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LOCAL LIMIT THEOREMS FOR RANDOM WALKS IN A
RANDOM ENVIRONMENT ON A STRIP

DMITRY DOLGOPYAT AND ILYA GOLDSHEID

ABSTRACT. The paper consists of two parts. In the first part we review recent
work on limit theorems for random walks in random environment (RWRE) on a
strip with jumps to the nearest layers. In the second part, we prove the quenched
Local Limit Theorem (LLT) for the position of the walk in the transient diffu-
sive regime. This fills an important gap in the literature. We then obtain two
corollaries of the quenched LLT. The first one is the annealed version of the LLT
on a strip. The second one is the proof of the fact that the distribution of the
environment viewed from the particle (EVFP) has a limit for a. e. environment.
In the case of the random walk with jumps to nearest neighbours in dimension
one, the latter result is a theorem of Lally [19]. Since the strip model incorporates
the walks with bounded jumps on a one-dimensional lattice, the second corollary
also solves the long standing problem of extending Lalley’s result to this case.

1. INTRODUCTION.

This paper is devoted to the local limiting behavior of a random walk in random
environment on a strip. The study of RWRE was initiated in [29]. The annealed
limit theorems for one dimensional RWRE go back to [18] who have analyzed the
transient case. In the recurrent case, Sinai proved in [27] a surprising fact: the
correct scaling in the limit theorem is In?¢.

Results describing the behavior of RWs in quenched (frozen) random environ-
ments are relatively recent. The quenched CLT for the simple transient RWRE in
the diffusive regime ' was proved in [14] in 2007 for a wide class of environments
(including the iid case) and, independently, for iid environments in [20].

It should be emphasized that in the diffusive regime the CLT holds for almost
all environments and that there is a drastic difference between the diffusive and
subdiffusive regime. Namely, it has been realized in [21,24] that in the subdiffusive
regime, for almost every environment, the simple RW does not have a distributional
limit. In fact, the quenched distribution of the walk turns out to be quite non-trivial,
see [7,22,23] for detailed discussion of this problem (related results were obtained
independently in [13]).

The papers [18,29] as well as [27] relied heavily on the fact that the walk is on a
one-dimensional lattice and can jump only to the nearest neighbors (the so called
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IThe precise definition of the diffusivity condition will be explained later (cf. Theorem 2.4(c)).
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simple walk). Therefore, the natural question asked by Sinai in [27] was how to
extend the results about nearest neighbor RWRE on the line to walks with bounded
jumps. The key tools needed to achieve such a generalization were developed in [2]
which introduced a more general model, namely the RWRE on a strip. This model
includes the RWRE with bounded jumps on a line as a special case. The results
of [2] were instrumental for proving limit theorems for RWRE on the strip which
was done in [15] (transient diffusive walks), [3] (recurrent walks), and [8] (transient
subdiffusive walks).

The next step was to prove the local limit theorem in the diffusive regime. In
the case of the simple RWRE the quenched LLT was proved in [9]. We would like
to mention two corollaries of this result: it implies the annealed LLT, and the LLT
is the main ingredient in a new proof of a result of Lalley stating the existence of
the limit of the distribution of the environment viewed from the particle (EVFP).
Clearly, both the LLT and the EVFP measure characterize the local limiting be-
haviour of a RW but the strong connection between the two is a newly discovered
phenomena. Similar results for recurrent diffusive walks were obtained in [10].

The aim of this paper is twofold. First, we review the recent results about RWRE
on the strip placing a particular emphasis on the LLT and on mixing of the EVFP
process. Secondly, we extend the main results from [9] to the case of the strip. We
prove that in the transient diffusive regime the quenched LLT holds for almost every
(a.e.) environment (Theorem 2.8). It may be useful to emphasized that, unlike in
the CLT, one has to have an additional random factor p, in front of the exponent
which is due to the randomness of the environment. As in [9], the quenched LLT
implies the annealed one (Theorem 2.9).

Finally we prove that in the diffusive regime the limit of the distribution of the
environment viewed from the particle exists for a. e. environment (Theorem 2.13).
Our proof of this result is completely different from the one given in [19].

Since the study of random walks with bounded jumps in dimension one can be
reduced to those on a strip with jumps to nearest layers (see [2,15]), this solves the
problem of extending the Lalley’s result to the walks on Z with bounded jumps.

The layout of the paper is the following. Section 2 contains a review of RWRE
on the strip. We first introduce the main tools needed for analysis of these walks
and then describe the limit theorems in that setting. The new results pertaining
to diffusive transient walks are proved in Sections 3-7. Section 3 contains auxiliary
facts needed in our analysis. In Section 4 we obtain bounds on moderate deviation
of occupation times for diffusive walks. Occupation times play an important role
in the analysis of transient walks since traps which are behind several interesting
phenomena related to one dimensional RWRE can be conveniently described as
sites with high expected occupation times (see e.g. [8]). Section 5 contains the main
ingredient of our analysis—the LLT for the hitting times (Theorem 2.7) which is a
new result and an important fact in its own right. Following the approach of [9] we
deduce the LLT for the walker position in Section 6 and establish mixing of EVFP
process in Section 7.

Since our paper is devoted to the RW on a strip in i.i.d. random environment
(see (2.3)), several recent results on RWRE are not discussed here. In particular we
do not treat one dimensional RWRE in dependent environment. A review of this
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subject can be found in [6]. We just note that the first LLT in the quasiperiodic
setting is due to Sinai [28]. We also would like to mention a significant progress in
the study of LLT for multidimensional RWRE, in both transient [1] and recurrent
cases [4]. We note that while there are similarities in the approaches of [1,9] and the
present paper, the details in multidimensional and one dimensional cases are quite
different. To a large extent, this difference is due to the fact that in dimension one
in the ballistic regime the walker could spend much longer time at an individual
site than in similar conditions in higher dimensions.

2. RWRE ON A STRIP: THE MODEL AND REVIEW OF RESULTS.

2.1. Definition of the model. The RWRE on a strip S &t 7 « {1,...,m} was

introduced in [2]. We shall now recall its definition. The set L, & {(n,7):1<5<
m} C S is called layer n of the strip (or just layer n). The walker can jump from a
site in L,, only to a site in L,_1, Ly, or L,y1. Let & = (X4, Y;) be the coordinate
of the walk at time ¢, t =0, 1, 2,..., with X; € Z, 1 <Y; < m. An environment w
on a strip is a sequence of triples of m x m matrices w = {(Py, Qn, Ry) tnez with
non-negative matrix elements and such that P, + Q,, + R, is a stochastic matrix:

(2.1) (Pn+ Qn+ Rp)l =1,

where 1 is a vector whose all components are equal to 1. The transition kernel of
the walk is given by

P,(i,5) if z=(n,i),2 = (n+1,7),
(2.2) Po(§ey1 = 2'|& = 2) = { Qn(i,j)  if 2= (n,i),2' = (n—1,)),
R,(i,j) if z=(n,i),2 = (n,j)

Setting £(0) = 29 € Lo completes the definition of the Markov chain. Let us
introduce the relevant probability spaces. Let (€2, F,P) be the space of random
environments, and (X, Fx_, P, .) be the space of the trajectories of the walk starting
from z € S; P, := P x P, , for the annealed probability measure on (2 x X,, F X
Fx.). The expectations over P, ., P, and P, will be denoted by E, ., E, and E,
respectively. We use concise notation IP,, and P in place of P, ., and P, when their
meaning is obvious from the context.

The above model reduces to the simple RWRE on Z when m = 1. It also incor-
porates the RWRE on Z with bounded jumps. The description of the corresponding
reduction can be found in [8] (see also [2], [15]) and will not be repeated here.

In most cases we suppose that the following conditions are satisfied:

(2.3) {(Pn,Qn, Rn)}nez is an i.i.d. sequence,

There is € > 0 such that P-almost surely for all 4, j € [1,m]

(2.4) Cp g 1 N
[Rnll <1—¢, ((I—=Rn)" " Fa)(i,j) >, ((I—Rn)" Qn)(i,j) > e,

(2.5) There is a kK > 0 such that P-almost surely R, (%,7) > « for all i € [1,m].
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2.2. Preparatory statements. A fundamental role in the study of RWRE on a
strip is played by the moment Lyapunov exponents r(a) which were first introduced
in [15]. In turn, defining r(«) requires introduction of sequences of matrices vy, ¢y,
and A,, which play a very important role in many aspects of the analysis of RWRESs
on a strip.

Let 1, be an m x m stochastic matrix. For n > a define 9, , recursively:

(2'6) wn,a d:ef (I - Rn - annfl,a)_lpn

It is easy to see that all ¢, 4, n > a, are stochastic matrices ([2, Lemma 2]).

Theorem 2.1 ([2]). Suppose that condition (2.4) is satisfied. Then

(a) For every sequence w there exists (p = limg—y o ¥n o, where the convergence
is uniform in 1, and ¢, does not depend on the choice of the sequence 1), .
(b) The sequence (¢, = (n(w), —00 < n < 00, of m X m matrices is the unique
sequence of stochastic matrices which satisfies the following system of equa-

tions

(2.7) (o= =Qunér1— Ry Py, nec.
Set

(2.8) Ap (I = Qulaor — Ry) Q.

By the Multiplicative Ergodic Theorem the following limit exists a.e. and is inde-
pendent of w
In||Ap_1...4A
A= lim B[ An— OH.

n—oo n

Theorem 2.2. (a) & is recurrent iff X = 0;
(b) &, — +oo with probability one iff X < 0;
(¢) & — —oo with probability one iff X > 0.

Lemma 2.3 ([15, Lemma 2]). Suppose that (2.3) and (2.4) are satisfied. Then the
following limit exists and is finite for all o > 0

(2.9) r(a) = lim (B||A, - A"

The convergence in (2.9) is uniform in o € [—ag, ao] for any oy > 0. Moreover
r(0)=1, r(0)=A

r(a) are called moment Lyapunov exponents.

Let (P,Q, R) satisfy (2.4). By the foregoing discussion there exists a unique
¢ = ¢(P,Q,R) such that ( = (I — R — Q¢)"'P. Let A\(P,Q, R) be the leading
eigenvalue of (I — R—Q((P,Q, R))~'Q. We say that the environment satisfies non-
arithmeticity condition if the distribution of the random variable In A(Py, Qo, Ryp) is

non arithmetic.
Note that if m = 1 then ¢, =1, Ay = Mpn, gn) = 2, and r(a) = E((L)%).

n’ po
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2.3. Annealed Limit Theorems for RWRE on a strip. In Sections 2.3-2.4,
we consider the transient walks. To fix our notation we assume that &, — 400 with
probability one, that is A < 0.

For s € (0,2), let £5 denote the cumulative distribution function of the sum

(2.10) t= i 0, (T — €5)
n=1

where ©,, is the Poisson process on Rt with the intensity 751, I'n are i.i.d. expo-
nential random variables with parameter 1, {0, } and {I',} are independent, and

0,s<1
) 1,s>1.
of index s. Let § be the cumulative distribution function of the standard normal
random variable.

Fix z € Lg. We assume from now on that, unless explicitly stated otherwise, the
random walk starts from z. Denote by T, = T'(n|w, z) the hitting time of layer n
by the walk starting from z. Below we suppose that conditions (2.3) and (2.4) are
satisfied.

Let s denote the positive solution of r(s) = 1 where r is definied by (2.9). Note
that s can be equal to +oo (e.g. if the walker has positive drift with probability 1).

Es It is not difficult to see (cf. [7]) that t has stable distribution

Theorem 2.4 (The annealed limit theorem).

(a) If s < 1 and the non-arithmeticity condition holds then there is a constant
B such that

B TN o . XN _ —1/5
pm P (BNl/ < t) = L), Jim P <N E t) Rt (CORDE
(b) If 1 < s < 2 and the non-arithmeticity condition holds then there are con-
stants B and v such that

) Tn — N/v ) Xy — Nv 1
P /7 <) = paN—"YY )= (_ +<1/s>>_
]\}gnoo < BN1l/s — t> £S(t), ]\}E)noo < Ns - t) 1-5 Btv
(c) If s > 2 then there are constants B and v such that
Tn — N Xy —N

lim P <N/” < t> =3(), lim P <N” < t) =1-3 (—Btv3/2> .
N—oo B\/N N—oo Ns

For RWRE on Z, Theorem 2.4 was obtained in [18]. For the case of the strip
Theorem 2.4(c) was proven in [26]. In cases (a) and (b) the limit theorems for

Tn were obtained in [8]. The limit theorems for Xy are simple corollaries of the
corresponding results for T and the backtracking estimates of Lemma 3.5, see [18].

2.4. Quenched limit theorems. Theorem 2.4(c) shows that the walk is diffusive
iff s > 2. Let

(2.11) by, = bp(w) = min(k : By (T},) > n).
Theorem 2.5. If s > 2 then there exists D > 0 such that for almost every w for
all t € R.

Xy —by(w)

Ty —E,T
lim P, (—Y N 2N —ON)
VNv3/2D

N—oo

< t> =5(t).



1302 D. DOLGOPYAT AND I. GOLDSHEID

Theorem 2.5 was proved in [14] and independently in [20] for the simple RWRE
on Z. It was proved for RWRE on a strip in [15].

In contrast, for s < 2 the quenched limit theorem fails. To describe the asymp-
totic behaviour of the walks in this case we need the following notation. Let §g be
the conditional distribution function of the sum (2.10) where the sequence {O,,} is
fixed while I are i.i.d. standard exponential random variables.

0 if s <1

) where v s
/v ifs>1

Theorem 2.6. Suppose that s € (0,2) \ {1}. Let B = {

the speed of the walk (see Theorem 2.4(b)).
Then the process t — ]P’w(TNA?l%N < t) converges in distribution as N — oo to
the process t — Fo(t) where {©,} is the Poisson process on [0,00) with intensity

Theorem 2.6 was obtained independently in [7,13,22] for the simple RWRE on Z
and extended to RWRE on a strip in [8]. We note that one can also obtain a limit
of the joint distributions of T, n,T3,n, .-, n ( [23]) by considering a Poisson
process (uy, ©y) on [0,00) x [0,00) with the intensity g% and letting

ti= Y 0,(Th—c)
niun <f;
This allows one to describe the quenched distribution of the walker’s position using
the fact that P,(Xy < z) = P,(T, > N), see [23] for details.

2.5. Local Limit theorems for a RWRE on a strip. Next we describe local
limit theorems for RWRE on a strip.

We begin with the quenched result. The LLT makes sense if the quenched limit
of the properly normalized hitting time exists. Thus we need to assume that s > 2.

Theorem 2.7. Suppose that s > 2. Then P-almost surely there is a constant D > 0
such that

_ k—E,.T,)?
sup | DV2mnP,(T(n|w,z) = k) — exp —M
k 2D2n
Next we discuss quenched LLT for the walkers position. It turns out that in this
case an additional local factor is needed in the LLT. Denote

(2.12) Pkyi) = EwCard(n : &, = (k,4)) and set a g (Z p(;,m-)) .
i=1

)'—)O as n — 00.

Theorem 2.8 (Quenched LLT). Suppose that conditions (2.3), (2.4), (2.5), are
satisfied and r(2) < 1. Then there is a constant D > 0 such that P-almost surely
the following holds. For each e, R > 0 there exists ng = ng(w) such that for n > ng
uniformly in k satisfying

(2.13) Ik — bp(w)] < Rvn

we have

V2rnDa [(k —by)?
exp

P(k,i) 2D2n, ] P, (&, = (ki) — 1
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Theorem 2.9 (Annealed LLT). There is a D > 0 such that for each e, R > 0 there
exists ng such that for n > ng uniformly for

(2.14) |k —nv| < Ry/n

we have

’FDexp [( 2;);“’)2} P(&, = (ki) — 1| < e.

For the simple RWRE on Z, Theorems 2.7, 2.8 and 2.9 are due to [9]. In this
paper we extend this result to the strip using the approach of [9].

2.6. Recurrent case. In this section we review the results for recurrent RWRE
on the strip. Even though our paper does not contain new results for recurrent
walks, we believe it is useful to state them for the purpose of comparison with the
transient case.

For the simple RWRE on Z (that is with jumps to the nearest neighbors) Sinai
has proved [27] that the walk exhibits the following asymptotic behaviour: there is
a constant D > 0 such that

XN
lim P <t) =60,
Nboo <Dln2N = > H(t)

This is what is called the Sinai behavior. Here ) is the Kesten-Sinai distribution [17]
whose density is given by

2 (—D)F (2k + 1)%72
_wz2k+1eXp<_ s 1)

k=0

Theorem 2.10. Consider recurrent RWRE on a strip and suppose that conditions
(2.3) and (2.4) are satisfied. Then either

(a) the walk exhibits the Sinai behavior; or
(b) there is a constant K such that with probability 1 for all n

1
. — <A, ... < K.
(2.15) = <l An . Agl| < K

Moreover, if (2.15) holds, the environment is stationary and satisfies (2.4) then there
s a constant D such that

P (D)fNF ) 3 and for a.e. w, P, (D)f}vﬁ < t) = 3().

The fact that the walk exhibits the Sinai behavior unless (2.15) holds is due to [3].
The CLT for stationary environments satisfying (2.15) was proved in [10].

Theorem 2.11 ([12]). Suppose that (2.15) holds. Then P-almost surely the follow-
ing holds. For each e, R > 0 there exists ng = ng(w) such that for n > ng uniformly
for |k| < Ry/n we have

‘ vV 27mDa [ k2

—_— 1 .
2D%n <€

| Puten = ) -
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2.7. Environment seen by the particle. Let T be the natural shift on the space
of environments. Consider the Markov chain (w™), Yy), where w™) = TX~. This
Markov chain is called environment seen by the particle (ESP) and it is an effective
tool for studying RWRE.

Denote 2 = Q x {1,...,m} the phase space of the Markov chain ESP.

Theorem 2.12 ([11]). (w™),Yy) admits an invariant measure Q which is abso-

lutely continuous with respect to P iff one of the following conditions is satisfied
either (a) the walk is transient and s > 1 (that is the walk has positive speed);
or (b) (2.15) holds.

In case (a) we have that for every continuous function ® : Q>R

Q@)= B [ 1))
y=1

where p is given by (2.12).

Theorem 2.13. (a) Suppose that either the walk is transient and s > 1 or
the walk is recurrent and (2.15) holds. Then for every continuous function
®: Q>R

lim E(®w™),Yy)) = Q(®).

N—o00
(b) Suppose that either the walk is transient and s > 2 or the walk is recurrent
and (2.15) holds. Then for a.e. w and for every continuous function ® :
Q—-R
(2.16) lim E,(®(w™,Yy)) = Q(®).
N—o00
For recurrent RWRE both statements are due to [12]. In the transient case, the
result was first proven for RWRE on Z in [16] (part (a)) and [19] (part (b)). For
the RWRE on the strip, part (a) is due to [26]. Part (b) is new and will be proven
in Section 7 following the approach of [9)].

3. PRELIMINARIES.

In the rest of the paper we give the proof of the local limit theorem for transient
diffusive RWRE. Therefore unless it is explicitly stated otherwise, we suppose that
the walk is transient to the right and that s > 2.

3.1. A Local limit theorem for independent summands. The following result
from [5] provides very general sufficient conditions under which the Local Limit
Theorem for sums of independent integer valued random variables holds.

Theorem 3.1 ([5]). Let n;, i > 1, be independent integer valued random variables
and let d; = >, min[P(n; = j), P(n; = j+1)], 0 = i, di. Denote Z, = >0 m;.
Suppose that there are numbers ¢, > 0, b, n > 1, such that, as n — oo, ¢, — 00,
limsup ¢2 /0, < 00, and (E, — by) /¢, is asymptotically normal N'(0,1). Then

Ao (-45)

— 0 as n — oco.

(3.1) sup ¢, P (B, = k) —
k
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Remark 3.2. The requirement 0,, — oo implies that sufficiently many d;’s are
positive. Had this not been the case, then it could happen that =,, would be taking,
say, only even values as n becomes large. In our applications the role of =,, is played
by T, and all the corresponding d;’s are uniformly separated from 0.

3.2. Occupation times. In the proofs of Theorems 2.8-2.13 we assume that s <
00. Proofs become easier if s = co and we leave the corresponding modifications to
the reader.

Lemma 3.3. (a) There is a constant C' such that for each (k,i) € S
P (pgq >t) < Ct™°.

(b) For any @ > 1 for almost every w there is a constant C(w) such that for
each (k,i) €S
P(ki) < C(w)k".

Remark 3.4. In the case s = oo the statements of Lemma 3.3 reagl as follows. For
any u, % > 0 we have that P(pg, ;) > 1) < Ct™ and p( ;) < C(w)k".

Proof. Part (a) follows from [8, Lemma 3.3]. Part (b) follows from part (a) and the
Borel-Cantelli Lemma. O

3.3. Backtracking.

Lemma 3.5 ([8, Lemma 3.2]). Suppose that the walk is transient to the right. Then
(a) There ezists C > 0 and 6 < 1 such that

P(X wisits k after k +m) < CO™.
(b) Accordingly, for almost every w there is a constant K(w) such that

P, (Fk <n: X wisits k after Ty ,,2,,) < K(w)n™10,

4. OCCUPATION TIMES OF LARGE SEGMENTS.

Let T'(n|w, (k,7)) be the hitting time of layer n > k by the walk starting from
(k,j) € Li. Denote by ey, the vector whose components are the expectations of
these hitting times:

(41) ek,n(j) = EMT(’I’L|W, (kaj))
As has been shown in [15, formula (4.28)]

n—1 00
(4.2) Chm = ng G (Z H;Uji1> .
j=k i=0

Here U; def (I —Qj¢—1 — Rj)*l, 1 is a column vector whose components are all
equal to 1, we assume that (i ...(p = I,

(4.3) HJZ = Aj...A;_iy1, with the convention that HJQ =1, H]1 =A4A;

and the matrices A, are defined by (2.8). Let y, be a sequence of m-dimensional
probability vectors such that y, = y,_1(, for all n € Z. There is a unique sequence
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satisfying these equations (Lemma 1 in [15]). The probabilistic meaning of yy =
(yo(1),...,y0(m)) is the distribution of the starting point of the RW:

(4.4) Po{X(0) = (0,4)} = yo(d)
(or, equivalently, the distribution of the points in Ly hit by the RW starting at —o0).

In particular T, e T(n|w,(0,-)) is the hitting time of L,, by the walk starting from
a random initial site in Ly with the distribution of this site given by (4.4).
Let 7; be the time the walk takes to reach L; 1 after having reached L;. Then

45)  a; Y By (r) =y (Z H}Uj_i1> and we set a < E(E,(r)).
=0

Remark 4.1. The first relation in (4.5) can be derived from the identity 7; =
TG+ 1|w,2) —T(j|w,z) and (4.2).

Remark 4.2. It is easy to see that E(E. (7)) = E (32", px,i)) and therefore the
definitions of a given in (2.12) and (4.5) are consistent. It is natural and convenient
to use the two different interpretations of a in our analysis.

Lemma 4.3. There exists eg > 0 such that almost surely

. 1
nh—>rgo 772 m@Q |E°~’(Tn+l T, — la)| =0.
[l|<n™2

The following notations will be used in the rest of this section. If Y : Q — R is
1
a random variable then ||Y||, = (E|Y|P)?, where p = 2 4 26 and ¢ > 0 is such that
r(2420) < 1. Throughout the proof ¢ is fixed and we write || -|| for || - ||, whenever
the difference between this norm and the matrix norm is obvious from the context.
Set

n—1 s
(4.6) H(n,w) = Z(aj —a), H*'(n,w) = [Jnax Z(aj —a)l.
=0 == j=0

The maximal inequality of Lemma 4.4(a) below is the main ingredient of the proof.
We also state another maximal inequality (Lemma 4.4(b)) whose proof is quite
similar and which will be useful in Section 7.

Let W(P,Q, R) be any R™ valued function of the triple of non-negative matrices
satisfying (2.1) and let wy, = W(P,, Qn, Ry). Let

(4.7) a; Ly, (Z H;H.ijj) and a ¥ lim E(q;).

j—00
i—0 J

According to the analysis of [8][Section 3], there are constants C' > 0,0 < 1 such
that with probability at least 1 — n =199

< Co".
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Set

S

* — p—
9*(n,w) =  max | Z%(ag a)l.
]:

Lemma 4.4. For any € > 0 there is a C such that the following relations hold:
(@) |[H* ()|l < Cnats (b)) ||19*(n)]| < Cnzte.

Remark 4.5. The statements of this Lemma are similar to those of Lemma 4
in [14]. However, in the proof, an extra effort is needed in order to control the
dependence between a;’s which in the case of a strip is much stronger than in the
case of a simple walk.

Once the maximal inequality of Lemma 4.4(a) is obtained, the proof of Lemma 4.3
proceeds exactly as the derivation of Lemma 5 from Lemma 4 in [14].

Proof of Lemma 4.4. We can suppose without any loss of rigor that n® and n'~—¢

are integer numbers. One can present H(n) as

nf—1nt
Hn) =)
1=0

J=0

—€

1
(@jgnej — a).

As will be seen below, the members of the inner sum are asymptotically independent
random variables (as n — oo) and this property plays a crucial role in the proof.
We can estimate H*(n) as

n®—1 s
*
H*(n) < 0<ISI£§—E Z(aHnEJ a)
1= 1=
Hence
ns—l S s
* ) o — € L
eI < Y | max |3 (@i - | | =0 || max |3 (@ - a)] .
=0 J=0 j=0

where the last equality is due to the fact the a; is a stationary sequence. Let
S(n,e) = maxpcg<pl-- ‘ijo(anej- - a)‘ and present a; — a = B(j,k) + D(j, k),

where

K r k
. ef i 7
(4.8) B(j.k) £ y; <§ :HjUj—i]-) —E|y; (E HjUj—i]-)] ;
i=0 L \i=o

. def > i [ > i
D(j, k) = y; ( > HjUj_Zl) —E |y; ( > HjUj_i1>] :

i=k+1 i=k+1
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and k is to be specified later, see (4.11). We then have

S(n,e) = B(nfj, k) + D(nfj, k
(n.) =  max ;0( (n°j, k) + D(n°], k))
s nl-e—1
< max > Bk + Y D% k).
=0 7=0
Therefore
s nl—e—1
1St e)ll < || max > BmTk)| |+ > (1D k)]
<s< — —~
(4.9) ’ ’

|| max |7 B k)| || + 0D, B,
=0

0<s<nl—e

where the last equality is again due to stationarity. Since by (2.9)
E(||H}||**%) < Cr(2 + 20)’

(5]
(£ )

we have for some constants C7, Cy, Cs:

yj ( > H;Uj_ﬂ) ~E

1=k+1

1D(0, k)| =

<Gy I, +E

i=k41 i=k+1
oo .
<Cy Y r(2420)7 = Cyph,
i=k+1

where e r(2 + 25)T125 <L

. . def
It remains to estimate 7 = maxgcgcpi-=

3o |B(nj, k)| H To this end we

shall introduce independent random variables B(n®j, k) such that for some ng the
following holds: if n > ng then

(4.10) ||B(nfj, k) — B(nj, k)|| < Constn 109,

This is done as follows.
For each 0 < j < n!'~¢ denote I; def [nf7, n°(j + 1) — 1] and define stochastic

matrices ng) with s € I; as follows: set 1/17(3% (i1,42) = m~! and compute ng) for all
s > jnf as in (2.6), namely ng) def (I-R;— ijgj_)l)*lPs.

Next, let y](j) = (m~1,...,m™1) and compute ygj) = yi{’lzp?) for s > nf.

Now define 4, © (I — Qu?, — R)™Q,, Uy ¥ (I — Q' — Ry)™L, and

Fr; def ~ =
H; == As...As_i+1.
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Finally B(j, k) is defined by (4.8) with the difference that the corresponding
A, U, H are replaced by the just defined A, U, H.
From now on we suppose that

(4.11) k=Klnn

where K is a large enough constant. It follows from the above definitions that for
large n the random variables B (nf5,k), 0 < j < n'~¢ are independent and identi-
cally distributed simply because they are (the same) functions of the parts of the en-
vironment belonging to pairwise disjoint boxes of the strip. Also, E(B(n%j,k)) = 0.

It follows from results obtained in [8,15] (see appendix in each of these papers)
that there is a 3 < 1 such that for s € I HHCS - ¢§”)||{p < CB*~™J. The derivation

of (4.10) follows from this estimate in a standard way.
> 5—0 B(n%), k)‘ H Obviously

. 5 def
We can now estimate S = Hmax0<8<n1fa

S<| max |} B(nk) Z!Bny, B(n®j, k)|
< par

By the Doob inequality for martingales we now have that

S nlf
. 2+2(5
B(ntj,k B
o<§5}ﬁ—e§ RN S Z (n°J, K

and by the Marcinkiewicz-Zygmund inequality

Z B(ngj, k|| < cn1—2)/2

Part (a) of Lemma 4.4 is thus proved.
The proof of part (b) is similar. Namely we approximate a; by

k
def ;
a;(k) =y (Z H;+inwj>
=0
and use weak dependence of aj, (k) and aj,(k) for |j1 — jo| > 2k similarly to the
argument of part (a). O

5. PROOF OF THEOREM 2.7.

Proof of Theorem 2.7. We shall use the construction of the enlarged random envi-
ronment introduced in [15].
For a RW starting from z € L present T'(n |w, z) as

(5.1) Tn|lw,z)=10+T1+ ...+ Tn_1,

where 7; is the time the walk takes to reach L; 1 after having reached L;.

The random variables 7; are not independent. However, they are conditionally
independent, where the condition is that the walk hits the layers Li,...,L,—1 at a
given sequence of points. We shall now briefly describe how the measure P, , on
X, can be presented as an integral of the just mentioned conditional measures over
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a measure on the set of sequences in the strip. The construction of this conditional
measure is similar to the one used in [15].

Let J = {i=((k,ik))g<peoo : 1 <ir < m } be the set of all sequences of points
in the strip S which contain exactly one point from each layer and J;, C J be all
such sequences starting with (0, 4).

Let (i = (x(w) be matrices from Theorem 2.1(a). Note that due to (2.4) there is
e > 0 such that the inequalities (x(i,7) > € hold for all k, 1, j.

From now on, ig will be fixed and we shall define a Markov measure on J;, in the
usual way. Namely, for £ > 0 consider a cylinder set in J;:

Crlios ... ie) € {ie gy 1 ij = (j,i;) forall jel0,k },

where i; denotes the j-th coordinate of the sequence i. Set

(5.2) Ao (Cilios i) = Coliosin)-Glin—1, ).
Ay i, defined by (5.2) is a Markov measure with transition probabilities given by
stochastic matrices (,. As usual, this measure can be extended to the Borel sigma-
algebra generated by the cylinder sets. Let us denote this sigma-algebra by F;,. We
thus have a probability space (Ji,, Fig, Aw,io (di)).

We can now define a new probability space (Q, S, P) where

Q¥ axg,={w=(wi) weQ, icl,}

with a product sigma-algebra & “re Fi, and P(dw) e P (dw)Ay iy (di) on Q.

Definition. A pair w = (w,1) is called the enlarged random environment. The set

Q is the collection of enlarged environments with (Q, S, P) being the corresponding
probability space.

Remark 5.1. The above construction depends on ig but the asymptotic behaviour
of the walk doesn’t which is why in some of the notations above ig was dropped.

Next, for i € J;, denote by %;O the space of trajectories of the walk which start at
(0,40) and reach each layer L;, j > 1, for the first time at (j,4;). For any n > 0 and
e %;0 denote by =g, 21, ..., 27, the values of the trajectory at times ¢t = 0,1, ..., T},
where, as usual, T, is the hitting time of layer n (with £(0) = (0,i¢), &(T},) =
(1,in)). The probability V,,; on the set of trajectories from X}  is defined by

Tn—1
def 1 T

TT020 Gulins ire1) g

It is known ( [2], [15]) that if the RW is transient to the right then the probabilistic
meaning of matrices ¢, is given by

Cn(iyj) = Py, (RW starting from (n, ) hits L,y1 at (n+1,7)).

Therefore Ay i, (Ck(io, - .., i%)) is the probability that a RW staring from (0,19)
proceeds to +o0o so that on its way it hits L; at (j,4;) for all j € [1,k]. We obtain
that

(5.4) P (0.0) () = / A i (di) Vi ().

)

(5.3) Voi(& =2 V1te[0,Ty]) Po,(§t41 = 2t41[& = 2¢).
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Denote by T'(n|w,i) the sum in the right hand side of (5.1) conditioned on the walk
hitting each L;, j > 0, at (j,1;) € i.

We shall now check that Theorem 3.1 implies that the LLT holds for T'(n|w, 1)
for Ay i,—a.e. i and deduce from here that the LLT holds for T'(n|w,(0,ip)) by
integrating over i using (5.4).

Indeed, T, = T'(n|w,1) is a sum of independent random variables 7; such that
the corresponding 0,, and ¢, (from Theorem 3.1) grow linearly and ¢,0, ! < Const.
Also, T'(n|w,1) satisfies the CLT by the following result from [15].

Theorem 5.2. Suppose that conditions (2.3), (2.4), (2.5) are satisfied and s > 2.
Then for P-a.e. enlarged environment w = (w, i)

Tn|w,i) — E,;T(n|w,i 1 T2
(5.5) lim Vwﬁ{ (n]w, ) bl (n]w.9) < m} = - / e 252 du,
n—00 vn V210 J -
where E,,; is the expectation with respect to the measure V., ;. Here

(5.6) 6% = lim n~'Var,;T(n|w,i)

n—oo

and the convergence in (5.6) holds with P-probability 1.

Thus equation (3.1) in our context reads as follows:

(5.7) V21né Vi (T, = k) = exp < W) +en(k,w,1)

where for a.e. (w,1)
lim sup |en(k,w,i)| =0

n—o0 | =¥/
and ¢ is the same as in Theorem 5.2.
It remains to carry out the integration of all parts of (5.7) over A ;,(di). Obvi-
ously,
/ Vi (T = k) Ay i (di) = Py, (0,450) (T = k) -
J(0,i9)

In order to control the RHS of (5.7), note that

k—E,iT) 2
exp( k=B ) ( k—Ew,<o,io>Tn>n‘%&‘1—&—1%))

where ¢, = (E, T, — Ew’(o’iO)Tn)n_%. By Theorem 7 in [15],
(5.8) ¢y, has asymptotically normal distribution A(0,5?),

where ¢ is a function of the parameters of the model (see [15], formula (3.5)). It
may happen that 6 = 0 in which case ¢, — 0 as n — oo and can therefore be
ignored. So, from now on we assume that & > 0 (which is the only interesting case).

For a given € > 0, the family of functions exp(—(a — ¢~1¢)?) with ¢ > ¢ and ar-

bitrary a is uniformly continuous in ¢. Therefore the usual property of convergence
in distribution implies that

(5.9)
1/((k—EJT) .1, )\ ‘ (k — E,T,)>
/J(OJO) €xXp <_2 ( T -0 ¢n> ) Aw,(O,io)(dl) — €xXp (_ 2n(62 + 62) )’ —0

as n — oQ.

sup
k
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It remains to show that for P—almost every w

(5.10) / en(k,w, 1) Ay (0,i0)(di) — 0
J,

(0,39)
uniformly in k. To this end we note that due to (5.7)
len| < V2mne Vi, (T, = k) + 1.

We claim that the first summand on the RHS is uniformly bounded. Indeed, T,
conditioned on (w,1i) is a sum of independent random variables 7;. Moreover, due
to (2.5) there exists € > 0 such that for each i for each [ the probability

Voilrj =1]1) <1—¢

(in fact, one can take € = 14%& where « is from (2.5)). Now Theorem 3 from [25, Part

I1I, §2] implies that there is a constant C' such that
(5.11) V2mne Vi, (T, =k) < C.

Therefore |e,,| is bounded above and (5.10) follows from the dominated convergence
theorem. -

Theorem 2.7 is proved (with D? = 62 + 52) where & is from (5.7) and & is from
(5.8). 0

6. LLT FOR THE WALKER’S POSITION.
6.1. The quenched LLT.

Proof of Theorem 2.8. Take % <u< % Let £ =In%n, k = k —¢. We claim that for
P-almost all w

(6.1) P,(3k <n ImeN:X,, =kand T; <m —n") <

Indeed, if X,, = k and m > T + n" then one of the following events takes place:
Ay ={X; € [k—20,k+{ for all t € [T}, Ty, + n"|},
Ay ={3t € [T}, T}, + n"] such that X; < k — 2¢},
As ={3t € [T}, T + n"] s. t. Xy > k + ¢ and then X backtracks to k}.

P, (A42) and P, (A3) are O(n~'%) by Lemma 3.5(b). Take 1 < v/ < u” < w. If
A; happens then there exists k* € [k — 2¢,k + ¢] which is visited more than nt”
times. However the number of visits to £* has geometric distribution with mean
pr. < C(w)n*. Thus P,(A;) < n % proving (6.1).

Next we claim that given R we can take R so large that if k satisfies (2.13) then

(6.2) In — E,T;| < RVE.
Indeed
(6.3) n— ]EWTE = (n — Ewan) + (Ewan — EwT]})-

Observe that by definition E, T3, ;1 < n < E,T},, and by Lemma 4.3
Ey (T, — Tp,—1) = o(v/n)
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so that the first term in (6.3) is o(y/n). Next, Lemma 4.3 also implies that

Ew(Tbn — TE) = a(bn - k) + 0(\/%)

This implies (6.2) and shows moreover that
(n — E,T%)? N a®(by, — k)?

k - n '

Thus for j € [0,n"] we have due to Theorem 2.7
, 1 (n— IEwTk)2>
Po(Tr. =n—j) =~ _exp—<_ .
Tk ) i 2D%k

On the other hand for P—almost every w and all sufficiently large n

(6.4)

> _Pu(& = (k)Xo = k) = puoy + O (% pgiiy) = paiy +0 (n7)
7=0

Thus
. P (ki) (n— EwTk)2)
6.5 P, (¢, = (k,i)) ~ _exp—<_ .
(6:5) (6= (b)) ~ P2 =
Combining this with (6.4) we get
Vap(i,i (k — by)%a®
Py(&n = (k1)) v Yoo oy — (T
G =Ri)~ o P < 2D%n )
S N <<k—b>2)
V2nnDa 2D%n )’
where D = D/a%/?. O

6.2. The annealed LLT. Given k denote k = k — In®n, k= btk
Let £(n) be equal to {(n) if the walker does not backtrack to Ly during the

time [T},n] and £(n) be the place of the first return to Ly after T} otherwise.
In other words, we stop our walk if it returns to L after T;. By Lemma 3.5,

P(£(n) # £(n)) = O (n~1%%) and Theorem 2.8 remains true with ¢ replaced by £.
We need the following estimate.

Lemma 6.1. The family of random variables

{ViB.(En) = 2)}

neN,zeS

is uniformly integrable.
Proof. Let I; = {l : 1 — E,(T}) € [jv/n, (j + 1)y/n}. Then
Pu(é(n) = 2) =Y Pu(Tj = DPu((n) = 2|T}, = 1)
l

RN )
<Y maxPy(Tp =1) max Y PE(t) = 2[€(0) = (k,y))
i yetlm} t=jv/n
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6.6 < P,(T. =1)p
(6.6) < zj:?éé};( w(T =1)p(2)

where f5(z) is the maximum over 2 € L; of the expected total number of visits to

site z by the walk { started from 2.
Next we claim that there is a constant C' such that for all w € Q and all [ € I;(w)
we have

(67 o) =1) < S

Indeed, let T = Ty 5, T" = T}, — Ty, 5. Clearly
Po(€(n) =1) <

P (600 = 1177 = BT 2 Y1) 2 (600 = 1117~ Butr)] 2 1Y),

We will estimate the first term, the second one is similar.

P (600 =117~ BT 2 T ) <
B (17~ BT = ) B, (ém) = 1|17~ BT = 1Y)
(

The first factor is smaller than
4Var,, (T’ ) 4Varw (Tz)
j2n  —  j%n
due to Chebyshev inequality. On the other hand the proof of (5.11) shows that the
second factor is smaller than % proving (6.7).
Rewriting (6.7) as

C Var,, (Ty)
— <~ 7
lgllfa(;) Po(Ti=1) = j2n3/2

and summing over j in (6.6) we obtain that
VP, (E(n) =2) < C p(2).

Now the uniform integrability of the LHS follows from the following facts:
Var, (T%)
(a) —5

Var, (T%)
n

and p(z) are independent (since the first variable depends only on

environment to the left of k the second variable depends only on environment to
the right of k);
(b) Vaer(TE) is uniformly integrable as follows easily from the explicit expression
for Var,(T}) given in [15, Equation (4.28)];
(¢) {p(2)}.es are uniformly integrable since p(z) < Cp(z) and {p(2)}.es are
uniformly integrable due to Lemma 3.3(a). O

Proof of Theorem 2.9. Once the uniform integrability of {y/nP,(£(n) = z)} is es-
tablished, the derivation of Theorem 2.9 from Theorem 2.8 is similar to derivation
of Theorem 2.7 from the LLT in the enlarged environment which is explained in
Section 5 so we just sketch the argument leaving the details to the reader. The
proof consists of the following steps.
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(I) We have
P& = (k1)) = E(Pw(gn = (k72)))

Theorem 2.8 and Lemma 6.1 allow us to replace the above expectation by

E <\/% exp — [(k 22@%”1) .

(IT) Asymptotic independence of b, and py,; (which comes from the fact that p( ;)
can be well approximated by a variable which depends only on the environment to
the right of n—1In? n while b, can be well approximated by a variable which depends
only on the environment from the left of n — In?n) allows us to replace the last
expectation by the product

(6.8) E (p(Z’”) E <\/%D exp — [WD .

(III) The first factor in (6.8) equals to 1 due to Remark 4.2.
(IV) Asymptotic normality of b,(w) shows that the second factor in (6.8) is

asymptotic to
1 (k — bn(w))?
E I S (2 e VA
( V2mnD P [ 2D%n

where D2 = D? + D? and D is the limiting variance of %\/}‘:) (cf. the derivation of

(5.9) in Section 5). O

7. MIXING FOR ENVIRONMENT SEEN BY THE PARTICLE.

Proof of Theorem 2.13(b). As has been explained in Section 2.7, the result is known

in the recurrent case, so it remains to consider the transient case.

Denote wy, def (Pn, Qn, Ry,). It suffices to prove (2.16) for a dense set of functions,

in particular, it is enough to consider the case when ®(w, k) depends only on wy, for
|n| < M for some finite M. Below we shall give the proof in the case M = 0. The
case of arbitrary finite n requires routine modifications which are left to the reader.
Thus ® = ®(wp, Y). Let w, be the vector with components wy, (k) = ®(wy, k). We
have

E, (cp (w(N),YN)) =3 3 Bu(Xn =n, Yy = k)wu(k).
k=1n=—00
By the quenched CLT for each ¢ there exists R such that for all sufficiently large
N, the sum over n such that |n —by| > RV'N is less than ¢ where by (w) is defined
by (2.11).
Next, fix small constants 41, do and let

1752

1_5 =
N =017 I = [Nl + N2 N+ (5 + )N

and let x; ; be the center of I; ;. Let

wi= Y > pakwa(k) = D Y pugwa(k) + O (6V).

nEIl,j k=1 nEIl,j k=1
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Lemma 4.4 shows that

P —Alli—f——a >e | <C ! = ¢
Nl1/2—62 - €2+5Nl(1/2—62)(1+6/2) T £2407(1/2-62)(140/2)(2—61)

Thus if

1 )

<2 — 52) (1 + 2> (2 — 61) — 2(2 - (51)52 > 1
then
Pl|l—— —da| >¢ ]| < o0,
> % P(|ms
l7I<N;

so Borel-Cantelli Lemma gives that

,j

(7.1) LS BN
Nll/2—52

uniformly for |j| < N?*2. Given N let I be such that N; < N < Nj;. Now the
quenched LLT (Theorem 2.11) gives that

bN+RVN m

Z Z]P’ (En = (n, k) wy (k)

n—by—RvN k=1

Pin,
~ ZeXp - D2N Z Z \/27(r k;)a wnlk)

nEIl,] k=1

where the first summation is over j such that I; ; N [bN — RVN, by + R\/N] # 0

(x—by)?

and ”=" holds since exp [ — SpIN

I ;.
Next, (7.1) allows us to replace the sums over n and k by Nll/ 202

summation over j we obtain the Riemann sum for

/R 1 _x2/2D2d
a — € €.
—R \/27TD

Since R can be chosen arbitrarily large, (2.16) follows. O

] is approximately constant when z varies over

a. Performing
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