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INVARIANT GRAPHS AND SPECTRAL TYPE OF
SCHRODINGER OPERATORS

ARTUR AVILA, KONSTANTIN KHANIN, AND MARTIN LEGUIL*

ABSTRACT. In this paper we study spectral properties of Schrodinger operators
with quasi-periodic potentials related to quasi-periodic action minimizing trajec-
tories for analytic twist maps. We prove that the spectrum contains a component
of absolutely continuous spectrum provided that the corresponding trajectory of
the twist map belongs to an analytic invariant curve.

1. INTRODUCTION

In this paper we discuss connections between the Aubry-Mather theory and the
spectral theory of Schrodinger operators with quasi-periodic potentials. The Aubry-
Mather theory was developed in the 1980s. In a certain sense it can be considered
as a global extension of the KAM theory. It also provides a variational approach to
the KAM phenomenon. In what follows we discuss only the 2D twist map setting
corresponding to Hamiltonian systems with two degrees of freedom. Namely, let
T := R/Z and consider a family {1\s}rer of standard type maps on the cylinder:

[ TxR — TxR,
(OVE (p,r) = (@+7r+Af(e) mod 1,7+ Af(p)),

where f is a smooth 1-periodic function with mean value zero and A is a coupling
constant. The main object of interest is the set of quasi-periodic trajectories for
the map s for a fixed irrational rotation number «. One can show that such
trajectories always exist. Moreover, for some a = a(a) € R, they correspond to
minimizers for the Lagrangian action Ayy q:

Axpallmhnez) = 3 3 s —un— 0 + XY Flun),

nez nel

where I/ = f. However the behavior of such minimizers depends on the coupling
constant A. For small values of |\| the set of minimizers belongs to a smooth
invariant curve, and under certain arithmetic conditions, the dynamics on this curve
is conjugated to the rigid rotation by angle . On the other hand, for large values of
|A| minimizers form disjoint Cantor-type sets, sometimes called cantori. The theory
describing properties of such invariant sets is often called the weak KAM theory.
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It is believed that one has a sharp transition in the parameter A. Namely, for
A < Agr (@), there exists a smooth invariant curve (analytic if f is analytic), for A =
Aer (@), an invariant curve still exists but it is not C° anymore (perhaps only C**¢-
smooth), so that the conjugacy with the rigid rotation is only topological, and the
invariant measure is singular. Finally, for A > A, («) the minimizers form a Cantor-
type set of zero Lebesgue measure. In fact it is even expected that the Hausdorff
dimension of such sets vanishes. It is also expected that the dynamical properties
of minimizing trajectories are very different before and after the transition. The
trajectories belonging to smooth invariant curves are elliptic with zero Lyapunov
exponents, while trajectories belonging to cantori are expected to be hyperbolic.
Although the above transition is confirmed by many numerical studies, at present
there are very few rigorous results in this direction, especially related to the critical
case A = A ().

Minimization of the Lagrangian action leads to the discrete Euler-Lagrange equa-
tion. In particular, any minimizing sequence (¢, )necz must be related to a trajectory
of the map ,y. The second differential of the action functional can be written as
a quadratic form (Hu,u), where H is the 1D Schrodinger operator

H: (Un)nEZ — (un—i-l + Up—1+ %(‘Pn)un)nGZa

with Vp := —f/ — 2.

Since a minimizing trajectory is quasi-periodic, the corresponding Schrodinger
operator will be an operator with a quasi-periodic potential. In fact, this con-
struction leads to a one-parameter family of such potentials parametrized by the
coupling constant A. It turns out that the potentials are smooth for A < A\..(«) and
discontinuous in the case A > A\ («).

In this paper we propose to study the spectral properties of such families of
Schrodinger operators. We prove that in the KAM regime, when there exists an
analytic invariant curve, the Schrodinger operator has a component of absolutely
continuous spectrum. We construct such a component near the edge of the spec-
trum. More precisely the following Main Theorem holds.

Main Theorem. Let f be an analytic 1-periodic function with zero mean value.
Suppose the standard-type map 1)y has an analytic invariant curve homotopic to
the base with a rotation number « of Brjuno type (see (3.1) for a definition). Then
the energy E = 0 belongs to the spectrum of the Schrédinger operator H, £ = 0
is the right edge of the spectrum: X(#) N (0,+00) = 0, and there exists eo(f) > 0
such that the spectral measures on [—¢, 0] are purely absolutely continuous (and
positive).

A more technical formulation of the theorem will be given in Section 3. The proof
is based on a dynamical argument. It is easy to see that a Schrédinger cocycle for
the energy F = 0 is conjugated to the dynamical (Jacobi) cocycle associated to
¥yy. This allows us to show that it is, in fact, reducible to a constant parabolic
cocycle. Then, using the arguments developed by Avila [4], we can conclude that
the spectrum is absolutely continuous in a neighborhood of £ = 0.
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This component of absolutely continuous spectrum comes from almost reducibil-
ity properties of Schréodinger cocycles for energies near E = 0. In [3], Avila showed
that almost reducibility is stable among analytic quasi-periodic SL(2,R)-cocycles
with irrational frequency. In a similar vein, the component of absolutely continuous
spectrum we obtain is also stable in the following sense: when the invariant curve
has Diophantine rotation number «, it persists under small analytic perturbations
of the potential. Moreover, by [13], this curve is also accumulated by other an-
alytic invariant curves with Diophantine rotation numbers close to . Our Main
Theorem guarantees stability in both senses, namely, under small analytic pertur-
bations of the potential, and for these Diophantine rotation numbers, the associated
Schrodinger operator also has a component of absolutely continuous spectrum.

We view this theorem as a semi-global result. Namely we do not assume that
the potential in the Schrédinger operator is small. We only use the existence of
an analytic invariant curve. We also conjecture that the critical value A, (o) is a
transition point. In other words, it is plausible that for all A > A..(a) the spectrum
will be pure point. This would mean that the dynamical transition from elliptic to
hyperbolic behavior in the weak KAM theory reflects in a related transition in the
spectral properties of the corresponding Schrodinger operators. It is an interesting
problem to analyze the spectrum at the critical value A = A..().

2. AUBRY-MATHER THEORY AND SCHRODINGER OPERATORS

2.1. Conservative twist maps of the cylinder. Let C“(T,R) be the set of one-
periodic analytic functions on R, and let C§'(T,R) C C“(T,R) be the subset of
functions with zero average. For any function f € C§(T,R), we let ¥ = ¥;: R? —
R2, (x,7) + (x+7r+ f(z),r + f(x)). It induces a map on the cylinder A := T x R:

‘ A — A,
Y =1y { (p,7) = (@+71+ f(p) mod 1,7 + f(p)).

The map v satisfies the twist property: for any (¢, 7) € A, we have 9, (p+r+f(p)) =
1 > 0. For an arbitrary f € Cy(T,R), it is also natural to define a one-parameter
family of twist maps (1x¢)rer, Where X is called the coupling constant.

An important case corresponds to the function fy: ¢ +— % sin(27). In this case,
for any A € R, the map 1y := ¥y, is the Standard Map with parameter \.

Given a point (x,7) = (79,70) € R%, we let ((Zn,7n))nez be its orbit under W:

X 1 = Iyt +1,
21 n+ n n
(21) { Tnt1 = Tn+ flan).

Similarly, for (¢, r) = (¢o,70) € A, we denote by ((¢n, ) )nez its orbit under ; for
xo € R such that ¢ mod 1 = g, we have (¢p,r,) = (, mod 1,r,), for all n € Z.
Let f € C§(T,R). The matrix of the differential of 1) = v; at (p,7) € A is

Dy = (l ) }) € SL(2.R).

hence 9 is an analytic volume-preserving diffeomorphism with zero Calabi invariant:
Y € Diff), o(A), where dm = dpdr is the Lebesgue measure.
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Let F € C§(T,R) satisfy F' = f. For any a € R, we define a function hy ,: R? —
R by the formula

1
ho(zo, 1) := §($1 — 9 — a)2 + F(xg), Y (zg, 1) € R2.

Let (o, 70) € A, and let (¢1,71) := ¥ (p0,r0). Given zp € R such that o mod 1 =
o, we set (x1,71) := V¢(xo,70). The value hyq(zo, 1) is independent of the choice
of the lift g € R of yg, and thus, we may define

hta(po, p1) := hya(20, 21).
In particular, given any two consecutive points (¢n, "), (Pn+1, "n+1) in the orbit of
(p,7) = (¢o,70) € A, the function h¢ q(pn, Pns1) is well-defined.
Moreover, the function hy, is generating for ¢ = ¢ in the following sense: for

(¢o,70) € A and (¢1,71) := ¥(po,70), we have
{ O1hya(po,01) = —(ro—a),
O2hya(po,01) = (r1—a).
2.2. Action-minimizing Aubry Mather sets. Let f € C{(T,R), and let F €

Cy (T, R) be the anti-derivative of f with zero average. Given a € R, we define the
action of a sequence u = (uy)nez € R% as a formal sum:

1
Arg(u) = heolun, Upi) = = Ups1 — Uy —a)® + F(u,).
$al) = 3 hgainstnin) = 5 3 (uns EDILE
The sequence u = (up)nez is called a minimizer of the action Ay, if for any compact
perturbation @ = (tn)nez of (un)nez, the difference in action satisfies Ay (1) —
Ay q(u) > 0. Notice that the difference of actions is well defined although Ay, itself
is just a formal series.
Recall that minimizers of the action are associated to orbits of W:

Lemma 2.1. Let a € R, and assume that the sequence (Ty)nez € R% is a minimizer
of the action Aj,. We set ry = x,, — xp_1, for alln € Z. Then, ((n,77))nez s
the orbit of (xo,r0) under Wy, and its projection ((¢n,7n))nez on A is the orbit of
(po,70) under ¢, with ¢, = x, mod 1, for all n € Z.

Proof. Given any u = (uy)nez € R” and § = (6,)nez € R? satisfying 6,, = 0 for all
but finitely many integers n € Z, with [|6]| := /3", 62 < 1, we obtain

(2.2) Afo(u+96) — Apg(u) = — Z(un+1 — 2ty + un—1 — fun))0n + O([[5]]),
nez

where (u + 6), := up + 6,. Now, assume that the sequence (z,),cz € R” is a
minimizer of the action Ay ,, and set r,, := x,, —x,_1, for all n € Z. Since ¢ can be
taken arbitrarily small, we deduce that

Tptl = Tptl — Tpn = Tp — Tp—1 + f(xn) =7rn+ f(xn)v
Tn4+1 = 2z, — Tp—1 + f(l'n) = Tp + Tpii,

for each n € Z. As a result, (2.1) is satisfied, and ((xy, 7, ))nez is the orbit of
(x0,70) under W¢. Then, ((¢n,n))nez is the orbit of (o, rp) under ¢ ¢, with ¢, :=
T, mod 1, for all n € Z. O
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Remark 2.2. The calculation above is just a derivation of the discrete Euler-
Lagrange equation associated with the action given by Ay ,.

A 9s-invariant compact set A C A is said to be 1 ¢-ordered if it projects injectively
on T, and the restriction 1|4 preserves the natural order given by the projection.
A classical result of Aubry-Mather theory [1,2,25] states that for each irrational
number o € R\ Q, there exist a = a(a) € R and a minimal ordered set AMy, C A
with rotation number a. It is comprised of orbits ((¢n,7n))nez under vy associated
to sequences (zp)nez which minimize the action Ay, By some slight abuse of
notation, we denote Ay, := Af,(q) in the following. In particular, the rotation
number a of AM;, is the rotation number of any lifted orbit: for any (¢g,70) =
(xo mod 1,79) € AMy , we have

1 n
a= lim In 7 F0 _ lim erk.
k=1

n—-+oo n n—+oo N

The set AM;, is called the minimizing Aubry-Mather set for the action Ay .

Theorem 2.3 ( [1,2,9,16,19,25]). For any o € R\ Q, the associated minimiz-
ing Aubry-Mather set AM; , is either an invariant graph I'y for some Lipschitz
function v: T — R, or it projects one-to-one to a nowhere-dense Cantor set of T.
Moreover, if I' is an invariant curve for 1y homotopic to the base with irrational
rotation number o, it is a minimizing Aubry-Mather set: we have I' = AMj .

Suppose that ¢; leaves invariant the graph I, = {I',(p) := (0,7(p)) : ¢ € T}
with rotation number o mod 1 for some a € R\Q. Then, the composition 71010l
yields a circle homeomorphism g = g,: T — T, where m1: A — T is the projection
on the first coordinate:

g(p) == p+(p) + flp) mod 1,  VeeT.

The map G = G: R >z +— x+v(x)+ f(z) is a lift of g, and it has rotation number
a € R\ Q. Since g has rotation number a mod 1, it is uniquely ergodic. We denote
by v its unique invariant probability measure. For any orbit ((¢n,n))nez C AM ¢4,
we have 1, = v(¢r) = 7(g*(¢0)), for all k € Z, hence

o= lim S5 m= lim 23 (g (0) = / +() di ().
k=1 T

2.3. Dynamically defined quasi-periodic Schrédinger operators. Let f €
Cy¢(T,R). Fix a € R\ Q and let us consider the minimizing Aubry-Mather set
AM . In the following, we choose a phase g € T such that (¢g,r9) € AMy, for
some rg € R. Given zy € R such that ¢y = xo mod 1, we denote by ((zn,7))nez
the orbit of (xg,r9) under ¥; and let ((¢n,”n))nez be the corresponding 1) ¢-orbit.
We also denote by (-, -) the standard inner product on ¢2(7Z), and for u € (*(Z), we
set ||ul| := /(u,u).

In the proof of Lemma 2.1, we have computed the first order term in the difference
of actions between a sequence and a compact perturbation of it. It turns out that

1We shall use the same notation I'y for the natural map from T to A defined by the graph I';.
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the second order term in this difference is given by some quadratic form associated
to a Schrodinger operator, as shown by the next lemma.

Lemma 2.4. For any sequence § = (0,)nez € R” satisfying 8, = 0 for all but
finitely many integers n € Z and such that ||0|| < 1, we have

(2.3) Afa((Zn +0n)nez) = Afa((@n)nez) = _%(Hf,a,sooév 8) +O([18]1%),

where Hy o o, s the dynamically defined Schrodinger operator associated to the an-
alytic function Vo := —f" — 2 and the ¢-ordered sequence (on)nez:

y, . t@ - 2@,
Pe#o” | (un)nez = (Unt1 + Un—1 + Vo(#n)tn)nez.

Proof. Since ((%n,n))nez is a ¥ s-orbit, we have x,, 41 — 2z, + 2,1 — f(2,) = 0, for
all n € Z. Equivalently, (z,)nez is a critical point for the action Ay, and the first
order term in the difference (2.2) vanishes for (z,,)nez in place of (uy,)nez. Given any
compact perturbation (2, + 0, )nez of (Zn)nez for some sequence & = (6, )nez € R?
with [|d]] < 1, the Taylor expansion of the difference in action is

2
Ap((Et 8unez) —~ Apal(@ndaez) = 3 5 (Buer — 60 + /(@) 2 + O(I3])

nel
1
= 5 (Hya08,0) + O(I6F).
Il

In particular, for any v s-ordered sequence (¢n)nez C AM o, H = Hyap, is a
quasi-periodic Schrodinger operator whose potential is related to the dynamics of
Vrlam;,- We denote by X = X(H) its spectrum; recall that it is the set of energies
FE such that the operator H — EF = H — E -1 does not have a bounded inverse in
(?(Z). For any u € (*(7Z), we denote by 1y, the spectral measure of H associated to
u. It is defined by the following formula:

(1= B) ) = [ (),

for any energy F in the resolvent set C\ 3. The union of the supports of all spectral
measures is equal to . We refer for instance to [10] for more details on dynamically
defined Schrédinger operators.

Lemma 2.5. For any u € (*(Z), we have

(2.4) (Hu,u) <0.

Equivalently,

(2.5) Y(H) C (—o0,0].

Proof. We first show (2.4). Let u € ¢%(Z). For any integer ng > 1, we define the
compact sequence u™ = (un°),ez, where v := w, if n € [—ng, ng|, and u° := 0

otherwise. As (z,)nez is a minimizer of Ay, for any integer & > 1, the following
expression is always nonnegative:

1 1 1
Af,a(($n + Euzo)nez) — Af,a((«Tn)neZ) — _ﬁ(ﬂum?uno) + O(ﬁnunoui‘})'
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For k > 1 large, and as the error term in the above Taylor expansion scales like - 3
we deduce that (”Hu”o,uno) < 0. Letting ng — +o00, we conclude that (Hu,u) < 0.
We now prove the second statement (2.5) about the spectrum ¥ = 3(#H). It
amounts to showing that for any F > 0, the operator H — FE is invertible and that
its inverse is bounded. Fix E > 0. By (2.4), for any sequence u € ¢*(Z), we have

(2.6) I(H = Byul* = [Hul* — 2E(Hu, u) + E||ul* > E?||u]]*.

Therefore, if (H — E)u = 0, then ||u|| = 0, and thus, H — E is injective. Moreover,
(2.6) also implies that the inverse of H — E' is bounded, since

|~ B)~u]) _ ( o E>uu>‘1 _1

su .
P wett@ |l ~E

uel2(Z) (]
Besides, H — E is automatically surjective. Indeed, it holds Im(H — E)+ = Ker(H —
E)* = Ker(H — E) = {0}, hence Im(H — E) = (*(Z). By (2.6) and Cauchy’s
convergence test, we deduce that Im(H — E) = ¢*(Z). We conclude that ¥ C
(—00,0].
Conversely, let us show that ¥ C (—o0,0] implies (2.4). Indeed, the spectrum
Y is the union of the supports of the spectral measures {,u'gf[}uegz (z), hence for any
u € (*(Z), the support of p% is contained in (—oo, 0], and

(Hu,u) = / Edu3(E / Edu(E
R

3. MAIN THEOREM

Let f € C§(T,R), and let ¢y: A — A be the associated twist map. Assume that
1y leaves invariant an analytic curve I' which is the graph I' = T, := {(¢,v(¢)) :
¢ € T} of some function v € C¥(T,R). We denote by

g: = ¢ +7(p) + fp) mod 1
the analytic diffeomorphism of T induced by +¢|r_, and assume that the rotation
number « of g satisfies the Brjuno condition, i.e.,

+00 1
(3.1) B(a) = Z —log qk41 < 400,
k=0 I¥
where (%) x>0 denotes the sequence of convergents for a (corresponding to the
continued fraction algorithm). In particular, we can use the results of [3,7,24],
where it is assumed that §(a) := lim sup,, i log gi+1 = 0.
As above, given g € T, we consider the Schrédinger operator

H: (un)nGZ — (unJrl + up—1+ V()(gn((p(]))un)nez,

with Vj := —f" — 2, and denote by X(H) its spectrum.
Our main result is:
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Main Theorem. Assume that the map vy leaves invariant an analytic curve T’
with Brjuno rotation number «, and let H be the associated Schrédinger operator.
Then there exists eg > 0 such that the following properties hold:

(1) the energy E = 0 is the right edge of the spectrum: 0 = max 3 (H);

(2) the spectral measures of H restricted to [—eg, 0] are absolutely continuous;

(3) there exists k > 0 such that |(E — e, E 4+ ¢) N X(H)| > ke, for all energy
E € 3(H) N (—¢0,0), and for all 0 < e < |E|.

The proof is based on the reducibility of the Schrddinger cocycle associated to H
for the energy F = 0. As we shall explain, this can be seen in two ways:

(1) in restriction to I', the Jacobi (differential) cocycle of the twist map ¢ is
conjugate to some quasi-periodic Schrédinger cocycle (see Subsections 4.1-
4.2). Besides, in Subsection 4.3, we use a vector field tangent to I' to reduce
these cocycles to a constant cocycle associated to some parabolic matrix.

(2) the energy E = 0 is in the pure point spectrum of some dual Schrédinger
operator (see Subsection 4.4). Actually, thanks to the existence of the in-
variant curve I', we construct an explicit eigenvector whose coefficients decay
exponentially fast.

By Avila’s results, this implies that for small energies, the corresponding
Schrodinger cocycles are almost reducible, i.e., they can be conjugated uniformly
in some strip to a cocycle which is arbitrarly close to a constant. Finally, we follow
the proof given by Avila in [4] to show the existence of a component of absolutely
continuous spectrum near the energy £ = 0.

Remark 3.1. e Such properties are typical of the regime of small analytic potentials
(see [4,7,12] for instance). Our result replaces the usual smallness assumption with
the geometric assumption on the existence of an analytic invariant curve.

o Let us also recall that for maps 1y as above, the existence of analytic invariant
curves with a given Brjuno rotation number is guaranteed by the main result of
[17], provided that the analytic norm of f is sufficiently small. More precisely, by
Theorem 1.1 in [17], for any fo € C§(T,R) and for any a € R satisfying the Brjuno
condition B(a) < 400, there exists Ao > 0 such that for |X\| < Xo, the map Vxy,
admits an analytic invariant curve with rotation number a.

4. INVARIANT CURVES & ALMOST REDUCIBILITY OF SCHRODINGER COCYCLES

4.1. Invariant curves & Jacobi (differential) cocycle. Let f € C§(T,R) be
an analytic function with zero average. For the map 1 = vy one can define in a
usual way the Jacobi cocycle (1), D): A x C2 — A x C2, namely

(¢’ DQZ))((QO’ T)’ U) = (w(@’ T)v D¢(4p,r) : U), v ((907 T), U) €A X (C2'

Assume that I C A is an invariant curve for v homotopic to the base. As recalled
in Theorem 2.3, by Birkhoff Theorem, I" is the graph I', = {I';(¢) = (¢,7(9)) :
¢ € T} of some Lipschitz function v: T — R. As above, we let g = gy: ¢ —
¢ +7(¢) + f(¢) mod 1 be the circle map obtained by projecting t|r., on the first
coordinate. For any ¢ € T, we have

(4.1)  P(Th(p) = Y, 7(9)) = (9(9),v(¢) + f(p) = (9(p), 70 g9(¢)) € T,.
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Clearly, g is a homeomorphism of T; moreover, g and « have the same regularity.
In particular, in the case we consider, v and g are analytic.

As the curve I is invariant under ¢, the restriction of the Jacobi cocycle to I'
reduces to the derivative cocycle (g, Dy): T x C? — T x C?:

(4.2) (9, DY) (9, 0) := (9(0), DY(p) - v), ¥ (p,v) € T x C,

where DY(¢) 1= D, () Let us denote by vy a vector field tangent to the
invariant curve:

1
Vo p <,},/(<p)> € Tipnenl"

It is easy to see that vy is an invariant section for the derivative cocycle in the
directional sense.

Lemma 4.1. The action of the cocycle (g, D) on the vector field vy is given by
(4.3) Dy(p) -volp) = g'(¢) vo(g(e)), Ve eT,
with '(p) = 1+7'(¢) + f(p) = (1 =+ o g(e))~".

Moreover, there exists an analytic conjugacy map Z; € C*(T,SL(2,R)) such that

(4.4) (Z10g()) ' DY(p)Z1(p) = (9/80) g'(¢)

_1> , VeeT.

Proof. As we have seen in (4.1), the fact that I' is invariant means that f can be
written as a coboundary, i.e., it satisfies the cohomological equation

(4.5) flp)=v0g(p) —v(p), VeeT.

Differentiating with respect to ¢ in (4.5), we obtain:

(4.6) Y og(e)-g'(p) =~(®) + f(p),

with ¢'(¢) =1+ +(¢) + f'(v). Tt also follows that ¢'(¢) - (1 — 79 o g(p)) = 1.

(
By (4.6), we deduce that

(32 (k) =9 ()

Le., DY(¢) - vo(p) = g'(0) - vo(g(e)).
Now, let us set

Z1(p) = (V,(l@ (1)) VoeT.

Then, by (4.3), and since (g'(¢)) ™! = 1—+"0g(¢), we see that the map Z; conjugates
(g, DY) to the upper-triangular cocycle as in (4.4). O

4.2. Schrodinger cocycle associated to an invariant curve. Let f, 1 = vy,
I" and ¢ be as in the previous subsection. As we have seen above, one can define a
natural family of dynamically generated Schrodinger operators, the phase ¢y € T
being a parameter:

Hf,amo: (Un)nez = (Ung1 + un—1 + Vo(g" (0))tn)nez,
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where Vj := — f' — 2. For an arbitrary energy E € R, one can define a Schrodinger
cocycle (g, S}E/O), with

Sgo(go) = <E B YO(@) 01) , VpeT.

It acts on T x C? by the following formula:
(9, SE) (s 0) = (9(9), S (9) -v), V¥ (p,v) € T x C.

It turns out that the Schrodinger cocycle and the derivative cocycle are conjugate
to each other for the energy £ = 0: for any ¢ € T, we have

(D -C )

We next show that both cocycles (g, S(‘)/O) and (g, D) are conjugate to a constant
1 120
0 1
only along the invariant curve. To proceed, we need some facts from the Herman-
Yoccoz theory.

Assume that the rotation number « of I' satisfies the Brjuno condition B(a) :=

;ﬁ% i log i1 < +o00, where (%:)kzo denotes the sequence of continued fraction
convergents for a. We shall also assume that I' = I is the graph of some analytic
function v € C*(T,R). It follows that the circle diffeomorphism g = g, is also
analytic. Hence, by the theorem of Yoccoz (see [28] and also [14,15] for a reference),
g is analytically conjugate to the rigid rotation r, by angle . Namely, there exists
an analytic circle diffeomorphism ¢ = ¢, € C¥(T, T) such that

(4.8) plogop(p)=p+amodl, VeecT.

The following lemma says that both f and + can be expressed in terms of the
conjugacy map ¢.

Lemma 4.2. It holds

parabolic cocycle (g, Bp), for some matrix By := > This conjugation holds

(4.9) f=ro0g—y=7yo¢ra¢™' —17.
Moreover, we have

(4.10) y=I-g'=I-¢r '¢"",

where 1 denotes the identity map, which implies that

(4.11) f=g—20+g  =¢rap ! —20+¢r le .

Proof. The identity in (4.9) follows directly from (4.5). As g = g, is the circle
diffeomorphism induced by ty|r., for all ¢ € T, we have g(p) = ¢ + v(9(9)),
which implies v =1 — ¢!, and hence, (4.10). Finally, (4.11) follows from (4.9) and
(4.10). O

Conversely, given an irrational frequency & and an analytic circle diffeomorphism
, one can produce an analytic function f with zero average such that the associated
twist map v 7 has an analytic invariant curve with rotation number &. Moreover, ¢~)
conjugates the corresponding circle diffeomorphism g to the rigid rotation r4.
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Lemma 4.3. Let & € R\ Q and let ¢ € C¥(T,T) be an analytic circle diffeomor-
phism. We define two functions 7 =7, 5 € C*(T,R) and f = fag € Cy¢(T,R):
:Y =1 &7’51&717
[i=Fograd™ =7 =¢rad™! — A+ drglo".
Then, the analytic graph T'5 2:~{ny(tp) = (p,7(9)) : ¢ € T} is invariant under
with a rotation number &, and ¢~ ojo ¢ =rs.
Let f,,I' = I'y,g = gy and ¢ = ¢, be as previously. For any map A €

C“(T,SL(2,R)), we denote by («, A) the associated cocycle over the rigid rotation
by angle a.. It acts on T x C? as follows:

(o, A)(@,v) := (o +a, A(p) - v), Y (p,v)eTxC2

After conjugation by ¢, the derivative cocycle and the Schriodinger cocycle yield
cocycles (o, DYy o ¢) and (o, SY), E € R, where V := Vyo¢ = —f 0o —2 €
C“(T,R). Besides, according to (4.7), these cocycles are conjugated by the matrix

M= G _01> — M~ € GL(2,R) for the energy E = 0:

(4.12) M- Dy(p(p)) - M =S¢ (), VeeT.

The Schrédinger cocycles {(o,Sk)}per are associated to the family of
Schrodinger operators { Hy, o,z }ooeT Over the dynamics of the rigid rotation rq:

Hy a0 (Un)nez = (Unt1 + un—1 + V(0o + na)un)nez.
The spectrum X(Hy,q,,,) does not depend on the phase ¢g. Recall that I' = AM ¢,
and note that Hy,, 4-1(40) = Hfa.p- In particular, Y(Hv,a,p0) = 2(Hf.a,00)-

4.3. Parabolic reducibility of the Schrodinger cocycle. We keep the nota-
tions of the previous subsection. As a consequence of Lemma 4.1, we obtain:

Corollary 4.4. Let Zy:= M - Z1 0 ¢ € C¥(T,GL(2,R)). Then, we have

@) zerats@ne = (" ). veer
with k(p) := ¢/¢E§D(;;x).

Proof. Recall that ¢ = ¢, satisfies g o ¢(¢) = ¢(¢ + «), for all ¢ € T. Therefore,

g o (o) = ¢/d(f2;)°‘) —: k(). Set Z, := Z1 0 ¢. By (4.4), we deduce that

1
k()

Set Zy:=M-Zy =M -Z 0¢. By (4.12), we thus conclude that

T+ Do El) = () 5). Veer

Zae+a) 8 Do) = (") ). Veer
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As a consequence of the above result, we show that for the energy E = 0, the
Schrédinger cocycle (a, S(‘)/ ) can be reduced to a parabolic cocycle.

Proposition 4.5. There exist a negative number vy < 0 and an analytic conjugacy
Z € C¥(T,SL(2,R)) homotopic to the identity such that

Z(p+0) S (9)Z(p) = Bo = (}) ”10), VoeT.

Proof. For any ¢ € T, and for k(p) = % as in (4.13), we see that

(5 )6 )R ) )

with () := —(¢'(¢)¢'(¢ + @) 7! <0.
For all ¢ € T, we let Z3(yp) := Za(p) - diag(¢'(¢), —(¢') "' (¢)), such that Z3 €
C“(T,SL(2,R)). By (4.13), we thus get

Z3(p +0) 'S5 (9) Zs() = <(1) V(fo)> :

Set vy := [pv(p)de < 0, so that v — 1y € C§(T,R). Since B(a) < 400 and v is
analytic, the following cohomological equation has a solution u € C¥(T,R):

(e +a) = plp) =v(p) =1y, VeeT.
1

Z1, 49, %3, and by Lemma 4.3, for ¢ € T, we obtain the following expression of
the matrix Z(¢p):

We set Z = Zj <(1) M) € C¥(T,SL(2,R)). By the successive definitions of

_ ¢’ () ()P’ ()
Ze) = <(¢(<P) — Yo d(@) (@) + n)(p) — 7o ¢(s0))’>
([ ¢ p(p)d (@)
(4.14) = (W Za) (@) ) (o - a>> '

As ¢ is a circle diffeomorphism, the first coefficient in the matrix does not vanish,
and hence the conjugacy map Z is homotopic to the identity. Moreover, for all
p € T, we have

Z(gp—i—a)_lS(‘)/(go)Z(ap) _ <(1) v(ep) _M(Qol'f‘a) +M(90)) _ <(1) 7/10> _

g

4.4. Pure point spectrum of dual Schrédinger operators. Since the reduc-
tion to the parabolic cocycle («, Bp) is a key point in the proof of our Main Theorem,
we shall provide another proof of this fact based on dual Schrodinger operators and
Aubry duality. In general, Aubry duality is based on the fact that the localiza-
tion properties of the dual Schrédinger operators can be used to show that certain
Schrodinger cocycles are reducible. One may consult [7] for more references.
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Let (Vn)nez be the Fourier coefficients of the analytic potential V' := —flogp—2,
ie, Vipm o 0,2 For any phase g € T, we define the dual Schrédinger

operator Hy, o ,o. It acts on U = (Un)nez € (%(Z) in the following way:

(4.15) (ﬁV,a,wo (W) = Zi}\n—kak + 2cos(2m(po + na))uy,, VneZ.
keZ

Let us denote by ¢ = (ﬁg%)nez the Fourier coefficients of the function ¢’ €
C¥(T,R). In other words, ¢: o+ > Gn€?™% with ¢!, = 27ing,, for n € Z.
Lemma 4.6. We have
¢(p+a)+d'(p—a)

¢ (¢) ’

(4.16) Vip)=— YpeT,

which yields
(4.17) Hy,a0(¢) = 0.
By analyticity, the sequence ((Eﬁl)nez decays exponentially fast. In particular, we

have (¢l nez € F*(Z), and the energy E = 0 is in the point spectrum Epp(ﬁv,a,o)
of the dual operator Hy q 0.

Proof. By the second identity obtained in (4.11), for all ¢ € T, it holds
foo(e) = (e +a)—2¢(p) + d(p — ),
and then, by taking the derivative of the previous expression, we get
frodle) ¢ (p) =d (¢ +a)—2¢(p) + ¢'(v — ).

Since V = —f/ o ¢ — 2, this can also be rewritten as

(4.18) V(e) ¢'(9) +¢'(p+a)+d'(p—a) =0,
which gives (4.16).
Therefore, in Fourier series, (4.18) yields
Z Zan_k%e%imp i Z q@%(e%ina e 2minay 2ming _
nez kel nez
Equivalently, we have
(Hv,a0(&))n =Y Bnrdl, + 2cos(2mna)d), =0, Vn € Z,
keZ
which concludes the proof. O

As in classical Aubry duality, we may then define a Bloch wave U: ¢ —
( ¢ () 2

¢ (¢ —a)
(4.19) So(9) Ulp)=U(p+a), YoeT.
In our case, the phase is equal to 0 and the frequency « satisfies B(«) < 400, hence
by point (2) of the precise version of Aubry-duality given in Avila-Jitomirskaya [7,

). It provides an invariant section, in the following sense:

2This can also be checked directly using (4.18).
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Theorem 2.5], this provides another proof of the reducibility result that we obtained
previously in Proposition 4.5.

Note that (4.19) gives another way to see why the connection between existence
of analytic invariant curves and parabolic reducibility of Schrédinger cocycles can
only happen on the edge of the spectrum: indeed, U is associated to the vector field
tangent to the invariant curve, hence should have zero degree. But the latter is
directly related to the rotation number of the Schrédinger cocycle (as U can be uti-
lized to reduce the cocycle), which should thus vanish as well; but this corresponds
precisely to the right edge of the spectrum.

4.5. Proof of the Main Theorem. We remain in the setting of the previous
section. Namely, we let f € C§(T,R) and assume that the twist map ¢ = ¢
leaves invariant an analytic graph I'y, for some function v € C*(T,R). We let
g: o= ©+5(¢)+ f(¢) mod 1 be the induced diffeomorphism, and assume that its
rotation number « satisfies the Brjuno condition B(a) < +o00. We take ¢ = ¢, €
C¥(T,T) such that ¢t ogod =14, set V := —f' 0o ¢ — 2, and let By € SL(2,R),
Z € C¥(T,SL(2,R)) be as in Proposition 4.5. We also let Hy, ,, be the Schrodinger
operator corresponding to action minimizing trajectories of 1 on I';.

In this section we will conclude the proof of our Main Theorem on the existence
of a component of absolutely continuous spectrum. The idea of the proof is to
use Proposition 4.5 together with the openness of the almost reducibility property
proved by Avila in [3]. Following the arguments of Avila [4], it implies the existence
of a component of absolutely continuous spectrum.

Let us recall a few concepts which will be useful in the following.

Given a frequency & € R\ Q and a map A € C¥(T,SL(2,R)), the SL(2,R)-
cocycle (&, A) is called subcritical if there exists € > 0 such that the associated
Lyapunov exponent satisfies L(&, A(- + 10)) = 0 for any [0| < . The cocycle
(&, A) is called almost reducible if there exists ¢ > 0 and a sequence (B™),>q of
maps B™: T — SL(2,R) admitting holomorphic extensions to the common strip
{IS2| < €} such that B™(- 4+ &)~ tA(-)B™(-) converges to a constant SL(2,R)-
matrix uniformly in {|3z] < €}. Let us recall that by Avila’s proof of the almost
reducibility conjecture (see [3,5,6]), subcriticality implies almost reducibility.

By [7], almost reducibility is related to the notion of almost localization which
we now recall. For any xz € R, we set |z|r := infjez |z — j|. Fix ¢¢ > 0 and
@o € T. An integer k € Z is called an eg-resonance of @q if |2pg — ka|p < e~ol¥l
and [2p0 — kalr = ming < |2¢00 — lalt.

Definition 4.7 (Almost localization). Given @ € R\ Q and V € C¥(T,R),
we say that the family {ﬁf/,d,@}wﬂ 1s almost localized if there exist constants
Co, C1,€0,€1 > 0 such that for all pg € T, any generalized solution u = (ug)rez
to the eigenvalue problem ﬁf/,&’%u = Eu with up = 1 and |ug| < 1+ |k| satisfies

(4.20) jug| < Cre™ M, W Colny| < [k| < Cg M njal,

where {n;}; is the set of eg-resonances of ¢o.
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By Lemma 2.5 and Proposition 4.5, our Main Theorem is a consequence of the
following result.

[Parabolicity = ac] Lemma. Let « € R\ Q and V € C¥(T,R). Suppose that for
some Ey € R the Schridinger cocycle (c, Sgo) s analytically reducible to a constant
parabolic cocycle, i.e., there exist Z € C¥(T,SL(2,R)) and vy € R such that

(4.21) Z(p+a) 'Sk (9)Z(p) = By = <(1) ”f) , VeeT.

Assume that vg < 0. Then there exists eg > 0 such that for all g € T,

(1) E<HV7067900) N [E() — o, B + 80] C [EO — &9, Eo];

(2) for any E € %(Hv.a.4,) N [Eo — €0, o), the Schridinger cocycle (o, SE) is
almost reducible and subcritical;

(3) the restriction of the spectral measures to the interval [Ey — €¢, Eo| is abso-
lutely continuous and positive.

Here we state the lemma for vy < 0 but of course, a symmetric result holds for
vo > 0. It is well known (see for instance [26,27]) that reducibility at £ = Ej to a
parabolic matrix different from the identity implies that locally on one side of Ejy
the cocycle (a, S}) will be uniformly hyperbolic, and on another side the fibered
rotation number will change monotonically (by strict monotonicity of the second
iterate of the Schrodinger cocycle with respect to E). In our case, we assume that
vp < 0, hence the cocycle (a, SY) is uniformly hyperbolic for E € (Ey, Eo + ¢)
and its fibered rotation number for F € (Ey — ¢, Ey) will be strictly larger than at
E = Ey. This proves the first statement of the [Parabolicity = ac] Lemma. In the
following, we will give the proof of points (2) and (3) in this lemma.

We take «,V, Ey, Z, By, as in the [Parabolicity = ac] Lemma. To ease the
notation, we assume that Fy = 0. Point (3) in the [Parabolicity = ac] Lemma
follows from the next result.

Proposition 4.8. There exists e > 0 such that for any E € (—e1,e1), the
Schrodinger cocycle (a,S‘E/) is almost reducible, and for any E € (—e1,0) N
Y(Hva,p), the cocycle (a, SY) is subcritical.

Proof. By [3, Corollary 1.3], almost reducibility is an open property in the set
of cocycles R\ Q x C¥(T,SL(2,R)). Hence, we have almost reducibility for all
E € (—¢,¢) assuming that € > 0 is sufficiently small. As recalled above, for positive
energies E € (0,¢), the cocycle (, S}) is almost reducible to a hyperbolic SL(2, R)-
cocycle (in fact, it is even reducible when §(a) = 0). Besides, for negative energies
E € (—£,0) N X(Hva,4,), the cocycle (o, S)) is almost reducible to a parabolic
cocycle or a cocycle of rotations.

As the potential V' and the conjugacy map Z are analytic, formula (4.21) implies
that the cocycle (o, Sy) is subcritical. By [6], subcriticality is also an open prop-
erty in the spectrum (outside of uniform hyperbolicity), which implies the second
statement of Proposition 4.8. O
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Given an analytic function F' € C¥(T, x) with x = R or My(R), we set ||F||r :=
super [|[F(¢)]|, and for any h > 0 such that F* has a bounded analytic extension to
the strip {|3z] < h}, we set [|F|n := supjgj<p [ F(2)]-

In the following, we will give the proof of point (3) in the
[Parabolicity = ac] Lemma. Although the result holds for any irrational fre-
quency a € R\ Q, here we present the proof in the case that 3(«) = 0, as it is the
one which is related to our problem about the existence of invariant curves.®> We
refer to [4] for the case B(a) > 0 (see [4, pp. 16-20]).

It was shown in [7, Theorem 3.2] that there exist absolute constants cg,ky > 0
with the following property: for any analytic potential V € C*(T,R) such that
IVelln, < cohlgo for some hg € (0,1], the family of dual Schrédinger operators
{ﬁv,a,@o}WOeT is almost localized. In the following, we let hy € (0,1) be such
that the potential V' and the conjugacy map Z have a bounded analytic extension
to the strip {|Sz| < ho}.

Lemma 4.9. There exists g € (0,e1) such that for any € € (—eo,€0), there exist
V. € C¥(T,R) and Z. € C¥(T,SL(2,R)) such that ||V|n, < coht®,

(4.22) Z(p+0) 'SV (9)Z:(9) = Sy (9), Vp€ET,

and such that the family of dual Schrodinger operators {ﬁ(/a
localized.

o JpoeT 15 almost

1 U
SL(2,R). The matrix Qo conjugates the parabolic cocycle («, Bp) to the Schrodinger
cocycle (a, S§) associated with a vanishing potential 0 and the energy E = 0, i.e.,

Qy ' BoQo = S§ = G _01> Let Zy := ZQo € C¥(T,SL(2,R)), so that

_1 _1
Proof. Take vy < 0 as above, let 11 := /=1y > 0, and set Qg := ( VQ_I? 22) €

_ 2 -1
2o +a) 8 (Dzule) =58 = (7 ). Weer

For any € € R, we thus obtain

Zo(p+ )1 SY () Zo(p) = SQ +ePi(p), Vo €T,

for some analytic map P; € C¥(T,Mz(R)). Then, by [8, Lemma 2.2], for any 7 > 0,
there exists § = d(7) > 0 such that if |¢|-|| P ||, < 0, then there exists V. € C*(T, R)
such that ||V||p, < 7, and Z. € C¥(T,SL(2,R)) with a bounded analytic extension
to the strip {|3z| < ho}, such that || Zg — Z:||p, < 7, and

Z(p+ ) 'SY (0)Z:(0) = S}*(9), VpeT.

Now, let us take 7 = 79 := coht and let 9 > 0 be such that eq - | P1||n, < 8(70).
Then, for any ¢ € (—eg,e0), the potential V. satisfies HVsHhO < cohgo, hence by
the definition of ¢, kg, the family of dual Schrédinger operators {flf,& o @O}@OGT is
almost localized. O

3We need B(a) < +0o to guarantee the existence of the conjugacy ¢ to the rigid rotation by
angle a.



INVARIANT GRAPHS AND SPECTRAL TYPE OF SCHRODINGER OPERATORS 1273

For any u € (*(E), any g € T, we let IV o be the spectml measure of H =
Hy o, associated to u, i.e., such that (H — E)~ = Jp zrpdpty (E'), for all
E € C\X. In what follows, we consider the canomcal spectml measure corresponding
to u = e_1 + eg, and denote it by py 4, = u;;:eo The support of py,q,, is equal
to the spectrum X(H).

Let us also recall the definition of the integrated density of states Ny o: R — [0, 1]:

Ny o(E) = / WV,a,0(—00, Eldp, VE €R,
T

where for i € Z, we let e; := (8;;)jez € (*(Z).
To conclude the proof of the [Parabolicity = ac|] Lemma, it remains to show the
following.

Proposition 4.10. The restriction of the spectral measure py,q o, to the interval
[—€0, 0] is absolutely continuous and positive.

Proposition 4.10 is proved by repeating the proof of the main result in [4] in the
case fB(a) =0 (see [4, p. 15]). We denote by B the set of energies E' € R such that
the iterates (ka, Ag) = (o, S} )¥ of the cocycle (, S},) are uniformly bounded, i.e.,

sup || Ag|lT < 400.
k>0

Let us recall the following classical characterization (see [18]).
Theorem 4.11. The restriction /J,V@W()‘B is absolutely continuous for all pg € R.

In fact, Theorem 4.11 is implied by the following very general estimate contained
in [20,21] and [4].
Lemma 4.12 (Lemma 2.5 in [4]). For all g € T, we have
Woapo(E — €, E+e) <Ce sup AT,
0<k<Ce!

for some universal constant C' > 0.

Proof of Proposition 4.10. Let X., = X(Hy,a,p,) N [—€0,0], let B be the set of
energies E € X, such that the cocycle (o, S)) is bounded, and let R be the set
of energies E € X, such that (a,S}%) is reducible. By Theorem 4.11 recalled
above, it is sufficient to prove that for every ¢y € T, the canonical spectral measure
= UV,a,p, satisfies u(Xe, \ B) = 0.

As noted in [4], for any E € R\ B, we have Ny, (E) € Z ® oZ, and (a, SE)
is analytically reducible to a parabolic cocycle; in particular, R \ B is countable.
Moreover, there are no eigenvalues in R (if Hy,q,p,u = Eu with £ € R and u # 0,
then inf, ez [un|? + [un+1]? > 0 hence u ¢ ¢*(Z)), and then, u(R\B) = 0. Therefore,
it is enough to prove that u(¥., \ R) = 0.

By (4.22), for any energy € € (—¢g, o), the cocycle (a, SY) is (almost) reducible
if and only the cocycle (04,5’(‘)/8) is. Moreover, by Theorem 2.5 and Theorem 4.1
in [7], (almost) reducibility of (e, SS/E) is related to the (almost) localization of the
family of dual Schrodinger operators {lfl'f/8 apteeT- We know by [7, Theorem 3.3]
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that there exist a phase ¢g € T and a sequence u = (u;);jez, with 4y = 1 and

|uj| < 1forall j € Z, such that H .00 @ = 0. As explained in [7], & can be utilized

7~ 7900
to (almost) reduce the cocycle (o, Sg7). By almost localization of Hv o U decays
exponentially fast between the resonances as in (4.20). If g is not resonant, then
by [7, Remark 3.3], the sequence (u;);cz decays exponentially fast and («a, S(‘)/E) is
actually reducible. In the following, we consider the case where we have resonances.

Following [4], for any integer m > 0, we let K,,, C ¥, be the set of energies E such

that for some ¢y € T, the dual operator H= Hf/E a0 has a bounded normalized

solution H7 = 0 with a resonance 2™ < In;| < 2m*L. By the Borel-Cantelli lemma,
to conclude the proof, it is enough to show that ) w(Kpy) < +oo. Indeed, by
Theorem 3.3 in [4], we have X, \ R C limsup,, K;,, and then, > u(K,,) < 400
implies that u(3s, \ R) < p(limsup,,, K,) = 0.

By [4, Theorem 3.8], there exist constants C1,c; > 0 such that for each inte-
ger m > 0 and each energy E € K,,, there exists an open neighborhood J,,(E)
of E of size ¢, := Cre~“2" so that the iterates of (o, A) = (a,S)) satisfy

SUPg<p<1oc-t [AkllT < e°(?™). By Lemma 4.12, we thus get
(4.23) w(JIm(E)) < Ce® | (E)),
where | - | is the Lebesgue measure. Take a finite subcover K,, C Ui odm(E;) such

that every « € R is contained in at most 2 different J,,,(E}).

By [4, Lemma 3.11], the integrated density of states Ny, satisfies
INV.a(Jm(E))| > ¢|Jm(E)[?, for some constant ¢ > 0. Besides, by [4, Lemma
3.13], there exist constants Ca,co > 0 such that for any F € K,,, it holds
|Nva(E) — ka|r < Coe™2?" for some integer k with |k| < C22™. Therefore,
the set Ny, (Kp) can be covered by Co2™! intervals (T}%)o<p<c,om+1 of length
Cae=22" . For some constant C3 > 0, we have |T%| < C3|Ny.o(Jn(E))|, for any
integers m > 0, 0 < k < C92™*! and any energy E € K,,. Hence, for a given
interval T, there are at most 2C3 + 4 intervals J,,(E;) such that Ny o(Jm(E;))
intersects T,’fl. We deduce that for each integer m > 0, it holds r,, < C42™, with
Cy :=4C5(Cs + 2). Then, by (4.23), we obtain

<Z 1T (Ej)) < Ci2™ - Ce®®™) . Crema?” = (=12 ™),

which gives >, u(Ky,) < +00, and concludes the proof of Proposition 4.10. O

As a consequence of point (2) in the [Parabolicity = ac|] Lemma and of [24, The-
orem 7.1] for a frequency « satisfying the weak Diophantine condition S(a) = 0
and in the subcritical regime, we also get some result about the homogeneity of the
spectrum near its right edge:

Proposition 4.13. Under the same assumptions as in the [Parabolicity = ac]
Lemma, if o moreover satisfies (o) = 0, then there exists k > 0 such that
(B — e, E+¢)NE(Hyap)| > ke, for all E € X(Hvy,a,p,) N (Eo — €0, Eo), and
forall0<e< Ey—E.
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5. CONCLUDING REMARKS

The main result of this paper is the existence of a component of absolutely con-
tinuous spectrum whenever there exists an analytic invariant curve. This is a semi-
global result, which does not require explicitely the smallness of the potential. We
finish this paper with several conjectures and questions related to the effect that
the transitions from KAM to weak KAM regime has on the spectrum of the corre-
sponding Schrédinger operators.

As in the introduction we consider a one-parameter family of twist maps
{¥xr}rer. For a fixed typical rotation number « it is believed that

(1) for 0 < A < Aer(@), there exists a smooth invariant curve such that the
restricted dynamics is conjugated to a rigid rotation by «;

(2) for A = Ar(), the invariant curve still exists but it is not analytic anymore
(the critical curve, possibly, is only C'*¢-smooth);

(3) for A > A (), there exists an invariant cantori with rotation number «.
The dynamics on the cantori is hyperbolic.

Below, we discuss how the above dynamical transition from elliptic dynamics
(KAM) to hyperbolic dynamics (weak KAM) may affect the spectral type of the
corresponding Schrodinger operators.

It is likely that in the weak KAM regime A > A..(a) there will be no absolutely
continuous spectrum. This case corresponds to rather rough discontinuous poten-
tials. The case where the potential has just one jump discontinuity was considered
n [11]. It was shown there that the spectrum has no absolutely continuous compo-
nent. The proof is based on the non-deterministic argument and Kotani approach
which imply that the set of energies at which the Lyapunov exponent vanishes
has zero Lebesgue measure. In the weak KAM case the Kotani theorem should be
extended in the direction of asymptotic non-determinism. It follows from the hyper-
bolicity of the dynamics that one can find two different sequences {Vol’Q(n), n e Z}
of values of potentials which exponentially converge to each other as n — +oo. It
is natural to ask whether the Kotani argument can be extended to this case.

We have shown that an absolutely continuous component exists for A < Aq-(«).
It is an interesting question whether the spectrum is mixed. Since dynamical prop-
erties are related only to the edge of the spectrum it is natural to expect coexistence
of absolutely continuous spectrum and point spectrum for 0 < Agp(a) — A < 1.

As was said above we do not expect absolutely continuous spectrum in the super-
critical case A > A.r(a). Again one can ask whether the spectrum is mixed in this
case. Notice that for A > A (a) the edge of the spectrum is expected to move to
the left. Namely, ¥ (#H) C (—oo, E(X\)] with E(X) < 0, and E(X) = 0 as A — Aer(a).

Finally, it is natural to ask what is the spectral type near the edge of the spectrum
E =0 in the critical case A = A..(a). It is tempting to think that there a singular
continuous component is created.
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