.8) and (3.9). O

7. THE HARMONIC MEASURE AND THE MEASURE W dS.

Assume that V satisfies conditions (A1), (A2).
Let D € () be a Lipschitz domain, denote by P‘I}) the Poisson kernel of Ly in D
and by wf/o’D the harmonic measure of Ly in D relative to a fixed reference point

xg € D. Then,
(7.1) dwi®” = PP (20,-)dS on aD.

Let {D,,} be a uniformly Lipschitz exhaustion of Q. It is well known that if u is
a positive A-harmonic function then

(7.2) uLaDndng’D

n v

where v € M(IN) is the boundary trace of v and — indicates weak convergence in
measure. In [20, Definition 3.6], (7.2) was used as a definition of boundary trace for
solutions of certain semilinear equations with absorption. In this spirit we define,

Definition 7.1. A non-negative Borel function u defined in €2 has an Ly boundary
trace v € M(0N) if

(7.3) lim hudwi? " :/ hdv Vh € C(£),
[2/9]

n—o0 8Dn

for every uniformly Lipschitz exhaustion {D,,} of Q. The LV trace will be denoted
by try (u). Here we assume that Dg, C Dy and zg € Dg,.

In the present context a ’good’ definition of trace should imply two basic state-
ments: (a) if u is positive Ly harmonic then try (u) should be defined and coincide
with the measure in its Martin representation and (b) if v is an Ly potential its Ly
trace should be zero. The next lemmas show that, with the above definition, these
statements are valid.
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Lemma 7.2. If {D,} is a uniformly Lipschitz exhaustion of Q then, for every
positive Ly harmonic function u = Ky [v],

(7.4) lim hudw{P" = [ hdv VheC(Q).
=% JoD,, oQ
Proof. First observe that
(7.5) u(wo) = / u dwid P
0Dy,
and, as the Martin kernel is normalized by Ky (xg,y) = 1 for every y € 01,
u(zo) = ; Ky (wo,y) dv(y) = v(09).
Q

Thus (7.4) holds for h = 1. By (7.1) the following sequence of measures is bounded:

d xOyDn n
o = u dwy, on ?D ne N
0 on Q\dD,

Let {0y, } be a weakly convergent subsequence with limit v/. Then
v(09Q) = V' (09).
Let F' C 092 be a compact set and define

v =1, Wf = Ryl

Let 0 be defined in the same way as o, with u replaced by u’. Proceeding as

before we obtain a weakly convergent subsequence of {¢f'} with limit 7 supported
in F. Furthermore,

vp(F) = vp(09Q) = ul' (z0) = vI(0Q) = v(F).
Since uf” < w it follows that 77 < v/. Consequently v(F) < v/(F). As this inequality

holds for every compact subset of 9 it follows that nu < /. As the measures are
positive and v(99) = v/ (99) it follows that v = v/ and therefore the whole sequence

{on} converges weakly to v. O
Lemma 7.3. Assume (A1) and (A2). Then

a) try(Kylv]) =v Vv € M, (092
(7.6) (a) trv(Kv[v]) +(09)

(b) try(Gy[r])=0 V7 €M (O Ty).

Proof. (a) is a restatement of Lemma 7.2. (b) follows from the fact that Gy |[7]
is an Ly potential , i.e., it does not dominate any positive Ly harmonic function
(see [2]). Let u, be defined as in (6.2), with w = Gy [r]. Then limu,, is the largest
Ly harmonic function dominated by u, which in this case is the zero function. Thus,
z0,Dn

up(z0) = - Gvl[r]lop, dwy,

— 0.

g

Lemma 7.4. Let u € Llloc be a positive function such that —Lyu =: T where

|7] € M(Q; Py). Then u has an Ly boundary trace, say v, and u = Gy [r] + Ky [v].
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Proof. Put U = u+ Gy (|7| — 7). Then U is positive, Ly superharmonic: —LyU =
|7|. By propostion 3.6(i), try (U) =: v exists and U = Gy [r'] + Ky[v]. Thus 7’ = |7|
and

u=U—Gy(|r| — 1) = Gy[r] + Ky [v].
Since 7 is the difference of two positive measures in 9%(2; @) it follows that
trv(Gv[T]) = 0. O

A comparison of (7.6) (a) with Theorem 3.2 and of (7.6) (b) with Corrollary 3.5
indicates that the behavior of the measure WdS on g is similar to that of the
harmonic measure near the boundary. The next result gives a precise meaning to
this relation.

Theorem 7.5. Assume (A1), (A2), (B1). Fory € 092, denote by C, the spherical
cone with vertex y whose axis points in the direction of n, and its opening angle is
w/4. Then, there exists a positive constant C independent of y € 02 such that, for

every 5 € (0, Bo),

1 1 xo,D
CyﬂZ,g
Proof. We know that
xg,D
(7.8) I = | Ky(z,y)dwy ™" = Ky(zo,y) =1 VB € (0,5).

g

We write J? as a sum of two integrals:

(7.9) J? :/ +/ Ky (,y)daf®"? = 00 + 72
CyNZg EB\Cy

By BHP,
Ky (-,y) ~ Gy (z,z0) inQs\C,
uniformly with respect to y. Therefore, by (7.6) (b),
TIPS | Gule,z0)dwi®™® -0 as 8 —0
D]
uniformly with respect to y. Consequently, by (7.8) and (7.9),
(7.10) JP 51 asB—0
uniformly with respect to y. In addition, by the strong Harnack inequlity,
D
JP ~ Kv(y—l—ﬁny,y)/ dwi ™ ?
Cyﬂzg

with similarity constants independent of y. Therefore there exists C; indpendent of
y such that

1 T
(EST1) O, < Ky(y+ Bny’y)/ dWVO’DB < C; VB e(0,p).
1 CymEB

Similarly we denote,

J° ::/ +/ Ky (xz,y)WdS =: jlﬁ + JNZ'B
CyN¥pg Y5\Cy
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By (3.1 jg is bounded above and below by positive constants independent of y € 902
and 3 € (0, 5p). By BHP and (1.4)

KV('ay) ~ GV('axO) ~ q)V in Qﬂ \Cy
Therefore, by (B1),

- P2
Jﬁg/ VS >0 asfB—0.
5 Po

It follows that jf is bounded above and below by positive constants independent
of y, 5. By the strong Harnack inequality,

Je = / Ky (@ WS ~ Ky(y+ g, o)Wy + o) 5%
Zﬁﬂ y

with similarity constants independent of y, 5. Therefore there exists a constant Co
independent of y such that

(EST2> Cl'g < KV(Z/ + ﬁnyyy)w(y + Bny)BN_l <Cy VBe (0,50)-

Combining (EST1) and (EST2) we obtain (7.7). O

8. EXAMPLES

Let 2 be a smooth bounded domain, F' C 02 a compact set. Denote

1
Vi = 52 Op(z) = dist (z, F),
F
fQ ’v‘P‘Q
cg(Vp) = 1 f

1. The model case V = ~/§? with v < 0191 (: Hardy constant for the domain). In

every smooth domain C% < 1/4.
Here ®y ~ 0% a > 1/2, Vv < C%. Thus (B1), (B2) hold.

2. V = /6% where () # F is an arbitrary compact subset of 9Q and 0 < v < C’%.
Then,
0< Ve <v/6% =6 < dy, <5

for some a* > 1/2. Therefore (B1), (B2) hold.
Ifv<o:

1 1
—/8? < Vp <0 = §* <Dy <6, a—2+\P>1.

(B1) always holds. (B2) holds if a < 3/2, i.e., v > —3/4. In summation,

(%) (B1) holds ¥y < C%, (B2) holds we(—z,c,f}).
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3. V= fy/(%c, 0<k<N-—-1and vy <min(Cy(Vg,), %) =: Y. F, C 09 is
a smooth k-dimensional manifold without boundary and

Jo Vol da

8.1 Cu(Vg,) = f
& Vi) = o) Ty 10 da

In a neighborhood of Fj,

1
@y ~ §0F,  where o= i(k — N+ +/(k—N)2—4y).

The restriction on «y implies a > —1/2. Therefore, if 0 < 7 then, in a neighborhood
of Fj, § < @y < 6% for some o > 1/2. Thus (B1), (B2) hold.

When v < 0, (B1) always holds and the argument in 2. shows that (B2) holds
when v > —3/4. In summation,

(**) (B1) holds Vv <%, (B2)holds Vye€ (—Z,fyk)

As expected the restriction is weaker then in 2.

4. V =~/ 6% where F' is an arbitrary compact subset of a manifold F (defined in
3.),0<k<N-1

If k=N — 1 then Fj, = 92 and (x) holds.

If 0 <k < N — 1 then again (**) holds.

In these examples, the conditions imposed on v are sufficient but, in most cases,
far from optimal. Therefore there is need for further research concentrating on
special (more restricted) families of potentials.
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